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Abstract

This paper reports on the synthesis of different flight controllers for an X-Cell mini-helicopter. They are developed on
the basis of the most realistic mathematical model currently available. Two hybrid intelligent control systems, combining
computational intelligence methodologies with other control techniques, are investigated. For both systems, Mamdani-
type fuzzy controllers determine the set points for altitude/attitude control. These fuzzy controllers are designed using a
simple rule base. The first scheme consists of conventional SISO PID controllers for z-position and roll, pitch and yaw
angles. In the second scheme, two of the previous PID controllers are used for roll and pitch, and a linear regulator is
added to control altitude and yaw angle. These control schemes mimic the action of an expert pilot. The designed control-
lers are tested via simulations. It is shown that the designed controllers exhibit good performance for hover flight and con-
trol positioning at slow speed.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The research reported in this paper is a contribution to the overall objective of the Colibri project [19]: the
design and implementation of, and experimentation on, a control system for a mini-helicopter robot. The
Colibri project is one of the most important research projects under development in Colombia, South Amer-
ica. There already exist some publications on intelligent and hybrid intelligent control [5] for aircrafts and heli-
copters [4,10,13–15,18]. Digressing from this work, this paper proposes a new hybrid intelligent approach,
which combines fuzzy, PID and regulation control. The viability of this new approach is illustrated by its
application to a mini-helicopter robot.
0020-0255/$ - see front matter � 2006 Elsevier Inc. All rights reserved.
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Helicopter control requires first, guaranteed stability at different points, to hold the helicopter in a desired
trim state; and second, a method changing the helicopter velocity, position and orientation in order to track a
desired trajectory. In mini-helicopters, this is usually done through a remote control system by a human pilot.

The particular problem addressed in this paper concerns the synthesis of control structures to reproduce the
pilot action in its simplest form, by means of a fuzzy controller, which uses the minimum possible number of
rules. Thus, an altitude and attitude (roll, pitch, and yaw) controller, which achieves stable behavior for an
unmanned helicopter, must be designed. The flight control structures proposed in this paper use a nonlinear
multiple-input–multiple-output (MIMO) model of a real unmanned helicopter platform, the X-Cell, via
numerical simulations. The simulation model is implemented on the basis of the mathematical model pro-
posed in [3], which is the most realistic model currently available for this mini-helicopter.

The paper is organized as follows. Section 2 briefly introduces the mini-helicopter mathematical model. Sec-
tion 3 presents the general control structure. Section 4 discusses the development and performance of the first
hybrid intelligent control system, which combines fuzzy and PID control theory. Section 5 describes the design
of a linear regulator, which is added to the previous control system. Finally, Section 6 provides relevant
conclusions.

2. Mathematical model

The platform for research is an X-Cell mini-helicopter, which is shown in Fig. 1. This helicopter is part of
the Colibri project. The X-Cell mini-helicopter is a representative vehicle for modern research. It is highly
maneuverable as a result from its stiff rotor head, allowing the transmission of large control moments from
the rotor to the fuselage, a large thrust-to-weight ratio, and a fast rotor speed. This helicopter is equipped with
a powerful engine and an electronic governor to maintain a nearly constant rotor speed. Like most miniature
helicopters, it is also equipped with a stabilizer bar, which acts as a lagged attitude rate feedback, and is
designed to help the remote human pilot to control attitude dynamics. As part of the Colibri project, an
X-Cell helicopter is being instrumented to perform autonomous flight in real time.

The X-Cell mathematical model is based on [3]. This model has seventeen state variables. Among them,
several parameters must be estimated experimentally and others are measured directly. The model covers from
hover to about 20 m/s forward flight (low advance ratio 6 0.15). This permits to consider that thrust is per-
pendicular to the rotor disk.

2.1. Rigid-body equations of motion

The helicopter is a vehicle that is free to simultaneously rotate and translate in all six degrees of freedom
(DOF), which are: rolling, pitching, yawing, surging, swaying and heaving. The rigid-body dynamics of such
vehicles are described by the Newton–Euler equations of motion. There exist two reference frames which are
generally used to determine the motion of a helicopter: the body-fixed framework and the inertial framework.
The equations of motion with respect to the body-fixed reference frame are
Fig. 1. X-Cell mini-helicopter.
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m _tþ m x� tð Þ ¼ F ð1Þ
I _xþ x� Ixð Þ ¼M ð2Þ
where t ¼ ½ u v w �T is the vector of body velocities, x ¼ ½ p q r �T is the vector of angular rates,
F ¼ ½X Y Z �T is the vector of external forces acting on the vehicle’s center of gravity (c.g.),
M ¼ ½ L M N �T is the vector of external moments, m is the helicopter mass, and I is the inertial tensor.
The external forces and moments are produced by the main and tail rotors, the gravitational forces, and
the aerodynamic forces created by the fuselage and the tail surfaces. The strongest force is due to the main
rotor.

Three differential equations describing the helicopter translational motion (3) about its three body-fixed ref-
erence axes, with the origin at the vehicle’s center of gravity, are derived from (1), as follows:
_u ¼ vr � wq� g sin hþ X mr þ X fusð Þ=m

_v ¼ wp � ur þ g sin / cos hþ Y mr þ Y fus þ Y tr þ Y vfð Þ=m

_w ¼ uq� vp þ g cos / cos hþ Zmr þ Zfus þ Zhtð Þ=m

ð3Þ
where / is the roll angle, h is the pitch angle, and g is the gravity acceleration. Similarly, from Eq. (2), the
following three ordinary differential equations describing the helicopter rotational motion (4), are derived
(note that these equations do not depend on the reference frame):
_p ¼
Iyy � Izz
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ð4Þ
where L = Lmr + Lvf + Ltr, M = Mmr + Mht, and N = �Qe + Nvf + Ntr. The subscript refers to the compo-
nent generating the respective force or moment: main rotor (mr), tail rotor (tr), fuselage (fus), and the stabi-
lizers; vertical fin (vf) and horizontal tail (ht). Qe is the torque produced by the engine to counteract the
aerodynamic torque on the main rotor blades. For the above equations, we assumed that the fuselage center
of pressure coincides with the c.g.; therefore, the moments created by the fuselage aerodynamic forces are ne-
glected. See [3] for details about force and moment expressions.

The six previous first-order differential equations constitute the rigid-body equations. We can calculate the
inertial position (x,y,z) and the Euler angles (/,h,w) from them, using suitable transformations. Euler angles
give information about attitude.

Solving the following three differential equations provides the inertial position from body velocities:
_x

_y

_z

2
64
3
75 ¼ R

u

v

w

2
64

3
75 ð5Þ

R ¼
chcw s/shcw� c/sw c/shcwþ s/sw

chsw s/shswþ c/cw c/shsw� s/cw

�sh s/ch c/ch

2
64

3
75 ð6Þ
where R is the transformation from body-fixed to inertial reference frame, and ch and sh represent cosh and
sinh, respectively. The rotation matrix R has the following important properties:

• It can be described by the product of individual rotation matrices.
• It is an orthogonal matrix.
• Its determinant is unity.
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Finally, to determine the Euler angles from angular rates, we use the following transformation:
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2
64

3
75

p

q

r

2
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2.2. Extension of the rigid-body model

To improve the rigid-body model accuracy, higher-order effects are taken into account, which are coupled
to the rigid-body dynamics. These extensions are rotor dynamics, and engine-drive train and actuator dynam-
ics. The former are critical because on the X-Cell the main rotor, forces and moments largely dominate the
dynamic response. The coupled rotor and stabilizer bar equations are lumped into one first-order equation
of motion. This procedure is carried out for both lateral (b1) and longitudinal (a1) flapping angles, according
to the tip-path-plane rotor model [11]. The equations are expressed in the form
_b1 ¼ �p � b1

se

� 1

se

ob1

olv

v� vw

XR
þ Bdlat

se

dlat

_a1 ¼ �q� a1

se

� 1

se
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u� uw

XR
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� �
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se

dlon ð8Þ
where Bdlat
and Adlon

are effective steady-state lateral and longitudinal gains from the cyclic inputs to the main
rotor flapping angles; dlat and dlon are the lateral and longitudinal cyclic control inputs; uw, vw and ww are the
wind components along, respectively, X, Y and Z helicopter body axes; and se is the effective rotor time con-
stant for a rotor with a stabilizer bar. The partial derivatives are approximated by a set of functions that are
determined experimentally. See [3] for details.

The other inputs, dcol and dped, do not explicitly appear in any equation shown in this paper, but are used
for the computation of main and tail rotor thrust (Tmr and Ttr, respectively). This involves an iterative com-
putation of the thrust coefficients, which are included in the simulation model.

The rotor speed dynamics are also modeled, including an electronic governor, which regulates rotor speed
by changing the throttle. It is worth noting that the rotor speed is not constant; it is included in the dynamics
as proposed in [3].

Actuators are accurately modeled as third-order transfer functions for the collective and cyclic (lateral and
longitudinal) inputs. A second-order transfer function is used for the pedals input. No inflow dynamics are
necessary, because the settling time for the inflow is significantly faster than the rigid-body dynamics.

Eqs. (3), (4), (5), (7) and (8) constitute the mathematical model for the X-Cell. The rotational kinematic
equation (7) are calculated using quaternions (four differential equations). Therefore, fifteen state variables
are included in Eqs. (3), (4), (5), (7), (8). By adding one state for rotor speed and one state for the rotor speed
tracking error, the overall model has seventeen state variables. This mathematical model is implemented in
Matlab/Simulink, which is a trademark of The MathWorks Inc. For our simulations, the fuel consumption
is kept constant and the total mass (m) is assumed to decrease with time.
3. General control structure

Various types of control modes have already been tested for an unmanned helicopter [6,8,11,16]. Each con-
trol mode is named according to the states variables that are considered outputs. For example, to keep the
helicopter at a specific location, the position and heading (x,y,z,w) control mode is used. For a sensor failure,
such as the absence of position information from the global positioning system (GPS), altitude and attitude
(z,/,h,w) control mode is more desirable to stabilize the vehicle, since the on-board inertial navigation system
(INS) would still be able to provide altitude and attitude information. The set of outputs x, y, z, b, constitutes
the position and side slip angle mode. In particular, if the controller tries to keep slide slip angle, b, at values
near zero, the system is said to be operated in coordinated flight mode.
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The X-Cell helicopter is equipped with a remote control operated by a human pilot to maintain the desired
attitude. As with any VTOL vehicle, it is maneuvered by controlling its attitude angles. The objective of the
present paper is to substitute the action of a pilot for an on-board automatic control system, using an altitude/
attitude control mode strategy. Hence, we can move the helicopter to a specific location by tilting it ade-
quately, such that the rotor produces sufficiently large horizontal forces. The larger the pitch or roll angle,
the bigger the longitudinal, respectively lateral, propulsive force.

Fig. 2 shows the general control structure proposed. It consists of two control loops; the inner loop controls
the faster dynamics (altitude and attitude), whilst the outer loop controls the slower dynamics (lateral and lon-
gitudinal translation).

As can be seen in this diagram, four inputs are used as references for the desired tri-dimensional position
and yaw angle (xd,yd,zd,wd). The lateral/longitudinal control is carried by two Mamdani-type fuzzy control-
lers, and for the altitude/attitude control, the first scheme uses PID controllers, and the second one combines
PID and regulation control. According to the control technique used for the altitude/attitude controller, the
inner loop requires more or less variables for feedback. The PID controllers require only z, /, h and w,
whereas the linear regulator requires vz, p, q, r, a1 and b1.

The synthesis procedure is carried out sequentially. First, it is necessary to ensure attitude control, then
translational control. An altitude/attitude control mode allows the helicopter to be controlled almost as by
a human pilot. The helicopter attitude dynamics are conditionally stable, which means that a minimum
amount of attitude feedback is required for the system to be stable. However, excessive feedback will desta-
bilize the system [11].

4. Combining fuzzy and PID control

Based on the above main control objectives, we designed the altitude/attitude control using SISO PID con-
trollers. The lateral/longitudinal control is constituted by two Mamdani-type fuzzy controllers.

4.1. PID controllers

The scheme in Fig. 3 is composed of four independent PID controllers, one for each angle (/,h,w) and one
for altitude (z). The PID controllers present good performance for many real world applications [1], and to
control a helicopter, they are suitable for providing the minimum amount of feedback to stabilize the handled
variables. The maximum actuators ranges must be considered, in order to avoid saturation.

Tuning is difficult due to the strong coupling between the state variables. The four PID controllers have to
be tuned at the same time. Initially, introducing adequate proportional feedback in all the loops is sufficient to
stabilize the attitude angles and to force the z-position close to the desired value. At the beginning, it is impor-
tant to find suitable gains for the altitude and yaw controllers, while keeping small gains for the other two
controllers. Once a stable dynamics is achieved, the proportional gains have to be increased to reduce offset.
However, offset is only eliminated by including the integral part, with a small gain to avoid instability. It is
necessary to add a derivative part to improve stability and to increase the integral gains, and therefore, to
obtain a well-behaved performance for each variable. Finally, all the controllers have proportional, integral
and derivative components, whose gains are tuned by trial and error. It is worth noting that it is not easy
Fig. 2. General control structure.



Fig. 3. Detailed scheme for combining fuzzy and PID control.
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to obtain good results; we ensure them by fulfilling criteria such as setting time (<20 s), overshoot (<20%) and
steady-state error (<1%). Even so, the whole procedure is completely experimental.

Comment 1. Due to the very strong coupling effects, it not possible to use any of the well-known PID tuning
procedures. For this reason, we follow the experimental procedure explained in the previous paragraph.

The transfer function considered for each PID controller is as follows:
Table
Gain v

Altitud
Roll-P
Pitch-P
Yaw-P
CðsÞ
UðsÞ ¼ Kp þ

Ki

s
þ Kds ð9Þ
The selected gains used for each controller are shown in Table 1.

4.2. Lateral/longitudinal control

We use Mamdani-type fuzzy controllers to control x, y position. This type of controller has a heuristic nat-
ure [12,17], which reflects the experience of a human pilot.

A key issue in the design of the Mamdani-type fuzzy controllers is the trim conditions. A helicopter is said
to be at trim if all of the aerodynamic and gravitational forces, and aerodynamic moments acting on the heli-
copter about its center of gravity, are in balance. It is worth noting that the system trim conditions do not
depend on positions, velocities and yaw. A detailed explanation of the trim conditions calculation is presented
in [8]. Six values are obtained as trim conditions: dT

col, dT
ped, aT

1 , bT
1 , hT and /T. In our case, it is important to

know the last two conditions, because these values allow us to obtain lateral and longitudinal steady-state
positions.

To compute the trim condition, it is necessary to approximate the expressions for the total force and total
moment (given in [3]), without considering contribution of the stabilizers. This is possible because the contri-
bution of stabilizers on the total force and total moment is small. Moreover, an approximation of the rotor
1
alues for each PID controller

Kp Ki Kd

e-PID 3 0.2 0.6
ID 3 0.5 0.2
D 3 1 0.2
ID 10 1.5 10
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thrust is made for solving the trim condition. As a result of this computation, the attitude trim, in radians, is
/T = 0.074665 and hT = 0. The real attitude trim used in the simulations is /T = 0.07988 and hT = 0 in
radians.

Finally, two Mamdani controllers were designed to adequately determine roll and pitch angle reference val-
ues, according to the signs definition presented in Fig. 4. Both controllers were designed to be as simple as
possible.

1. Fuzzy representation: Fig. 5 displays the input membership functions for the Mamdani controllers. Three
membership functions were used for each input, corresponding to negative, zero or positive values of position
error and velocity.

Fig. 6 presents the output membership functions used for the Mamdani controllers. One membership func-
tion is used for each rule. The labels for each output membership function are from s1 to s9, representing the
possible values for pitch and roll, as shown in the horizontal axis of Fig. 6. For example, s1 represents the
biggest negative value, s9 the biggest positive value, and s5 is the membership function for zero output.

2. Mamdani rules for lateral position: Given a reference y-position, yd, this controller infers a desired roll
angle, /d, using y-position error, ey = y � yd, and velocity, vy. Both inputs to the lateral Mamdani controller
are in inertial reference frame. The nine rules used to compute the desired value for the desired roll angle are

If ey is Neg and vy is Neg, Then /d is s9

If ey is Zero and vy is Neg, Then /d is s8

If ey is Pos and vy is Neg, Then /d is s7

If ey is Neg and vy is Zero, Then /d is s6

If ey is Zero and vy is Zero, Then /d is s5

If ey is Pos and vy is Zero, Then /d is s4

If ey is Neg and vy is Pos, Then /d is s3

If ey is Zero and vy is Pos, Then /d is s2

If ey is Pos and vy is Pos, Then /d is s1

These rules are derived heuristically. The interpretation of the first rule is as follows: if the position error is
negative and its rate of change is also negative, (the helicopter is moving away from the desired position, which
is caused by a negative roll angle), then, a positive, relatively big roll angle is required, in order to slow down
the lateral motion, reverse the velocity and reduce the position error. All the other rules can be similarly
explained.

3. Mamdani rules for longitudinal position: Given a reference x-position, xd, this controller infers a desired
pitch angle, hd, using an x-position error, ex = x � xd, and a velocity, vx. Both inputs to the longitudinal Mam-
dani controller are in an inertial reference frame. The analogous nine rules used to compute the desired value
for the desired pitch angle are:
Fig. 4. Signs definition for the variables involved in lateral/longitudinal motion.



Fig. 5. Input membership functions used for each fuzzy controller.

Fig. 6. Output membership functions used for each fuzzy controller.
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If ex is Neg and vx is Neg, Then hd is s1

If ex is Zero and vx is Neg, Then hd is s2

If ex is Pos and vx is Neg, Then hd is s3

If ex is Neg and vx is Zero, Then hd is s4

If ex is Zero and vx is Zero, Then hd is s5

If ex is Pos and vx is Zero, Then hd is s6

If ex is Neg and vx is Pos, Then hd is s7

If ex is Zero and vx is Pos, Then hd is s8

If ex is Pos and vx is Pos, Then hd is s9
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These rules are derived heuristically. As an example, the interpretation of the first rule is as follows: if the
position error is negative and its rate of change is also negative, (the helicopter is moving away from the
desired position, which is caused by a positive pitch angle), then, a negative, relatively big pitch angle is
required in order to slow down the longitudinal motion, reverse the velocity and reduce the position error.
All the other rules can be similarly explained.

To illustrate the performance of one of these Mamdani-type fuzzy controller, the following response is cal-
culated by the longitudinal one: if the helicopter is positioned 3.5 m behind its x-reference, and the position
error is increasing with a velocity of 1.65 m/s, then the longitudinal controller infers that a -0.0588 rad pitch
angle is required to return the vehicle toward the desired position.

Comment 2. The Mamdani fuzzy approach is selected, instead of the Takagi–Sugeno approach, because: (a) it
allows for the inclusion of experimental knowledge for the controller synthesis, such as that from the flight of
the mini-helicopter by a human pilot, (b) it does not require a mathematical model of the mini-helicopter, and
(c) it deals with the aforementioned coupling effects. To apply the Takagi–Sugeno fuzzy approach to the whole
system is impractical because important nonlinear effects would not be considered, even using many local
linear models.
4.3. Simulation results

In this section, we discuss the performance of the control scheme that combines fuzzy and PID control. The
PID controllers’ performance is presented by tracking a square signal for each attitude angle independently.
First, it is illustrated how the overall control system is able to control the helicopter hovering at a desired x, y,
z position. Then, sinusoidal tracking is tested for the z-position, while x and y positions reach constant
references.

1. PID controllers performance: Figs. 7–9 depict roll, pitch and yaw attitude angles, respectively. In each
figure, the respective angle tracks a square signal, while the other two angles have zero as reference. Each fig-
ure shows how attitude angles are strongly coupled.

Further, Fig. 10 presents attitude angles, each one with zero reference. The system is subjected to a distur-
bance consisting of white noise, acting as wind disturbance on each body axis, incepted at 50 s, with a max-
imum wind velocity of 1 m/s. It has little effect over the attitude angles.
Fig. 7. Tracking a squared signal for roll angle.



Fig. 9. Tracking a squared signal for yaw angle.

Fig. 8. Tracking a squared signal for pitch angle.
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Finally, Fig. 11 shows the inertial position for the last attitude control condition, i.e., stabilization of atti-
tude angles. It is shown as the z-position is taken to a 20 m reference. Note that the x- and y-positions increase
fast.

2. Fuzzy control performance: Fig. 12 shows inertial position for the same previous condition, but now
including fuzzy control. The z-position reaches a 20 m reference, and the x- and y-positions return to zero after
a transient behavior.

Fig. 13 displays attitude angles for the previous 20 m z-reference, and the stabilization of x- and y-positions.
Observe that the roll angle, /, and the pitch angle, h, are practically maintained at their trim values 0.07988



Fig. 10. Stabilization of attitude angles.

Fig. 11. x and y-positions without control and tracking in z-position.
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and 0, respectively. Due to the constant condition of position and attitude angles, the helicopter is maintained
in hover flight.

3. Position tracking: Fig. 14 shows inertial position for constant tracking in x- and y-positions, and sinu-
soidal tracking in the z-position, with a good performance for the vertical (z) and longitudinal (x) movements.
The angular frequency of the signal tracked by z is 0.1 rad/s, and the x reference is �8 m. Because of the cou-
pling between collective input and lateral cyclic input, the y-position oscillates around the 5 m reference.

Fig. 15 presents attitude angles for the previous tracking condition. It is shown how roll and pitch angles
oscillate to maintain the constant position. The yaw angle oscillates due to the coupling between the collective
and pedals inputs.



Fig. 12. Stabilization of inertial position.

Fig. 13. Attitude angles to stabilization of positions.
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Fig. 16 portrays control inputs for the previous condition. The cyclic inputs move sinusoidally to maintain
the desired position, and also to react when the disturbance begins.

5. Combining fuzzy, PID and regulation control

Fig. 17 presents the detailed control scheme, in which fuzzy control, PID control and regulation theory are
combined. The altitude/attitude control is composed of a MIMO linear regulator and two SISO PID control-
lers. The lateral/longitudinal control is constituted by two fuzzy controllers.



Fig. 14. Signal tracking for all the three positions.

Fig. 15. Attitude angles to track references for all the three positions.
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For this control scheme, we used several modules that were designed for the previous control scheme: the
two Mamdani-type fuzzy controllers and the roll and pitch PID controllers. Thus, we only describe the reg-
ulator design.

5.1. Linear regulator

In linear regulator theory [2,9], the control goal is to obtain a stable closed-loop system and an asymptotic
tracking error, for every possible initial state, and every possible exogenous input in a prescribed family of



Fig. 16. Control inputs to track signals for all the three positions.

Fig. 17. Detailed scheme for combining fuzzy, PID and regulation control.
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functions of time. This latter requirement is also known as the property of ‘‘output regulation’’. Consider a
linear system
_xðtÞ ¼ AxðtÞ þ BuðtÞ þ PwðtÞ
_wðtÞ ¼ SwðtÞ
eðtÞ ¼ CxðtÞ þ QwðtÞ

ð10Þ
where x(t) is the internal state vector of the plant; u(t) is the control input vector; w(t) is the vector containing
external disturbances and/or references; and e(t) is the tracking error.

To solve this problem, the following hypotheses are assumed [2]:
(H1) the pair (A,B) is stabilizable.
(H2) the exosystem _wðtÞ ¼ SwðtÞ is antistable, i.e., all the eigenvalues of S have a nonnegative real part.
Assuming (H1) and (H2) are satisfied, the problem of output regulation via state feedback can be deter-

mined if, and only if, there exist matrices P and C, which solve the following linear matrix equations:
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PS ¼ APþ BCþ P

0 ¼ CPþ Q
ð11Þ
The necessary control law is given as u(t) = Kx(t) + (C + KP)w(t), with K any matrix, such that (A + BK) is
Hurwitz. Defining L = C + KP we have
uðtÞ ¼ KxðtÞ þ LwðtÞ ð12Þ
In order to linearize the model presented in Section 2 using Matlab, it is necessary to use an adaptive pro-
cess. Some assumptions have to be made, namely constant mass, constant rotor speed, and no dynamics for
the actuators. Also, the rotational kinematics of motion have to be implemented as (7), i. e., quaternions are
not used for linearization. Thus, the model to be linearized has fourteen states. We linearize it for hover flight.
The values for this operation point are: u = 0; v = 0; w = 0; p = 0; q = 0; r = 0; / = 0.07988; h = 0; w = 0;
x = 0; y = 0; z = 20; a1 = 0; b1 = 0.007667; dcol = 0.6083; dlon = 0; dlat = 0.01902; dped = 0.4247.

The resultant linear system is _�x ¼ A�xþ B�u, where �x 2 R14 , �u 2 R4, A 2 R14·14 and B 2 R14·4. This system is
controllable, and it has a special characteristic: it is always the same for any x, y, z position. This enables the
system to achieve trajectory tracking for altitude, without the necessity of a linear controllers combination,
which is required for the Takagi–Sugeno fuzzy approach.

In spite of the system being controllable, it is not possible to design a regulator for the complete system,
due to the fact that the Francis equation (11) do not have suitable solutions either for /, h, w, and z,
or for x, y, z, and w. Moreover, a regulator for /, h, w, and z cannot maintain a desired position. This
is only achieved by changing / and h in a suitable way. Hence, we design a regulator for a reduced linear
system
dx
_

dt
¼ Ar x

_þBr u
_þP kn y

_ ¼ Cr x
_ ð13Þ
with x
_ ¼ w r w z½ �T, u

_ ¼ dcol dped½ �T, y
_ ¼ w z½ �T and
Ar ¼

�0:7985 0 0 0

0 �0:8290 0 0

0 0:9986 0 0

0:9986 0 0 0

2
66664

3
77775

Br ¼

�21:0812 0

0 43:5170

0 0

0 0

2
66664

3
77775; Cr ¼

0 0 1 0

0 0 0 1

" #
ð14Þ
where Pkn is the disturbance vector due to the state variables, which are not considered in the reduced system.
The elements of Pkn can be considered as known disturbances, but only the first two disturbances fulfill the
matching condition. However, the whole disturbance vector has a small contribution to the dynamic, and
it is neglected.

For the linear system (13), we obtain a good performance with the following eigenvalues placement [7]:
½ �0:5 �12 �10 �1 �
We propose to track a sinusoidal signal for altitude and a zero reference for yaw angle. The sinusoidal sig-
nal is defined as
frefðtÞ ¼ P const þ P am sinðatÞ ð15Þ
where Pconst is the signal offset, Pam is the signal amplitude, and a is the angular frequency in rad/s.
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In order to generate fref(t), we use the following dynamic system (exosystem):
_~w1

_~w2

_~w3

2
64

3
75 ¼

0 0 0

0 0 a

0 �a 0

2
64

3
75 �

~w1

~w2

~w3

2
64

3
75 ð16Þ
with ~w1ð0Þ ~w2ð0Þ ~w3ð0Þ½ �T ¼ 1 0 1½ �T.

Thus, fref(t) can be expressed as a linear combination of the state variables of the system (16)
frefðtÞ ¼ P const ~w1 þ P am ~w2
The resultant matrices for the regulator with Pconst = 20, Pam = 0 are
P ¼

0

0

0

20

2
6664

3
7775; C ¼

0

0

� �
The resultant matrices for the regulator with Pcte = 20, Pam = 15 and a = 0.1 are
P ¼

0 0 �1:504815409

0 0 0

0 0 0

10 20 0

2
6664

3
7775; C ¼ 0 �0:7138186675E�2 0:5699842060E�2

0 0 0

" #
5.2. Simulation results

In this section, we discuss the performance for the overall control system for the case when the helicopter is
forced to hover at a desired x, y, z position. In addition, sinusoidal tracking is achieved for the z-position,
while x- and y-positions reach constant references. Finally, a challenging test is performed by positioning
the helicopter at equidistant points, which form a square in the x–y plane. All the simulations are tested on
Fig. 18. Constant tracking for position.
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the full mathematical model, which has decreasing mass, and non-constant rotor speed and dynamic for the
actuators.

1. Hover flight: Fig. 18 shows inertial position for Pcte = 20 and Pam = 0. The z-position reaches a 20 m ref-
erence, and the x- and y-positions return to zero after a transient.

Fig. 19 displays attitude angles for the previous 20 m z-reference, and stabilization of x- and y-positions;
roll angle, /, and pitch angle, h, are practically maintained on their trim values 0.07988 and 0, respectively.
In this simulation, the system is subjected to white noise, which acts as a wind disturbance on each body axis.,
This disturbance is introduced at 100 s, with a maximum value velocity of 1 m/s, and has little effect over the
attitude angles.
Fig. 19. Attitude angles to stabilization of positions.

Fig. 20. Control inputs to stabilization of positions.
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The helicopter reaches a steady condition for position and attitude angles, thus it is maintained in hover
flight. Fig. 20 presents the control inputs to stabilize the three-dimensional position.

2. Tracking for altitude: Fig. 21 shows the inertial position for constant tracking in x- and y-positions, and
sinusoidal tracking in z-position. We have Pcte = 20, Pam = 15 and a = 0.1. The x-reference is �8 m and y-
position has a 5 m constant reference. The controller has a good performance for the vertical (z) and longi-
tudinal (x) movements. However, due to the coupling between collective input and lateral cyclic input, the
y-position oscillates around its reference.
Fig. 21. Signal tracking for all the three positions.

Fig. 22. Attitude angles to track signals in all the three positions.
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Fig. 22 portrays attitude angles for the previous tracking condition. It is shown how roll and pitch angles
oscillate to maintain the constant position. The yaw angle oscillates due to the coupling between the collective
and pedals inputs.

Fig. 23 presents the control inputs for the previous condition. Each input follows a sinusoidal signal to
maintain the desired position, and also to react when the disturbance begins, at 100 s. As we mentioned above,
the control scheme is tested using the whole mathematical model, which considers non-constant rotor speed;
thus, rotor speed dynamic is displayed in Fig. 24 together with its input command (throttle command).
Fig. 23. Control inputs to track signals in all the three positions.

Fig. 24. Rotor speed and throttle command for tracking in altitude.



Fig. 25. Squared trajectory for motion on the x–y plane.

2018 E.N. Sanchez et al. / Information Sciences 177 (2007) 1999–2022
3. Positioning in x–y plane: This last test consists of positioning the helicopter at equidistant points on the
x–y plane, which form a square, with vertices at (10, 10), (�10,10), (�10,�10) and (10,�10). Fig. 25 displays
this trajectory, which begins at (0,0). The altitude reaches a 5 m constant reference. We incepted a wind dis-
turbance at 100 s. The dynamic for each position is slow; however, the helicopter always reaches the desired
three-dimensional position.

Fig. 26 portrays the attitude angles required to reach the previous dynamic for the three-dimensional posi-
tion. As shown, yaw angle is maintained close to zero, but it is slightly influenced by other dynamics, mainly
due to the coupling between lateral input command and yaw angle. The four input commands applied to reach
the desired positions are presented in Fig. 27.

Comment 3. The simulation results of this section show the well-behaved performance for the overall control
system, even though the design procedure, decreasing mass, decreasing inertial moments, non-constant rotor
speed and actuators’ dynamics, are not considered.

Comment 4. Comparing the two control schemes proposed in this work, it can be concluded that the second
(fuzzy-PID-regulation) improves the altitude tracking for a sinusoidal signal. Table 2 presents the correspond-
ing values of the mean squared tracking error for both control schemes and for each controlled variable.



Fig. 27. Control inputs to reach squared trajectory on the x–y plane.

Fig. 26. Attitude angles to reach the squared trajectory on the x–y plane.

Table 2
Mean squared tracking errors

Fuzzy-PID Fuzzy-PID-regulation

Yaw angle 0.0360 0.0217
Altitude 4.8045 4.8819
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Fig. 29. z-Tracking error for fuzzy-PID-regulation control scheme.

Fig. 28. z-Tracking error for fuzzy-PID control scheme.
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Table 2 reveals that the fuzzy-PID-regulation scheme reduces the mean squared tracking error for the yaw
angle, in comparison with the scheme obtained for the fuzzy-PID scheme. For altitude, the errors are similar.
Figs. 28 and 29 display the z-tracking error for each scheme. They show that the fuzzy-PID-regulation con-
troller performs better. The tracking error is practically eliminated, and the transient response is smaller than
that of the fuzzy-PID scheme.

Comment 5. An extensive comparative analysis of our proposed control scheme with similar previously
published works is not possible, due to the fact that there are very few publications presenting results
regarding the tracking of time varying references for altitude. As far as we know, only [6] presents altitude
trajectory tracking via simulation. Comparing our results with those of [6], the second scheme we propose is
able to eliminate the altitude tracking error. Additionally, the fuzzy controllers in [6] are more complicated,
since they use 25 rules, instead of the nine rules required by our schemes.
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Comment 6. Finally, it is emphasized that the originality of this work is the development of simple and effi-
cient control systems for a X-Cell mini-helicopter at slow velocity, using the more complex mathematical
model currently known for this mini-helicopter. Simplicity is achieved with only four SISO PID controllers
and two Mamdani controllers, which use only nine fuzzy rules – the minimum required quantity. Thus, the
first proposed control scheme is the simplest control system for a mini-helicopter. Furthermore, an original
idea presented in this work is the use of a reduced linear regulator – the second proposed control scheme –
which controls only some dynamics of the system without decoupling. This is avoided with the use of
Mamdani fuzzy-type controllers on the outer loop. This control scheme allows for the development of altitude
tracking, using only one reduced linear model.
6. Conclusions

This paper outlines the design of hybrid intelligent control systems for a particular plant: the X-Cell mini-
helicopter. The hybrid intelligent control systems are a combination of different control techniques, such as
fuzzy logic, PID and regulation.

The general control scheme has an inner loop with an altitude/attitude control mode, and an outer loop,
which controls translational motion. For both control systems the translational motion is controlled by two
Mamdani fuzzy controllers. First, the fuzzy controllers are combined with PID controllers, to obtain an effi-
cient system to stabilize the helicopter. Then, the fuzzy controllers are combined with PID and linear regulator
controllers, which improves the performance for tracking signals in altitude without the necessity of the Tak-
agi–Sugeno methodology.

Both hybrid intelligent control systems proposed in this work present good performance for hovering, posi-
tioning, and forward flight at slow velocities. Each system shows its effectiveness, via simulation, over the most
realistic mathematical model currently used for a mini-helicopter. Moreover, both control systems offer the
advantage of rapid implementation. As a part of the Colibri project, these systems are going to be imple-
mented in real time.

In future work, we propose to deal with the coupling between dynamics, incorporating a velocity control
system, and adding a fuzzy controller to compensate for the effect of changing yaw angle, which is kept equal
to zero in this work.
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