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Abstract Kinematic structure of planar mechanisms
addresses the study of attributes determined exclu-
sively by the joining pattern among the links forming a
mechanism. The system group classification is central
to the kinematic structure and consists of determining
a sequence of kinematically and statically indepen-
dent-simple chains which represent a modular basis
for the kinematics and force analysis of the mecha-
nism. This article presents a novel graph-based
algorithm for structural analysis of planar mechanisms
with closed-loop kinematic structure which determi-
nes a sequence of modules (Assur groups) represent-
ing the topology of the mechanism. The computational
complexity analysis and proof of correctness of the
implemented algorithm are provided. A case study is
presented to illustrate the results of the devised
method.
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1 Introduction

Modular kinematics and force analysis of mechanisms
are reported to be computationally efficient and
adaptable since they allow to define in advance a
library of modules that are combined and reused to
model wide families of mechanisms [10, 17].
Although modular analysis has been present in the
literature for several decades, interest on these kine-
matics [7-9, 12-14, 25, 26] and dynamic analysis
methods [6, 10, 23, 24] remains. Recently, modular
kinematic analyses have been extended to the calcu-
lation of Jacobian matrices and quality indexes [4, 5].
Similar to the analysis, synthesis of mechanisms
which addresses topological variations often imple-
ments modular approaches [8, 16, 17] that allow to
rebuild immediately the kinematic structure of the
model, therefore, ensuring the continuity of the design
process [18, 24]. In this sense, modules (e.g. Assur
groups) are building blocks or structural genes of
complex systems (e.g. mechanisms) [19]. Modular
analysis and synthesis are not limited to the planar
case, e.g. references [ 18, 22] extend the modules to the
spatial case, specifically for the synthesis of spatial
mechanisms with a prescribed degree of freedom.
The system group classification is central to struc-
tural analysis and synthesis methods [17, 18, 20, 21,
24]. It consists of the determination of the modules
that form a planar mechanism and the sequence in
which those modules are connected. The categories of
modules considered for this work correspond to the
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classical concept [2, 7, 20]: any mechanism can be
disaggregated into independent chains: a set of
kinematic chains, called primary elements group,
whose number of Degrees Of Freedom (DOF) equals
the DOF of the whole mechanism, and another set of
kinematic chains whose DOF is null, known as Assur
groups. In this way, any mechanism can be considered
as formed by a primary (driving) elements group and
one or several Assur groups. In the following, only
planar groups with 1 DOF pairs will be considered.

Definition 1 Driving-elements group is formed by
the fixed and the input links, and it represents the
generalized coordinates of the system.

Definition 2 Assur group, which is defined by [1, 2,
4, 7] as a planar kinematic chain composed of n = 2k
links and j = 3k joints, satisfying these axioms:

(a) each joint has mobility equal to one,

(b) there are r external joints that connect the group
to an external kinematic chain with mobility M,

(c) the mobility of the expanded kinematic chain
(external kinematic chain plus Assur group)
remains M, and

(d) it is not possible to disaggregate the kinematic
chain into simpler chains so that each chain
fulfills the same requirements.

The kinematic structure is determined by the
topology of the mechanism and its input-motion
scheme. Determination of the system group classifi-
cation of a mechanism lies in the kinematic (topolog-
ical), and in particular, in the structural analysis
domain. Traditionally, the system group classification
has been determined by inspection. However, a
computer algorithmic approach is required, specially
when complex mechanisms are analyzed. References
[3,20, 21] present graph-based algorithms. References
[3, 20] use kinematic principles to map mechanisms to
graphs, while [21] is based on rigidity theory.

This article presents a graph-based kinematic for-
mulation of the system group classification (Assur
groups disaggregation) of planar mechanisms and its
computational implementation. Methodology is pre-
sented in Sect. 3, developing: a mechanism-to-graph
mapping (Sect. 3.1), structural analysis of planar
mechanisms (Sect. 3.2), goal of disaggregation of
planar mechanisms (Sect. 3.3), a graph-based algo-
rithm for the disaggregation of planar mechanisms into
Assur groups (Sect. 3.4), and a proof of correctness of
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the algorithm (Sect. 3.5). Section 4 presents the results
through a test example (Sect. 4.1) and describes the
implementation of the algorithm (Sect. 4.2). Finally,
conclusions and future work are presented (Sect. 5).

2 Literature review

Kinematic-structure analysis of mechanisms includes
mobility analysis, structural synthesis, isomorphism
detection, structural analysis, and application to the
creative design of products and systems [15].

Mruthyunjaya [15] presents a comprehensive study
of research on kinematic structure of mechanisms,
including analysis and synthesis. Structural analysis
deals with the enumeration of diverse mechanisms
derived from a kinematic chain and the characteriza-
tion of their freedom type depending on the input and
output motion scheme.

A category of structural analysis uses the classical
concept of kinematic structure developed by Leonid
Assurin 1914. An Assur group is a minimal kinematic
chain with zero mobility from which it is not possible
to obtain simpler kinematic chains with the same
mobility each (Sect. 1, Definition 2). Usually, a
mechanism can be designed as the successive joining
of a driving-elements group (formed by the fixed and
input links) and several Assur groups. The Assur
groups that form a mechanism and their sequencing
determine the kinematic structure of the mechanism.
Assur groups are statically determinate. Thus, they
represent a modular basis for the kinematics and force
analysis, and for the synthesis of mechanisms [23].

Although research on kinematic structure of mech-
anisms remains of interest, there is little literature
available on strategies (algorithms) for the system
group classification of mechanisms based on Assur-
group disaggregation.

Buskiewics [3] presents a graph-based combinato-
rial algorithm, in which the Assur groups forming a
planar mechanism are systematically identified. The
algorithm is based on the fact that the combinatorial
set of the internal loops of the graph representing a
mechanism includes the sequence of Assur groups that
form the mechanism. The algorithm is computation-
ally efficient since practical mechanisms usually
conduct to a small combinatorial set of internal loops.
However, their algorithm works under the condition
that the set of independent loops of the representing
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graph is given, which implies a combinatorial com-
putation itself. The complexity of the computation
could be reduced to polynomial time by using
algorithms to find minimum spanning trees (e.g.
Kruskal).

Saura et al. [20] present an algorithm for the
structural analysis of planar mechanisms which
includes lower and higher kinematic pairs. The
algorithm is based on the simple structural group
concept by Kolovsky et al. [11]. Structural groups are
kinematic chains whose number of independent inputs
equals its mobility. If a structural group cannot be
dissagregated into several structural groups, then it is
called simple. Assur groups are instances of simple
structural groups which have zero mobility. The
algorithm is inspired by a graph-analytic disaggrega-
tion procedure which advances from the fixed link to
the distal simple structural group in the structure. Each
step requires a combinatorial search of candidate
chains which are evaluated to fulfill the simple
structural group condition. The paper does not present
a formal proof of correctness nor a computational
complexity analysis.

Shai et al. [21] study Assur groups as graphs having
special properties from rigidity theory. The article
establishes the duality between planar mechanisms
and unstable isostatic frameworks. The authors devise
rigidity mathematical tools and apply them on kine-
matics and dynamics of mechanisms. They also
develop a combinatorial algorithm to disaggregate a
mechanism into Assur groups. The authors propose an
unusual mechanism-to-graph mapping, which repre-
sents kinematic pairs and links by vertices and edges,
respectively. This mapping allows direct application
of rigidity theory on the graph-based mechanism
analysis. However, the mapping only considers binary
links. Multi-joint links must be represented as a set of
connected binary links, even though no relative
motion is developed.

Our work presents an alternative to the determina-
tion of the system group classification of mechanisms.
A novel graph-based algorithm is designed in which
mechanisms are represented by graphs in a conven-
tional manner, resulting in the direct mapping of the
kinematic-structural properties to the graph represen-
tation. For this purpose, kinematic properties of planar
mechanisms and Assur groups are rigorously defined
in both domains: mechanisms and graphs. The algo-
rithm is based on the structural definition of Assur

groups. The disaggregation procedure advances from
the distal group to the fixed link in the structure.
Different from [20], assessment of the structural
characteristics of the disaggregated (candidate) chain
and the remaining chain is done in each step. A proof
of correctness and computational complexity analysis
are also provided. The algorithm is tailored for
kinematic chains formed exclusively by lower pairs.
However, in the case of mechanisms which include
higher pairs, it is possible to find an equivalent formed
by lower pairs exclusively.

3 Methodology
3.1 Mechanism-to-graph mapping

This section describes two representations (structural
and graph-based) of the kinematic structure of planar
mechanisms. For the sake of simplicity, the following
assumptions are made for both methods of
representation:

(a) Redundant constraints will be ignored.

(b) All joints are assumed to be binary. Multiple
joints will be replaced by a set of equivalent
binary joints.

(c) Two mechanical elements with no relative
motion between them will be represented as
one link.

(d) Each joint will be assumed to have one DOF
(lower pair). If a mechanism includes higher
pairs, then it is possible to find a kinematically
equivalent mechanism formed exclusively by
lower pairs as described in “Appendix 1”.

3.1.1 Structural representation of mechanisms

In a structural representation, each link of a mecha-
nism will be illustrated by a polygon whose vertices
represent the kinematic pairs. In this manner, a binary
link is represented by a line with two end vertices
standing for their kinematic pairs, a ternary link is
represented by a triangle with three vertices, a
quaternary link is represented by a quadrilateral with
four vertices (Fig. 1), and so on. Links will be
numbered, with fixed link receiving the number O.
Figure 2 shows the structural representation of a four-
bar mechanism.
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(a) (b) (c)

Fig. 1 Structural representation of links. a Binary link,
b ternary link, ¢ quaternary link

Fig. 2 Structural representation of a four-bar mechanism

3.1.2 Mapping function

Graph representation of mechanisms usually simpli-
fies the structural analysis through graph theory,
enabling systematic computer applications. For this
purpose, we define the mapping function g in (1) such
that it takes a kinematic chain K and returns a graph
G in the following manner:

g: K— G,

1
g<N’J):(V’E):<V(N)’E(J))7 W

where N is the set of links of the mechanism, J is the
set of joints of the mechanism, V is the set of
vertices of the graph, and FE is the set of edges of the
graph.

In graph representation, the vertices of the graph
denote the links of the mechanism and the edges
denote the joints. Particularly, a joint connecting links
u and v is represented by the edge e = (#,v). In such a
case, u and v are called the end points of e. The
correspondence between the graph vertices and their
respective links is straight forward.
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3.1.3 Graph representation of mechanisms

The edge connecting two vertices in graph represen-
tation corresponds to the pair that connects two links.
The degree of a vertex (number of edges incident with
that vertex) represents the classification of its corre-
sponding link. In this manner, we call a vertex of
degree two a binary vertex (representing a binary
link), a vertex of degree three a ternary vertex, and so
on. We also call the graph representing a mechanism
G = (V,E). The joints connecting the driving links
with the fixed link or other driving-elements are
represented by thicker edges. Figure 3 shows a
mechanism (Fig. 3a) and its graph representation
(Fig. 3b).

(3
—~ S
®) o)
o S Y

.V

(b)

Fig. 3 Mechanism consisting of 9 links and 13 joints together
with its graph representation. a Mechanism. b Graph represen-
tation of (a)
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3.2 Structural analysis of planar mechanism
3.2.1 Domain and range of mapping

The herein developed structural analysis concerns
those mechanisms that have a closed-loop kinematic
structure and their input links connected either to the
fixed or to another input link. According to this
assumption, a graph obtained after mapping such type
of mechanism, by the use of (1), presents the following
characteristics:

(a) It is a connected graph. This means that every
vertex in the graph is connected to every other
vertex by at least one path.

(b) Itis ablock. This is, the graph is connected and
has no cut points or bridges. A cut point is a
vertex whose removal results in an increase in
the number of components. In addition, a bridge
is an edge whose removal results in an increase
in the number of components. Bridges and
edges often arise when representing a mecha-
nism with excessive constraints in graph form.

(c) It has no parallel edges or slings as only binary
joints are accounted for and two links with no
relative motion between them are represented as
one link.

3.2.2 Degrees of freedom and independent loops
of a mechanism

The first concern in the study of a mechanism’s
kinematic structure is the DOF. For a graph G =
(E,V) which represents a mechanism M that meets
conditions stated in Sect. 3.1.2, the DOF W of a
mechanism can be written as (2):

W =3(lvV|-1) - 2|E], (2)

where W is the DOF of the mechanism, |V| is the
number of vertices, equivalent to the number of links
of the mechanism, and |E| is the number of edges,
equivalent to the kinematic pairs of the mechanism.

The term (|V| — 1) results from taking vertex zero
out the DOF count. In addition, it is possible to
determine the number of independent loops L in the
graph of a mechanism by considering the equation of
Euler (3):

L=E|—|V|+1. (3)

3.2.3 Structure analysis and Assur groups
disaggregation of planar mechanisms

Several methods focused on the analysis of planar
mechanisms rely on the study of their kinematic
structure, particularly, on their division into simple
parts or groups of elements called driving-elements
group and Assur groups.

The DOF of a mechanism can be written as:

W=W+0+0+---+0. (4)

According to (4), a mechanism can be divided into
separate parts or kinematic chains. The simple kine-
matic chain, whose DOF W is equal to the DOF of the
whole mechanism is denoted as the driving-elements
group. Those kinematic chains whose DOF is equal to
zero and which cannot be disaggregated into simpler
kinematic chains with the same property are denoted
as Assur groups, see Sect. 1, Definitions 1 and 2. In
this sense, a planar mechanism can be considered as
consisting of a driving-elements group and a number,
one or more, of Assur groups. We call a graph
representing an Assur group G4 = (V4,E4), where
G4 C G. The Assur groups forming a mechanism and
the order in which those groups are connected between
them determine a system group classification.

3.2.4 Driving-elements group

The driving-elements group consists of one fixed
element and one or more free elements called primary
elements. The primary elements are connected either
with the fixed element or with another primary
element and the DOF W of the mechanism is equal
to its number of primary elements. The graph that
represents a driving-elements group is called
Gp = (Vp,Ep), where Gp C G, and its characteristic
is that every vertex is connected with vertex zero by
one path. Table 1 shows different types of driving-
elements groups consisting of one and two primary
elements together with their graph representation.

3.2.5 Assur groups
The graph representing an Assur group G4 = (Va, E4)
is a connected graph and its DOF can be determined

based on (2). For this purpose, it is necessary to
consider that every element of the group is movable as
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Table 1 Primary-elements groups and their graph representa-
tion

Primary- Structural Graph
elements . .
representation representation
number
> 1
1
0
Q
oo
1 2
9 N
Q
0
2
2 1
0

a result of incorporation of the fixed element into the
driving-elements group. The relation between the
edges and vertices of a graph representing an Assur
group is given by (5) since the DOF of the Assur group
is zero with respect to the links that join to this group:

3[Va| = 2|E4| = 0. (5)

Both numbers |V,| and |E4| must be natural, thus, the
product 2|E,| will always be an even number. As a
result, the product 3|VA| must also be an even number
and, |V4| must be a multiple of 2 that can be
represented as |V, | = 2k. We call k the group class.
Substituting the value of |V, into (5) the following
relations (6) are obtained:

‘VA| = 2k7 |EA| = 3k7 (6)

where k is a natural number. In this manner, different
Assur groups are obtained by assigning different
values to k. Reference [16] presents a specific
algorithm for the synthesis of Assur groups. The
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Table 2 Different types of Assur groups

Structural

. Graph representation
representation P P

k|lel|lv|r| L | Le

simpler Assur group (see Table 2, for k = 1) consists
of two elements or vertices and three kinematic pairs
or edges. The edge connecting vertices 1 and 2 is
called inner. The edges that connect the group with
other Assur groups or the driving-elements group are
called external.

The class of an Assur group can be defined
according to the number k. In this manner, the Assur
group with two vertices (k = 1) will be called a group
of the first class; the group of four vertices (k = 2) will
be called a group of the second class; the group of six
vertices (k = 3) will be called a group of the third class
and so on. It is also common to define the order r of an
Assur group as the number of external edges of its
representing graph. It should be noted that two or more
Assur groups sharing the same class k may have a
different order r as it can be seen in Table 2. The
dashed vertices of the Assur groups graph represen-
tation do not belong to the Assur groups themselves,
but to those groups or driving-elements group they
might connect with.
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If the class k of an Assur group and its order r are
known, then the following information is obtained
from (3), (5) and (6):

|Va| = 2k, the number of vertices of the group,

|Es| = 3k, the number of edges of the group,

T, the number of external edges of the
group,

L=k+1, the number of independent loops,
and

L. =k+1—r, the number of closed loops.

3.3 Goal of disaggregation

The goal of disaggregation of the presented algo-
rithm is formally stated in this section. For this
purpose, the required graph operations are first
defined and implemented into a mathematical def-
inition of the Assur groups disaggregation of
mechanisms.

3.3.1 Graph operations

3.3.1.1 Mergevertices A couple of vertices v; and v;
of a graph G are said to be merged, if the vertices are
replaced with a new one, such that every edge incident
with v; or v;, or with both is incident with the new
vertex.

3.3.1.2 Graph union Let G, = (Vy,E;) and G, =
(V2, E,) be two sub-graphs of a graph G = (V, E). The
union of the sub-graphs G| and G,, G| U Gy, is another
sub-graph G3 = (V3, E3) such that V3 = V; UV, and
E3 = E; U E,. The following properties are applied to
the graph union operator U.

(a) Commutative property. This is, G} UGy =
G, UG,

(b) Left-associative property. This is, Gy U G, U
G; = ((G] U Gz) U G3).

3.3.1.3 Graph subtraction Let G4 = (Va,E4) be a
sub-graph of a graph G = (V, E). The subtraction of
the graphs G© G4 is another sub-graph Gz =
(Vg,Eg) such that Vg =V — V, is the set resulting
from deleting all the vertices V4 from V and Ep =
E — Ej is the set resulting from deleting all the edges
E, from E. The Left-associative property is applied to
the graph subtraction operator ©. This is,
G1©G6G; = ((G1©G) ©Gy).

3.3.2 Assur groups disaggregation of planar
mechanisms

Let G = (V,E) be the graph representing a planar
mechanism and Gp = (Vp, Ep) be the graph repre-
senting the driving-elements group. There exists a
sequence of Assur groups [Gai,Gaz, ..., Gan] such
that the result of joining the driving-elements group
Gp = (Vp, Ep) with the sequence of its Assur groups
is G. This sequence represents the kinematic structure
of the mechanism and it is the disaggregation into
Assur groups. It is expressed through the graph union
operation as shown in (7):

G:GDU{L”JGAi}; (7)

i=1

where n is the number of Assur groups present in the
mechanism. Note that the disaggregation into Assur
groups of a mechanism depends on the selection of its
driving-elements group. Furthermore, there are cases
in which the sequence is partial since two or more
groups share the same hierarchy in the system group
classification.

3.4 Algorithm for graph-based disaggregation
of mechanisms into Assur groups

The result of application of the Algorithm 1 to a graph
G = (E,V) meeting conditions described in Sect.
3.2.11s a sequence of kinematic chains that satisfies its
Assur groups disaggregation as it is described in Sect.
3.3.2.
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Algorithm 1 Disaggregation of planar mechanisms into Assur groups

Require: G = (V,E)
Gp = (Vp, Ep)
Ensure:

Assur_disaggregation = [G a1,G a2, ..

Graph representing the planar mechanism.
Sub-graph of G representing the primary-elements groups of G

., Gan]

Assur disaggregation is a sequence such that the

graphs G 4, are sub-graphs of G and G = Gp U {Jj, Gai}

1: % Merge each of the driving-elements group vertices (Vp) of G and vertex zero
2: G «— MergeVertices(G,Gp)
3: Assur_disaggregation «— | ]
4: % Let @ be the graph having only vertex zero and no edges
5: while G # @ do
6: % Search starts with Assur class 1
7 k1
8: Assur_gr_found < FALSE
9:  while k < W‘T_l and Not Assur_gr_found do
10: % Generate a set of sub-graphs of G candidates for being Assur groups of the class k
11: S « CandidatesForClass(G, k)
12: while S and Not Assur_gr_found do
13: G a « First(S)
14: if AssurCondition(G, G 4) then
15: Assur_gr_found — TRUE
16: % Update the disaggregation
17: Assur_disaggregation «— [Assur_disaggregation, G 4]
18: % Update graph G, the symbol & stands for graph subtraction
19: G—GoGa
20: else
21: % Remove G 4 from the set S
22: S—S—-—Ga
23: end if
24: end while
25: k—k+1

26: end while
27: end while

The statement S = CandidatesForClass(G, k) (Al-
gorithm 1, line 11) is a combinatorial function that
generates a set S containing all the sub-graphs of G that
have a number of vertices which is equal to 2k. Efficient
algorithms to find all the paths with a prescribed length
(e.g. 2k) are available. However, it is unusual to find
mechanisms with an elevated number of links (ver-
tices), then an algorithm with combinatorial complex-
ity results in an acceptable alternative. Computational
complexity of this function is estimated on Sect. 3.4.1.
The statement Condition = AssurCondition(G,Gyp)
(Algorithm 1, line 14) is a boolean function that
checks whether the graph G4 represents an Assur
group or not. Two conditions are verified:

(a) If G4 is connected and its number of edges |E,|
equals to 3k.
(b)) IfW(Ge Gy =0.

If conditions a and b are satisfied, then (4) and (5) are

verified and G4 represents a sub-graph (Assur group)
of the system group classification.
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3.4.1 Computational complexity of the algorithm

The number | V| of vertices of the graph G is a measure
of input size. Each of the inner loop statements 12-24,
including the conditional and looping statements,
requires a constant amount of time O(1). By the sum
rule, the combined computational complexity of this
group of statements is O(max(Oyy, ...,0x)) = O(1).

In the next steps, we assume the worst-case scenario
complexities. The number of iterations of the loop of
lines 12-24 is assumed to be |S|. By the product rule,
the time spent in this loop is O(|S| x 1) which is
O(]S]). S is the set of sub-graphs of G having a number
of vertices equal to 2k and its size |S| is given by (8):

(V[ =1
QON(|V] — 2k —

S| = 8
S i 8)
where the term (|V| — 1) corresponds to the number of
vertices of G when vertex zero is not included.
Regarding the loop of lines 9-26, statement 11
generates the set of sub-graphs of G having a number
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of vertices equal to 2k and therefore, it requires an
amount of time O(]S|). Statement 25 requires an
amount of time equal to O(1). Finally, statements 12—
24, corresponding to the inner loop, require an amount
of time O(|S]), as stated before. By the sum rule, the
combined computational complexity of this group of
statements is O(max(Oo, . . ., O2)) = O(|S|), which is
the total amount of time the loop takes for each
iteration. Hence, the number of operations of the loop
is given by (9):

30

V—

(V[ = 1)!
KI(|V] -2k —1)!

('V' »

- 2k

The computational complexity of the loop can be
bounded above by (10):

‘EV‘: ('Z'). (10)

k=0

42 WM\

~
Il

By the implementation of the binomial theorem of
Newton, it can be proved that the total amount of time
of the loop (lines 9-26), takes a time proportional to
the power of the number of vertices (|V|) of the graph
G [see (1D)]:

()= a

k=0

Let us consider the outer loop of lines 5-27. Each of
the statements 7, 8 takes an amount of time O(1), while
statements 9 - 26 take an amount of time O(2/V]) as
stated in (11). By the sum rule, the combined
computational complexity of this group of statements
is O(max(Os, . ..,0y7)) = O(2IV]).

The outer loop is executed a number of times equal
to the number of Assur groups present in the disag-
gregation of G. Since we are looking for the worst-case
computational complexity, we assumed a maximal
number of Assur groups forming G. This is, that all
groups are assumed to have class kK = 1 and therefore,
each having 2 vertices. According to this, for a total
number of free vertices equal to (]V| — 1), the total
number of Assur groups of the first class is
(V] — 1)/2. By the product rule, the time spend in
the outermost loop is 02!V x (|[V| —1)/2), so the

total operations number of the program is bounded by
o(|v2"h.

3.5 Proof of correctness

For the outermost loop between lines 5-27, the
invariant Inv that describes the state of the program
when iteration j starts is (12):

{inv: G; = (Vi, Ej) A 3([vj| = 1) =2[g},  (12)

Equation (12) means that the mechanism at the start of
iteration j is described by the graph G; and it has zero
DOF, or 3(|V;| —1) =2|E;|. The term (|V|—1)
results from taking vertex zero out of the count of
the DOF of G. The algorithm starts with a graph G
representing the mechanism in iteration 1 (G = Gy). In
each iteration, G; (j = 1, ...) becomes smaller because
an Assur group graph Gy; is subtracted from it until
eventually G; equals @, the empty graph. The algo-
rithm stops in a finite number of iterations. In each
iteration, G; satisfies the invariant /nv in (12). The
disaggregation [Gay,Gaz,...] of the original G has
been calculated.

Let Ga; = (Vaj, E4j) be the Assur group graph
identified in the j-th iteration of the inner loop
(Algorithm 1, line 12). Being G4; an Assur group, it
satisfies that 3|Vy;| = 2|E4;|. The algorithm then
subtracts G,; from G;j, resulting in the new graph
Gji1 = G; © Gyj (Algorithm 1, line 12). To prove that
the loop correctly maintains the invariant /nv, we must
show that the mechanism remaining after the subtrac-
tion, Gji, still has zero DOF (i.e. it satisfies
3(JVis1l = 1) = 2(|Ej+1]). The proof is in the
Egs. (13) to (15):

Vintl =IVil = Vol = Vil = [Visal + [Val, - (13)

\Ej1| =|Ej| — |Ea| = |Ejl = |Ej1] + |Eal,  (14)
3(1Vi| = 1) = 2|Ej| = 3|Vjy1| +3|Va| -3
= 2|Ej1| 4 2|Ea| = 3|Va| = 2|E4] (15)

= 3(|Via| = 1) = 2|Ejl,

therefore, reaching the invariant for iterationj + 1. We
have proved that each iteration j preserves the
invariant Inv of the loop.

Equations (13) and (14) reflect the fact that the size
of the graph G; decreases in each iteration by exactly
the size of the Assur group graph G; subtracted from
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G;. Equation (15) uses the fact that G; has zero DOF
(3(]Vj] — 1) = 2|E;|) and the decrement in size of sets
V; and E;. Equation (15) also uses the Assur character
of Gaj (3|Vaj| = 2|E4j|) to prove that the new graph
Giy1 has, again, zero DOF. The reader interested in
graph subtraction properties may wish to refer to Sect.
3.3.1.

It is clear that both inner loops are correct. In the
loop of statements 5-26, the  function
CandidatesForClass generates a set of Assur candi-
dates with class k. After that, if an Assur group is not
found, then the loop increases the value of the class by

one. Since k is upper bounded by the number (M%),

we guarantee that this loop is executed a finite number
of times. As for the loop of statements 12 - 24, the
functions First and AssurCondition carry out the
extraction and evaluation of each candidate in the set.
The loop ends when all candidates have been evalu-
ated or when a candidate graph meets the Assur group
condition.

4 Results
4.1 Test example

In this section, we use Algorithm 1 to determine a
system group classification (disaggregation into Assur
groups) of a 12-bar mechanism with one DOF. The
mechanism is also used in [3] as a test example of the
structural analysis of mechanisms. Figure 4 shows the
structural representation of the aforementioned mech-
anism, together with its representing graph
G=(V,E).

The notation S; represents the set S in the i-th
iteration of the loop in lines 9-26. The first step in
Algorithm 1 merges the driving-element group with
vertex zero. Figure 5 shows the result of this operation.
Now the algorithm starts searching for Assur groups
with class k equals to 1. At this point, the function
CandidatesForClass generates a set S; of candidates
G4 for being Assur groups, each having a number of
vertices |V,4| equal to 2. Table 3 summarizes the set S;.

The number of candidates of S; is given by
(|V|2]: 1) and is equal to 45. The last column of
Table 3 corresponds to the output of the function
AssurCondition after each candidate G4 is evaluated.

@ Springer

(b)

Fig. 4 12-bar planar mechanism presented in [3]. a Structural
representation. b Graph representation of (a)

The algorithm increases the value of the Assur class
by 1 and starts searching for Assur groups with class
k = 2, since none of the candidates in S; meets the
AssurCondition. The new set S, of Assur group
candidates is generated by the function
CandidatesForClass (see Table 4). Each of the candi-
dates in S, has a number of vertices equal to four. The
last candidate of the set S, (Table 4, candidate number
210), consisting of vertices 8, 9, 10 and 11 meets the
AssurCondition, and therefore it is an Assur group.

The Assur group found in line 15 is subtracted from
the graph G and the algorithm starts again searching
for Assur groups with class k = 1. The function
CandidatesForClass generates a new set S3 of Assur
group candidates. However, none of the candidates of
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(a)
3
11 0 )
9 4
8 7
(b)

Fig. 5 12-bar planar mechanism: Merge of the driving-
elements group with vertex zero. a Structural representation.
b Graph representation of (a)

S3 meets the AssurCondition and the Assur class value
increases by 1. Therefore, the algorithm searches
Assur groups with class k = 2.

A set Sy of Assur group candidates with class two is
generated by the function CandidatesForClass. In this
case, candidate number 15 presented in Table 5,
consisting of vertices 4, 5, 6 and 7, meets the
AssurCondition and it is subtracted from the graph G.

The procedure is iterated until all the Assur groups
are subtracted from G, which eventually becomes the
trivial graph @. Table 6 illustrates the progress of the
algorithm towards termination.

The output of the algorithm is a sequence consisting
of three Assur groups. The first two elements have
class k = 2 meanwhile the last one has class k = 1.
The disaggregation into Assur groups of this mecha-
nism is obtained through the graph union of such
groups starting from the last founded group and ending
with the first one.

4.2 Implementation

Implementation of Algorithm 1 is briefly described in
Sects. 4.2.1 to 4.2.3.

4.2.1 Inputs

The graph representing a mechanism is portrayed by
its adjacency matrix. For the sake of simplicity, the
input links are removed and the released links are
paired up with the fixed link before constructing the
matrix, e.g., the matrix (16) represents the mechanism
in Fig. 4 after the removal of the input link (Fig. 5).

4.2.2 Algorithm implementation

Adjacency matrix is treated by converting each
binary-pattern row to a decimal integer representation.
Candidate Assur group to be evaluated is also
represented by a binary pattern. Specifically, genera-
tion of candidate Assur group is performed by

Table 3 Assur groups disaggregation of a 12-bar mechanism: Set S| of Assur candidates with k = 1

Gy 11 10 9 8 7 6 5 4 3 2 A |Es|  AC®
0 0 0 0 0 0 0 0 1 1 2 4 F
0 0 0 0 0 0 0 0 2 5 F
3 0 0 0 0 0 0 0 1 1 0 2 5 F
45 1 1 0 0 0 0 0 0 0 0 2 4 F

* AssurCondition (AC)
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Table 4 Assur groups disaggregation of a 12-bar mechanism: Set S, of Assur candidates with k = 2

Ga 11 10 9 8 7 6 5 4 3 2 [Val |E4| AC
0 0 0 0 0 0 1 1 1 1 4 7 F
0 0 0 0 0 0 1 1 1 4 9 F
3 0 0 0 0 0 1 0 1 1 4 8 F
15 0 0 0 0 1 1 1 1 0 0 4 7 F
210 1 1 1 1 0 0 0 0 0 0 4 6 T
Table 5 Assur groups disaggregation of a 12-bar mechanism: Set Sy of Assur candidates with k = 2
Gy 7 6 5 4 3 2 [Val |Ea| AC
0 0 1 1 1 1 4 7 FALSE
0 1 0 1 1 4 9 FALSE
3 0 1 0 1 1 4 8 FALSE
15 1 1 1 1 0 0 4 6 TRUE

Table 6 Assur groups disaggregation of a 12-bar mechanism:
summary of the analysis by means of Algorithm 1

i | Structural representation Graph representation

@ Springer

implementing Algorithm 1, lines 5-27, beginning with
the Assur group class 1 (k= 1), evaluating the
combinatorial of links by bit shift operation on the
binary pattern, advancing sequentially to upper
classes, and bounded by the size of the adjacency
matrix. Once a candidate is corroborated to be an
Assur group, then the adjacency matrix is updated and
the candidate is stacked first in an Assur group
registry. The numbers of links and joints for a
particular class are automatically determined by (6).
This implementation requires neither databases, nor
tables of characteristic data for the candidate Assur
group. Our algorithm relies on the mathematical
relation of number of edges and vertices representing
a kinematic chain, using graph characteristics exclu-
sively. Graph operations described in Sect. 3.3.1 are
implemented by bitwise operations (and, or, not, shift,
complement).

4.2.3 Outputs

The output of the implementation is a stack (matrix)
which contains the binary registry of the Assur groups
forming the mechanism. 1 is used to represent a link.
The sequence of the rows corresponds to a sequence in
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which the groups are added to, theoretically, form the
mechanism. First row corresponds to the first Assur
group in the sequence and so on. Columns in the stack
correspond to columns in the adjacency matrix after
the removal of input links, e.g., matrix (17) represents
the output of the implementation using matrix (16) as
the input. A sequence of 3 Assur groups is obtained:
the first Assur group is class 1 formed by links 2 and 3,
the second is class 2 formed by links 4 - 6 - 7 and 8, and
the third is class 2 formed by links 8 - 9 - 10 and 11;
which correspond to the results described in the test
example 4.1.

Link 0

o © ®©® N U A WO
[l el e I I e N - = )
SO OO0 OO0 o0 oo O~ —~Ww
(=l el e e = == = N
SO OO0 O R, OO0 =~ O O oW
S OO = =, OO0 =~ O o o
O OO0 0O =m0 0O ==
OO - OO0 = 0O 0 0 O O
—_—_- 0 =, O 0O 0O 0O O O O

T
—__= O O = O O O = = O

11

Link
Sequence
¥ o 1 1 0 O 0O 0 O
2nd 00 0 1 1 1 1 0
3rd 0o 0 0 0 0 0 O

A=

—_
o

S O = O O O O o o o =

links. Since in actual mechanisms the number of links
is rarely numerous, then the execution stands for a
realistic solution.

Applying the algorithm to a graph not only
provides information about the Assur groups within
its representing mechanism, but also about the
sequence in which those groups are connected. This
is useful when attempting to perform a modular
approach for the kinematic and force analysis of the
mechanism.

Our implementation currently addresses joints
allowing 1 DOF. However, in the kinematics sense,

11
I
0
0
0
0
0 (16)
0
0
1
0
O_.
10 11
0 0 (17)
0 0

5 Conclusions and future work

A new graph-based algorithm for the disaggregation of
planar mechanisms into Assur groups has been
implemented. Unlike other procedures, neither previ-
ous data manipulation nor visual inspection is
required. In this manner, the algorithm can be
systematically applied to complex mechanisms. The
number of operations of the algorithm execution is
bounded by O(|V|2V]), where |V| is the number of

it is possible to express higher pairs in terms of a set of
lower pairs. Therefore, it is possible to use our
procedure to analyze multi-DOF joint planar
mechanisms.

Future work will address the application of the
proposed algorithm to planar mechanisms with float-
ing input links.
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Appendix: Kinematic structure of planar
mechanisms with higher pairs

Kinematic and structural analysis of planar mecha-
nisms can be done by replacing higher pairs with
lower pairs. Reference [1] establishes the following
condition that must be accomplished by the replace-
ment: the equivalent mechanism preserves: a. the
degree of freedom of the original one, and, b. the
relative movement of all links in the particular
position, e.g., the mechanism of Fig. 6a includes a

K

(b)

Fig. 6 Equivalence of a mechanisms with higher pair. a 1 DOF
mechanism with higher pair. b Instantly equivalent mechanism
of (a)

@ Springer

higher pair formed by 2 curves hh and kk. The
equivalent mechanism is constructed by tracing a
normal nn at the contact point C and determining the
curvature centers H and K of the corresponding
curves. The equivalent has four links, where the
higher pair was replaced by link 3, which forms lower
pairs in H and K, Fig. 6b. The degree of freedom is
preserved and the mechanism is exclusively formed
by lower pairs.

Once the equivalent mechanism is determined, then
it is possible to analyze the kinematic structure, for
example, representing the mechanism by a graph and
using Algorithm 1.
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