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SH Wave Number Green’s Function for a Layered, Elastic Half-Space. Part I: Theory
and Dynamic Canyon Response by the Discrete Wave Number Boundary Element Method
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Abstract—We present a closed-form frequency-wave number
(w — k) Green’s function for a layered, elastic half-space under SH
wave propagation. It is shown that for every (o — k) pair, the
fundamental solution exhibits two distinctive features: (1) the ori-
ginal layered system can be reduced to a system composed by the
uppermost superficial layer over an equivalent half-space; (2) the
fundamental solution can be partitioned into three different fun-
damental solutions, each one carrying out a different physical
interpretation, i.e., an equivalent half-space, source image impact,
and dispersive wave effect, respectively. Such an interpretation
allows the proper use of analytical and numerical integration
schemes, and ensures the correct assessment of Cauchy principal
value integrals. Our method is based upon a stiffness-matrix
scheme, and as a first approach we assume that observation points
and the impulsive SH line-source are spatially located within the
uppermost superficial layer. We use a discrete wave number
boundary element strategy to test the benefits of our fundamental
solution. We benchmark our results against reported solutions for
an infinitely long circular canyon subjected to oblique incident SH
waves within a homogeneous half-space. Our results show an
almost exact agreement with previous studies. We further shed
light on the impact of horizontal strata by examining the dynamic
response of the circular canyon to oblique incident SH waves under
different layered half-space configurations and incident angles. Our
results show that modifications in the layering structure manifest by
larger peak ground responses, and stronger spatial variability due to
interactions of the canyon geometry with trapped Love waves in
combination with impedance contrast effects.

Key words: Layered half-space, Green’s functions, Boundary
elements, SH wave, Dynamic canyon response.

1. Introduction

Green’s functions have been extensively recog-
nized as a subject of fundamental importance in areas
such as soil dynamics, acoustics, wave propagation
problems in elasticity, and electromagnetism. Their
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most noticeable feature stems from the fact that
Green’s functions provide exact solutions of systems
to transient point sources, therefore, only a conven-
tional convolution scheme is required to obtain the
system response to sources of more complex spatial
distribution, and arbitrary variation in time.

A generally prevalent mathematical approach for
computing Green’s functions in geophysical research
is the Fourier—Hankel transform. In this approach,
initial partial differential equations are transformed
into first-order differential equations expressed in the
frequency-wave number azimutal domain, while
keeping the vertical spatial coordinate unmodified.
The formalism to study transformed representations
of displacements and stresses of the Earth’s crust or
upper mantle as an elastic, layered half-space was
initially introduced by THomsoN (1950) and HASKELL
(1953). Since these pioneering studies, a large and
growing body of variants have been presented, most
of which have been focused on removing former
numerical instabilities, and improving the computa-
tional efficiency of the Thomson—Haskell propagator
matrix (e.g., KNopoFF 1964; DUNKIN 1965; GILBERT
and Backus 1966; KENNETT and KERRY 1979; KENNETT
1983; CHIN et al. 1984; ScumibT and Tanco 1986;
WanG and RokHLIN 2002; CHAPMAN 2003). A partic-
ularly important method derived from the Thomson—
Haskell scheme is the stiffness matrix approach
(KauseL and Rogsser 1981). In this method, local
forces applied at the interfaces of the layers are related
to displacements at the same locations through layer
stiffness matrices. A global impedance matrix is
assembled in the same way as in conventional struc-
tural analysis studies. Although the stiffness matrix
approach is just a simple re-arrangement of elements
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in the original Thomson-Haskell propagator matrix,
important advantages such as stability for thick layers,
robustness at high frequencies, and reductions of the
computational effort up to 8x can be achieved
(KauseL 2006).

To date, the literature of Green’s functions in
layered half-spaces based upon some variation of the
Thomson—Haskell propagator matrix is rather
extensive (e.g., FucHs and MULLER 1971; ApseL and
Luco 1983; Luco and ApseL 1983; CHEN 1990; His-
ADA 1994, 1995; WanG 1999). These fundamental
solutions, however, have been limited mostly to
compute seismogram synthesis radiated from point
and dipole sources (e.g., BoucHon 1981). Moreover,
it appears as though they were never intended to be
used in problems with potential engineering appli-
cation such as the diffraction of plane waves by
irregular scatterers. Unfortunately, the transition
from studying synthetic realizations to studying the
elastodynamic response of irregular bodies within
layered media by means of Thomson-Haskell-like
Green’s functions is not simple. In general, the
algebra and computer codes demanded are not trivial
(CHapmaN 2003). In many cases, the transformed
coefficients presented by some authors have been
corrupted by errors and misprints (KENNETT et al.
1978). Furthermore, when the point source and
receiver are at comparable depths, integrands in the
Green’s functions oscillate with slowly decaying
amplitude, demanding therefore the use of elaborated
integration strategies (Hisapa 1994; Kyum KM et al.
2000). Although there are some scattering studies
that properly consider the radiation condition in a
layered half-space (e.g., VoGt et al. 1988; Luco
et al. 1990; GRUNDMANN et al. 1999; Kyum KM et al.
2000; Kim et al. 2003), the intrinsic complexity of a
multi-layer, dynamic fundamental solution certainly
accounts for the reduced number of these studies,
and its limited practical implementation.

This paper addresses the problem of finding a
closed-form, two-dimensional (2D) SH Green’s
function for a layered half-space in the frequency-
wave number domain suitable to be used in a discrete
wave number boundary element (DWBEM) imple-
mentation (Kawase 1988). Contrary to other studies
where the Green’s function is nothing but a mathe-
matical device, we rearrange our fundamental solution
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to be free from growing exponential terms, and cus-
tomize it as the contribution of three terms, each one
admitting a distinct physical interpretation: (1) an
equivalent half-space; (2) source image impact; and
(3) dispersive wave effect, respectively. Such an
interpretation allows the proper use of analytical and
numerical integration schemes. The correct treatment
of Cauchy principal value integrals is also ensured.
This, as a result, increases speed, results in greater
accuracy, and sheds light on the conceptual aspects of
the elastodynamic process. The scattering of 2D SH
waves are the simplest problems in elastic wave
propagation, since they can be studied independently
from other body waves. The complexities added by the
multiple layers on the other hand are so cumbersome
that even under SH conditions, only numerical solu-
tions are possible. In this work, we compute the multi-
layered SH Green’s function by using the stiffness
matrix method (KAuseL and Rogsser 1981; KAUSEL
2006). As a first step, the proposed function is bounded
to the condition in which the impulsive SH line source
and the observation point are placed within the
uppermost layer. Such a condition only has an impact
over very deep scatterers within thin-layered media.
Conversely, it does not have any restriction when
examining surficial topography. We use the funda-
mental solution in the DWBEM scheme and test the
benefits of our implementation by benchmarking our
results against the solution of an infinitely long cir-
cular canyon subjected to oblique incident SH-plane
waves within a homogeneous half-space. Our results
show an excellent agreement with earlier reported
solutions. Finally, we further shed light on the impact
of layering by examining the dynamic response of a
circular canyon within different configurations of
horizontal strata and SH-incident angles.

2. Frequency-Wave Number (v — k) Green’s
Function Formulation

Figure 1 depicts the geometry of the layered sys-
tem. The system is composed by N parallel layers
(N+1 interfaces) in perfect welded condition, which
ensures continuity of stresses and displacements
throughout their sides. Layers are labeled sequentially.
The first layer corresponds to the uppermost
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)
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velocity B, of the jth layer (f;), or half-space ()
Figure 1 respectively.

Layered half-space composed by N (N+1 interfaces) perfectly

welded, parallel homogeneous layers. A unit impulsive SH line

source acts at x = 0, z = z, in y direction within the uppermost
superficial layer

superficial layer, while the Nth layer is immediately
above the half-space. Each layer j is homogeneous
with height, mass density, and shear modulus denoted
by h;, p;, 1; respectively. In the same direction, the
half-space at the bottom can be considered as the N+1
layer with material properties py, - NO intrinsic
damping is considered. This condition however, can
be easily included by using the complex shear modu-
lus pf = (1+2i&)p;, where ¢; is the material
damping value for the layer ;.

A unit impulsive SH line source acting in
y direction is located at some elevation z, within the
first layer. The corresponding body force in the
y direction is written as

by(x,z,1) = 0(x)d(z — 2,)0(1). (1)

Carrying out a double transform of Eq. (1), the body
force representation in the (w — k) domain yields

by(k,z,0) = 8(z — 2,). (2)
According to KauseL (2006), Eq. (2) is equivalent to
a unitary traction distributed in a horizontal plane at
=12

py(k,z,0) = 1. (3)

The (w — k) stiffness matrix (KauseL and ROESSET
1981; KauseL 2006) for a given layer j, and the half-
space are denoted by K/, and K™, respectively. For
SH waves, these matrices are written as

The stiffness-matrix approach allows an interpre-
tation in the same way as in structural analysis.
Stiffness matrices for each individual layer are over-
lapped according to the contribution at each interface
in order to obtain the impedance matrix for the entire
system. In the same direction, the transformed SH line
source from Eq. (3) is treated as an equivalent force
applied throughout the top and bottom interfaces of
the first layer. The relationship between interface
forces and interface displacements is then

K}, K}, 0 0 T
K} Ky, +Kj K7 0
0 K3 K3, + K3,
L 0 0 k) KY, + K™
[ Ot ] [ FL]
0> F?
x| U | =]0 (6)
OV +1 | 0 |

The only non-zero values of the force vector in Eq. (6)
are the first two entities. This is a direct consequence
of having the impulsive SH line source acting only
within the first stratum. Moreover, each sub-matrix
and sub-vector are actually scalar functions of the
wave number, frequency, and material properties
instead of actual matrices or vectors. These two fea-
tures allow some further simplification of the
problem. Starting from the last equation, it is possible
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to express the displacements of last interface UV*! in
terms of those immediately above U". Replacing
UN*! one more time in Eq. (6) , the system of equa-
tions is reduced by one unknown. Following the same
strategy recursively, the matrix equation is greatly
reduced into a system involving only the displace-
ments and effective forces along the interfaces of the
first layer. The explicit form of the matrix turns into

coth(ohy) —csch(oyhy) L
o ¢ ~
th —csch(ahy)  coth(aghy) + % U?
Jal
= [FZ ) (7)
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Figure 2
Single layer with auxiliary interface at the location of the impulsive
source over an equivalent half-space. The auxiliary interface
divides the layer into two layers of identical properties
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Of particular interest is the physical interpretation
of the new reduced system. As can be readily seen,
I?ﬁs represents the impedance of an equivalent half-

layers, both having identical mechanical properties
(Fig. 2.); as a result, the system in Eq. (7) is rear-
ranged

coth(a17) —csch(a7) 0 ! 0
oy, | —eseh(oan)  coth(ain) 4 coth(oy (b — ) —csch(o (hy — 1)) 72l =111 (9)
~ .
0 —csch(oy (hy — 1)) coth(a (hy — 1)) + oﬁjl U3 0

space located at the second interface that, for fixed
(w — k) pairs, replaces all the underlying layers
beneath the first stratum plus the original half-
space.

The force vector in Eq. (7) corresponds to the
equivalent forces exerted by the impulsive SH line
source over the interfaces of the first layer. As in the
finite element method, these forces are computed by
using an appropriate set of shape functions in each
layer. One way to circumvent the use of shape
functions is by defining an artificial horizontal inter-
face at the location of the impulsive source. The
auxiliary interface divides the first layer into two

The interface displacements are readily obtained
by inverting Eq. (9). In fact, these displacements
are already Green’s displacements at the three
corresponding interfaces. On the other hand, dis-
placements at any other elevation z are computed by
solving in both layers of Fig. 2. the double-trans-
formed governing equation for SH wave propagation.
Dirichlet conditions defined for the interface dis-
placements from Eq. (9) apply. Because of space
limitations, we will omit the mathematical procedure,
and will only present the final expression for the
frequency-wave number Green’s function. In addi-
tion, the factor ei@’t’kx), where i = v/—1 , will also be
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omitted, although it must be considered as present all
the time.

G(k ) efacl\zfz‘,\
78,20, W) =—F75—
2001
(1 _ )\’) (eoq\z—z‘,\ +e—a|\z—2(,\)e—2x1h|
200y (A= 1)e=2ub + 1 4+ 1)
(1 +)»)e—xl(2h1—(z+zu)) 4 (1 _ /"L)e—ocl(ZJrzu)
2oy (A — 1)e=2uh 7 +1) ’
(10)
2
where 1 = K‘", is the impedance ratio between the

o [
equivalent hal%—space and the first layer.

Equation (10) is the general solution for an
impulsive SH line load acting within the top layer of a
multi-layered medium. Clearly, in spite of the com-
plicated nature of the problem, the general solution is
remarkably simple. This in turn allows that some
physical interpretations may be assigned to each term
that comprises it. To begin with, the first term corre-
sponds to the (w — k) transform of an impulsive SH
line source in a homogeneous unbounded space hav-
ing mechanical properties as those of the top layer.
This term controls the first stage of propagation when
waves emanated from the line source are fully com-
posed of cylindrical wave fronts. The cylindrical
pattern is sustained up until any wave front reaches
one of the two interfaces of the top layer. Furthermore,
a closed-form inverse transform in the frequency—
horizontal space coordinate domain (w — x) is avail-
able in terms of Hankel functions (ACHENBACH 1973;
GRrAFF 1991); therefore, no discrete wave-number
approach is needed for the full-space term in Eq. (10) .
Regarding the second term of Eq. (10) , its implied
cosine shape suggests that this term may control to
some extent the influence of dispersive waves, as well
as Love modes on the overall response. The dispersive
nature is clearly seen by the dependence on A. Finally,
by looking at the power indices of the exponential
function in the last term of Eq. (10) , it is possible to
see that this term represents image point sources at
elevations z = 2h; — z, and z = — z, respectively.

SH Wave Number Green’s Function for a Layered, Elastic Half-Space 2189

These images, however, also exhibit dispersive
features.

Along with the analytical verification of
Eq. (10), the study of an impulsive anti-plane load
applied at the interior of a homogeneous half-space
is also of significant importance. As it is well-
known, an explicit representation of the Green’s
function for a homogeneous half-space is available
(e.g., AcHENBACH 1973; Grarr 1991). Modeling a
half-space as a layered one is readily achieved by
giving the same mechanical properties to the whole
arrangement of N parallel layers and the underlying
half-space. Doing this renders 4 = 1, which reduces
Eq. (10) to

efacl|zfzo| efocl(Zhlf(erzo))

Ghalt—space (k =
half space( 12520, ) 200 1y + 201 py

(11)

Equation (11) is precisely the exact solution in the
(w — k) domain for a homogeneous half-space
(AcHenBacH 1973). Moreover, making A = 1 rules
out the second term in Eq. (10) , which is in full
agreement with the fact that no propagation of Love
waves is sustained for a homogeneous half-space, and
consequently, endorses the physical interpretation
previously given to this term.

Shifting the anti-plane line source horizontally to
X = x,, the layered Green’s function

G(x, 2, %0, 20, ) = / G(k, 2, X,, 20, ®) exp ' dk

(12)

is expressed as in Eq. (13), where Hf,z)(~) is the sec-
ond kind Hankel function of order zero. The
variable A is the periodicity length of sources

according to BoucHon and Axi (1977), while r =

\/ (x —x,)* + (z — 2,)* denotes the distance between
the impulsive source and the observation point. In
short, Eq. (13) reads:
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where Ggs,GLw, and Gym represent the Green’s
functions associated to the full-space, Love waves,
and point images respectively.

In order to avoid spurious contributions from adjacent
sources, the length periodicity is chosen according to:

A2 Ty (15)

where T is the simulation time and f,,,, denotes the
maximum shear velocity of the layered half-space.
Furthermore, by using a complex frequency of the
form @ = w —iw; (PHINNEY 1965), accuracy is
improved, while any additional fictitious contribution
from adjacent sources is also removed (e.g., BoucHoN
and Ax1 1977; Kawase 1988; Kawase and Ak1 1989).
In short, adding a constant imaginary part iy to the
angular frequency sampling Aw, shifts away poles of
the Green’s function from the real axis w, which after
traditional FFT synthesis renders an artificially
damped domain response. The undamped response on
T, is retrieved later on after scaling the damped
response by a factor exp®’. Traditionally, the con-
stant damped frequency w; only depends on T, and
ranges between Tl <wr < ZT—“ (Bouchon 2003). In our
numerical simulations, we adopt the upper bound of
this range, i.e., oy =%%. In Eq. (13), any discrete
variable (-),, is obtamed after replacing k,, A m in
its continuous definition.

3. Dynamic Response of a Cylindrical Canyon
to Oblique Incident SH Waves: DWBEM
Implementation

The scattering and diffraction of seismic waves by
a canyon has received considerable attention since

the initial work of TriFUNAC (1972). A complete list
of the related studies is presented by Luco et al.
(1990). Despite the simple geometry of the canyon,
these studies exhibited very complicated interface
patterns, as well as a strong space variation of the
surface displacements. In the following, we present
the integral equation representation of the boundary
value problem, as well as the BEM discrete version
that will be used later on in the verification stage.

3.1. Integral Representation of the Wave Motion

Consider a stack of N parallel layers laterally
extending to infinity in the 4x direction. The upper-
most interface is a free-traction surface. Every
horizontal layer and the underlying half-space is
homogeneous and exhibits different linear elastic
mechanical properties. A region of smooth external
surface S is removed from the first layer to form a
canyon (Fig. 3). An oblique incident, anti-plane SH
wave propagates inside the underlying half-space.

Figure 3
Layered half-space composed by N (N+1 interfaces) perfectly
welded, parallel homogeneous layers. A region is extracted from
the top layer to form a canyon of variable surface S. An oblique
incident, anti-plane shear wave travels within the underlying half-
space at an angle ¢
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The total motion at any material point x = (x, z)
inside the region V is expressed as the superposition of
the free-field u’ plus the so-called scattered waves u*

u=u’+u" (16)

in the same direction, the total traction field 7 is
expressed as the contribution from the free-field and
the scattered fields

=1+ (17)

Following the same ideas as in PAo and VARATHARAJULU
(1976), the representation theorem (Aki and RiCHARDS
2002) is used to express the scattered field in V| with
implicit factor /! in terms of the total fields. In the
absence of body forces, this relationship yields

u* (¢ o) + /H(x,é,a))u(x,w) ds

N

= / G(x, & w)f'(x, w) dS, (18)

N

where G(x, ¢, o) is the Green’s function for a layered
half-space given in Eq. (13). H(x, ¢, w) denotes the
Green’s traction function, i.e., the traction at point x
on the surface S with specified normal vector
n(x) due to a unit impulsive SH line source applied at
point & For a linear elastic material under the
assumption of small displacements, it is possible to
express the Green’s traction function in terms of the
displacement Green’s function Eq. (13) by applying
the Hooke’s law and the Cauchy’s equation
oG oG >

— n; |.

H(x, ¢ 0) = = 19

(x.80) = (Gom+ (19)
Similar to Eq. (14), the simplified version of Eq. (19)
is written as the superposition of traction Green’s
functions from the full-space, Love waves, and point

images, respectively:
H(Xv 67 CU) = HFS + HLW + HIm- (20)
Because of the traction-free condition throughout
S, the last term in Eq. (18) vanishes, and therefore,

the integral representation of the scattered field
reduces to

(¢ w) = f/H(x,i,w)u(x,w)dS. (21)

S

SH Wave Number Green’s Function for a Layered, Elastic Half-Space 2191

The integral representation in terms of total
displacements is readily obtained by replacing
Eq. (21) into Eq. (16), as

u(é, o) =u’(é w) — /H(x,é,w)u(x,w)d& (22)

S

3.2. DWNBEM Formulation

The integral representation given in Eq. (22)
needs to be transformed into an integral equation in
order for us to be able to numerically solve it. This is
accomplished by forcing & to lie in S.

c@wwam+/Hmamm&mw
S

— W w); EeS. (23)

In this case, the integrals in Eq. (22) exhibit
singularities when ¢ = x, which must be removed by
a limiting process (DoMINGUEz et al. 1993). This
limiting process gives rise to the geometry-dependent
factor ¢(&, ). A constant singularity contribution of
c(&) =1 is traditionally encountered when dealing
with smooth surfaces and full-space Green’s func-
tions. In layered conditions on the other hand,
additional terms in the Green’s function such as the
effect of point images preclude the idea of using a
unique value.

To numerically solve Eq. (23), it is assumed
that the boundary S is divided into K constant-
value segments with a central node. This simple
element, then, assumes that displacements and
tractions are constant throughout each mesh ele-
ment. When the collocation point is at the central
node of element /, i.e., & = x;, the discrete version

of Eq. (23) is

c(l,oyu(l,w) + Y |ulk, w) / H(xq, [, 0)dSe | = u®(l, »)

Sk

=

c(l,o)u(l,w) + Y " H(l ku(k,0) = u’ (I, o),
k=1

(24)

where H(l,k) = [ H(xi,l,@)dSy is the integral of
the Green’s traction function Eq. (17) over a generic
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element k when the collocation point is at the
[ position. As for the term c(l, w) the partition of
Eq. (20) allows a straightforward evaluation of it.
Since its first term is precisely the traction Green’s
function of a homogeneous, unbounded domain, its
Cauchy principal value takes the well-known value
of one-half. The contribution from the remaining
terms is readily obtained either numerically or ana-
Iytically. Indeed, as point sources locate away from
the element, these do not exhibit any singularity
when & = x. Moreover, since the last two terms in
Eq. (20) are already expressed in the discrete wave
number space, the singularities are already removed,
and thus either traditional quadrature schemes or
conventional integrations are easily
implemented.

analytic

1
c(l,w) = §—|— /(HLW(XI, I, w) + Hy (x4, 1, ))dS;.
Si
(25)

Because Eq. (19) is already a function based upon a
discrete wave-number approach, Eq. (24) is the dis-
crete wave number boundary element equation for
the collocation point /.

Following the same procedure for every colloca-
tion point, a set of algebraic equations in terms of the
unknown boundary values is established

H(K‘K)u(l(,l) = llo(k,l)- (26)

The unknown vector u py, is finally obtained by
inverting Eq. (26).

3.3. Free-Field Computation

As is readily seen in Eq. (26), the unknown
boundary values are the result of the free-field
motions acting as point sources throughout the free
boundary S. These free-field motions correspond to
the response of the layered system in the absence of
the canyon.

To compute the free-field response, it is conve-
nient one more time to make use of the definitions
shown in Fig. 1, and the stiffness matrix approach
presented by KauseL (2006). As a first step, it is
necessary to compute the free-field motions at each
one of the N+1 interfaces. For doing this, it is
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required to compute the global stiffness matrix of the
multi-layered system as in Eq. (6) . The stiffness
matrices are, however, assembled for the horizontal
wave number of the incoming wave

o .
k= B sin ¢. (27)
In addition, one needs a re-formulated force
vector expressed in terms of the incident wave at
the N+1 interface Eq. (29) and the properties of the
underlying half-space. The free-field displacements
in each one of the N4-1 interfaces is obtained then by
inverting the next re-formulated set of algebraic
equations

K, K}, 0 e 0
K}, Ky +Kj K} o 0
0 K3, K3, + K3,
| 0 0 Ky KD+ K™ |
U' 0
U? 0
U3 = 0 (28)
| OY 41 2(otsptng)u™ 1 ) (T¢)
hs
W™ (x,0) = Aehn o), (29)

where A is the amplitude on the incident wave, #; is
the total sum of the layers depths, and ¢ is the inci-
dent angle.

The free-field displacements at the interior of the
top layer at z elevations are finally obtained as

sin(ay (hy —2)) ~»
sin(o )

i r—2sindy
X e ("’ Pas ) (30)

s.in(oclz) i
sin(o1hy)

u’(x,z,0) = {

4. Verification

Results based upon the analytical Green’s func-
tion Eq. (13) according to the DWBEM scheme
shown in Egs. (16) through (30) are tested with
respect to widely verified results reported by
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Figure 4
Surface displacement amplitudes |uy| versus x/r for a circular canyon within a homogeneous half-space. Solid black lines represent exact
results according to TRIFUNAC (1972), hollow black circles represent the response from the DWNBEM with traction Green function as in
Eq. (19). Four incident-angle scenarios are considered: a ¢ =0, b ¢ =30, ¢ ¢ =45, d ¢ = 60’

TriIFUNAC (1972). Here, we consider a canyon of
semi-circular cross section with radius » = 1 km in a
homogeneous half-space with mechanical properties
Phs = 1.0km/s and pp g = 1,000kgm/m?. As men-
tioned before, in order to obtain a half-space from a
layered one, it only suffices to give the same prop-
erties to each stratum of the layered half-space. We
consider four oblique incident SH-wave scenarios,
ie, =0, ¢ =230, =45, and ¢ = 60°, each
one as a Ricker wavelet in time with f, = 1Hz
(fmax = 2.5Hz). The periodicity length chosen is
A =50km. Plugging in A and f4 into Eq. (15)
renders an available window time T, < 50 s. All the
simulations are, however, performed for a time win-
dow length of T, = 15 s, which greatly avoids any
fictitious contribution from adjacent sources. The
complex frequency associated with this simulation

time is w;=2£ rad/s.

15 To ensure the accurate

propagation of the wave fields, the element length in
DWBEM mesh is set to A,/10, where 4, = B /fmax
is the minimum wavelength expected. This criteria
renders a mesh of 80 elements for modeling the cir-
cular canyon.

Figure 4 shows the maximum surface displace-
ments amplitudes (|uy|) versus x/r for four incident-
wave scenarios. As is readily seen, the impact of the
incident angle increases as its value grows. For ver-
tical incident waves (Fig. 4a), the displacements are
symmetrical, as expected. The maximum surface
displacement amplitude is almost constant throughout
the canyon surface with a value close to 2.0, as in the
absence of the superficial irregularity. Under positive
incident angles 4 (b), (c), and (d), the illuminated area
shifts toward the left side of the canyon, increasing
the surface amplitudes. Conversely, amplitudes over
the shadow region (right side) decrease.
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Synthetic traces at selected receivers throughout the free surface ofga circular canyon within a homogeneous half-space. Seismic source is
represented by a vertical-incident unit wave. A clear direct SH wave is observed at distances Ix/rl > 2 (arrow a). Three diffracted SH waves
are also present. The first two diffracted waves are induced by the right and left of corners the canyon (arrow b), while the late arrival (arrow
¢) is generated by the constructive interference of surface wave reverberations inside the canyon
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Figure 6
Semi-circular canyon within two different geotechnical settings: a One-layered half-space subjected to a vertical incident SH wave. b Two-
layered half-space subjected to a 30" oblique incident SH wave

To further assess our results, we present synthetic
traces for a vertical incident wave, i.e ¢ =0 at
selected receivers along the free surface up to dis-
tances of x/r = =£5 (Fig. 5). Synthetic phases are
obtained at any given point by solving Eq. (22).
Because the only source of diffraction comes from
the canyon geometry, all the surface wave fields are
composed of SH waves. At the central region, no

distinguishable Ricker pulse is possible because of
strong diffraction effects from the canyon geometry
during the entire dynamic response. On the other
hand, at distances not so far away from the region of
interest, i.e., Ix/rl > 2, a direct Ricker pulse is clearly
exhibited (arrow a). Two more noticeable phases are
also present (arrows b, and c). The first diffracted SH
phases (arrow b) are clearly induced by the left and
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Figure 8

Synthetics of displacement at selected receivers throughout the canyon and the one-layered half-space free surface. The domain is subjected to

right corners of the canyon, while the last one (arrow
c) is generated at the bottom of the canyon as a
result of secondary reverberations of waves traveling
along the circular cross section. Both phases, how-
ever, exhibit smaller surface amplitudes than those

a vertical-incident unit SH wave as a Ricker pulse in the time of 1 Hz central frequency

from the direct wave field. As was shown, our
transparence tests present an unmistakable match
when compared with exact results (Fig. 4), as well as
exhibit a consistent spatial distribution of synthetic
wave fields at distances far away from the region of
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Figure 9
a Synthetics of displacement for a semi-circular canyon of 7= 1 km within a two-layered half-space. The seismic source is a ¢ = 30 incident
Ricker pulse of fi.x = 2.5 % VL. b Maximum surface amplitudes throughout the canyon and free surface of the two-layered half-space
scenario. Results are benchmarked against the homogeneous half-space solution

interest. This extreme accuracy is actually one of the
consequences of dealing with an exact and explicit
representation of the Green’s function for the prob-
lem at hand.

5. Numerical Results and Discussions

We analyze the impact of one-, and two-layered
half-spaces over the synthetics of displacement and
spatial distribution of |uy| in a semi-circular cylin-
drical canyon of r = 1 km. The geotechnical setting
for both examples is illustrated in Fig. 6. As in the
verification stage A = 50 km, T, = 15 s, and w; = %—g
rad/s. We consider as seismic excitationa ¢ = 0, and
a ¢ =30 oblique incident, monochromatic SH
wavelets as Ricker pulses of fi.x = 2.5Hz. In both
simulations, the circular canyon is modeled by 80
elements to properly accommodate the minimum
wavelength expected.

Figure 7a depicts the spatial distribution of |uy| for
the scenario illustrated in Fig. 6a. The spatial distri-
bution is benchmarked against results from the
homogeneous half-space condition. For Ix/rl >1 , the
maximum amplitudes |uy| follow a similar pattern in

both simulations. Furthermore, maximum amplitudes

for the layered condition can easily be found by scaling
up the results from the homogeneous half-space by a
factor of 1.35. On the other hand, at the interior region,
i.e., 0 < Ix/rl < 1, results from the one-layered half-
space exhibit the maximum amplification at the bottom
of the canyon, as a consequence of geometric focusing
(e.g., Tsaur and CHANG 2009) and contrast impedance.
The spatial distribution following a conic distribution
contrasts to the circular-shaped envelope displayed by
the homogeneous half-space.

Synthetics of displacement in the case of one-
layered half-space are presented in Fig. 8. A clear
first arrival is exhibited for Ix/rl > 2 att=2.2s. Asin
the homogeneous case, the corners of the canyon act
as sources of diffracted waves, although high dis-
persion effects are notorious. Love waves resulting
from seismic energy becoming trapped in the upper
layer present lower amplitudes that the direct wave.
This is explained partially by the fact that energy is
split into one fundamental Love mode and at least
four higher modes (Fig. 7b). Trapped Love waves,
however, account for the larger duration of shaking.

Figure 9 presents the synthetics of displacement,
and the spatial distribution of maximum amplitudes
for the second example considered. Similar behavior
to that shown in Fig. 8 is seen, although with strong
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spatial variability, and significant effects of trapped
Love waves. Displacement amplitudes take the max-
imum values at the corners of the canyon, which are
more accentuated close to the left corner as conse-
quence of the ¢ = 30 incident angle. At distances
x/r < —1.0, the spatial distribution of maxima under
layered conditions is similar to those from the homo-
geneous case. Surprisingly, for x/r > 1.0, the layered
spatial distribution appears as a mirror of the ampli-
tudes under a homogeneous half-space scenario.

6. Conclusions

Following a stiffness matrix approach (KauseL and
Rogsser 1981), we presented a closed-form (w —
k) Green’s function in a multi-layered half-space for SH-
wave propagation. It was shown that the proposed
Green’s function reduces exactly to the solution of the
homogeneous half-space for A = 1. Additionally, the
multi-layered fundamental solution presents two salient
features: (1) the original layered system can be reduced
to a system composed by the uppermost superficial layer
over an equivalent half space; and (2) the fundamental
solution can be partitioned into three different functions,
each one carrying out a different physical interpretation.
Such a physical interpretation allows the proper use of
analytical and numerical integrations, and the correct
treatment of the Cauchy principal value integrals in BEM
implementations. We implemented the fundamental
solution in the DWBEM scheme to study the dynamic
response of an infinitely long circular canyon to oblique
incident SH waves under different layered half-space
settings. Our results showed the significant impact that
internal layering has over the spatial distribution of
maxima, and the synthetics of displacement. In particu-
lar, internal layering has a tendency to lengthen the
duration of shacking as consequence of trapped Love
modes, as well as a significant displacement amplifica-
tion due to impedance contrast effects in conjunction
with geometric focusing.
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