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electricity price and a weather-linked index. The latter aims to improve the performance of the
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1 Introduction
Electric power markets are going through an infancy period compared to other more developed
markets such as fixed income securities, stocks and currencies. In addition, the energy market is a
special case given that it has some added complexities. Electric power needs real time balancing
between supply and demand because electricity is consumed at the same time as it is produced;
inventories cannot be held to compensate price and quantity fluctuations. Electricity is the com-
modity with special condition unlike other kinds of financial products, the technological inability
to store it efficiently and high marginal production costs create jumps in the spot price, so that ar-
bitrage arguments have been difficult to deal with. All these specifications make classical dynamic
hedging theory impossible to apply.

Furthermore, the market participants, (i.e. generators, marketers or load serving entities (LSE),
who are not the end-users of electricity) have to sell or buy electricity at a price set by the supply
and demand equilibrium when the final users consume the electricity at a fixed regulated price. In
addition, the regulated demand is inelastic; a LSE unit has the obligation to deliver electricity on
demand at a fixed price without fail, independent to the costs. This paper cover the typical case
of an energy retailer procuring power from the wholesale market at the standing spot price and
reselling it to industrial consumers exhibiting variable demand shapes. The paper follows the line
traced in a seminal article by Oum and Oren (2008), and proposes the issue of determining the
optimal derivative pay-off written on both electricity price and a weather-linked index.

The difficulty of storing electric power efficiently does not allowmitigation of volume risk.Weather
derivatives can be used in order to hedge unexpected changes in weather. Weather derivatives are
based on indexes of temperature, such as Chicago Mercantile Exchange (CME) indexes, Cooling-
Degree-Days (CDD), or Heating-degree-Days (HDD). Sometimes insurance companies trying to
transfer their climate-related risk to capital markets need to transform non-tradable risk into trad-
able financial securities such as weather derivatives, due to weather indexes allow to value the
index variations.

Weather derivatives were first launched in 1996 in the United States as a mechanism of protection
against weather anomalies. The purpose of weather derivatives is to smooth out the temporal fluc-
tuations in the company’s revenues. There are a number of financial and commercial reasons why
this is beneficial (Jewson (2004)). Companies hedge their portfolios against unexpected weather
variations using contracts that are not correlated with classical financial assets. For instance, the
Niño phenomenon was responsible for weather anomalies that took place over thirteen months be-
tween April 1997 and May 1998 and over one year between April 2002 and April 2003 in South
and North America. Chicago Mercantile Exchange Anon CME. (2005) started offering the first
standardized weather derivatives in September 1999, with the purpose of increasing liquidity and
accessibility on this kind of contract. The market was accepted this and grew quickly.

Anon CME. (2005) offers weather futures and options. Contract specifications include: type, con-
tract size, product description, tick size, period and the settlement procedure (Anon CME. (2005)
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2010). The daily average temperature Tj is defined as the arithmetic average of the maximum
and minimum temperature recorded between 12:01 a.m. and 12:00 a.m. midnight as reported by
MacDonald Dettwiler and Associates (MDA) information System, Inc.

Tj =
Tmaxj +Tminj

2
(1)

For each day during winter, Heating-Degree-Days (HDD) is the maximum between zero and 65
degrees Fahrenheit ( 18 degrees Celsius) minus the daily average temperature Tj. For each day
during summer, Cooling-Degree-Days (CDD) is the maximum between the daily average tem-
perature Tj minus 65 degrees Fahrenheit ( 18 degrees Celsius) and zero (Anon CME. (2005)).
Weather derivatives are basically a speculative security because those indexes are not a tradable
commodity or a delivery asset. Due incomplete characterization, the weather derivatives market
still does not have an effective pricing model.

Several authors have proposed pricing models for weather derivatives in continuous time frame-
work. Richards et al (2004) presented an equilibrium pricing model based on temperature pro-
cesses of a mean-reverting Brownian motion. Chaumont et al (2005) considered that under an equi-
librium condition, the market price of risk is uniquely determined by a backward stochastic dif-
ferential equation, and they translate these stochastic equations into semi-linear partial differential
equations. They then choose two simple models for sea surface temperature. Lee and Oren (2009)
derived an equilibrium pricing model for weather derivatives and measured risk hedging, including
weather derivatives, in a volumetric hedging strategy.

Volume risk in electric power markets has significant dimensions when quantity is affected by
weather conditions; in countries with seasons, random movements in temperature affect electric
power demand. Some tropical countries are also affected by hydrological conditions and the corre-
lation between the load volatility and the weather variable. In general, power generation is affected
by hydrological variables when production system uses hydro generation. It has been empirically
shown that the most important factor affecting the quantity of power generation is the climatic
conditions, and load is correlated to the weather. Economic earnings obtained by industries which
are weather-sensitive are affected by weather anomalies which is the case of energy industries
(Dutton (2002)). The volumetric risk faced by electric power companies is correlated with unex-
pected changes in weather or hydrology which cause demand and price fluctuations. As an exten-
sion of the VaR-constrained hedging introduced in Oum and Oren (2008), this chapter proposes a
new way to hedge a LSE’s profit based on the constitution of an optimal portfolio composed by
two claims: standard contracts on price and weather derivatives. The most important risks faced
by the market participants are price risk and quantity risk. Variations in weather conditions affect
both price and quantity; price risk is caused by extreme high volatility, and the volumetric risk is
determined by the uncertainty of final consumption.

The main purpose of this paper is to derive the hedging portfolio model based on two claims: price
and volumetric hedging instruments. We derive the optimal portfolio from the expected utility
maximization problem using vanilla and weather derivatives whose payoffs will minimize losses.
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T hi s pr o p os al i s s u p p ort e d i n t h e i n d e p e n d e n c e as s u m pti o n t h at i m pli e d t h at b ot h cl ai m s pri c e a n d
w e at h er ar e n ot c orr el at e d, i n t hi s c as e w e d eri v e d t h e o pti m al p a y off f u n cti o n s, a n d f o u n d e vi-
d e n c e t h at t h e i n cl usi o n of t w o p a y offs g e n er at es i n cr e m e nt al i m pr o v e m e nt s o v er a g e nt’s r e v e n u es
a n d mi ni mi z es ri s k m e as ur es.

L S E h as t o pr o vi d e el e ctri c p o w er o n d e m a n d at a fi x e d pri c e b ut f a c es u n c ert ai nt y a b o ut t h e
q u a ntit y of el e ctri c p o w er t o s u p pl y a n d t h e pri c e it will p a y. H e d gi n g str at e g y all o ws t h e a g e nt s
t hr o u g h o ut t h e d eri v ati v es- c o ntr a ct s p a y offs t o miti g at e l o ss es c a us e d b y u n e x p e ct e d c h a n g es i n
pri c e a n d q u a ntit y. We d eri v e t h e h e d gi n g p ortf oli o i n cl u di n g t h e w e at h er d eri v ati v es w h os e p a y offs
will mi ni mi z e t h es e l os s es. T h e p ortf oli o c o nstr u cti o n pr o bl e m f oll o ws M ar k o wit z’s ( 1 9 5 2) m o d el,
w h er e a n i n v est or’s g o al d efi n es t h e p ortf oli o c o n str u cti o n i n or d er t o m a xi mi z e e x p e ct e d f ut ur e
r et ur ns gi v e n a c ert ai n l e v el of ri s k. T h e M ar k o wit z m o d el est a bli s h es t h at t h e v ol atilit y of p ortf oli o
r et ur ns m e as ur es t h e ri s k. C a m p b ell et al ( 2 0 0 1) i ntr o d u c e d a si mil ar p ortf oli o all o c ati o n pr o bl e m
u si n g Va R as a ri s k m e as ur e. I n t h e el e ctri c p o w er lit er at ur e, s e v er al a ut h ors f oll o w M ar k o wit z’s
m et h o d ol o g y t o a d dr ess h e d gi n g str at e g y u si n g v a nill a d eri v ati v es. N as a k k al a a n d K e p p o ( 2 0 0 5),
a n d W o o et al ( 2 0 0 4),st u di e d t h e i nt er a cti o n b et w e e n st o c h asti c c o n s u m pti o n v ol u m es a n d el e c-
tri cit y pri c es, a n d pr o p o s e d a m e a n- v ari a n c e t y p e m o d el t o d et er mi n e o pti m al h e d gi n g str at e gi es.
Ve h vil ai n e n a n d K e p p o ( 2 0 0 6) ) o pti mi z e d h e d gi n g str at e gi es t a ki n g i nt o a c c o u nt t h e Val u e at Ri s k
as ri s k m e as ur e. H ui s m a n et al ( 2 0 0 7) i ntr o d u c e d a o n e- p eri o d fr a m e w or k t o d et er mi n e o pti m al
p ositi o ns i n p e a k a n d off- p e a k c o ntr a ct s i n or d er t o p ur c h as e f ut ur e c o ns u m pti o n v ol u m e. I n t hi s
fr a m e w or k, h e d gi n g str at e g y i s ass u m e d t o mi ni mi z e e x p e ct e d c ost s r el ati n g t o a n e x- a nt e ri s k li mit
d efi n e d i n t er m s of Val u e at Ri s k.

T h e M ar k o wit z ( 1 9 5 2) c o n c e pt of effici e nt fr o nti er al s o a p pli es t o el e ctri cit y, b ut pr e vi o u s a ut h ors
di d n ot c o nsi d er t h e eff e ct of v ol u m e ri s k e x p os ur e i n t h eir o pti mi z ati o n s ol uti o n s. Vol u m e ri s k
e x p o s ur e c a n b e a p ot e nt c o m p o n e nt of p ortf oli o l o ss es d u e t o a d v ers e m o v e m e nt s i n q u a ntit y i n
t h e el e ctri c p o w er m ar k et. A ut h ors cit e d a b o v e h a v e tri e d t o s ol v e t h e M ar k o wit z pr o bl e m, b ut t h e
p ortf oli o i s o nl y c o m p os e d i n or d er t o h e d g e pri c e ri s k e x p o s ur e. O u m a n d Or e n ( 2 0 0 8) d e v el o p e d
a s elf-fi n a n c e d h e d gi n g p ortf oli o c o nsi sti n g of d eri v ati v es c o ntr a ct s, a n d t h e y o bt ai n e d t h e o pti m al
h e d gi n g str at e g y i n or d er t o h e d g e pri c e, a n d v ol u m e ri s k m a xi mi zi n g t h e e x p e ct e d utilit y of h e d g e
pr ofit f or t h e L S E.

T hi s p a p er i s or g a ni z e d as f oll o ws. I n S e cti o n 2 w e d eri v e cl os e d-f or m r es ult s f or t h e h e d gi n g
p ortf oli o pr o bl e m. I n S e cti o n 3 w e ill ustr at e t h es e r es ult s, a n d S e cti o n 4 c o n cl u d es.

2 Cl o s e d-f o r m m o d el

L et y ( p , q ) b e t h e L S E’s pr ofit fr o m s er vi n g t h e c ust o m ers’ d e m a n d q at t h e fi x e d r et ail r at e r at
ti m e T , x ( p ) i s a f u n cti o n of t h e S p ot pri c e at ti m e T , z ( ι) i s a f u n cti o n of t h e w e at h er at ti m e T a n d
Y i s t h e o v er all pr ofit.
T h e h e d g e d pr ofit
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Y ( p , q , x ( p ) , z ( ι) ) = y ( p , q ) + x ( p ) + z ( ι) ( 2)

W h er e, y ( p , q ) = ( r − p ) q

T hi s p ortf oli o c o nsi d ers t o b u y a f or w ar d c o ntr a ct s f or a n a m o u nt q at t h e f or w ar d pri c e F p a n d a
f or w ar d c o ntr a ct o v er t h e w e at h er at t h e f or w ar d pri c e F ι i n or d er t o h e d g e a p art t h e u n c ert ai nt y
o n d e m a n d a n d s p ot pri c e.
T h e n t h e p a y offs f u n cti o n will b e:
f ( p , q ) = ( r − p ) q + x ( p ) + z ( ι) ,

x ( p ) = x ( F p ) .1 + x ′( F p ) ( p − F p ) +
F

0
x ′′( k ) ( K − p ) + d k +

∞

0
x ′′( k )( p − k ) + d k ( 3)

z ( i) = z ′( F ι) ( ι − F ι)
T h e n t h e pr o bl e m i s t o k n o w h o w m a n y f or w ar ds a n d o pti o n s a n d f or w hi c h stri k e t h e L S E s h o ul d
p ur c h as e. N ot e t h at t h e h e d gi n g p ortf oli o al s o i n cl u d es m o n e y m ar k et a c c o u nt s, l etti n g t h e L S Es
b orr o w m o n e y t o fi n a n c e h e d gi n g i nstr u m e nt s. It i s a o n e- p eri o d m o d el w h er e t h e h e d gi n g p ortf oli o
i s b uilt at ti m e 0 f or a d eli v er y at ti m e 1.
T h e L S E’s pr ef er e n c e utilit y i s c h ar a ct eri z e d b y a c o n c a v e utilit y f u n cti o n U d efi n e d o v er t h e t ot al
pr ofit Y ( p , q , x ( p ) , z ( ι)) at ti m e 1. L et f ( p , q ) b e t h e j oi nt d e nsit y f u n cti o n f or p ositi v e p a n d q
d efi n e d o n t h e pr o b a bilit y m e as ur e P w hi c h r e pr es e nt s t h e b eli efs o n t h e r e ali z ati o n of p a n d q .
l et Q b e a ri s k n e utr al pr o b a bilit y m e as ur e w hi c h i s n ot u ni q u e si n c e t h e el e ctri c p o w er m ar k et
i s i n c o m pl et e a n d g ( p ) t h e d e n sit y f u n cti o n of p u n d er Q . T h e n it c a n f or m ul at e t h e pr o bl e m as
f oll o ws:

m a x
x ( p ),z(ι)

E [U ( y ( p , q ) , x ( p ) , z ( ι))] ( 4)

s .t EQ [x ( p )] = 0

E Q [z ( ι)] = 0

Va R c o n str ai nt c o ul d b e e x pr es s e d s u c h as:

V a R y (Y ( x ∗ ( p ) , z ∗ ( −)) ) ≤ V 0

It c o st s z er o t o c o n str u ct a p ortf oli o at ti m e 0, w h er e E [.] a n d E Q [.] d e n ot e e x p e ct ati o n s u n d er t h e
pr o b a bilit y m e as ur e P a n d Q , r es p e cti v el y.

2. 1 O pti m al p a y- offs of t h e h e d gi n g st r at e g y

H er e w e gi v e a n e x pli cit s ol uti o n t o t h e o pti mi z ati o n pr o bl e m s h o w e d i n ( 4), i n or d er t o i m pr o v e
t h e p erf or m a n c e of t h e h e d gi n g cl ai m d u e t o t h e li n k b et w e e n d e m a n d e d v ol u m e a n d w e at h er-
li n k e d i n d e x. We o bt ai n a n o pti m al p a y- off of t h e h e d gi n g str at e g y w hi c h d e p e n ds o n t h e utilit y
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f u n cti o n t h at d es cri b es t h e L S E’s pr ef er e n c es. T h e L S E’s h e d gin g pr o bl e m of pri c e a n d v ol u m e
ri s k u n d er Va R crit eri a h as b e e n c o nsi d er e d b y O u m a n d Or e n ( 2 0 0 8), Kl ei n d orf er a n d Li ( 2 0 0 5),
W o o et al ( 2 0 0 4), a n d Wa g n er et al ( 2 0 0 3). Va R d efi n e d as a m a xi m u m p o ssi bl e l o ss wit h ( 1 − γ )
p er c e nt c o nfi d e n c e, i s c o n si d er e d s u c h as ri s k m e as ur e i n pr a cti c e. F urt h er m or e, t h e o pti mi z ati o n
pr o bl e m s wit h t h e Va R ri s k m e as ur e ar e h ar d t o s ol v e a n al yti c all y wit h o ut v er y r estri cti v e as s u m p-
ti o n s m or e i n t h e c as e of b ot h pri c e a n d v ol u m e ar e v ol atil e.

2. 1. 1 O pti m alit y c o n diti o n

L et x ( p ) t h e p a y- off of t h e h e d gi n g str at e g y a g ai n st pri c e ri s k, z ( ι) t h e p a y- off of t h e h e d gi n g
str at e g y a g ai nst v ol u m etri c ri s k, a n d U i s t h e utilit y f u n cti o n t h at d es cri b es t h e L S E’s pr ef er e n c es.
T h us, t h e o pti m al p a y- offs of t h e h e d gi n g str at e g y a g ai n st pri c e a n d v ol u m etri c ri s k i s t h e s ol uti o n
of t h e f oll o wi n g o pti mi z ati o n pr o bl e m:

m a x
x ( p ),z(ι)

E [U ( y ( p , q ) , x ( p ) , z ( ι))]

s .t EQ [x ( p )] = 0

E Q [z ( ι)] = 0

V a R y (Y ( x ∗ ( p ) , z ∗ ( ι) )) ≤ V 0

T h e o pti m al p a y- offs x ∗ ( p ) a n d z ∗ ( ι) ar e:

E U ′(Y ( p , q , x ∗ ( p ) , z ( ι) ) |p ) = λ ∗
x
g x ( p )

fx ( p )

E U ′(Y ( p , q , x ∗ ( p ) , z ( ι) ) |ι) = λ ∗
z
g z ( ι)

fz ( ι)

W h e r e λ i s t h e L a gr a n g e m ulti pli er, a n d f or a n a g e nt w h o m a xi mi z es m e a n- v ari a n c e e x p e ct e d
utilit y of pr ofit,

U (Y ) = Y −
1

2
a (Y ∗ − E [Y ∗ ]2 )

Pr o of. T h e L a n gr a n gi a n f u n cti o n f or t h e c o nstr ai n e d o pti m al pr o bl e m i s gi v e n b y,

∂ ( x , z ) =
R 2

U (Y |p , ι) fp ,ι( p , ι) d p d ι − λ x
R 2

x ( p ) g x ( p ) d p − λ x
R 2

z ( ι) g z ( ι) d ι

− − →
g r a d (L ( x , z )) = 0
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Wit h t h e L a gr a n g e m ulti pli ers λ x , λ z a n d t h e m ar gi n al d e n sit y f u n cti o n s fx ( p ) of p a n d fz ( ι) of ι
u n d er P , b y diff er e nti ati o n of L ( x ( p ) ) wit h r es p e ct t o x ( p ) a n d L ( z ( ι)) wit h r es p e ct t o z ( ι) r es ult s
i n

∂ L
∂ x

= E
∂ Y

∂ x
U ′(Y ) |p fx ( p ) − λ x g x ( p ) = 0 ( 1)

∂ L
∂ z

= E
∂ Y

∂ z
U ′(Y ) |ι fz ( ι) − λ z g z ( ι) = 0

B y t h e E ul er e q u ati o n fr o m ( 1) a n d s u bstit uti n g ∂ Y
∂ x = 1 a n d ∂ Y

∂ z = 1 fr o m ( 1) yi el ds t h e first or d er
c o n diti o n s f or t h e o pti m al s ol uti o n s x ∗ ( p ) a n d z ∗ ( ι) as f oll o ws:

E U ′(Y ( p , q , x ∗ ( p ) , z ∗ ( ι)) |p = λ ∗
x
g x ( p )

fx ( p )

E U ′(Y ( p , q , x ∗ ( p ) , z ∗ ( ι) ) |ι = λ ∗
z
g z ( ι)

fz ( ι)

T h e o r e m 1. B as e d o n Kl ei n d o rf er a n d Li ( 2 0 0 5) a n d O u m a n d Or e n ( 2 0 0 8), t h e as s u m pti o n i n
t hi s p art i s t h at V a R(Y ( x , z )) i s d et er mi n e d b y Pr Xt ≥ − V a R = γ , w h er e Xt d e n ot es t h e t y pi c al
d ail y c a s h fl o w. T h er ef or e, V a R t = z ( γ ) σ t − µ t, w h er e z( γ ) i s t h e z-s c or e of a st a n d a r di z e d n o r m al
r a n d o m v ari a bl e. T h er e e xi st s a c o nti n u o u s f u n cti o n η : ( E , Σ , γ ) → R , a n d t h at t h e f u n cti o n i s
st ri ctl y i n cr e asi n g i n σ a n d w h er e V a r γ ( µ , σ , γ ) = η ( µ , σ , γ ) − µ i s n o n-i n cr e asi n g i n σ , t h e n:

P Y ( x , z ) ≤ µ } − η ( µ , σ , γ ) ≡ 1 − γ

If Y ( x , z ) i s n o r m all y di st ri b ut e d, t h e n t h e ri s k a v ersi o n as s u m pti o n i s s ati sfie d wit h η ( µ , σ , γ ) =
Z ( γ ) σ , w h er e Z( ι) i s t h e st a n d a r d z-s c or e at t h e c o nfi d e n c e l e v el. W h er e η ( µ , σ , γ ) i s c o nti n u o u s
a n d i n cr e a si n g i n σ a n d t h e Va R f u n cti o n V a R γ ( µ , σ , γ ) i s n o n-i n cr e a si n g i n µ f o r µ = E [Y ( x , z )]
a n d σ 2 = v a r (Y ( x , z )) . T h er ef o r e, if x∗ ( p ) + z ∗ ( ι) s ol v es t h e p r o bl e m ( 4), t h e n it c a n h ol d t h at:

i. If ( x ∗ ( p ) , z ∗ ( i) ) i s o n effici e nt f r o nti er of t h e ( E − V ) s p a c e, t h e n it c a n h ol d t h at a n y f e a si bl e
p ai r ( x ( p ) , z ( i)) i s m a p p e d t o a c or r es p o n di n g p oi nt (V (Y ( x , z )) , E [Y ( x , z )] ) .

ii. I c a n as s u m e t h at fix e d a ≥ 0 , l et Y( x , z ) = Y ( x a , z a ) b e t h e p o rtf oli o o bt ai n e d b y m a xi mi zi n g
( E − a V ) , t h er ef or e Y( x a , z a ) i s o n t h e b o r d er of t h e f e asi bl e s et i n ( E − V a R γ ) s p a c e, a n d
f o r a n y f e a si bl e p ortf oli o Y ′( x , z ) f o r w hi c h E[Y ′( x , z )] = E [Y ( x a , z a )] a n d V a R [Y ′( x , z )] ≥
E [Y ( x a , z a )] , t h er e e xi st s a ≥ 0 s u c h t h at ( x ∗ ( p ) , z ∗ ( ι) ) s ol v es m a x x ( p )∈ x ( p ),z(ι) E [Y ( x , z )] −
1
2 a ∗ v a r (Y ( x , z ) ) .

T h e pr o of of T h e or e m 1, will b e pr o vi d e d i n p a g. 2 2 a p p e n di x.
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P r o p o siti o n 1. B as e d o n O u m a n d Or e n ( 2 0 0 8) We will s h o w h o w t h e s ol uti o n t o t h e m e a n-
v a ri a n c e pr o bl e m c a n b e us e d t o a p p r o xi m at e t h e s ol uti o n t o t h e Va R- c o nst r ai n e d pr o bl e m

( x a ( p ) , z a ( ι) ) = a r g m a x x ( p )∈ X ( p ),z(ι)∈ Z (ι)E [Y ( x , z )] −
1

2
a ∗ v a r (Y ( x , z ) )

s .t. E Q [x ( p )] = 0

E Q [z ( ι)] = 0

T h e n E [Y ( x a ( p ) + z a ( ι) )] a n d v ar (Y ( x a ( p ) + z a ( ι) )) a r e m o n ot o ni c all y n o n-i n cr e asi n g i n a

T h e pr o of of Pr o p o siti o n 1, will b e pr o vi d e d i n p a g. 2 2 a p p e n di x.
T h e or e m 1 a n d Pr o p o siti o n 1 st at e t h at t h e f e asi bl e s et of t h e Va R- c o nstr ai n e d pr o bl e m i s r estri ct e d
t o t h e s ol uti o n of m e a n- v ari a n c e pr o bl e m f or v ar yi n g a. T h us, t h e s ol uti o n t o e x pr es si o n ( 4) of t h e
T h e or e m 1 c a n b e o bt ai n e d i n t h e n e xt al g orit h m:

i. We c a n o bt ai n ( x a ( p ) , z a ( ι) ) t h at m a xi mi z es:

E [Y ( x , z )] −
1

2
a ∗ v a r (Y ( x , z ) )

ii. F or e a c h a , c al c ul at e ass o ci at e d V a R ( a ) ≡ V a R (Y ( x a , z a ) ) s u c h t h at

P { Y ( x a , z a ) ≥ − V a R ( a ) } = γ

iii. B y T h e or e m 1, fi n d s m all est a s u c h t h at V a R γ (Y ( x a , z a ) ) ≤ V 0

P r o p o siti o n 2 (Cl os e d- F o r m R es ults ). U n d er i n d e p e n d e n c e a ss u m pti o n.
M a xi mi zi n g t h e m e a n- v a ri a n c e utilit y f u n cti o n o n p r ofit,

E [U (Y )] = E [Y ( x , z )] −
1

2
a ∗ v a r (Y ( x , z ) )

F o r m a xi mi zi n g m e a n- v a ri a n c e e x p e ct e d utilit y t h e o pti m al s ol uti o n x ∗ ( p ) a n d z ∗ ( ι) t o p r o bl e m

m a x
x ( p ),z(ι)

E [U ( y ( p , q ) , x ( p ) , z ( ι))]

s .t. E Q [x ( p )] = 0

E Q [z ( ι)] = 0

T h at i s gi v e n b y:

x ∗ =
1

a
− E [y ( p , q ) |p ] − E [z ∗ |p ] + E [y ( p , q )] −

1

a

g x ( p )

fx ( p )
+ ( E [x ∗ ] + E [z ∗ ])

g x ( p )

fx ( p )

z ∗ =
1

a
− E [y ( p , q ) |ι] − E [x ∗ |ι] + E [y ( p , q ) ] −

1

a

g z ( ι)

fz ( ι)
+ ( E [x ∗ ] + E [z ∗ ])

g z ( ι)

fz ( ι)
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U n d er t h e I n d e p e n d e n c e as s u m pti o n t h at p, a n d ι ar e u n c o rr el at e d t h e n w e c a n est a bli s h t h at:

E [z ∗ |p ] = E [z ∗ ]

E [x ∗ |ι] = E [x ∗ ]

A n d, fi n all y w e h a v e:

x ∗ =
1

a
− E [y ( p , q ) |p ] + E [y ( p , q )] −

1

2

g x ( p )

fx ( p )
+ E [x ∗ ]

g x ( p )

fx ( p )
+ E [z ∗ ]

g x ( p )

fx ( p )
− 1 ( 2)

z ∗ =
1

a
− E [y ( p , q ) |ι] + E [y ( p , q )] −

1

2

g x ( ι)

fx ( ι)
+ E [x ∗ ]

g x ( ι)

fx ( ι)
+ E [z ∗ ]

g x ( ι)

fx ( ι)
− 1 ( 3)

W h er e,

E [x ∗ ] =

1
a − E [y ( p , q ) |p ] + E [y ( p , q )] − 1

a
g x ( p )
fx ( p )

g z (ι)
fz (ι)

g z (ι)
fz (ι)

− 1
g x ( p )
fx ( p ) − 1 −

g x ( p )
fx ( p )

g z (ι)
fz (ι)

−

1
a − E [y ( p , q ) |ι] + E [y ( p , q )] − 1

a
g z (ι)
fz (ι)

g x ( p )
fx ( p ) − 1

g z (ι)
fz (ι)

− 1 g x ( p )
fx ( p )

− 1 − g x ( p )
fx ( p )

g z (ι)
fz (ι)

( 4)

E [z ∗ ] =

1
a − E [y ( p , q ) |ι] + E [y ( p , q )] − 1

a
g z (ι)
fz (ι)

+
g z (ι)
fz (ι)

− 1

g z (ι)
fz (ι)

g z (ι)
fz (ι)

− 1
g x ( p )
fx ( p ) − 1 −

g x ( p )
fx ( p )

g z (ι)
fz (ι)

1

a
− E [y ( p , q ) |p ] +

E [y ( p , q )] − 1
a g x ( p )

fx ( p )
E Q g z ( ι)

fz ( ι)

−
1

a
− E [y ( p , q ) |ι] +

E [y ( p , q )] − 1
a g z ( ι)

fz ( ι)

g x ( ι)

fx ( ι)
− 1 . ( 5)

T h e pr o of of Pr o p ositi o n 2, will b e pr o vi d e d i n p a g. 2 2 a p p e n di x.

P r o p o siti o n 3. L et ( p ; q ) a n d ( ι; q ) b e e a c h a 2- di m e nsi o n al r a n d o m v e ct or. p i s t h e p ri c e t h e L S E
p a ys w h e n it b u ys el e ct ri cit y a n d ι i s t h e w e at h er i n d e x u s e d t o o pti mi z e h e d gi n g. q i s t h e q u a ntit y
of el e ct ri cit y p u r c h as e d, if ( p ; q ) a n d ( ι; q ) f oll o w a l o g- n o r m al / n or m al di st ri b uti o n w h er e,

( l o g p , q ) ∼ N ( µ p ,q , Σ p ,q )
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T h e pr o of of Pr o p o siti o n 3, will b e pr o vi d e d i n p a g. 2 2 a p p e n di x.
W e ar e as s u mi n g t h at ( p , q ) ar e c orr el at e d, b y w hi c h, t h e d e nsit y f u n cti o n of q , i s gi v e n b y:

µ p q =
µ p

µ q
,

∑
p q

=
σ 2

p ρ p ,q σ p σ q

ρ p ,q σ p σ q σ 2
q

( l o g p , q ) ∼ N ( µ p , µ q , σ
2
p , σ

2
q , ρ p ,q )

q |p ∼ N µ q + ρ p ,q
σ q

σ p
( l n p − µ p ) , σ

2
q ( 1 − ρ 2

p ,q )

T h e I n d e p e n d e n c e c as e i s s p e ci al c as e of t hi s e x pr essi o n a n d w e c a n est a bli s h t h at w h e n ( p , q ) ar e
i n d e p e n d e nt t h e d e nsit y f u n cti o n of q , i s gi v e n b y:

q ∼ N ( µ q , σ p )

A n d i n t h e c as e of ( ι, q ) t h e y ar e c orr el at e d s o t h at

µ ιq =
µ ι

µ q
,

∑
ιq

=
σ 2

ι ρ ι,q σ ισ q

ρ ι,q σ ισ q σ 2
q

( l o gι, q ) ∼ N ( µ ι, µ q , σ
2
ι , σ

2
q , ρ ι,q )

q |p ∼ N µ q + ρ ι,q
σ q

σ ι
( l nι − µ ι) , σ

2
q ( 1 − ρ 2

ι,q )

T h e n t h e d e n sit y f u n cti o n of q k n o wi n g ι i s gi v e n b y:
Fi n all y t h e m ar gi n al di stri b uti o n of p , ι a n d q ar e as f oll o ws:

U n d e r P :

l n p ∼ N ( µ 1 p , σ
2
P )

q ∼ N ( µ q , σ
2
q )

l n ι ∼ N ( µ 1 ι, σ
2
ι )

C or r ( l n p , q ) = ρ p ,q

C or r ( l nι, q ) = ρ ι,q
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U n d e r Q :

l n p ∼ N ( µ 2 p , σ
2
P )

l nι ∼ N ( µ 2 ι, σ
2
ι )

F r o m a d e nsit y f u n cti o n of l o g n or m al di stri b uti o n, w e h a v e:

g x ( p )

fx ( p )
= e

µ 2 p − µ 1 p

σ 2
P

l n p +
µ 1 2

p − µ 2 2
p

σ 2
P

g z ( ι)

fz ( ι)
= e

µ 2 ι − µ 1 ι
σ 2

ι
l n p +

µ 2 2
i − µ 1 2

ι

σ 2
ι

E Q g x ( p )

fx ( p )
= e

µ 2 p − µ 1 p
σ P

2

E Q g z ( ι)

fz ( ι)
= e

µ 2 i− µ 1 ι
σ ι

2

w h e r e,

g x ( p )

fx ( p )
=

1√
2 π

1
σ p

e
− 1

2
l o g p − µ 2 p

σ p

2

1√
2 π

1
σ p

e
− 1

2
l o g p − µ 1 p

σ p

2

= e
1
2

l o g p − µ 1 p
σ p

2
− 1

2
l o g p − µ 2 p

σ p

2

= e
µ 2 p − µ 1 p

σ p l o g p − 1
2

( µ 2 p ) 2 − ( µ 1 p ) 2

σ 2 p

U n d er Q,

µ 2 p − µ 1 p

σ p
l o g p −

1

2

( µ 1 p )
2 − ( µ 2 p )

2

σ 2 p
∼ N

µ 2 p − µ 1 p

σ p
µ 2 p +

1

2

( µ 1 p )
2 − ( µ 2 p )

2

σ 2 p
,

µ 2 p − µ 1 p

σ p 2

2

σ p 2

T h e n

E Q g x ( p )

fx ( p )
= e

µ 2 p − µ 1 p
σ p µ 2 p + 1

2
( µ 1 p ) 2 − ( µ 2 p ) 2

σ 2 p
+ 1

2
µ 2 p − µ 1 p

σ p 2

2
σ p 2

= e
µ 2 p − µ 1 p

σ p

2

1 0



T h e n, u n d er a bi v ari at e l o g- n or m al di stri b uti o n, w e c a n c o m p ut e t h e n e xt m at h e m ati c al m e a ns:

E [y ( p , q ) |ι] = (r − p ) E ( q |ι) = ( r − p ) µ q + ρ ι,q
σ q

σ ι
( l nι − µ ι)

E [y ( p , q )] = E [ (r − p ) q ]

= r µq − E [p q ]

= r µq − µ q e
µ P + 1

2 σ 2
p

H e n c e,

E Q [E [y ( p , q )]] = µ q r − e µ 2 P + 1
2 σ 2

p

E Q [E [y ( p , q ) |ι]] = r − e x p µ 2 ι +
1

2
σ 2

ι µ q + ρ ι,q
σ q

σ ι
µ 1 ι

+ ρ ι,q
σ q

σ ι
r µ2 ι − ( µ 2 ι + σ 2

ι ) e x p µ 2 ι +
1

2
σ 2

ι

2. 2 T h e r e pli c ati o n of p a y- off s

C arr a n d M a d a n ( 2 0 0 1) s h o w e d t h at a n y c o nti n u o usl y diff er e nti a bl e f u n cti o n s x ( p ) a n d z ( ι) c a n b e
writt e n i n t h e f oll o wi n g f or m: f or a n ar bitr ar y p ositi v e s,

x ( p ) = [ x ( s ) − x ′( s ) s ] + x ′( s ) p +
s

0
x ′′( K )( K − p ) + d K +

∞

s
x ′′( K ) ( p − K ) + d K

z ( ι) = [ z ( s ) − z ′( s ) s ] + z ′( s ) ι

I n t hi s c as e, if F p i s t h e f or w ar d pri c e of el e ctri cit y a n d F ι i s t h e f or w ar d w e at h er-r el at e d cl ai m, t h e
pr o p ert y pr o v e d b y C arr a n d M a d a n ( 2 0 0 1) h as t h e n e xt i nt er pr et ati o n:

x ( p ) = x ( F p ) .1 + x ′( F p ) ( p − F p ) +
F p

0
x ′′( K ) ( K − p ) + d K +

∞

F p

x ′′( K ) ( p − K ) + d K

z ( ι) = z ′( F ι) ( ι − F ι) +
F p

0
x ′′( K ) ( K − p ) + d K +

∞

F p

x ′′( K ) ( p − K ) + d K

T o r e pli c at e i n c o nti n u o us ti m e a h e d gi n g str at e g y a g ai n st pri c e ri s k a n d q u a ntit y ri s k, t h e L S E
s h o ul d h a v e a p o siti o n o n:

• x ( F p ) u nit s of b o n d s

• x ′( F p ) u nit s of f or w ar d pri c e
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• z ′( F ι) u nit s of f or w ar d w e at h er-r el at e d cl ai m

• x ′′( K ) d K u nit s of p ut o pti o n s wit h stri k e K f or K < F p

• x ′′( K ) d K u nit s of c all o pti o ns wit h stri k e K f or K > F p

I n pr a cti c e, w e d o n ot h a v e a c o nti n u o u s s et of stri k e pri c es a n d w e n e e d t o w or k i n di s cr et e ti m e.
T h us, b y ass u mi n g w e h a v e n stri k e pri c es f or p ut o pti o ns a n d m stri k e pri c es f or c all o pti o ns s u c h
t h at 0 < K 1 < K n < F p < K ′

1 < K ′
2 < ·· · < K ′

m , r e pli c ati n g t h e h e d gi n g str at e g y s h o ul d r e q uir e a
p ositi o n o n:

• x ( F p ) u nit s of b o n d s

• x ′( F p ) u nit s of f or w ar d pri c e

• z ′( F i) u nit s of f or w ar d w e at h er-r el at e d cl ai m

• 1
2 ( x ′′( K i+ 1 ) − x ′′( K i− 1 ) ) u nit s of p ut o pti o n s wit h stri k e ( K i, i = 1 , ·· ·n )

• 1
2 ( x ′′( K ′

i+ 1 ) − x ′′( K ′
i− 1 ) ) u nit s of c all o pti o ns wit h stri k e ( K ′

i , i = 1 , · ··n )

I n t hi s a p pr o xi m ati o n s c h e m e, t h e err or will b e s m all if x ′′( p ) i s a c o n st a nt i n e a c h i nt er v al b et w e e n
t w o c o ns e c uti v e stri k e pri c es, a n d w h e n pri c e r e ali z ati o ns p ar e cl os e t o t h e di s cr et e stri k e pri c es.

3 E m pi ri c al R es ult s

3. 1 I m pl e m e nt ati o n Al g o rit h m

T h e pr o bl e m i s t o k n o w h o w m a n y f or w ar ds a n d o pti o ns a n d f or w hi c h stri k e t h e L S E s h o ul d
p ur c h as e. N ot e t h at t h e h e d gi n g p ortf oli o al s o i n cl u d es m o n e y m ar k et a c c o u nt s, l etti n g t h e L S Es
b orr o w m o n e y t o fi n a n c e h e d gi n g i n str u m e nt s. It i s a o n e- p eri o d m o d el w h er e t h e h e d gi n g p ort-
f oli o i s b uilt at ti m e 0 f or a d eli v er y at ti m e 1. T h e f e asi bl e s et of t h e Va R- c o nstr ai n e d pr o bl e m
i s r estri ct e d t o t h e s ol uti o n of m e a n- v ari a n c e pr o bl e m f or v ar yi n g a (s e e T h e or e m 1 a n d Pr o p o si-
ti o n 2). T h u s, t h e s ol uti o n t o Va R- c o n str ai n e d o pti mi z ati o n pr o bl e m c a n b e o bt ai n e d i n t h e n e xt
al g orit h m:

i Fi x p ar a m et ers i n cl u di n g r a n g e f or a ( mi n, m a x a n d st e p s).

ii Fi x n u m b er of si m ul ati o ns n u m tr a b “l ar g e ”.

iii G e n er at e r a n d o m pri c e p , l o a d q a n d w e at h er v ari a bl e w , usi n g a m ulti v ari at e n or m al di stri-
b uti o n.

i v C o m p ut e t h e p a y off x ∗ ( p ) a n d z ∗ ( ι) ( E q u ati o ns ( 4) a n d ( 5)).
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v We c a n o bt ai n ( x a ( p ) , z a ( ι) ) t hat m a xi mi z es:

E [Y ( x , z )] −
1

2
a ∗ v a r (Y ( x , z ) )

vi F or e a c h a , c al c ul at e ass o ci at e d V a R ( a ) ≡ V a R (Y ( x a , z a ) ) s u c h t h at P { Y ( x a , z a ) ≥ − V a R ( a ) } =
γ

vii Fi n d s m all est a ( a o pt ) s u c h t h at V a R γ (Y ( x a , z a ) ) ≤ V 0

viii Usi n g a o pt i n or d er t o fi n d Y ( x ( a o pt ) , z ( a o pt ) ) . Y ( ·) , b e t h e pr ofit di stri b uti o n of t h e e x p e ct e d
utilit y m a xi mi zi n g s ol uti o n, u n d er O pti m al St ati c H e d gi n g i n cl u di n g t h e w e at h er cl ai m (s e e
Fi g ur e 3)

i x Usi n g t h e p a y off f u n cti o n s x ( a o pt ) , a n d z ( a o pt ) , a n d b as e d o n C arr a n d M a d a n ( 2 0 0 1) w e c a n
d efi n e t h e r e pli c ati o n of p a y off ( E q u ati o n ( 6)), (s e e Fi g ur e 4).

T h e al g orit h m a b o v e p er mit s us o bt ai n t h e o pti m al st ati c h e d gi n g pr ofit di stri b uti o n u si n g t w o
cl ai m s a n d t h e c o n c er ni n g r e pli c ati o n p a y off f u n cti o n.

3. 2 E m pi ri c al R es ult

C o m p uti n g a n a p pr o xi m at e o pti m al Va R- c o nstr ai n e d v ol u m etri c h e d gi n g pr o bl e m a c c or di n g t o
t h e a b o v e d e v el o p m e nt, w e will s h o w t w o gr o u p s of r es ult s: r es ult s u n d er t h e i n d e p e n d e n c e as-
s u m pti o n, a n d al s o u n d er t h e g e n er al c as e. I n b ot h w e will pr es e nt t h e c o m p ari s o n of diff er e nt
p os si biliti es, w hi c h ar e: wit h o ut- h e d g e, h e d gi n g u si n g x ∗ ( p ) f oll o wi n g O u m a n d Or e n’s m o d el,
a n d o ur pr o p os al usi n g [x ∗ ( p ) + z ′ ∗( ι)] ; n ot e t h at x ∗ ( p ) = x ′ ∗( p ) , b e c a us e x ∗ ( p ) c orr es p o n ds t o
O u m a n d Or e n m o d el. F oll o wi n g t h e s a m e a p pli c ati o n m a d e b y O u m a n d Or e n ( 2 0 0 8), t h e h e d g-
i n g str at e g y f or a n L S E t h at m a xi mi z es t h e e x p e ct e d p a y- off wit h Va R c o nstr ai nt of - $ 6 0. 0 0 0 i s
c o m p os e d b y a h y p ot h eti c al L S E t h at c h ar g es a flat r et ail r at e of $ 1 2 0 p er M W h. T h e s p ot pri c e p
at w hi c h t h e a g e nt h as t o b u y el e ctri c p o w er, t h e w e at h er-i n d e x ι a n d t h e q u a ntit y q i s t h e l o a d at
w hi c h t h e L S E s u p pli es i n a fi x e d i nt er v al; t h e t hr e e v ari a bl es, pri c e, t e m p er at ur e a n d q u a ntit y ar e
v ol atil e a n d t h es e v ari ati o n s aff e ct t h e a g e nt s’ r e v e n u es; t h at i s t h e pr o bl e m t h at a g e nt s will tr y t o
s ol v e u si n g a n o pti m al st ati c h e d gi n g s ol uti o n. I n or d er t o o bt ai n t h e s ol uti o n of t h e m e a n- v ari a n c e
pr o bl e m f or v ar yi n g a w e as s u m e t h at P a n d Q di stri b uti o ns ar e diff er e nt. All of t hr e e v ari a bl es ar e
di stri b ut e d a c c or di n g t o a bi v ari at e di stri b uti o n i n l o g pri c e a n d q u a ntit y, a n d t h e l o g w e at h er-i n d e x
a n d q u a ntit y, as f oll o ws:

U n d er I n d e p e n d e n c e as s u m pti o n:

U n d er P: l n p ∼ N ( 4 , 0 .7 2 ) q ∼ N ( 3 0 0 0 , 6 5 0 2 ) l o gi ∼ N ( 2 .2 , 0 .0 8 2 1 2 )
C or r ( l n p, q ) = 0 C or r ( l nι, q ) = 0 .5
U n d er Q: l nι ∼ N ( 4 , 0 .7 2 ) l o gι ∼ N ( 2 .1 , 0 .0 8 2 1 2 )
G e n er al C as e: C or r ( l n p, q ) = 0 .5 C or r ( l nι, q ) = 0 .4
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Taking in account the last parameters, and the normal bivariate probability distribution, l fitted
Monte-Carlo simulation technique to generate spot price, load and weather index patterns. Figure
1 shows the spot price, load and weather index patterns.

Figure 2 shows the basis of the problem; profit distribution without hedging, considering afore-
mentioned distribution of parameters. The profit without hedging only considers the LSE fixed
rate, the spot price and quantity denoted by y(p q) = (r p)q
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Figure 1: Simulated patterns using Oum and Oren Parameters.
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(a) Normal bivariate distribution of profit

(b) Quantile plot without hedging

Figure 2: Distribution of profit without hedging y(p,q)=(r-p)q assuming r=$120/MWh.
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D u e t o P di stri b uti o n b ei n g diff er e nt fr o m Q , for v ari o us l e v el s of ri s k a v ersi o n a t h er e e xi st s a
m e a n- v ari a n c e pr o bl e m s ol uti o n. We r estri ct t h e s et of s ol uti o ns u si n g t h e Va R- c o n str ai n e d pr o b-
l e m (s e e T h e or e m 1) i n or d er t o fi n d t h e o pti m al o n e.
Fi g ur e 3 s h o ws t h e o pti m al m e a n- v ari a n c e h e d gi n g str at e g y c orr es p o n di n g t o o pti m al a ∗ . I s h o w
t h e o pti m al p a y off f u n cti o n o bt ai n e d as a n a p pr o xi m ati o n f or Va R- c o nstr ai n e d pr o bl e m.

Fi g ur e 3: : H e d gi n g Str at e g y f or a n L S E t h at m a xi mi z es t h e e x p e ct e d p a y off wit h Va R c o n str ai nt.
Bl a c k li n e r e pr es e nt s t h e h e d gi n g p ositi o n; d as h e d li n e r e pr es e nt s t h e p a y off li n e ar i n pri c e, a n d
t h e r e d li n e e x hi bit t h e w e at h er p a y off.

Fi g ur e 4 s h o ws t h e c o m p ari s o n of diff er e nt p os si biliti es, w hi c h ar e: wit h o ut- h e d g e, h e d gi n g u si n g
x ∗ ( p ) f oll o wi n g O u m a n d Or e n m o d el, a n d o ur pr o p o s al usi n g [x ′ ∗( p ) + z ′ ∗( ι)] , ass u m pti o n.

1 6



Fi g ur e 4: Pr ofit di stri b uti o n s u n d er t hr e e c as es: wit h o ut- h e d g e, O u m a n d Or e n r es ult s a n d o ur
pr o p o s al [x ′ ∗( p ) + z ′ ∗( ι)] .

Ta bl e 1 s h o ws t h e p er c e ntil es f or t h e c as es s h o w n i n t h e Fi g ur e 4.

Ta bl e 1: P er c e ntil es w h e n f e w er t h a n t hr e e c as es o c c ur: wit h o ut- h e d g e, O u m a n d Or e n r es ult s a n d
o ur pr o p os al [x ′ ∗( p ) + z ′ ∗( ι)] f or i n d e p e n d e n c e as s u m pti o n.

P e r c e ntil es

Wit h o ut H e d gi n g O u m- O r e n C as e I n d e p e n d e n c e C a s e
1 % - 5 1 8 3 9 5 - 4 8 1 1 1. 5 2 7 4 2 7. 5
5 % - 1 5 8 0 0 0 4 6 8 0 9 5 7 0 0 7
1 0 % - 2 2 0 5 1 5 8 7 2 6 7 6 7 3 4. 5
2 5 % 1 0 0 7 5 5 8 4 4 0 8 1 0 6 5 6 5
5 0 % 1 8 0 3 1 0 1 2 6 7 7 5 1 4 4 2 2 5
7 5 % 2 3 2 0 7 0 1 7 4 9 3 0 2 0 3 8 0 5
9 0 % 2 7 2 5 0 5 2 1 9 8 2 0 3 2 7 2 0 5
9 5 % 2 9 5 8 0 5 2 4 8 7 7 0 4 4 2 9 0 5
9 9 % 3 4 0 2 1 0 3 0 3 9 9 0 7 7 8 0 8 5

M e a n 1 4 0 5 8 2. 8 1 2 6 3 5 1. 9 1 8 2 9 5 5. 1
St d. D e v 1 6 2 0 9 0. 6 6 9 3 4 3. 8 6 7 6 4 3 7. 6
S k e w n es s - 2. 9 9 0 5 1 3 - 0. 1 0 6 1 1 3 6 4. 6 5 3 6 1 2
K u rt osi s 1 7. 1 1 2 3 8 4. 7 5 1 9 2 1 4 3. 2 6 9 4
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4 Conclusions
Transfer of climatic risk exposure to capital markets allows transforming of non-tradable risk into
financial assets which are, of course, tradable. Using forward contracts over weather offers to
agents the chance to hedge their volumetric risk exposure in electric power markets. While the op-
timal electric power portfolio is an open problem in stating specific conditions to define the payoff
structure of portfolios according to the agents’ exposure, this paper presents closed-form results
that permit the second claim to complete the market.

This paper develops along the lines traced in a benchmark article by Oum and Oren and put for-
ward the issue of determining the optimal derivative pay-off written on both electricity price and
a weather-linked index. This latter aims at improving the performance of the hedging claim due
to the link between demanded volume and weather-linked index. Operational results are derived
under the assumption of 1) statistical independence between price and the index and 2) Gaussian
distribution of the underlying variables. We developed the optimization problem of portfolios com-
posed of two claims, price and weather, according factors featured in electric power markets such
as price volatility, price spikes, and climatic conditions that influence quantity volatility. Our re-
sults arose due to the inclusion of the weather variable, and the hedging position was improved
by minimizing the risk and increasing mean according to positive correlation among price, quan-
tity, and the weather variable. For the electric power market, wholesale spot price and quantity
are volatile, and the latter is correlated with weather conditions. Results confirm that the weather
payoff allows adjustment of hedge strategy with the price payoff in order to hedge the double ex-
posure of the agents. Table 1 shows statistics of all of the cases and the experiment shows the gain
of the proposed strategy over the best performing claim derived by Oum and Oren. Limiting the
problem using a VaR-constrained solution permits to address the solution against the non-linearity
condition of the hedging strategy. The hedging portfolio is solved using the price and weather pay-
off functions that represent the payoff of electric power derivatives and the payoff of the forward
weather-related index, solving those payoffs we obtain a hedging portfolio in realistic conditions.
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A p p e n di x

P r o of of T h e o r e m 1

Pr o of. i. ( x ∗ ( p ) , z ∗ ( ι) ) i s t h e o pti m al s ol uti o n t o ( 4) a n d i s o n t h e effici e nt fr o nti er of ( E −
V a R γ ) pl a n e. T h e n c o n si d eri n g t h e alt er n ati v e ( x ∗ ( p ) , z ∗ ( ι)) ∈ X ( p ) , Z ( ι) t h at r e d u c e t h e
v ari a n c e wit h o ut r e d u ci n g t h e m e a n of t h e Y ( x ( p ) , z ( ι)) di stri b uti o n, t h e n µ ≥ µ ∗ w h er e
µ = E [Y ( x ( p ) , z ( ι))] a n d µ ∗ = E [Y ( x ∗ ( p ) , z ∗ ( ι) )] a n d σ 2 < σ ∗ 2 w h er e σ 2 = V [Y ( x ( p ) , z ( ι))]
a n d σ ∗ 2 = V [Y ( x ∗ ( p ) , z ∗ ( ι) )] t h e n η ( µ , σ , γ ) w hi c h i s i n cr e asi n g i n σ a n d n o n-i n cr e asi n g i n
µ .

V a R γ (Y ( x ( p ) , z ( ι)) ) = η ( µ , σ , γ )

≤ η ( µ ∗ , σ , γ ) < η ( µ ∗ , σ ∗ , γ )

= V a R γ (Y ( x ∗ ( p ) , z ∗ ( ι) ))

T h us, t h e st at e m e nt s h o ws b ef or e c o ntr a di ct s t h e as s u m pti o n t h at ( x ∗ ( p ) , z ∗ ( ι)) i s o n t h e
effici e nt fr o nti er i n t h e ( E − V a R γ ) pl a n e. T hi s i m pli es t h at f or a fi x e d γ a f e asi bl e p ert ur b ati o n
o n ( x ∗ ( p ) , z ∗ ( ι) ) t h at s ol v es ( 4) c a n n ot r e d u c e t h e v ari a n c e of t h e Y ( x ( p ) , z ( ι)) di stri b uti o n
wit h o ut i n cr e asi n g t h e m e a n. H e n c e, ( x ∗ ( p ) , z ∗ ( ι) ) i s al s o o n t h e effici e nt fr o nti er i n t h e
( E − V ) pl a n e.

ii. L et Y ( x ( p ) , z ( i)) b e a n el e ctri c p o w er p ortf oli o o n t h e effici e nt fr o nti er i n ( E − V ) s p a c e; t h e
e q u ati o n ( E = a V + c ) d efi n es a str ai g ht li n e f or a n y c o nst a nt c .
T h us, m a xi mi zi n g E { Y ( x ( p ) , z ( ι) ) } − a V { Y ( x ( p ) , z ( ι)) } i s e q ui v al e nt t o m a xi mi zi n g ( E −
a V ) . T h e n, a n y Y ( x ( p ) , z ( ι) ) m a xi mi zi n g E { Y ( x ( p ) , z ( ι)) } − a V { Y ( x ( p ) , z ( ι)) } m ust b e o n
t h e effici e nt fr o nti er i n ( E − V ) s p a c e. T hi s s a m e Y ( x ( p ) , z ( ι) ) m ust cl e arl y al s o b e o n t h e
effici e nt fr o nti er i n ( E − σ ) s p a c e, d u e t o a n y p ortf oli o Y ′( x ( p ) , z ( ι)) wit h t h e s a m e or e q u al
e x p e ct e d p a y off a n d s m all er v ari a n c e, h a vi n g s m all er st a n d ar d d e vi ati o n: if Y ( x ( p ) , z ( ι) )
h as e x p e ct e d pr ofit µ 1 a n d st a n d ar d d e vi ati o n µ 1 . W h et h er t h er e i s a p ortf oli o wit h e x p e ct e d
pr ofit a n d Va R, s a y µ 2 , a n d V a R 2 s u c h t h at µ 1 = µ 2 a n d V a R 2 < V a R 1 , t h us − ( µ 2 , σ 2 , γ ) − µ 2 <
− ( µ 1 , σ 1 , γ ) − µ 1 a n d h e n c e w e h a v e η ( µ 2 , σ 2 , γ ) < η ( µ 1 , σ 1 , γ ) b y t h e w hi c h t h e m o n ot o ni cit y
of η i n σ i m pli es σ 2 < σ 1 . W hi c h i s i m p os si bl e si n c e Y ( x ( p ) , z ( ι)) w as as s u m e d t o b e o n
t h e E − σ fr o nti er. T h e n, Y ( x ( p ) , z ( ι)) b e o n t h e l eft b or d er of t h e f e asi bl e s et i n ( E − V a R )
s p a c e.
S h ar p e ( 2 0 0 0) est a bli s h es t h at t a ki n g i n a c c o u nt t h e li n e ar c o n str ai nt s, t h e effici e nt fr o nti er
i n ( E − σ ) s p a c e i s c o n c a v e. F urt h er m or e, if f or a n y p ortf oli o ι w e h a v e ( E i, σ i) ,( E i+ 1 ,σ i+ 1 )
a n d ( E i+ 2 , σ i+ 2 ) ar e o n t h e effici e nt fr o nti er a n d E i+ 2 = δ E i + ( 1 − δ ) E i+ 1 f or s o m e δ , wit h
0 < δ < 1, t h e n σ i+ 2 ≤ δ σ i + ( 1 − δ ) σ i+ 1 . We c a n s e e t h at t h e fr o nti es i n ( E − V ) s p a c e
i s al s o c o n c a v e. T h at i s, f or t h e s a m e p ortf oli os w e s h o w σ 2

i+ 2 ≤ δ σ 2
i + ( 1 − δ ) σ 2

i+ 1 t h e n

σ 2
i+ 2 ≤ δ 2 σ 2

i + ( 1 − δ ) 2 σ 2
i+ 1 + 2 δ ( 1 − δ ) σ iσ i+ 1

2 1



H e n c e, σ 2
i+ 2 − [δ σ 2

i + ( 1 − δ ) σ 2
i+ 1 ] ≤ δ 2 σ 2

i + ( 1 − δ ) 2 σ 2
i+ 1 + 2 δ ( 1 − δ ) σ iσ i+ 1 − [δ σ 2

i + ( 1 −

δ ) σ 2
i+ 1 ] = (δ 2 − δ ) ( σ i − σ i+ 1 )

2 < 0

T h er ef or e, σ 2
i+ 2 < δ σ 2

i + ( 1 − δ ) σ 2
i+ 1 fr o m t h e c o n c a vit y of effici e nt fr o nti er i n ( E − V ) s p a c e,

w e c a n s e e t h at if Y ( x ( p ) , z ( i)) i s o n effici e nt fr o nti er i n ( E − V ) s p a c e, t h er e will b e a
str ai g ht-li n e t a n g e nt t o t h e fr o nti er c ur v e at Y ( x ( p ) , z ( i)) . C h o osi n g a as t h e sl o p e of t hi s
li n e, a n d m a xi mi zi n g ( E − a V ) will r es ult i n t h e ( E − V ) of t h e p ortf oli o Y ( x ( p ) , z ( i))

P r o of of P r o p ositi o n 1

Pr o of. L et a 2 > a 1 > 0 a n d s p e cif y t h at Y ( x a i + z a i) = Y i f ori = 1 , 2, t h e n

E (Y 1 ) − a 1 v a r (Y 1 ) ≥ E [Y 2 ] − a 1 v a r (Y 2 )

E (Y 2 ) − a 2 v a r (Y 2 ) ≥ E [Y 1 ] − a 2 v a r (Y 1 )

A d di n g t h e l ast t w o e x pr es si o n s gi v es

( a 2 − a 1 ) v a r (Y 1 ) ≥ ( a 2 − a 1 ) v a r (Y 2 )

T h e n v a r (Y 1 ) ≥ v a r (Y 2 )

We c a n h ol d t h at E [Y 1 ] − E [Y 2 ] ≥ a 1 ( v a r (Y 1 ) − v a r < (Y 2 ) ) ≥ 0

P r o of of P r o p ositi o n 2

Pr o of. T h e L a n gr a n gi a n f u n cti o n f or t h e c o n str ai n e d o pti m al pr o bl e m i s gi v e n b y,

∂ ( x , z ) =
R 2

U (Y |p , ι) fp ,ι( p , ι) d p d ι − λ x
R 2

x ( p ) g x ( p ) d p − λ x
R 2

z ( ι) g z ( ι) d ι

− − →
g r a d (L ( x , z )) = 0

Wit h t h e L a gr a n g e m ulti pli ers λ x , λ z a n d t h e m ar gi n al d e nsit y f u n cti o ns fx ( p ) of p a n d fz ( ι) of ι
u n d er P , b y diff er e nti ati o n of L ( x ( p )) wit h r es p e ct t o x ( p ) a n d L ( z ( ι)) wit h r es p e ct t o z ( ι) r es ult s
i n

∂ L
∂ x

= E
∂ Y

∂ x
U ′(Y ) |p fx ( p ) − λ x g x ( p ) = 0 ( 1)

∂ L
∂ z

= E
∂ Y

∂ z
U ′(Y ) |ι fz ( ι) − λ z g z ( ι) = 0

2 2



B y t h e E ul er e q u ati o n fr o m ( 1) a n d s u bstit uti n g ∂ Y
∂ x = 1 a n d ∂ Y

∂ z = 1 fr o m ( 1) yi el ds t h e first or d er
c o n diti o n s f or t h e o pti m al s ol uti o n s x ∗ ( p ) a n d z ∗ ( ι) as f oll o ws:

E U ′(Y ( p , q , x ∗ ( p ) , z ∗ ( ι)) |p = λ ∗
x
g x ( p )

fx ( p )

E U ′(Y ( p , q , x ∗ ( p ) , z ∗ ( ι) ) |ι = λ ∗
z
g z ( ι)

fz ( ι)

F or a n a g e nt w h o m a xi mi z es m e a n- v ari a n c e e x p e ct e d utilit y of pr ofit,

U (Y ) = Y −
1

2
a (Y ∗ − E [Y ∗ ]2 )

T h e n, b y s u b stit uti n g U ′ = ( 1 − a Y ∗ ) , t h e o pti m al c o n diti o n i s gi v e n b y:

1 − a E [Y ∗ |p ] = λ ∗
x
g x ( p )

fx ( p )

1 − a E [Y ∗ |ι] = λ ∗
z
g z ( ι)

fz ( ι)

E q u i v al e ntl y,

fx ( p ) − a E [Y ∗ |p ] fx ( p ) = λ ∗
x g x ( p )

fz ( ι) − a E [Y ∗ |ι] fz ( ι) = λ ∗
z g z ( ι)

I nt e gr ati n g b ot h si d es wit h r es p e ct t o p a n d ι fr o m − ∞ t o ∞ , w e o bt ai n λ ∗
x = 1 − a E [Y ∗ ] a n d

λ ∗
z = 1 − a E [Y ∗ ] b y s u b stit uti n g λ ∗

x , λ ∗
z a n d Y ∗ = y ( p , q ) + x ∗ ( p ) + z ∗ ( ι) gi v es,

fx ( p ) − a (E [Y ∗ |p ] + E [x ∗ |p ] + E [z ∗ |p ] ) fx ( p ) = [ 1 − a E [Y ∗ ]]g x ( p ) − a (E [x ∗ ] + E [z ∗ ] )g x ( p )

fz ( ι) − a (E [Y ∗ |ι] + E [x ∗ |ι] + E [z ∗ |ι] ) fx ( ι) = [ 1 − a E [Y ∗ ]]g z ( ι) − a (E [x ∗ ] + E [z ∗ ] )g z ( ι)

T h e n,

fx ( p ) − a (E [y ( p , q ) |p ] + x ∗ ( p ) + E [z ∗ |p ] ) fx ( p ) = ( 1 − a E [y ( p , q )] − a (E [x ∗ ] + E [z ∗ ] ))g x ( p )

fz ( ι) − a (E [y ( p , q ) |ι] + z ∗ ( ι) + E [x ∗ |ι] ) fz ( ι) = ([ 1 − a E [y ( p , q )]] − a ( E [x ∗ ] + E [z ∗ ] ) )g z ( ι)

B y r e arr a n gi n g w e o bt ai n:

x ∗ =
1

a
− E [y ( p , q ) |p ] − E [z ∗ |p ] + E [y ( p , q )] −

1

a

g x ( p )

fx ( p )
+ ( E [x ∗ ] + E [z ∗ ])

g x ( p )

fx ( p )

z ∗ =
1

a
− E [y ( p , q ) |ι] − E [x ∗ |ι] + E [y ( p , q ) ] −

1

a

g z ( ι)

fz ( ι)
+ ( E [x ∗ ] + E [z ∗ ])

g z ( ι)

fz ( ι)
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If p a n d ι ar e u n c orr el at e d t h e n w e c a n est a bli s h t h at:

E [z ∗ |p ] = E [z ∗ ]

E [x ∗ |ι] = E [x ∗ ]

Fi n all y w e h a v e:

x ∗ =
1

a
− E [y ( p , q ) |p ] + E [y ( p , q )] −

1

a

g x ( p )

fx ( p )
+ E [x ∗ ]

g x ( p )

fx ( p )
+ E [z ∗ ]

g x ( p )

fx ( p )
− 1

z ∗ =
1

a
− E [y ( p , q ) |ι] + E [y ( p , q )] −

1

a

g z ( ι)

fz ( ι)
+ E [z ∗ ]

g z ( ι)

fz ( ι)
+ E [x ∗ ]

g z ( ι)

fz ( ι)
− 1

I n or d er t o o bt ai n t h e fi n al f or m ul a f or t h e o pti m al p a y off f u n cti o n u n d er m e a n- v ari a n c e utilit y t h e
n e xt s yst e m of e q u ati o ns c o ul d b e utili z e d:

x ∗ = b 1 ( p ) + a 1 1 ( p ) E [x ∗ ] + a 1 2 ( p ) E [z ∗ ]

z ∗ = b 2 ( ι) + a 2 1 ( ι) E [x ∗ ] + a 2 2 ( i) E [z ∗ ]

We t a k e e x p e ct ati o n u n d er Q

0 = E Q [b 1 ( p )] + E Q [a 1 1 ( p )] E [x ∗ ] + E Q [a 1 2 ( p )] E [z ∗ ] ( 2)

0 = E Q [b 2 ( ι)] + E Q [a 2 1 ( ι)] E [x ∗ ] + E Q [a 2 2 ( ι)] E [z ∗ ] ( 3)

A n d s u btr a ct E q.( 3) * E Q [a 1 2 ( p )] fr o m E q.( 2) *E Q [a 2 2 ( ι)]

0 = E Q [b 1 ( p )]E Q [a 2 2 ( ι)] − E Q [b 2 ( ι)] E
Q [a 1 2 ( p )]

+ E Q [a 1 1 ( p )] E Q [a 2 2 ( ι)] − E Q [a 2 1 ( ι)] E
Q [a 1 2 ( p )] E [x ∗ ]

W h er e,

E [x ∗ ] =
E Q [b 1 ( p )] E Q [a 2 2 ( ι)] − E Q [b 2 ( ι)] E

Q [a 1 2 ( p )]

E Q [a 2 1 ( ι)] E Q [a 1 2 ( p )] − E Q [a 1 1 ( p )] E Q [a 2 2 ( ι)]
( 4)

B y s u b stit uti n g E [x ∗ ] i n E q. ( 3) w e o bt ai n,

E [z ∗ ] = −
E Q [b 2 ( ι)] + E Q [a 2 1 ( ι)]

E Q [b 1 ( p )] E Q [a 2 2 (ι)] − E Q [b 2 (ι)] E Q [a 1 2 ( p )]
E Q [a 2 1 (ι)] E Q [a 1 2 ( p )] − E Q [a 1 1 ( p )] E Q [a 2 2 (ι)]

E Q [a 2 2 ( ι)]
(5)

M or e o v er, E q.( 4) a n d E q.( 5) c o ul d b e e x pr es s e d as f oll o ws:
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E [x ∗ ] =

1
a − E [y ( p , q ) |p ] + E [y ( p , q )] − 1

a
g x ( p )
fx ( p )

g z (ι)
fz (ι)

g z (ι)
fz (ι)

− 1
g x ( p )
fx ( p ) − 1 −

g x ( p )
fx ( p )

g z (ι)
fz (ι)

−

1
a − E [y ( p , q ) |ι] + E [y ( p , q )] − 1

a
g z (ι)
fz (ι)

g x ( p )
fx ( p ) − 1

g z (ι)
fz (ι)

− 1 g x ( p )
fx ( p ) − 1 − g x ( p )

fx ( p )
g z (ι)
fz (ι)

( 6)

E [z ∗ ] =

1
a − E [y ( p , q ) |ι] + E [y ( p , q )] − 1

a
g z (ι)
fz (ι)

+
g z (ι)
fz (ι)

− 1

g z (ι)
fz (ι)

g z (ι)
fz (ι)

− 1
g x ( p )
fx ( p ) − 1 −

g x ( p )
fx ( p )

g z (ι)
fz (ι)

1

a
− E [y ( p , q ) |p ] +

E [y ( p , q )] − 1
a g x ( p )

fx ( p )
E Q g z ( ι)

fz ( ι)

−
1

a
− E [y ( p , q ) |ι] +

E [y ( p , q )] − 1
a g z ( ι)

fz ( ι)

g x ( ι)

fx ( ι)
− 1 . ( 7)

F or m a xi mi zi n g m e a n- v ari a n c e e x p e ct e d utilit y t h e o pti m al s ol uti o n x ∗ ( p ) a n d z ∗ ( ι) t o pr o bl e m ( 4)
i s gi v e n as:

x ∗ =
1

a
− E [y ( p , q ) |p ] + E [y ( p , q )] −

1

a

g x ( p )

fx ( p )
+ E [x ∗ ]

g x ( p )

fx ( p )
+ E [z ∗ ]

g x ( p )

fx ( p )
− 1

z ∗ =
1

a
− E [y ( p , q ) |p ] + E [y ( p , q )] −

1

a

g z ( ι)

fz ( ι)
+ E [z ∗ ]

g z ( ι)

fz ( ι)
+ E [x ∗ ]

g z ( ι)

fz ( ι)
− 1

P r o of of P r o p ositi o n 3

Pr o of. T h e d e n sit y f u n cti o n of a n n- di m e n si o n al n or m al v e ct or, w h o s e m e a n i s µ a n d v ari a n c e-
c o v ari a n c e m atri x i s ∑ , i s gi v e n b y:

f ( x ) =
1

( 2 π )
n
2

1

d et ( Σ )
e − 1

2 (x − µ ) ′Σ (x − µ )

We c o nsi d er a 2- di m e nsi o n al n or m al v e ct or ( u , v ) , b ut, t h e d e n sit y f u n cti o n of u k n o wi n g v i s e q u al
t o t h e j oi nt d e n sit y of ( u , v ) di vi d e d b y t h e m ar gi n al d e nsit y f u n cti o n of v ,

fu |v ( u |v ) =
fu v ( u , v )

fv ( v )
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I n t h e c as e of ι, b ec a us e ( ι, q ) ar e c orr el at e d, t h e v ari a n c e- c o v ari a n c e m atri x i s:

Σ =
σ 2

ι ρ ι,q σ ισ q

ρ ι,q σ ισ q σ 2
q

T h e d et er mi n a nt i s:

d et Σ = σ 2
ι σ

2
q − ρ 2

ι,q σ
2
ι σ

2
q = σ 2

ι σ
2
q ( 1 − ρ 2

ι,q )

H e n c e, t h e i n v ers e of v ari a n c e- c o v ari a n c e m atri x i s gi v e n b y:

Σ − 1 =
1

( 1 − ρ 2
ι,q ) σ

2
ι σ 2

q

σ 2
q − ρ ι,q σ ισ q

− ρ ι,q σ ισ q σ 2
ι

T h e j oi nt d e n sit y of ( l n( p ) ; q ) i s d efi n e d b y:

f ( x ) =
1

2 π

1

σ ισ q 1 − ρ 2
ι,q

e
− 1

2
1

σ 2
ι σ 2

q ( 1 − ρ 2
i,q )

M

W h e r e M i s c a n b e f or m ul at e d s u c h as:

M =
l o gι − µ ι

q − µ q

′
σ 2

q − ρ ι,q σ ισ q

− ρ ι,q σ ισ q σ 2
ι

l o gι − µ ι

q − µ q

We al s o h a v e t h e m ar gi n al d e nsit y of l n ( ι) :

f(l nι) ( l nι) =
1

2 π

1

σ ι
e
− 1

2
l o g ι− µ ι

σ ι

2

T h e n w e d e d u c e t h e d e n sit y f u n cti o n of q k n o wi n g l n ( ι) :

fq |l n(ι) ( q | l n( ι)) =

1
2 π

1

σ ισ q

√
1 − ρ 2

ι,q

e
− 1

2
1

σ 2
ι σ 2

q ( 1 − ρ 2
ι,q )

M

1√
2 π

1
σ ι

e
− 1

2
l o g ι− µ ι

σ ι

2

T h e r ef or e

fq |l n( p ) ( q | l n( p ) ) =
1

√
2 π

1

σ q 1 − ρ 2
ι,q

e − 1
2 N

W h e r e N i s d efi n e d b y:

N =
M

σ 2
ι σ 2

q ( 1 − ρ 2
ι,q )

−
l o gι − µ ι

σ ι

2

=
1

σ 2
q ( 1 − ρ 2

ι,q )
q − µ q + ρ ι,q

σ q

σ ι
( l n ι − µ ι)

2
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We fi n all y o bt ai n:

f
{ l n −}
q ( q ) =

1
√

2 π

1

σ q 1 − ρ 2
ι,q

e
− 1

2

[q − ( µ q + ρ ι,q
σ q
σ ι ( l nι− µ ι ))]

2

σ 2
q ( 1 − ρ 2

ι,q )

I n ot h er w or d s,

q |ι ∼ N µ q + ρ ι,q
σ q

σ ι
( l nι − µ ι) , σ

2
q ( 1 − ρ 2

ι,q )
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