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Abstract

In this article, we have derived the probability density functions of the product
and the quotient of two independent random variables having Gauss hyperge-
ometric distribution. These densities have been expressed in terms of Appell’s
first hypergeometric function Fy. Further, Rényi and Shannon entropies have
also been derived for the Gauss hypergeometric distribution.
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Resumo
Neste artigo, vamos derivar as fungoes de densidade de probabilidade do pro-
duto e o quociente de duas varidveis aleatdrias independentes com distribuicao
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Product and quotient of independent random variables

hipergeométrica de Gauss. Estas densidades foram expressas em termos da
primeira funcao hipergeométrica de Appell F;. Além disso, entropias de Rényi
e Shannon também foram derivadas para a distribuigdo hipergeométrica de
Gauss.

Palavras chaves: Primeira funcdo hipergeométrica de Appell, distribugao
beta, funcao hipergeométrica de Gauss, quociente, produto, transformacao.

Resumen

En este articulo, hemos derivado las funciones de densidad de probabilidad del
producto y el cociente de dos variables aleatorias independientes que tienen
una distribucién hipergeométrica de Gauss. Estas densidades se hayan ex-
presadas en términos de la primera funcién hipergeométrica de Appell F;.
Adem4s, entropias Rényi y Shannon también se han derivado de la distribu-
cién hipergeométrica de Gauss.

Palabras claves: Primera funcién hipergeométrica Appell, beta distribucién,
distribucién hipergeométrica de Gauss, cociente, transformacién.

1 Introduction

A random variable X is said to have a beta (type 1) distribution with para-
meters o and f if its probability density function (pdf) is given by

xo‘_l(l _ :E),B—l

Bl(z;a,8) = Bad)

0<z<l1, (1)

where o« > 0 and 8 > 0, and

B(a, ) = /01 N1 -t ae

= lm, Re(a) >0, Re(B) >0,
denotes the beta function. The beta distribution is very versatile and a variety
of uncertainties can be usefully modeled by it. Many of the finite range distri-
butions encountered in practice can easily be transformed into the standard
beta distribution. Several univariate and matrix variate generalizations of
this distribution are given in Gordy [I], Gupta and Nagar [2], Johnson, Kotz
and Balakrishnan [3], McDonald and Xu [4], and Nagar and Zarrazola [5].
A natural univariate generalization of the beta distribution is the Gauss hy-
pergeometric distribution defined by Armero and Bayarri [6]. The random
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variable X is said to have a Gauss hypergeometric distribution, denoted by
X ~ GH(a, 8,7,€), if its density function is given by
z (1 — x)ft

(1+&x)
where a > 0, 8 > 0, —o00 < v < 00 and £ > —1. The normalizing constant
C(a, B,7,§) is given by

{C(Oz,ﬁ,’y,{)}_l :B(O‘76> 2F1(047'7;04+6; _é)v (3>

where 9F represents the Gauss hypergeometric function (Luke [7]). Note
that the Gauss hypergeometric function 9Fj in can be expanded in series
form if —1 < & < 1. However, if £ > 1, then we use suitably to rewrite
2F to have absolute value of the argument less than one.

fGH(‘/E;avﬁa’Yaé):C(avﬁvvag) 0<z<l, (2)

The above distribution was suggested by Armero and Bayarri [6] in co-
nnection with the prior distribution of the parameter p, 0 < p < 1, which
represents the traffic intensity in a M/M/1 queueing system. A brief in-
troduction of this distribution is given in the encyclopedic work of Johnson,
Kotz and Balakrishnan [3, p. 253]. In the context of Bayesian analysis of
unreported Poisson count data, while deriving the marginal posterior distri-
bution of the reporting probablity p, Fader and Hardie [§] have shown that
q = 1 — p has a Gauss hypergeometric distribution. The Gauss hypergeo-
metric distribution has also been used by Dauxois [9] to introduce conjugate
priors in the Bayesian inference for linear growth birth and death processes.
Sarabia and Castillo [10] have pointed out that this distribution is conjugate
prior for the binomial distribution.

Gauss hypergeometric distribution reduces to a beta type 1 distribution
when either v or ¢ equals to zero. Further, for v = a4+ and £ = 1, the Gauss
hypergeometric distribution simplifies to a beta type 3 distribution given by
the density (Cardeno, Nagar and Sanchez [I1], Sdnchez and Nagar [12]),

204.1.0471(1 _ l.),Bfl
B(a, B)(1 4 z)otF”
where a > 0 and 8 > 0. For vy = a+ § and { = —(1 — ) it slides to a three
parameter generalized beta distribution defined by the density

)\O‘:Eo‘_l(l _ m)’B_l
(a, B)[1 = (1 = N)a]oth”

B3(z;a, 8) =

0<z<l, (4)

Bl(z;a, 85 0) = B O<zr<l, (5)
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where a > 0 and 8 > 0. This distribution was defined and used by Libby and
Novic [13] for utility function fitting. The beta distribution sometimes does
not provide sufficient flexibility for a prior for probability of success in a bino-
mial distribution. Among various properties, the distribution defined by the
density can more flexibly account for heavy tails or skewness, and it re-
duces to the ordinary beta (type 1) distribution for certain parameter choices.
The resulting posterior distribution in this case is a four-parameter type of
beta. Chen and Novic [14] provided tables as evidence for its usefulness. Se-
veral properties and special cases of this distribution are given in Johnson,
Kotz and Balakrishnan [3| p. 251]. For further results and properties, the
reader is referred to Aryal and Nadarajah [I5], Nadarajah [16], Nagar and
Rada-Mora [17], Pham-Gia and Duong [I8], and Sarabia and Castillo [10].

In this article, we derive distributions of the product and the ratio of two
independent random variables when at least one of them is Gauss hypergeo-
metric. We also study several properties of this distribution including Rényi
and Shannon entropies.

2 Some Known Definitions and Results

In this section, we give definitions and results that are used in subsequent
sections. Throughout this work we will use the Pochhammer coefficient (a)y,
defined by (a), = a(a+1)--- (a+n—1) = (a)p—1(a+n—1) forn =1,2,..., and
(a)o = 1. The integral representation of the Gauss hypergeometric function
is given as

SFy (0, b c; ) = F(a)?((i)_a) /0 St pemami(1 b,
Re(c) > Re(a) > 0, |arg(1l — 2)| < =. (6)

Note that, by expanding (1 — zt)7%, |zt| < 1, in @ and integrating t, the
series expansion for o F} can be obtained as

o0
oF1(a,b;c;2) = Z )r —' |z| < 1.
(c)r 7!

r=0 r
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The Gauss hypergeometric function o F}(a, b; ¢; z) satisfies Euler’s relation

2Fi(a,byc;2) = (1 —2) 2 F) ( — by — 1)

_ z
:(1—2) b2F1 <C—a,b;c;z_1)
=(1-2)" 2 F(c—a,c—b;c;z2).

For properties and further results the reader is referred to Luke [7].

The Appell’s first hypergeometric function F} is defined by

i (a>7'1+7'2 (bl)Tl (b2)7~2 ZIl Z;2

Fi(a,by,by;c; 21, 22) = ©)rir gl
r1TT2 M *

r1,r2=0

where |z1| < 1 and |22] < 1. It is straightforward to show that

r (b
Fi(a, b, bas c; 21, 22) = Z (@ >(;§ Un ,2F1( a+11,byc+ 115 22)
r1=0 ™
(b
= - (@ )(2§ 2)rs '2F1( a+ro,bi;c+ 1o 21),
ro=0 €)ra

where 9 F7 is the Gauss hypergeometric series. Using the results

(C)T1+T2 F<a)r(c - a)
where Re(c) > Re(a) > 0,

(G)r1+r2 o F(C) /1 ,Ua+7‘1+7“2—1(1 - U)c—a—l d?./,
0

. .
bi)r; (v2)"
S (Bi)r,(vzi)™ (1 —wz) 7% oz < 1,i=1,2,

|
Ti-
r;=0 t

in , one obtains

Fl(aa bla b?a G 21, 22) -

I'(c) Lye=1(1 —w)eeldo
I'(@)l(c - a) /0 (

|z1] < 1, ]22] <1,

1 —wvzp)b1(1 — vzg)b2’

(7)

(8)

(9)

(10)

where Re(c) > Re(a) > 0. Note that for by = 0, F} reduces to a o F function.
For properties and further results of these function the reader is referred to

Srivastava and Karlsson [19].
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Lemma 2.1. Let

1,a—1 b—1 d—1
vl = zv) (1 —v)* Hdo
I(a,b,d 10,0 = 11
(aﬂ y @y P, 4501, 2,2) A (1+912U)p(1+92?])q ( )
Then, fora > 0,d >0 and 0 < z < 1, we have
B(a,d) = (1 -b)(a),
I(a,b,d 01,0 = "
(a:6,d,p. ;61,62 2) (1+92)q(1+912)p§ (a+d)r
(912 92
| d : d+r;——, —— | .
X 1<apaQaa+ +T71+91271+02>
Proof. Writing
_ _ 012 P
1+46 P=(1+86 Pl — 1-—
(1+6;2v) (146,2) [ 1%_012( v)} ,
(140v) 9= (1+62)"9|1— b2 (1—v) h
1 +(92 ’
and
— - (1 B b)T r
(1—20)71 = Z - (zv)
r=0
in (11)) and substituting v = 1 — w, we obtain
2 (1 -0b),
I(a,b,d ;61,0 = "
((l, ,a,P,q;Y1, 27Z) (1+92)q(1+912)p; T! z
1 1— at+r—1,,d—1
x/ (1 —w) ; wt dw o
0 [1=012w/(1 + 012)]° [1—62w/(1 + 62)]

Now, using the definition of the Appell’s first hypergeometric function, we get
the desired result. O
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3 Properties

The graph of the Gauss hypergeometric density for different values of the
parameters is shown in the Figure

f
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Figure 1: Graph of the Gauss hypergeometric density fau(z;«, 5,7, §) for different
values of («, 8,7, &).

The k-th moment of the variable X having Gauss hypergeometric distri-
bution, obtained in Armero and Bayarri [6], can be calculated as

1 l‘a+k_1(1 _ x),@—l

B = Clonfinn) | et

- T(a+E)(a+B)oFi(y,a+kia+ B+ k;=£)
CT(@D(a+B+k)  2F(y, a4+ B;—E)

dx

(13)
from which the expected value and the variance of this distribution are ob-
tained as

a oFi(v,a+La+B+1;-€)
a+B  oFi(v,aa+ 3-8

E(X) =
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afa+1) oFi(y, a0+ 250+ B+ 2, =8)

2y _
B(XT) = (a+B)(a+B+1)  oFi(v,asa+p;-E)
o« a+l oFi(v,a+2;a+p+2;-€)
Var(X) = a+ B [a+6+ 1 oFi(v, a4+ B;=¢)

_ o {2F1(7,05+1;a+ﬁ+1;_€)}2]
a+tp oFi (v, s+ B; =€) :

Moreover, the cumulative distribution function (CDF') can be derived in terms
of special functions as shown in the following theorem.

Theorem 3.1. Let X ~ GH(«, 8,7,&). Then, the CDF of X is given by

x° Fl(aa1—5,7§04+1;$7—§$)
ozB(a,B) 2F1(oz,7;a+ﬂ;7§)

Proof. The CDF of X is evaluated as

, O<ax<l.

T ya—171 _ 4\8-1
P(ng)zc(avﬁa77£)/0 IM

By making the substitution u = t/x, we can express the above integral as

uafl(l _ u)(a+1)fa71
du
(1 — zu)=B(1 + Lzu)”

1
Clar By, €) a® /0

Now, using the integral representation of F, substituting for C'(a, 8,7, &)
from and simplifying, we obtain the desired result. O

The following theorem suggests a generalized beta type 2 distribution,
from the Gauss hypergeometric distribution.

Theorem 3.2. Let X ~ GH(a, 8,7,€). Then, the pdf of the random variable
Y =X/(1— X) is given by

Y@ (1 + ) (eth)
1+ +y)r

where C(a, B,7,&) is the normalizing constant given by @
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Proof. Making the transformation Y = X/(1 — X), with the Jacobian J(z —
y)=(1+y) ?in , we get the desired result. O

As expected, if in the density we take v = 0 or £ = 0 with 8 > ~,
then we obtain the beta type 2 density.

4 Entropies

In this section, exact forms of Rényi and Shannon entropies are obtained for
the Gauss hypergeometric distribution defined in Section

Let (X, B,P) be a probability space. Consider a pdf f associated with P,
dominated by o—finite measure p on X'. Denote by Hgp(f) the well-known
Shannon entropy introduced in Shannon [20]. It is defined by

Hw@zLﬂ@Mﬂ@m- (15)

One of the main extensions of the Shannon entropy was defined by Rényi [21].
This generalized entropy measure is given by

(. 1) = X (for > 0 and 1 £ 1), (16)

where
Gwzéﬂm

The additional parameter n is used to describe complex behavior in pro-
bability models and the associated process under study. Rényi entropy is
monotonically decreasing in 7, while Shannon entropy is obtained from
for n 1 1. For details see Nadarajah and Zografos [22], Zografos [23], and
Zografos and Nadarajah [24].

First, we give the following lemma useful in deriving these entropies.
Lemma 4.1. Let g(a, 5,7,€) = lim, 1 h(n), where

d

h(n) = dfnzFl(n(a 1)+ Lnynla+ B —2)+2;-5). (17)
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Then, for —1 < & < 1, we have

 =T(a+ )+ j)l(a+p) (=¢)
“mﬂﬁf”‘%;wwﬂwrm+ﬂ+ﬁ j!
+ (v + ) + (a+ B = 2)¢(a+ B) — (o — 1)Y(a)
—7Y(y) — (a+ B = 2)¢(a+ B+ 7)), (18)

o0

[(a = Dip(e + )

and for £ > 1,

Ww+ﬁma+m< £>j

_ N~ T(B+

(VT (a+ B +7) !

X [=ylog(1+&) + (8= 1)9(8 +)

+ (Y +J) + (a4 B = 2)¢(a+ B) — (B - 1)p(B)

=) — (@ + 6 = 2)¢(a+ B+ )], (19)
where ¥(z) = T(2)/T(2) is the digamma function.

Proof. Using the series expansion of o F7, for —1 < £ < 1, we write

I N Gl NN I 2
h(n) = dn ;A](n) [T j;o [dnAj(n)} R (20)
where
A () — Tite =) £ 1400 + )Pl + 5 =2) + 2]

Iln(a =1) + 1Ty n(a+ 8 = 2) +2 + ]
Now, differentiating the logarithm of Aj;(n) w.r.t. , we arrive at

L Ajm) = Ayl — Dnter— 1) + 1+ 4) + 7y + )

dn
+(a+B8—=2)YMnla+B8-2)+2) - (a—1)pnla—-1)+1)
—yb(ny) = (a+ B8 = 2)p(m(a+ B —2) + 2+ 7). (21)

Finally, substituting in and taking n — 1, we obtain . To obtain
, we use to write

oF1(n(a — 1) + Lpysnla+ B —2) +2;=§)

(149 R (8- D+ Lminla+ -2 45 ) (2
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and proceed similarly. O

Theorem 4.1. For the Gauss hypergeometric distribution defined by the pdf
(@, the Rényi and the Shannon entropies are given by

1
+logln(B — 1)+ 1] —log'n(a+ 8 — 2) + 2]
+logaFi(n(a —1) + Lnyin(a+5—-2)+2,=¢]  (23)

Haln. fon) = {110 Clax 8.7.€) + Iog Tl — 1) + 1

and

Hsy(fon) = —log C(a, 8,7,§) — [(a — D)¥b(a) + (B — 1)¥(B)

9(a, 8,7,§)
- (a+6—2)¢)(a—|—ﬁ)] - 2F1(Oé,’7;CK+B; _g)a

(24)

respectively, where for —1 < £ < 1, g(a, 8,7, &) is given by (@, and for & > 1
g(e, B,7,€) is given by (19).

Proof. For n > 0 and 7 # 1, using the density of X given by , we have

1
G(??)Z/O [fen(z; o, B,7,6)]" dx

B Lgn(e=1)(1 — g)n(B-1)
- [C(a7167'77§)]n/0 (1—}—55{;)7]7 dx
[C(a, 8,7, 8"

T COmla—D)+LnB—1)+ 1,178
_ Pn(a—1)+1]0n(8 — 1) +1]
X oFi(n(a—1)+ Lnyin(a+ 5 —2) +2; =€),

where the last line has been obtained by using . Now, taking logarithm of
G(n) and using we get . The Shannon entropy is obtained from ([23))
by taking 1 1 1 and using L’Hopital’s rule. O

Volumen 7, ntimero 14 39|



Product and quotient of independent random variables

5 Distribution of The Product

In this section, we obtain distributional results for the product of two inde-
pendent random variables involving Gauss hypergeometric distribution.

Theorem 5.1. Let X; and Xo be independent, X; ~ GH(ay, 5,7, &i), 1 =
1,2. Then, the pdf of Z = X1 X is given by

R ) i (a1 + 51— 71— a2)r(B2)r
(1+&)72(1+&z)m (B1 + Ba),r!

1—2z (1-2)&
1+ &2 14+&

K1B(B1, 2)

x (1—2)"F <ﬁ2+7“,71»’72;ﬁ1+52+7“; ), 0<z<1,

where

Ki=[B(a1, B1)B(az, B2)2 Fi (a1, v1; a1+ B1; —&1 )2 Fi (a2, v2; ag+Ba; —&2)] '

Proof. Using the independence, the joint pdf of X; and Xs is given by

xf‘l_l(l — xl)ﬁl_la}g@_l(l — x9)P271
(1 +&x1)n (1 + Eaz2)72 7

K 0<z; <1, i=1,2. (25)

Transforming Z = X7 X, Xo = Xy with the Jacobian J(x1,z0 — 2z,22) =
1/x9, we obtain the joint pdf of Z and X5 as

2a1—1x31+c¥2—a1—51 (1’2 _ 2)51—1(1 _ x2)ﬂ2_1

K (2 1 E12) 1 (1 + S ’

0<z<x2<l1l. (26)

To find the marginal pdf of Z, we integrate with respect to xo to get

+ — — . p—
Klzcnfl /1 $g1 az—a1—pf1 (l’g _ Z)’Bl 1(1 _ 1,2)52 1 de' (27)
zZ

(w2 + &§12)7 (1 + Eom2)2
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In change of variable w = (1 — z2)/(1 — 2) yields

mel(l _ z)ﬁﬁrﬁz*l
T+ )R+ &z
y /1 w2 (1 —w)h 71— (1 - Z)w]—(a1+ﬂ1—71—a2) dw
o 1—(1—2)w/(1+&2)"[1 - (1 - 2)6w/(1+ &))"
:K 2711 — )PPzl i (a1 +p1—71 — 042)r(1 oy

P+ &)1+ &) = r!

w21 (1 — w)Ar 1 dw

1
' /0 [1—(1=2)w/(1+&2)"[1 = (1= 2)&%uw/(1+ &)

where the last step has been obtained by expanding [1—(1—z)w] (@1 +fi—m-az2)
in power series. Finally, applying , we obtain the desired result. O

Corollary 5.1.1. Let X1 ~ GH(a, f1,71,&1) and Xo ~ Bl(ag, 82) be inde-
pendent. Then, the pdf of Z = X1 X5 is
B(81.5) R
B(a1, f1)B(ag, B2)2F1 (a1, 715 a1 + B1;—E€1) (1+&2)m

—Z
><F1(52,0414-51—a2—71,71;51+52;1—z, ), 0<z<1.
1+&12

Proof. Substituting 72 = 0 in Theorem and using @[} we get the desired
result. d

Corollary 5.1.2. Let the random variables X1 and Xo be independent, X1 ~
Bl(ai,81) and Xo ~ B3(ag, B2). If ag = a1 + B, then the pdf of Z = X1 Xo
s given by
2041*1(1 _ Z),B1+,32*1
202 B(au, 1 + B2)

1—2z
2

2F1<,5’2,041+51+52;B1+ﬁ2; >, 0<z<1.

The graphs of the pdf of Z = X;Xs, where X; and X5 are indepen-
dent, X; ~ GH(ai,p1,71,&) and Xo ~ Bl(ag,B2) for different values of
(a1, B1,71,&1, a2, B2) for different values of the parameters is shown in the
Figure[2] Further, Figure[3|depicts graphs of the density of Z = X X5, where

Volumen 7, ntimero 14 41|
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X1 and Xo are independent, X; ~ Bl(«aq, 1) and Xy ~ B3(aq + f1, fB2) for
different values of (a1, f1, 52).

6 | |
‘ 1.(5.2,3,1,5,3) 7. (5.2,0,£05,03) “
2.(5.2,3,1,053) 8 (05,02,0.¢5,03) |
51 3.(5,2,3,1,503) 9. (05,02,3,-09,5,03) |
4.(05,2,3,1,5.3)  10. (5,02,3,9,5,03) 9
5.(5.2.0.£5.3) 11. (05, 02,3,09, 5,0.3) ‘
4

6.(0.5,02,0,£5,3) 12 (5,2,3,4,5,03)

Figure 2: Graph of the density of Z = X;Xs, where X; and X5 are inde-
pendent, X; ~ GH(ai,f1,7,&1) and Xo ~ Bl(ag, ) for different values of
(a1, B, €1, 2, B2).

6 \
2 4
o 1. (1,31 7. (2373
s 2. (05,015 8 (235
50V 3.(5105 9 (532
N /! 4.(05,01,05 10.(53,1)
[ 5 (51,1 11. (5,3, 0.5)
ar 7 6. (2,32 12. (10,3,2)
3f 12
N .
‘ 3
‘ 6 . "
21 1 10 ~ —
]‘ ) _— T 5
[
1f
T — - = > .
0.0 02 04 06 058 1.0

Figure 3: Graph of the density of Z = X; X5, where X; and X5 are independent,
X1 ~ Bl(aq, 1) and X3 ~ B3(ay + 1, B2) for different values of (aq, 81, f2).
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Theorem 5.2. Let the random variables X1 and Xy be independent, X1 ~
GH(a1, B1,7,&1) and Xo ~ B2(aw, f2). Then, the pdf of Z = X1 X9 is given by

Bi,on + B2) 22!
1+&)m  (1+ Z)a2+ﬁ2

&1 1 )
XF 9 , O + ey + + D T 9 Z>07
1<51 M, 2 + Ba; o1 + 1+ B2 16112

B
Kg(

where
Ky = {B(a1, B1)B(az, B2)2Fi (a1, y1; 01 + B1; &)}

Proof. Since X1 and X5 are independent, their joint pdf is given by
O e

21+ &) (1 4 ag)oathe’

O<zy <1, z2>0.

Now consider the transformation Z = X7 X, W = 1 — X7 whose Jacobian
is J(x1,22 = w,z) = 1/(1 —w). Thus, we obtain the joint pdf of W and Z

as

L=l wﬁlfl(l _ w)oélJrﬁz*l
K

T &) (L4 2)ee P LG/ (L + &) [L-w/(1 + 2)]o P2
where z > 0 and 0 < w < 1. Finally, integrating w using and substituting
for K5 in , we obtain the desired result. ]

(28)

Corollary 5.2.1. Let the random variables X1 and Xo be independent, X1 ~
Bl(ai, 815 A1) and X9 ~ B2(«w, B2). Then, the pdf of Z = X1 X5 is given by

B(B1, a1 + B2) zo2~1
A B, B1) Blag, fa) (1 + 2)22t

1 1
X Fy (| pr,o1 + B, + Bosor + 1+ Bl — —, —— |, z>0.
A1+ 2

Corollary 5.2.2. Let the random variables X1 and Xo be independent, X1 ~
Bl(ai, 1) and Xo ~ B2(«w, f2). Then, the pdf of Z = X1 X5 is given by

B(ﬁlaal +52) y2—1
B(ai, f1)B(ag, f2) (1 + z)xzth2

1
><2F1<51,042+52;011+51+52;1 >, z >0,
+ 2z
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Corollary 5.2.3. Let the random variables X1 and Xa be independent, Xy ~
B3(ai1, 1) and Xo ~ B2(«w, f2). Then, the pdf of Z = X1 X5 is given by

2P B(Br, a1 + Ba) 22!
B(a1, B1)B(az, B) (1 + z)a2t5

1 1
><F1(ﬂhal+ﬂ17a2+ﬂ2;al+51+52; >, z>0.

271+ 2

6 Distribution of The Quotient

In this section we obtain distributional results for the quotient of two inde-
pendent random variables involving Gauss hypergeometric distribution.

In the following theorem, we consider the case where both the random
variables are distributed as Gauss hypergeometric.

Theorem 6.1. Let the random wvariables X1 and Xs be independent, X; ~
GH(«wi, Bi,vi, &), i = 1,2. Then, the pdf of Z = X1/Xs is given by

B(aq + ag, B2)z17 1 i (1—=B1)r(0q + a2)y
P+ &)L+ &) & (a1 +az + o), 7!
§12 &2

x 2" F JY1,Y2; Q1 + ag + B + 7 , ,
1<527172 1+ a2+ B2 Ty 1_|_£2>

for0 < z<1, and
Blon + a2, 81)2 71 &~ (1= Ba)r (o + o),
FI+ &) (1 +&/2m & (o +as+ Bi), 1!

x 2z "Fy <51771,72;041 +ag + B+ 713 & & ) ;

148G+ 2
for z > 1.

Proof. The joint pdf of X; and X5 is given by . Now, transforming
7Z = X1/X5, V = Xy with the Jacobian J(z1,x2 — z,v) = v, we obtain the
joint pdf of Z and V as

Zocl—lva1+a2—1(1 _ 20)51—1(1 _ 0)52—1

K (1+ &uz) (1 + &) ’

(29)

|44 Ingenieria y Ciencia, ISSN 1794-9165



Daya K. Nagar and Danilo Bedoya Valencia

where 0 < v <lforO0<z<1l,and0<wv<1/zforz>1. For0<z<1,
the marginal pdf of Z is obtained by integrating over 0 < v < 1. Thus,
the pdf of Z, for 0 < z < 1, is obtained as

P /1 poitee=l(1 — z)fi-1(1 —p)P~ldy
0 (14 &§rvz) (1 + &u)re
= K12 (o + az, B1, B2, 71,723 €1, €2, 2). (30)

Now, using Lemma and substituting K7 in the density we get the
desired result. For z > 1, the density of Z is given by

Ko sa1-1 /l/z perter=l(] — 211 —v)P~ldy
z
Coh (1+ &) (14 &)

—g— 1
= K277 <Oé1 + a2, B2, b1, 72, M5 €2, &1, z> : (31)
where the last line has been obtained by substituting w = vz. Finally, using

Lemma and substituting for K7, we obtain the pdf of Z for z > 1. O

Theorem 6.2. Let the random variables X1 and Xo be independent, X; ~
GH(ay, Bi,7vi, &), t = 1,2. Then, the pdf of T = X1 /(X1 + X2) is given by

Blon + ag, Bo)t™ 711 — )= 7L & (1= Bi)r (01 + o)y
(1+ &)1 —(1-&)tn — (a1 +ay+ fa)rr!

X<t>TF1 (ﬂ2 Y1, Y25 1 + Qg + Po + 7 o 5 >
1t 12 11— 1+6)]

K

for0<t<1/2, and

Blay + ag, B2 702711 — )22 1 SN (1 = Ba)p(on + aa)y
(1 + &)t + &1 — 1)) = (1 +az+ ), r!

1—t\" 0
X <tt> Fl <517717’72;a1 —|—042+Bl +T; 1i1£2’t—§2§2(1 i)t)>7

K,

for1/2 <t < 1.

Proof. Making the transformation 7' = Z/(1 + Z) with the Jacobian J(z —
t) = (1 — t)~2 in Theorem [6.1] we get the desired result O
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