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Abstract In the urge to make solar energy competitive
enough to directly face fossil fuels, several approaches result
crucial for their intended capacity to maximise the energy
that can be produced with a given photovoltaic area. Low
Concentration Photovoltaics (LCPV) and tracking methods
can be integrated in V-Trough solar devices to increase their
effective solar harvesting area through low-cost non-imaging
optics. As a tool to support the design and simulation of
such devices, this work proposes an analytical and numerical
model that simulates the interactions of direct solar radi-
ation with the V-Trough’s elements. The proposed model
is design-oriented and was developed seeking high parame-
ter flexibility, high geometrical detail and low computational
demands. The model was experimentally validated through
several simulations of V-Trough set-ups which results were
compared against measurements with a testing platform.
Through a non-parametric statistical analysis, the model
proved to be satisfactory and highly accurate. Furthermore,
the calculations regarding optical concentration performance
were complemented with a cost analysis and integrated into
a cost-effectiveness index. The results from this work serve
as a useful modelling tool for designing and comparing alter-
natives of V-Trough solar devices.
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1 Introduction

In the imperative transit from a fossil fueled civilisation, to
a more sustainable and resilient one, solar photovoltaic (PV)
energy arises as one of the key energetic approaches that
mankind ought to follow [23]. However, solar PV energy
is still costly to afford by most of the world’s population
[2,5] and there is a high level of industrialisation needed
to produce solar cells, which could be a considerable lim-
itation for most of the developing countries with the most
severe energy needs. Additionally, even though solar PV
energy has a comparatively low environmental impact, it still
uses some toxic materials and there is not yet the proper
infrastructure for large scale recycling of solar panels [17].
Therefore, it is of utmost importance to explore approaches
meant to increase the energy production per photovoltaic area
in order to reduce the negative effects and seeking to increase
the cost-effectiveness through approaches that proportionally
cost less.

Several factors limit the energy production performance
of regular solar panels. For instance, the effective harvest-
ing area of a common fixed solar panel diminishes with the
cosine of the angle of misalignment between the incoming
rays and the normal to the panel [33]. On the contrary, a
panel with a tracking system follows the apparent movement
of the sun on the sky, which reduces the described misalign-
ment, improving the effective harvesting area throughout the
day and thus, increasing the daily energy production in up to
a 30–50% [19]. Another way to increase the effective har-
vesting area is to directly escalate it with non-imaging optic
devices, such as lenses [3] and reflective troughs [34]. This
approach, known as solar concentration, works by reflecting
or refracting the solar rays towards the solar absorber, e.g.,
a solar cell. Nevertheless, the direction in which the rays are
re-directed from the concentrating elements depends on the
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angle of incidence of the solar rays,which naturally generates
the need to track the sun in order to keep focusing the solar
rays into the PV absorber. The higher the level of concentra-
tion, the smaller the misalignment that can be tolerated [9].
Therefore, a low concentration method (less than 10 Suns)
allows for more flexible possibilities in terms of solar track-
ing, which the authors consider as an opportunity for design
exploration with simple tracking approaches, such as manual
tracking [7].

Low concentration photovoltaics (LCPV) can focus sun-
light via refraction through lenses, via reflection from
mirroring surfaces or via luminescent materials [31]. Cor-
respondingly, several approaches in terms of the optical
elements were found and can be mainly classified in either
point-focus concentrators, designed for a three-dimensional
punctual convergence, or linear-focus, in which the radiation
focused is intended to have a constant cross-section and have
a two-dimensional linear convergence [2]. The point-focus
optics are usually implemented for high concentrations [2],
but can also be employed for LCPV mostly with compound
parabolic reflectors [2,31] and flat mirror arrays, symmetri-
cal about an axis which is normal to the PV surface [1,31].
The optical elements of linear-focus LCPV consist mainly in
Fresnel lenses [10] and reflective troughs of different geome-
tries, i.e., cylindrical, compoundparabolic andflatV-Troughs
[2]. This work is centred in V-Trough LCPV because of the
relative simplicity and low-cost of their optics, i.e., flat mir-
rors, which results in the potential of a technology that is
more affordable, accessible and easier to manufacture and
maintain [5,13,14,29,34].

Product design is a complex and holistic endeavour and,
in terms of solar devices, it can be better guided with the
support of tools that enable the designer to explore the con-
sequences of new product configurations in an insightful and
straightforward manner. An ever increasing use of simula-
tion and modelling tools throughout the design process is a
clear trend in product design [11,30,36]. In accordance with
the so-called Interactive Design, these tools may be used
to actively support the designer in the preliminary design
phase, allowing for a greater insight into the implications of
his/her early decisions [12]. Interactive Design could benefit
the design explorationofV-Trough concentrators by enabling
the designer to simulate the performance of newways to con-
centrate and track the sun and consequently, this could lead
to a more cost-effective solar energy production with set-ups
beyond the typical configurations.

In order for designers and engineers to take full advantage
of the high level of integration and flexibility of combined
solar tracking and low concentration with V-Troughs, an
appropriate modelling tool is needed that not only delivers a
final energy production result, but also that allows for detailed
comparisons and explorations and that leads the designers
towards a deeper insight into the simulated phenomena. This

work describes the development of such a modelling tool,
comprising a new mathematical model, which performs a
hybrid analytical-numerical 2D geometrical description of
the direct radiation’s effects on a V-Trough solar device with
high flexibility in terms of geometrical and tracking parame-
ters.After themodel description, a validation of the analytical
core of the model is presented, followed by a proposed cost-
effectiveness index and an exploration of the implications of
the model with a selection of the simulated V-Trough set-ups
used for the validation.

2 Literature review

Solar energy is all about harvesting the solar radiation. There-
fore, when designing a solar device, it is of great interest
to explore how solar radiation reaches the PV absorber
and which factors influence its intensity at the PV sur-
face throughout the day. Solar radiation can be described
as quantised discrete photons [16] or as a propagating wave
[4]. For instance, Penttilä and Lumme [26] used numerical
wave-optical methods to simulate light scattering in porous
materials. However realistic, these simulations at the level of
electromagnetic waves or photons tend to lead to unnecessar-
ily complex and computationally intensive processes when
the dimensions of the simulated objects are orders of magni-
tude greater than the radiation’s wavelength of interest [8].

When modelling the solar radiation for concentration and
tracking devices, a convenient approach is using geometri-
cal optics, which describes unperturbed sunlight as projected
rays which propagate from a given light source in a straight
path [8,35]. These rays, as formulated by Pierre de Fermat
[35], follow the optical path between two points that can be
traversed in the shortest time, taking into account the refrac-
tive index of the mediums involved. Since the optical laws
derived fromFermat’s principle of least time can be described
with basic geometry, geometrical optics is considered to be
a practical tool for modelling the solar direct rays, so-called
beam radiation, since it offers a proper and comprehensive
simplification of its macroscopic behaviour.

Beam radiation is not the only solar radiation component
to be considered, especially when the simulated applica-
tion is affected by a non-vacuum medium, such as Earth’s
atmosphere. Nonetheless, this project focuses entirely on
beam radiation because of its major role on concentration
and PV energy production in general, which is arguable from
the fact that the proportion of direct radiation is commonly
taken as 90% of the global radiation as a general approxima-
tion [19]. Besides, the deterministic nature of beam radiation
allows for its geometrical analysis to turn into comprehensive
design insights.

The modelling of beam radiation and its interactions with
solar devices canbe approximated numericallywithRay trac-
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ing algorithms which, in the case of solar direct radiation, are
simulated with parallel rays, equally separated, that project
themselves from the solar incident direction and interact with
the simulated objects by following the laws of geometrical
optics. For instance, Bojić et al. [6]modelled sea-shell trough
solar concentrators with specular ray tracing methods which
focused on beam radiation.

Even though numerical modelling of solar rays may be
more flexible and unbiased, analytical models tend to lead to
a deeper understanding of the phenomena addressed, which
is desirable to gather valuable design insights.Moreover, ana-
lytical models tend to be considerably less computationally
expensive when it comes to radiation simulation [24,32], and
that is a crucial feature for real-time interactive modelling for
design purposes. Tina and Scandura [34], Bahaidarah et al.
[5], Kostić et al. [20], Reis et al. [27], analytically modelled
radiation for V-Trough applications, but with formulations
that are over-simplified and not oriented towards a deeper
step-by-step geometrical analysis. Fraidenraich [13,14] and
Hermenean et al. [18] developed more detailed analytical
models of beam radiation for V-Trough solar devices, but
the authors of this work believe that a more intuitive and
design-oriented analytical model can be developed, going
further into the exploration towards design insights, and with
a higher flexibility in the selection of geometrical and track-
ing parameters. Furthermore, it was found that the studied
analytical models treated solar tracking and solar concentra-
tion separately and considered their effects as additive or took
tracking into account only as amiss-alignment factor, as with
[13,14,18,34]. Nevertheless, when tracking parameters are
given more flexibility, they deeply affect the concentrating
effects of the V-Trough optics and hence, both effects should
not be treated as additive, but instead as a combined strategy
as the proposed model of this work intends to do.

The detailed effects of the combined concentration and
tracking strategies over optical performance are crucial for
a solar device designer to take decisions but are not enough.
The cost implications of these strategies must also be taken
into account in order to compare the cost-effectiveness of dif-
ferent design alternatives. Several simple cost-effectiveness
analysis were found in literature which take the proportional
gain in energy, due to strategies seeking to maximise the
output of a PV area, and compare it against the proportional
increase in costs, based on area cost estimates [20,22,29,34].
A much more detailed cost-effectiveness analysis was per-
formed by Fraidenraich [14] and is specific for V-Trough PV
device, but it is too specifically tied to the beam radiation’s
model he proposed, which is less flexible than the one pro-
posed in this work. Compared to the approaches found in
literature, the authors consider that it is possible to propose
a more useful V-Trough cost-effectiveness index, related to
a more flexible, comprehensive and insightful model of the
beam radiation interactions with the V-trough’s elements.

3 Proposal of a direct radiation model
for V-Trough devices

The objective of this section is to propose a direct radia-
tion model which is intended for designing and comparing
alternatives of V-Trough PV devices guided by the simula-
tion of the optical performance. The model was specially
designed aiming at future implementations to support the
design process of V-Trough devices in a real-time interac-
tive approach; hence the efforts to achieve high parametric
flexibility, low computational demands and a detailed and
intuitive analysis of the phenomena. Not onlywas it designed
for interactive design purposes, but also it was itself produced
through a process aided by interactive design tools. The
model was developed in a parallel and systematic approach,
where:

– The modelling problem was divided into smaller and
simpler optical interaction phenomena, for which cor-
responding variables were assigned.

– For every variable, an analytical equation was developed
through a geometrical assessment of the particular phe-
nomenon being addressed in order to achieve the capacity
to predict it.

– By using Microsoft Excel®, the new equation was added
to the previous ones and then numerically solved to sim-
ulate its behaviour throughout a solar day.

– The numerical data-set was directly inspected in search
of mathematical errors and then visualised through line
charts developed also in Microsoft Excel®, where a first
interpretation of its behaviour took place.

– Several static scenarios where selected from points of
interest in the graphs and then further visualised in amore
intuitive 3D space by means of a V-Trough simulation
developed with the Computer Aided Design Software
(CAD) so-called SolidWorks®.

– The Sketch module of SolidWorks® was used to ver-
ify the predicted values for the variable being addressed.
These verifications were performed by simulating the
rays with sketch lines defined to behave according to the
laws of geometrical optics.

The described process was carried out until all the defined
variables were mathematically described, visualised, veri-
fied and added into the main model. Through this systematic
approach, aided by the integration of interactive design tools,
it was possible to make intuitive sense of every variable
beingmodelled and the geometrical implications anddetailed
causes of the model’s predictions.

In the following subsections, there is an initial concep-
tual definition, which delimits the addressed phenomena and
schematically interrelates the main variables to be calcu-
lated in accordance with the direct radiation interactions.
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Afterwards, the geometrical construction of the model is
described, comprising an analytical core which is then
numerically iterated throughout a range of solar elevations
α, which results in the calculation of the average effective
concentration Ce.

3.1 Definition of the conceptual model

This subsection presents the systematic analysis that was
developed, based on the principles of geometrical optics, in
order to describe the effective optical concentration factor of
a given V-Trough set-up related only to beam radiation. The
effective optical concentration factor is directly related to
the energy that is incident to the PV absorber, coming from
beam radiation. The tracking movements are only consid-
ered in one axis and therefore, the geometrical analysis can
be performed in a two-dimensional simplification assuming
total alignment in a third dimension. Accordingly, the model
describes the interactions with radiation in terms of lengths,
or apertures, perpendicular to the incident sunlight, which
are directly proportional to corresponding areas in a third
dimension, i.e., depth-wise (see Fig. 3).

This conceptual model considers the main variations in
the harvesting area due to the angles of incidence, shadows
and reflection losses. In order to simplify the model, without
losing considerable accuracy, the model considers up to two
consecutive mirror reflections per solar ray, for it was found
that more than two bounces is an uncommon phenomenon in
V-Trough devices with low concentration factors and do not
usually play a considerable role in the total effective suns.

Figure 1 shows the conceptual scheme of the developed
proposed model for a certain solar elevation angle α. Each
V-Trough’s element (left mirror, PV area and right mirror) is
examined separately for a detailed description. First, the geo-
metric projection of each element is assessed normal to the
incident beam radiation, namely the geometrical incidence
aperture (aL0, aPV0 and aR0). Then, the direct shadows
that each element may cast are calculated (aLS , aPVS and
aRS) and used to find the real incidence aperture of each
element (aL , aPV and aR) by subtracting the blocked rays
(aLB , aPVB and aRB) from the incidence apertures of each
element. After the rays directly reach each mirror they will
either bounce out of the device, reach the reflective surface
of the other mirror, be blocked (aLPV B and aRPV B) by the
other mirror’s casted second shadows (aRLS and aLRS) or
they may be directly reflected towards the PV area (aLPV

and aRPV ), reduced proportionally to the index of reflection
ρ of the mirrors. The rays that reach the other mirror after the
first bouncemay then either bounce out of the device or reach
the PV area after the second bounce (aLRPV and aRLPV ),
in which case they get reduced once again by ρ. Afterwards,
the effective aperture of the mirrors (aLe and aRe) can be

Fig. 1 Diagram of the conceptual model

(a) (b)

(c) (d)

Fig. 2 Graphical exemplifications of the aperture lengths, normal to
the incident rays, analysed by the model

calculated and, in the case of the PV area, the real incidence
aperture aPV is equal to its effective aperture aPVe.

Finally, the effective aperture of the three components con-
form the total effective aperture aTe, from which the total
effective concentration Ce is calculated and iterated numer-
ically in function of α towards an average Ce.

Figure 2a–d graphically exemplify the variables related in
the scheme of Fig. 1. The lengths of the PV absorber, the
left mirror and the right mirror are defined by LPV , LL and
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Fig. 3 2D & 3D Geometrical diagram of a V-Trough

LR, respectively, and the inclination of the PV absorber is
defined by β. Any unit of measurement can be used for the
lengths, as long as there is consistency among all the length
parameters.

3.2 Geometrical construction of the model

The model proposed in this work seeks to offer a deeper
insight into the implications of the geometrical parameters
of a V-Trough and the solar elevation α, over the effective
optical concentration Ce. The input parameters (see Fig. 3),
namely the independent variables that can be deliberately
defined by the user, are the lengths of the PV absorber, the
leftmirror and the rightmirror (LPV , LL and LR), the angu-
lar inclinations of the PV absorber and of the mirrors left and
right (β, ψL and ψR), and the solar elevation α; emphasis-
ing that for a given static α the model is analytical. In order
to simulate the solar apparent movement throughout the day,
and any other movement of the V-Trough’s elements in func-
tion of the solar movement, the model becomes transient and
the analytical equations are solved numericallywithin a given
range of α. For instance, the PV absorber’s inclination β can
be defined in function of α in order to simulate several track-
ing methods.

3.2.1 Effective concentration through analytical modelling

The analytical model was developed by following the con-
ceptual model as shown in Fig. 1. In the definition of the
model’s equations, absolute values are used as a tool to cor-
rectly handle lengths that result negative and conditionals are
used to correctly handle boundary conditions.

The first step is to define the angle of incidence between
the direct rays and the PV absorber i PV , the direct rays and
the left mirror i L and between the direct rays and the right
mirror i R; as described by Eqs. 1, 2 and 3 respectively.

iPV = α + β (1)

iL = ψL − α − β + π

2
(2)

iR = ψR + α + β − π

2
(3)

Equations 4, 5 and 6 can be used to calculate the aperture
of the geometrical incidence for each V-Trough’s element,
i.e., the PV absorber, the left mirror and the right mirror
respectively. The previous results then allow to calculate the
aperture of the total geometrical incidence with Eq. 7. It is
worth clarifying that these apertures do not take shadows into
account yet.

aPV0 = LPV ∗ sin (iPV) (4)

aL0 = LL ∗ sin (iL) (5)

aR0 = LR ∗ sin (iR) (6)

aT0 = 1

2
(|aPV0| + |aL0| + |aR0|

+ aPV0 + aL0 + aR0) (7)

Considering all the shadows that each element could cast
over the other ones, Eqs. 8, 9 and 10 define the aperture length
of the real incidence for the three V-trough’s elements.

aPV = aPV0 − 1

2
(|aL0| + |aR0| − aL0 − aR0) (8)

aL = aL0 − 1

2

(∣∣∣∣aPV0 − |aR0| − aR0

2

∣∣∣∣
− aPV0 + |aR0| − aR0

2

)
(9)

aR = aR0 − 1

2

(∣∣∣∣aPV0 − |aL0| − aL0
2

∣∣∣∣
− aPV0 + |aL0| − aL0

2

)
(10)

The aperture of the total real incidence aT , which repre-
sents the rays reaching the V-Trough’s reflective surfaces or
the PV absorber, is defined by Eq. 11.

aT = 1

2
(|aPV | + |aL| + |aR| + aPV + aL + aR) (11)

The incident optical concentration C is defined by Eq. 12.
The variable C relates to the proportion of beam radiation
that reaches the device as a whole, regardless of whether the
radiation reaches the PV absorber or not.

C = aT

LPV
(12)

In order to assess the possible scenarios after the rays are
reflected from the mirrors, it is necessary to calculate the
angle of incidence of the rays after being reflected once, rel-
ative to the mirrors left and right (i L R and i RL ) and relative
to the PV absorber arriving from the mirrors left and right
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(i L PV and i RPV ); which are defined by Eqs. 13–16 respec-
tively.

iLR = ψR + 2ψL − α − β + π

2
(13)

iRL = ψL + 2ψR + α + β − π

2
(14)

iLPV = −2ψL + α + β (15)

iRPV = π − 2ψR − α − β (16)

After the rays go through their first bounce in certain con-
figurations, as seen in Fig. 2(c), they may be blocked by
the shadow casted from the back part of the opposing mir-
ror (aRLS and aLRS) which can be calculated with Eqs. 17
and 18. For instance, aRLS defines the aperture length of the
shadow casted by the left mirror regarding the rays which
were reflected from the right mirror and may keep them,
completely or partially, from reaching the PV absorber.

aRLS = LL ∗ sin (iRL) (17)

aLRS = LR ∗ sin (iLR) (18)

The following step, described by Eqs. 19 and 20, consists
in calculating the allowable aperture lengths of each mirror
(pL and pR) such that, if rays reach them with relative inci-
dences (i L and i R), rays would be focused towards the PV
absorber, taking into account the calculated second shadows
(aRLS and aLRS) .

pL = LPV ∗ sin (iLPV ) − |aLRS| − aLRS
2

(19)

pR = LPV ∗ sin (iRPV ) − |aRLS| − aRLS

2
(20)

Several special boundary cases were found when relating
aL0, aR0, aL , aR, pL and pR in order to find the apertures
which describe the rays directly reflected towards the PV area
after only one reflection from the mirrors left or right (aLPV

or aRPV respectively). Figure 4 illustrates the most interest-
ing cases, exemplified with the left mirror, highlighting the
objective aperture with a grey area in the background.

Figure 4a presents the case where the allowable aperture
is greater than the geometrical incidence, in which case all
the rays described by the real incidence may reach the PV

(a) (b) (c)

Fig. 4 Special boundary cases to consider when defining aLPV

absorber directly afterwards. Figure 4b illustrates the case
where the allowable aperture is somewhere in between the
boundaries of the real incidence aperture. Figure 4c corre-
sponds to the case where there is no overlap between the
allowable aperture and the real incidence aperture, in which
case none of the rays that get reflected from the left mirror,
in a first bounce, are expected to reach the PV absorber.

The angle of incidence between the PV absorber and the
rays reflected for the first time from each mirror must also
be taken into account. When these angles, i L PV and i RPV

described by Eqs. 15 and 16, are ≤0 it means that the firstly
reflected rays will not intercept the PV in their direction of
advance. The previous fact, as well as the boundary cases
shown in Fig. 4, are considered in Eqs. 21 and 22, defining
aLPV and aRPV respectively.

aLPV = (|aL0 − pL | − 2aL + aL0 − pL)

4 (aL0 − pL − aL)

∗ (|aL0 − pL − aL| − aL0 + pL + aL)

=
⎧⎨
⎩
0, if i L PV ≤ 0
0, if aL0 ≤ 0
0, if (aL0 − pL − aL) = 0

(21)

aRPV = (|aR0 − pR | − 2aR + aR0 − pR)

4 (aR0 − pR − aR)

∗ (|aR0 − pR − aR| − aR0 + pR + aR)

=
⎧⎨
⎩
0, if i RPV ≤ 0
0, if aR0 ≤ 0
0, if (aR0 − pR − aR) = 0

(22)

Figure 5 presents a diagram of a representative situation
where certain rays reach the PV absorber after bouncing
off the left mirror and then off the right one, described by
aLRPV . Similarly as with the angles of incidence i L PV and
i RPV , i L RPV and i RLPV follow the same concept but for
the second bounce of the rays (see Fig. 5). The aperturemLR

represents the proportion of rays that can access the reflective
surface of the left mirror and that may be reflected towards
the right mirror when aLPV is subtracted from it; pLR is
a similar concept to pL but applied for the second bounce;
fLR represents the left mirror’s length projected normal to
the rays of the first bounce; and aLRS is used here as the
right mirror’s length projected normal to the rays of the first
bounce. The new previously described variables are defined,
for both mirrors, by Eqs. 23–32.

iLRPV = −2ψL − 2ψR + α + β (23)

iRLPV = π − 2ψR − 2ψL − α − β (24)

mLR = aL − aLPV (25)

mRL = aR − aRPV (26)

pLR = LPV ∗ sin (iLRPV ) (27)
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Fig. 5 Diagram of a case where certain rays reach the PV absorber
after two bounces

pRL = LPV ∗ sin (iRLPV ) (28)

fLR = DLR ∗ sin

(
iL − arcsin

(
LPV ∗ cos (ψL)

DLR

))

(29)

fRL = DRL ∗ sin

(
i R − arcsin

(
LPV ∗ cos (ψR)

DRL

))

(30)

Where

DLR =
√
LL2 + LPV2 + LL ∗ LPV ∗ 2 sin (ψL)

(31)

DRL =
√
LR2 + LPV2 + LR ∗ LPV ∗ 2 sin (ψR)

(32)

Similarly aswith theFig. 4, the diagramsofFig. 6 illustrate
the most interesting boundary cases to consider in order to
properly define the aperture of the rays that reach the PV
absorber after a second bounce, exemplified in the figure
with the rays that first bounce off the left mirror and then
off the right one. The aperture of interest for the example,
aLRPV , is represented in the figure with a greyed area.

Figure 6a, e show cases in which the aperture of interest
is limited in the upper boundary by the allowable aperture
pLR , while in Fig. 6d, f the upper boundary is defined by
the aperture relative to the right mirror’s length aLRS for
the second bounce. In the case of Fig. 6b, c, the variable
aLRS = 0 because either pLR or aLRS is too small to overlap
with mLR . Figure 6g represents the case where all the rays
that do reach the right mirror, after bouncing off the left one,
will reach the PV absorber.

From the analysed geometrical cases, it was found that
aLRPV and aRLPV must fall inside the apertures described by
mLR and mRL and can be reduced according to the minimum
value among [aLRS , fLR, pLR] and, for the right side case,
the minimum value among [aRLS , fRL , pRL]. Equations 33
and 34 define the corresponding aperture lengths of the rays
that reach the PV absorber after bouncing off both mirrors,
starting by the left mirror aLRPV and by the right mirror
aRLPV .

aLRPV = 1

2
(|mLR − fLR + min [aLRS, fLR, pLR]|

+mLR − fLR + min [aLRS, fLR, pLR])

=
⎧⎨
⎩
0, if iLRPV ≤ 0
0, if mLR = 0
0, if pL ≥ aL0

(33)

aRLPV = 1

2
(|mRL − fRL + min [aRLS, fRL, pRL]|

+mRL − fRL + min [aRLS, fRL, pRL])

=
⎧⎨
⎩
0, if iRLPV ≤ 0
0, if mRL = 0
0, if pR ≥ aR0

(34)

Subsequently, the effective apertures of the three elements
of a V-Trough can be calculated with Eqs. 35–37.

aPVe = |aPV | + aPV

2
(35)

aLe = ρ ∗ aLPV + ρ2 ∗ aLRPV (36)

aRe = ρ ∗ aRPV + ρ2 ∗ aRLPV (37)

Afterwards, the resulting effective concentration can be
calculated with Eq. 38.

(a) (b) (c) (d) (e) (f) (g)

Fig. 6 Special boundary cases to consider when defining aLRPV
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Ce = aPVe + aLe + aRe

LPV
(38)

The effective optical concentration Ce is thus a variable
solved analytically for a given static α. Ce is a dimension-
less index, since it is defined as proportional to the length
of the PV absorber, and can be interpreted as the number of
effective optical concentrating suns in terms of the energy
incident to the PV absorber for a given α. As a reference for
comparison, a solar cell without concentrating mirrors, and
placed perpendicular to the incident direct rays, would result
in Ce = 1 proportional suns of beam radiation.

3.2.2 Average effective concentration through numerical
modelling

As it was indicated in Fig. 1, Ce can be solved numerically,
with Eq. 39, for a range of α solar elevations and averaged
in order to get Ce, which represents the optical performance
of a V-Trough solar device for a given range of time.

Ce =
∑[

αc−α f
αs

]
i=0 Ce(α f +i∗αs)

αc−α f
αs

+ 1
(39)

With α f = The “floor” or lowest value for α, αc = the
“ceiling” or greatest value for α and αs = the angular step
value between the wanted α values.

In Eq. 39 Ce is defined in function of the solar elevation α

according to the limits and the step of the range values. The
Expression 40 shows that Ce is in fact in function of α and
the geometrical parameters of the V-Trough, i.e., the angular
inclinations of the PV absorber and of the mirrors left and
right (β, ψL and ψR) and the lengths of the PV absorber
and the two mirrors (LPV , LL and LR). The Expression
40 represents V-Trough set-ups in which the geometrical
parameters of the device are left static but the solar ele-
vation is considered as a dynamic variable that conditions
the effective optical concentration. On the other hand, the
Expression 41 states Ce as a function of the same parame-
ters as in Expression 40 but they are themselves in function
of the solar elevation, which represents a V-Trough device
set-up in which any of its geometrical parameters can have
a solar tracking dynamic response. The user can deliberately
define any of those parameters to be static or dynamic and,
in the latter case, the user may define any function relating
the parameters to the solar elevation, as long as the resulting
input values respect the ranges presented in Table 1.

Ce(α,β,ψL ,ψR,LPV ,LL,LR,ρ) (40)

Ce(α,β(α),ψL(α),ψR(α),LPV (α),LL(α),LR(α),ρ(α)) (41)

Table 1 Minimum and maximum values allowable for the input para-
meters

α β ψL ψR LPV LL LR ρ

Min 0 −π −π/2 −π/2 0 0 0 0

Max π π π/2 π/2 ∞ ∞ ∞ 1

4 Validation of the proposed direct radiation model

The proposed model calculates the effective optical concen-
tration due to beam radiation, which relates to the beam
radiation’s energy that would reach a PV absorber in a V-
Trough device. However, the outputs from the model are not
yet directly defining the electric output of the PV device,
since the model does not consider neither thermal losses, nor
electrical losses in the semiconductor, nor the interactions
with diffuse radiation. Before complementing the proposed
model in further work, by considering such losses and other
solar radiation’s elements, it is crucial to validate its capacity
to accurately account for the effective optical concentrating
factor of beam radiation in a V-Trough PV device. Corre-
spondingly, laser devices may be used to experimentally
model and corroborate specific predictions about the solar
beam radiation’s behaviour, since laser beams, for practical
matters at this scale, follow the basic principles of geometri-
cal optics in the same way as beam radiation [25].

An experiment was designedwith the objective to validate
the proposed direct radiation model through laser measure-
ments. Part of the aim of the experiment is to directly analyse
the optical events of the simulated phenomena, challeng-
ing the systematic description performed in the conceptual
model and themathematical formulations of themodel itself.
In order to perform the experiment, a testing platform was
developed to carry out the measurements and to adopt the
geometries and movements of a V-Trough device. Subse-
quently, the experimental results are statistically compared to
the model’s predictions and the interpretations of the results
are then presented.

4.1 Design of the experiment

The proposed direct radiation model calculates and relates a
series of proportional lengths in order to produce a final con-
cept of effective optical concentration. The central concept of
the experiment is that these calculated lengths, dependant of a
given set of geometrical input parameters, are specific predic-
tions that can be compared against real laser measurements
of those same lengths. Those experimental measurements
were defined to be performed in a testing platform capable
of adopting the same geometries as the ones in the simula-
tions. If the model is correctly defined, it is expected that
the predicted values would not vary significantly from the
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Table 2 Input parameters of the
simulated V-Trough set-ups.
Those designed with D and
those randomly defined with S

Set-Up LPV LL LR ψL ψR βi βαs βs

D1 1 1 1 2π/15 2π/15 π/3 π/3 −π/3

D2 1 1 1 ψL(α) ψR(α) π/4 π/2 −π/2

D3 1 1 1 ψL(α) ψR(α) 0 0 0

D4 1 LL(α) LR(α) 0 0 0 0 0

D5 1 1.5 0.5 ψL(α) ψR(α) π/4 π/2 −π/2

S1 1 0.9 1.35 −6π/23 5π/36 π/14 3π/20 −14π/29

S2 1 0.4 0.7 −π/35 5π/22 2π/9 π/12 −36π/41

S3 1 0.65 0.95 −5π/31 36π/79 π/3 π/26 −9π/29

S4 1 0.85 0.7 −π/90 3π/11 14π/37 π/35 −13π/14

S5 1 1 1.3 π/90 13π/33 11π/46 45π/89 −2π/17

S6 1 0.65 1.45 3π/20 π/14 −13π/33 2π/21 −5π/23

measured values as long as the geometrical input parameters
respect the allowable ranges of Table 1.

Thedependant responsevariable is continuous anddefined
by proportional lengths, which can be calculated by the equa-
tions that conform the proposed model and vary in function
of the combination of geometrical inputs, namely α, β, ψL ,
ψR, LPV , LL and LR. The index of reflection ρ does not
affect the aperture lengths being compared in the experiment
and therefore, it is taken as ρ = 1. There were 11 V-Trough
set-ups defined and, for every set-up, there were four α val-
ues selected to perform aperture length calculations and the
corresponding measurements. Furthermore, for every α, the
aperture lengths that were considered were aPVe, aL , aR,
aLPV , aRPV , aLRPV and aRLPV . Therefore, there were
308 length predictions, which were correspondingly com-
pared against 308 experimental measurements.

All the V-Trough set-ups were defined with a dynamic β

function in order to simulate solar tracking. The β function

is hence defined by Expression 42, where
⌊

α
βαs

⌋
means that

the expression inside must be rounded down.

β(α,βi ,βαs ,βs ) = βi + βs ∗
⌊

α

βαs

⌋
(42)

With βi = Initial β inclination, βαs = Step variation of α

needed for every variation in β and βs = Step variation of
β every tracking movement. Accordingly, β starts at βi and
it varies βs every βαs variation of α. However, even if the
parameters that define β are within the allowable ranges, β
itselfmay result outside [−π, π ], which could lead to inaccu-
rate calculations from the model. This is a situation that may
easily arise when defining any of the input angular parame-
ters as dynamic, but may as easily be corrected by entering
equivalent angles which do respect the allowable ranges.

From the 11 defined set-ups, 6 were defined by an algo-
rithm that randomly selected values for every input parameter
within the allowable ranges. The parameters were defined

(a) (b)

Fig. 7 Testing platform for the validation of the model

randomly to avoid possible bias and with the expectation that
more unconventional and unintuitive set-ups could be more
challenging for the predictions of a systematically developed
model. The other 5 set-ups were deliberately designed by the
authors in order to address more realistic and representa-
tive V-Trough strategies. Among those 5 set-ups, some were
defined with other dynamic parameters in function of solar
elevation, besides β, such as with the individual lengths and
inclinations of the mirrors. Since the lengths are analysed
as proportional to the PV absorber’s length, the latter was
defined for all the set-ups as LPV = 1. Also, for the sake of
practicality in experimental measurements, the lengths of the
mirrors were limited to maximum LL = LR = 1.5 ∗ LPV .
A summary table of the set-up parameters is presented in
Table 2, with the lengths given as dimensionless proportions
of the PV length, the angles given in radians and the dynam-
ically defined parameters shown as in function of α.

In order to validate the previously described 308 predic-
tions related to the 11 defined V-Trough set-ups, a testing
platformwas developed. Figure 7a shows the platform,which
is capable of accurately adopting all the geometries needed
to test the 11 set-ups and explore in detail the interactions
between beam radiation and the V-Trough’s elements via
lasers. Through the degrees of freedom, shownwith arrows in
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Fig. 7b, it is also possible to experimentally simulate differ-
ent solar elevations α by controlling the angular orientation
of the laser beams incident to the device.

The testing process consists in first adopting a particular
geometrical configuration of the platform in accordance to
one of the set-up’s parameters and to the current α to simu-
late. Afterwards, the aperture lengths aPVe, aL , aR, aLPV ,
aRPV , aLRPV and aRLPV are directly measured by sliding
the lasers and detecting starting and ending events. The dis-
tance between those events defines themeasured lengths. For
instance, if the current aim is to measure aLPV , it is possible
to slide the laser and detect when the laser beam starts reach-
ing the PV absorber after one bounce off the left mirror and
then keep sliding it until the phenomenon ceases to occur.

4.2 Experiment results and statistical analysis

The original data was defined as aperture lengths and then
transformed for the statistical analysis into proportions of the
PV absorber’s length, which is directly proportional to the
PV area as well. The results of the experiment were analysed
through a linear regression of themeasured values in function
of the model predictions. The points of the regression are
in fact coordinates from the couples of model predictions
with the corresponding experimental measurements. If the
predictions relatewell to the realmeasurements, the expected
result of the regression would be a straight line with slope
tending to 1 and y intercept tending to 0.

Figure 8 graphically shows the performed regression and
the calculated equation of the regression line, with a highly
satisfactory slope of 0.9931 and a y intercept of 0.0007. The
coefficient of determination R2 = 0.9977 resulted consid-
erably high, implying that 99.77% of the variance of the
measurement values is predictable from the variation of the
independent variable, i.e., the model predictions.

The residual standard deviation, so-called Standard error
of estimate, was calculated to be SE = 0.0157, which can be
interpreted as the 1.57% of the PV area. Figure 8 also shows
the 95% Prediction Interval, which defines a range within
which a new response in the Measurements variable is 95%
likely to fall given a specified value in the Model Predictions
variable. This prediction interval can be used to estimate the
expected accuracy for future predicted aperture lengths from
themodel and themethod implemented to define this interval
is specified later in this section.

To test the significance of the regression, a parametric test
was performed, which results are summarised in Table 3.
According to the shown P-value, the regression is by conven-
tion extremely statistically significant, which means that it is
extremely unlikely that randomness alone could have been
the causal reason for the observed linear behaviour. There-
fore, the null hypothesis of random causality is rejected and,
in terms of regression, it is thus accepted that the variable

Fig. 8 Graph of the regression model

Table 3 ANOVA table of the regression model

Source DF SS MS F-value P-value

Regression 1 33.29 33.29 135512 <2e − 16 ∗ ∗∗
Residuals 306 0.08 0.00025

Model Predictions is of use in explaining the variability in
the variable Measurements.

In order to be confident on the results shown in Table 3, it
is necessary to analyse the parametric assumptions related to
the residuals, i.e., normality and homoscedasticity. Figure 9a
shows the scatter-plot of the standardised residuals and 9b
presents a histogram of the residuals. There is not an evident
or systematic pattern within the residuals, which implies that
the regression model fits the data properly. However, it is
evident from the histogram that the residuals are not normally
distributed, tending more towards zero in a so-called state of
thin-tails distribution. The appreciation about non-normality
was corroborated with Shapiro-Wilk and Anderson-Darling
normality tests, which resulted significant with P-values <

2.2e − 16 for both tests. Several transformations of the data
were implemented, namely (1/y), ln (y + 1), log10 (y + 1),√
y and arcsin; but none of the transformations could satisfy

the parametric assumptions for the residuals.
According to Reis et al. “thin-tail violations of normality

are generally benign” [28]. However, significant violations
of normality may affect the validity and precision of infer-
ences made from parametric tests of statistical hypothesis,
confidence intervals and prediction intervals. Therefore, it
was defined to analyse the results via non-parametric meth-
ods, i.e., Monte Carlo randomisation hypothesis test and
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(a) (b)

Fig. 9 Analysis of the regression residuals

Fig. 10 Monte Carlo test of hypothesis

Bootstrapping intervals, and to later compare them with the
previous parametric results shown in Table 3.

A non-parametric method, so-called Monte Carlo ran-
domisation, was implemented to test hypotheses regarding
the slope of the regression, as indicated by [15]. After
100,000 Monte Carlo simulations, the number of times that
a randomly simulated regression slope was equal or greater
than the observed slope of the model was 0. The previous
result implies, in accordance with the parametric results, that
the regression is extremely statistically significant with a P-
value tending to 0. Figure 10 illustrates the Monte Carlo
method implemented, where a histogram is shown of the sim-
ulated slopes calculated from every reshuffling of the data.
From this figure it is evident that the randomness effect is far
from reaching the slope obtained by the original regression.

Even though the significance of the regression is now evi-
dent, it is also of great interest to test if the slope of the
regression is statistically equivalent to 1, which is the value
expected from an ideal correspondence between a model’s
predictions and the respective measurements. To test this
hypothesis, it is necessary to analyse if the effect of random-
ness could have been the major cause of the delta between
the slope of the regression model and an ideal slope of 1,
which resulted in Δm = 0.0068. Within the Monte Carlo
simulations, 90324 was the number of times that a simulated
slope attained an equal or greater absolute delta from their
mean slope, as compared to Δm of the regression. There-
fore, the significance level for the regression’s Δm, from a
slope 1, corresponds to a high P-value = 0.90324. From the
previous result, it can be deduced that the slope achieved by

the regression model is statistically equivalent to 1, since it
is very likely that the delta from 1 could have been caused
mainly by randomness.

It is also of interest to test a similar hypothesis for the y
intercept to assess its delta from 0; ΔI . It was found that the
significance level for the regression’s ΔI , from a y intercept
of 0, corresponds to the P-value = 0.96171. As with the
slope, from the previous result it can be inferred that the y
intercept of the regression model is statistically equivalent to
0. Consequently, it can be assumed that the regression model
as a whole, is statistically equivalent to the ideal expected
model, where Y = X .

Considering that the regression proposes the linear model
for a population of data, but based only on a sample, con-
fidence intervals are a useful way of estimating the likely
ranges for the real linear parameters of the whole popula-
tion of possible data. Since residuals cannot be assumed to
be normally distributed, a non-parametric method, so-called
Bootstrapping [21], can be used to estimate such intervals
as well as prediction intervals. In fact, the 95 % Prediction
Interval for the estimated response variable, shown in Fig. 8,
was calculated through this method. The average ceiling for
this prediction interval was 0.03 higher than the estimated
response variable and the average floor of the interval was
0.041 below the estimated response variable. The previous
means that, if the current regression model is applied to new
data, it is expected that 95%of the times the real valueswould
fall in an interval than would at maximum underestimate the
PV area in a 3 % or overestimate it in a 4.1 %.

Through Bootstrapping it was also possible to calculate
that the real slope of the data is 95 % likely to be between
[0.987, 0.999] and similarly, that the real y intercept is 95 %
likely to be between [−0.00065, 0.00216]. Those narrow
confidence intervals imply favourable expectations in terms
of the accuracyof the regressionmodel, since even the bound-
aries of those intervals are still virtually identical to the ideal
values. Figure 11 shows the frequency distribution of the
Bootstrapping slopes with 11(a) and y intercepts with 11(b).
For the distribution of every statistic calculated, 100000
Bootstrapping reshuffling simulations were performed.

To analyse the implications of the accuracy of the vali-
dated model over the most important resulting calculations,
i.e., incident optical concentration C and effective optical
concentration Ce, a comparison was made between those
variables calculated from the model predictions against the
same variables but calculated directly from the experimental
measurements. On average, the model predictions resulted
in a C that is 0.56% less than the experimentally measured
value and in a Ce that is on average 0.31% greater than the
experimentally measured value.

Figure 12 presents, for all the tested V-trough set-ups, the
percentage errors between modelled and measured C , with
EC , and between modelled and measured Ce with ECe. The
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(a) (b)

Fig. 11 Bootstrapping confidence intervals for the slope and the y
intercept

Fig. 12 Percentage error between predicted andmeasured incident and
effective optical concentration

Fig. 13 Percentage error between predicted andmeasured incident and
effective optical concentration, in function of the Measurements

figure also shows the average percentage errors withECe and
EC.

Figure 13 explores the behaviour of EC and ECe plot-
ted against the Measurements proportional to the PV area.
Two linear regressions were performed, for EC with R (EC)

and for ECe with R (ECe), which lines and equations are
also shown in the figure. Both regressions show a tendency
towards higher proportional errors towards the smallestMea-
surements. This tendency makes intuitive sense because, if
the errors in aperture lengths behave altogether as homoge-
neous with random variations, they would be expected to
cause a smaller impact when affecting proportionally greater
Measurements, and vice versa.

Considering the results of the statistical analysis, in par-
ticular the behaviour of the residuals, it is reasonable to
support the hypothesis that most of the errors between the
model’s predictions and the measurements, however small,
correspond to random errors in the measurement process,
either due to the precision in detecting the optical events or
due to structural imprecision in the testing platform. Even so,
the results are statistically equivalent to the ideally expected
behaviour and the proposed geometrical model is considered
to have been satisfactorily corroborated.

5 Cost-effectiveness analysis

With the described analytical-numerical model, it is possi-
ble to calculate the average effective optical concentration
Ce, which is of great use to compare V-Trough alternatives
with equivalent mirror area. However, when comparing alter-
natives with considerable differences in the proportion of
the mirrors, Ce alone may lead to misleading design deci-
sions. For instance, an alternative may be able to double the
Ce of a PV absorber, but if it does so by triplicating the
cost of the device due to considerably big mirrors, then the
implementation of a V-Trough such as that one would not be
cost-effective.

Consequently, it is the intention of the authors to propose
a useful cost-effectiveness index ICOE for comparing V-
TroughPVdevices by contrasting the gain of incident energy,
due to the resultingCe , against the added cost due to the mir-
rors and extra supporting structure. It is worth noting that it
is not the intention of this work to offer an all-encompassing
index to take final decisions of cost-effectiveness, since that
would imply taking into account the interactions with diffuse
radiation and the losses due to temperature and non-uniform
illumination, among others. Moreover, the proposed index
does not take into account the tracking costs, since it focuses
onmanual tracking and other simple tracking actuationmeth-
ods, such as water dripping. However, the index of this work
may be useful to make broad first comparisons within the
limitations of themodel proposed andmay be complemented
with other factors in further work.

In order for the index ICOE to be more intuitive, it is
defined in proportion of a reference set-up, which consists in
a fixed PV absorber with no concentrating mirrors. This way,
if ICOE > 1, it may imply that the alternative being assessed
has a better cost-effectiveness than the reference. Conversely,
if ICOE < 1, it may imply that it is not worth employing
the V-Trough set-up being analysed, since it probably would
perform worse than a simpler fixed PV absorber with no
mirrors.

Equation 43 defines the proposed cost-effectiveness index
and specifies that it is in function of a given range of solar
elevations, going from a floor α f to an angular ceiling of αc.
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Accordingly, Ce and CeRef are also stated in function of the
same solar elevation range, and correspond respectively to the
average effective optical concentration of the V-Trough alter-
native being analysed and to the reference set-up described.
The index λ is described in Eq. 44 and can be interpreted
as the proportion of the area costs related to mirror surfaces
over the area costs related to the PV absorber.

ICOE(α f,αc) =
(

Ce(α f,αc)

CeRef (α f,αc)

)

∗
(

LPV

LPV + λ (LL + LR)

) (43)

Where

λ = COs + COm

COs + COpv
(44)

With COpv = Area cost
[
USD/m2

]
of the PV absorber,

COm =Area cost
[
USD/m2

]
of themirrors andCOs =Area

cost
[
USD/m2

]
of the supporting structures. These area cost

values may vary according to the country, the year and if
the implementation is either for residential or utility scale
matters. However, the authors suggest the following values
which may be useful as a reference.

Mirror COm and supporting structures COs area costs can
be taken from[29] as 13.33

[
USD/m2

]
and62.23

[
USD/m2

]
respectively. From [23] it was derived that the area cost of
a residential PV panel of 15% efficiency is approximately
600

[
USD/m2

]
. Therefore, a suggested λ that could be taken

as a reference would be λ = 0.114.

6 Integrated model implementation in four
different V-Trough set-ups

The most important results that can be calculated are the
average effective optical concentration Ce and the cost-
effectiveness index ICOE . However, one of the most impor-
tant features of the model proposed is that the intermediate
variables (interlinked in Fig. 1) used to calculate those
indexes were selected systematically to make intuitive sense
and describe the main interactions between beam radiation
and the V-Trough’s elements. These intermediate variables
can be analysed in detail in order to understand how the
geometrical input parameters affect the optical performance
for every solar elevation angle throughout the range being
analysed.

Four of the V-Trough set-ups used for the validation,
which parameters are defined in Table 2, were selected to be
explored in further detail in terms of their optical and cost-
effectiveness performance. Among them, D1 and D2 were

(a)

(b)

Fig. 14 Incident concentration and Effective concentration of 4 V-
Trough set-ups for the validation process

deliberately designed set-ups while S3 and S5 were defined
by a random algorithm.

Figure 14 shows the optical performance of the four
selected set-ups in terms of incident optical concentration
C , in 14a, and Effective optical concentration Ce, in 14b.
The figure illustrates the considerable differences that may
arise within each response variable due to the optical inter-
actions in function of the input parameters. Also, there are
evident differences, within each set-up, between the curves
of the C and Ce, which emerge by taking into account the
detailed optical interactions of the rays after being reflected
off themirrors. These differences underscore the need to take
into account those detailed interactions, since takingC as the
design concentration factor may result highly misleading by
assuming that every ray that reaches the device will then
reach the PV absorber.

D1 and D2 achieve soft curves for the C calculations. D1
has fixedmirrors with the same length as the PV absorber and
has a tracking strategy such that β starts at π/3 and moves
twice in a day following a 2-step strategy. The β tracking
parameters of D1 were defined to provide the most uniform
exposure to the sun with the limitation of only moving the
device twice a day. On the other hand, D2 moves only once
in a day in terms of its PV absorber, hence the two visible
peaks, but can individually rotate itsmirrors in function of the
solar elevation. D2 is the only set-up that achieves the same
curve with C and Ce, since the function which controls the
rotation of the mirrors ensures that every ray that reaches the
mirrors is reflected towards the PV absorber and because, for
the validation, the index of reflection was defined as ρ = 1.
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(a) (b)

(c) (d)

Fig. 15 Detailed performance of set-ups D1, D2, S3 and S5

For a more realistic simulation, set-ups D1, D2, S3 and S5
were modelled again with a reflection index taken from [29]
as ρ = 0.85, corresponding to anodized aluminium reflec-
tors, which affects the positive impact of the mirrors. Figure
15 presents the curves for the concentration incident to the
device C , the effective optical concentration Ce, and its con-
stituent elements CPVe, CLPV , CLRPV , CRPV and CRLPV .
The analysis on these curves provides much more informa-
tion than just comparing set-ups by the resulting Ce. For
instance, in Fig. 15(a) it can be inferred that the difference
between C and Ce in D1 arises due to the sunlight that is not
reflected by the mirrors and to the fact than not all the rays
that reach the mirrors are reflected towards the PV absorber
due to themisalignment caused by a tracking strategy of only
2 movements in a day. However, those few tracking move-
ments do benefit considerably the optical performance, as
opposed to a fixed device. The shadows casted from the mir-
rors only block rays from directly reaching the PV absorber
during approximately the initial and final 5◦ of solar elevation
for each of the three tracking stages.

Figure 15b can provide insight into the reasons why the
curvesC andCe ofD2 are identical, only varying proportion-
ally to ρ. First, it is evident that no shadows are being casted
over the PV absorber and thus, CPVe behaves the same as if
the PV absorber did not have adjacent mirrors. The effect of
themirrors inD2 is symmetrical, behaves linearly in function

of solar elevation and reaches the PV absorber after only one
bounce, as also happens in D1.

Figure 15c shows the effects of the randomly selected
tracking set-up for S3, in which β varies so frequently and
in such an angular step that it completes more than three
revolutions within a day, causing the concentration curves
to drop to 0 when the device is facing the floor between
revolutions. It is also possible to notice that sunlight reaches
the PV absorber after a second bounce, first off the right
mirror and then off the left mirror, in peaks around solar
elevations 10◦, 60◦ and 165◦. From Fig. 15d it can be seen
that the right mirror does not provide any benefit at all, while
the left one does reflect some of the rays that reach it towards
the PVabsorber but only up to a solar elevation of 48◦. TheCe

of set-up S5 is mostly provided by the sunlight that directly
reaches the PV absorber and this is a clear example of a
detrimental implementation of V-Trough mirrors, since the
negative effect of their shadows is greater than the benefit of
the rays being properly focused.

Table 4 presents a summary table of the optical and cost-
effectiveness performance, assessing a solar elevation range
of α [0◦, 180◦] and contrasting the results with ρ = 1 against
a more realistic modelling with ρ = 0.85. The sum of LL
and LR lengths are given as proportional to the PV length.

A way to assess the inner optical performance of a V-
Trough is to compare the C with the Ce. With a naive ρ = 1,
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Table 4 Summary table for D1, D2, S3 and S5

Set-Up (α [0◦, 180◦]) C Ce (ρ = 1) Ce (ρ = 0.85) LL+ LR ICOE (ρ = 1) ICOE (ρ = 0.85)

D1 1.731 1.516 1.43 2 1.950 1.839

D2 1.888 1.888 1.739 2 2.428 2.236

S3 0.551 0.303 0.287 1.6 0.405 0.383

S5 1.328 0.518 0.502 2.3 0.648 0.628

Ce represents the 87.6%, 100%, 55% and 39%of the incident
C for D1, D2, S3 and S5 respectively. Those same propor-
tions are then reduced, with a more realistic ρ = 0.85, to
82.6%, 92.1%, 52.1% and 37.8% respectively. Taking into
account the reflection index of the mirrors has a consider-
able impact over the cost-effectiveness index, and the impact
increases as the contributions of the mirrors are greater,
which is arguable from the fact that, when modelling with
the smaller ρ compared to the naive ρ, ICOE was reduced
by 5.7%, 7.9%, 5.4% and 3.1% respectively to D1, D2, S3
and S5. Accordingly, the ICOE of the set-up D2was the most
affected due to the variation inρ because it is the set-upwhich
benefits the most from the rays reflected from its mirrors.

Even though S5 has the highest mirror area, 15 % more
than D1 and D2, it performs considerably worse than D1 and
D2 and it even results in aCe of 18.2% less than the reference
when ρ = 1 and of 20.7 % less than the reference when
ρ = 0.85. The poor optical performance of S5, combined
with a large mirror area, is reflected in its low indexes of
cost-effectiveness. On the contrary, D2 presents the highest
performance in cost-effectiveness, with a ICOE of at least
21 % greater than any of the other set-ups.

7 Conclusions

The performed linear regression, comparing the geometrical
model’s predictions against corresponding measurements, is
statistically equivalent to an ideal model where Y = X , since
the significance level for the absolute difference between the
regression’s slope and 1 was P-value= 0.90324. Also sup-
porting this conclusion, the significance level for the absolute
difference between the regression’s y intercept and 0 was
an also high P-value= 0.96171. Moreover, the residuals
from the linear regression model did not show a systematic
behaviour. Considering those facts, the proposed geometrical
model concerning the effects of direct radiation is assumed
to be satisfactorily corroborated.

The proposed model can support a high V-trough design
flexibility, which can be argued from the up to 8 geometrical
input parameters (LPV , LL , LR, β, ψL , ψR, ρ and α) that
can be freely toggled by the user within the allowable ranges
andmay be defined as either static or in function of α to emu-

late different tracking methods. The parametric flexibility of
the model were also evidenced when an unbiased random
algorithm was used to define 6 V-Trough set-ups which were
corroborated as correctly constructed.

The hybrid analytical-numerical nature of the model, is
in accordance with the aim of an efficient model that is low
in computational demands, which in turns favours the level
of interactivity for a design exploration process. Even when
programmed in an average personal computer, the simula-
tions from the model are essentially in real time, with no
delay perceived between the parameter inputs and the given
results. Hence, it is possible for a user to rapidly iterate and
analyse in detail the optical performance consequences of
different set-ups. The flexible and efficient parametric nature
of the model allows for a user to interactively navigate a
space of V-Trough set-ups as possible solutions to a design
and engineering personalised problem.

When continuous tracking is not used with a solar V-
Trough device, the design concentration is not a reliable
indicator for overall optical performance and consequently,
the geometrical interactions between the device’s elements
and direct radiation should be taken into account, through-
out the day, according to the given geometrical and tracking
set-up. For instance, it was found that a V-Trough with two
mirrors of the same lengthmayhave adesign concentration of
2 incident suns, while only achieving 0.61 average effective
suns throughout a day, if the device is left fixed. Moreover,
even with perfect tracking, the design concentration factor
can be misleading if the mirrors do not have the optimum
angle and if the index of reflection is not taken into account.

As long as tracking is performed manually, or in a
passive and low-cost manner, the proposed index of cost-
effectiveness reasonably accounts for the relation between
the gain in harvested energy and the cost for added support
and mirror material. Nonetheless, since the level of track-
ing accuracy is not part of the cost considerations yet, a
design exploration guided by the proposed index could be
biased towards choosing perfect tracking, since it achieves
better cost-effectiveness and average effective concentration
indexes. For instance, among the set-ups that were analysed
in detail, D2 achieved the highest cost-effectiveness with
ICOE = 2.236. However, D2 implies that both mirrors move
independently and continuously, which may probably imply

123



272 Int J Interact Des Manuf (2016) 10:257–273

high tracking costs which are not considered in the proposed
index. On the other hand, D1 could result in a more cost-
effective and practical alternative, since it only implies two
tracking movements throughout the day and still achieves a
high ICOE = 1.839.

8 Further work

The presented model will be further complemented with
models of diffuse radiation, temperature losses and semicon-
ductor behaviour, enabling it to calculate the electric energy
output in a more realistic and comprehensive approach. Sim-
ilarly, it would be convenient to analytically take into account
a possible misalignment in a third dimension, which could
expand the flexibility of tracking parameters and lead to
more accurate modelling. Moreover, the proposed model is
planned to be implemented through optimisation and genetic
algorithms to further explore its potential for V-Trough
parameter definition. Even though the proposed model can
already lead to useful design insights with possible industrial
applications, this model is located in a wider research frame
which is still under development. More research exploration
and further broadening of the simulation scope are recom-
mended in order to extend and empower its applicability in
real-life design exercises.
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