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Outline and contributions of the thesis 9

Recently, research in mathematical modeling has gained momentum due to
its wide-spread application in various disciplines of science. In this thesis, we
focus on mathematical epidemiology, particularly to treat uncertainty in the
parameters and the initial conditions of models through interval analysis theory
based on systems of differential equations (ODEs) that simulate the transmission
of vector-borne diseases. This thesis considers dengue transmission disease as a
case study.

In the formulation of ODES, it is relevant to examine the type of information
that can collect and clearly delimit the objective or the question to be answered
with these models. Based on this objective, we define the variables and param-
eters that are included in the model. The available information allows us to
define the approximate parameters ranges and the initial condition ranges that
make biological sense and answer the original question.

However, a major problem with this kind of application is dealing with
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the uncertainty present in the process of measuring and obtaining information
required to explain a real phenomenon. In particular, when we study the
transmission of dengue diseases, it is possible to identify diverse uncertainty
sources due to the inability to accurately and reliably measure all the quantities
involved in the formulation of the model. For instance, these impossibilities can
be (i) in measuring the transmission rates between humans and vectors; (i7) in
accurately measuring the size of the vector populations in each developmental
stage; (iii) in the measurement of vector mortality that only reflects mortality
from natural causes and not from external causes since the latter cannot be
simulated in the laboratory; and (iv) in measuring the recovery rate in humans.

On the other hand, according to the World Health Organization (WHO), there
has been an increase in the number of dengue cases reported worldwide in recent
years. This may be because the virus and the transmitting vectors have spread to
new regions. Moreover, due to the existing difficulty in diagnosing this disease,
it is possible that some cases are not classified correctly. Thus, the information
handled by official entities not reliable.

For all the reasons mentioned above, it is crucial to model appropriate the
uncertainty of both parameters and information without assuming additional hy-
potheses that cannot be verified. Moreover, it is necessary to validate and support
the models with disease-specific data to obtain more trustworthy conclusions.

In this thesis, we intend to make a formal treatment of the parameters and
initial conditions uncertainty of epidemiological mathematical models involved
in the framework of the theory of interval analysis [69, 52, 100] by always
maintaining the biological meaning of all values.

From the mathematical point of view, we will consider the initial value

problem (IVP) in ODEs given by

y(t)=f(t,9,0), Y(to) = vo, (1)
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where t € [to, 7], tf > ty, 6 € © is the p-dimensional vector of parameters, y is
the n-dimensional vector of state variables, and y is the n-dimensional vector of
initial conditions. Furthermore, © and x, are interval vectors that represent the
enclosures of the uncertainties of parameters and initial conditions, respectively.
The purpose here is to obtain mathematically and computationally guaranteed
enclosures for the vector of state variables p at all times, i.e. from ¢, to t,,, and
compare these enclosures with the behavior of real data.

It is possible to define both the direct and the inverse problem from Equa-
tion (1) and the interval experimental data vector X; = (X;,X;,...,X; ), with
1 <i < n, where n is the number of variables, and k denotes the number of mea-

surements at different times. When the vector field f in Equation (1) is nonlinear,

Epidemiological model
with uncertainty

Forward problem

Parameters and y(t) = f(t,y,0)
initial conditions y(to) = vo
t € [to, t f]

Inverse problem
min ¢(Yi(t5,6), Xis)

Reported cases

with uncertainty s.t.g(t) = f(t,y,0)
y(to) = Yo
b [f,[), tf]
Model fit to real Stability
data analysis

Figure 1 — Problem statement: Figure shows the input and output for the
forward and the inverse problem considered in this thesis, and the connection

between them.

the direct problem mainly consists of getting a numerical solution of this system.

To compute these solutions, it is necessary to define initial parameters and initial
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conditions considering the phenomenon’s features and obtain mathematically
reliable solutions. In this direction, a lot of work has been done for the case
in which the initial conditions are real closed intervals, and there exist several
available software packages to deal with this case. However, relatively little
work has been done on the case in which parameters are given by intervals [52].
Here, we use the validated solver VSPODE (Validating Solver for Parametric
ODEs) for parametric ODEs to obtain guaranteed enclosures on the solution
of Equation (1) when we consider parameters and initial conditions as intervals.
Deeper discussions on different methodologies, the main drawbacks such as
overestimation caused by the dependency problem and wrapping effect and how
they have been solved are mentioned in [72, 55, 74].

On the other hand, the inverse problem estimates the parameter’s values
that minimize the error between the data, and the model output as the actual
data always contain some amount of noise. Some common ways that noise may
arise are errors in digitizing information, measurement errors, and numerical
round-off errors.

One of the strategies to solve this problem is through the formulation of an
optimization problem, Equation (2), given by

min Pp(Y;i(t),0), X))
s.t.y=f(tv,0)
y(to,0) = o(0)

t € [to, tf]

where ¢ is the objective function that measure the error, 6 is a p-dimensional
parameter vector, Y;; = Y;(#;,0) and X;; are the solution of the ODEs and the
experimental data for the variable i at the time ¢}, respectively. Usually, ¢ is

considered as the /,-norm or Euclidian length to measure the fit. However, it
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is not the only measure that can be applied. An alternative error measure that
is better in many situations is the /;-norm, since it is less sensitive to outliers,
further discussion can be found in [4].

When parameters are real numbers, the optimization problem in Equation (2)
can be solved by applying local search algorithms as the steepest descent method,
the Gauss-Newton method, or the Levenberg-Marquard method. However, one
of the greatest drawbacks of these methods is the huge dependence on the initial
point. This makes it possible to fall into a local optimum easily. In particular, in
biological systems, there are many local optima. This means that global optimiza-
tion algorithms should be used to explore the parameter space but no assurance
can be given that a global minima has been found. Such global methods are
usually described using meta-heuristics. Some advantages of these methods are
that they do not require much information about the problem to be solved, and
it is not necessary to calculate derivatives of first or second order, which means
that they can be applied to discontinuous problems. Among the most used
meta-heuristics to solve Equation (2), are genetic algorithms, particle swarm
optimization, and simulated annealing, as in [21, 86, 95]. Interval arithmetic is
applied to obtain decision variables in a guaranteed way. In this context, inter-
val algorithms, such as the Interval Newton method and the interval gradient
method [39] allow obtaining verified solutions by exploiting the monotonicity
and convexity characteristics of the functions by evaluating the first and second-
order derivatives. In this way, it is possible to eliminate sub regions where it is
guaranteed that there are no solutions. The regions with possible solutions are
bisected to obtain narrower solutions, and the monotonicity and convexity crite-
ria are applied again. For the case in which a closed expression is not known for
the objective function, some authors have proposed to solve Equation (2) using
a numerical verified solver for the dynamical system with the values obtained

from solving the minimization problem. To define monotonicity and convexity
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criteria, the ODEs are augmented with their first and second-order sensitivity
equations [47].

In summary, this study was designed to incorporate uncertainty in parame-
ters and initial conditions of epidemiological models that simulate the transmis-
sion of vector-borne diseases through the application of interval analysis, where
the available information is not accurate and sufficient because of the character-
istics of these diseases. To this end, we will perform local sensitivity analysis and
structural identifiability analysis to select the parameters and initial conditions,
to which we will incorporate the uncertainty due to the lack of information and
due to lack of measurement precision.

Finally, it is important to mention that as part of the formulation of a suitable
mathematical model to simulate the transmission of vector-borne diseases, it
is important to (i) clarify the objective and question to answer with the model.
(ii) consider the available information to define initial biological ranges for
parameters and initial conditions. (iii) perform structural identifiability analysis
to select models that can produce uniqueness in the parameter estimation’
solution when we assume noise-free data. (iv) includes uncertainty in a coherent
way with the information, preferably without adding extra hypotheses. (v)
choose as much as possible the best set of parameters that solve the parameter
estimation problem, taking into account the biological interpretation of these
solutions.

Considering all the facts and approaches mentioned above, we expect to
increase these mathematical models’ reliability to comprehend these phenomena

better.
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Goals

Main goal

The main aim of this study is to formulate and solve an optimization model
based on interval analysis to handle the uncertainty present in the mathematical
modeling of infectious disease transmission with an application to dengue using

differential equations systems.

Specific goals

e Formulate the structure of the ODEs to understand the transmission of an

infectious disease with parameters defined in the real interval space IRP.

* Determine a strategy to solve numerically epidemiological models formu-
lated in the previous item where the parameters and initial conditions

might belong to IRP.

* Estimate each mathematical model’s parameters and compare them with
the expected biological values so that models have more biological mean-

ing.

* Identify the stability regions of the formulated models’ equilibrium points
to understand the transmission of infectious disease by constructing Lya-

punov’s functions depending on the parameters of the models mentioned.

Outline and contributions of the thesis

The following thesis is further divided into Chapter 1 that includes the necessary
background in epidemiological models and stability theory which will be further

used in Chapters 3 and 6. We will also present the basic concepts of interval
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analysis and the reasons to consider uncertainty in ODEs and how to incorporate
it here.

In Chapter 3, we introduce three different models that simulate dengue
transmission diseases. From the biological point of view, the main difference
among these models is how we represent the transitions in the vector population.
From the mathematical perspective, the main difference is the dimension of the
parameter space and the space of the state variables. Additionally, we present the
data used during this research, precisely the number of reported dengue cases
per epidemiological week, and the biological ranges of the model’s parameters
obtained from the results of experimental assays with vector populations.

The main goal of this chapter is to provide a criterion to decide which model
performs better considering the available information and the model structure.
To do so, we calculated the basic reproductive number (Ry) and performed the
structural identifiability analysis for each model. As the infected subsystem is
the same for the three models, then the corresponding R does not vary. More-
over, the elasticity results of R, show that the transmission rates, the recovery
rate, and the mortality rate in mosquitoes are the most relevant parameters in
producing secondary infections. On the other hand, we found that the vector
initial conditions and the parameters that describe the vector development are
not identifiable from the cumulative number of reported cases. The previous
facts make it possible to determine the uncertain parameters that will be further
used in the next chapter to simulate dengue transmission in Itagii and Neiva.
Chapter 4 presents the strategy used to solve the forward problem in Equa-
tion (1) when we consider some parameters and initial conditions to be real
closed intervals. This strategy is based on applying the Interval Taylor Series
(ITS) and the formulation of Taylor models that depend on parameters and initial
conditions. As usual, when a guaranteed solution is computed, the first phase of

the numerical algorithm verifies the solution’s existence and uniqueness. The
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second phase is in charge of computing a tighter enclosure for the solution. A
new Taylor polynomial is proposed to achieve this goal where the remainder is
not enclosed in an interval but a parallelepiped. This approach is implemented
in the VSPODE software, which is used in this study. Complete details of the
algorithm are given by the authors in [52].

This chapter’s main result is first to define the uncertain quantities (param-

eters and initial conditions) concerning the results of elasticity and structural
identifiability analysis. Second, to obtain mathematically and computationally
verified solutions for the model of seven variables that simulate dengue transmis-
sion disease. These solutions were computed for meaningful biological scenarios
as the presence of larger mosquito populations and admitting uncertainty in
relevant parameters that can not be measure accurately. Finally, we contrast the
results obtained with actual dengue case data for the Colombian cities of Itagiii
and Neiva. In this way, we have a broader picture, in which we consider the
worst and the best cases of the studied phenomenon.
Chapter 5 presents the algorithm used to solve the inverse problem described
in Equation (2) when the uncertainty in parameters is considered. Furthermore,
the definitions of strong and weak compatibility were adapted for ODEs to
introduce a qualitative measure of compatibility between the interval data and
the model’s output.

The main result of this chapter is the formulation of the new algorithm PISA
(Parameter Interval Search Algorithm) to estimate interval parameters. In the
algorithm’s formulation, we exploit the biological features of our case study to
eliminate the regions where reasonable solutions are not found. For instance,
considering the exponential growth at the outbreak’s beginning in each munic-
ipality, we assume the average number of infected secondary humans greater
or equal to one (Rg, > 1). This assumption agrees with the definition of an

epidemic outbreak for these cities. PISA applies this reasoning in F1 to eliminate
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regions without biological sense. Then, to define a monotonicity criterion, we
establish a set of directions in which the cumulative number of infected human
increase. These directions are determined by considering the results from the
elasticities of Ry. We proceed in this way since it was impossible to calculate the
enclosure for the gradient of the objective function for our case study without
increasing the system’s dimension. Under these considerations, PISA was suc-
cessfully applied to estimate the most sensitive interval-valued parameters for
Itagui and Neiva. Furthermore, we regard the stability results that allow us to
determine which equilibrium point emerges according to the value of Rj. Thus,
we can define the uncertainty level in initial conditions such that the model
trajectories tend to the same equilibrium. With this in mind, we compute the
compatibility measure to determine how much the estimated parameters and
the initial conditions explain additional noise in the data.
In Chapter 6, the strategy proposed by Parrilo in [84] to compute polynomial
Lyapunov’s function is presented. These results are classical in systems and
control theory but not well known in the community of mathematical epidemi-
ology. This approach is relatively new in solving a semidefinite optimization
problem. Moreover, there are already tools that allow computing these functions
automatically for fixed parameter values. Following this approach, we proved
the stability of both equilibrium points for the dengue transmission model of
seven state variables. Additionally, for the interval-valued parameters estimated
by PISA, we conclude that Model 3.3 has one unique globally stable equilibrium
point, the diseases-free point.

Conclusions and directions for further research are given in Section 6.5.

We list below the publications, conference abstracts and some manuscripts

that are in preparation:

* Lizarralde-Bejarano, Diana Paola, Arboleda-Sanchez, Sair, and Puerta-

Yepes, Maria Eugenia. Stability analysis of nonlinear systems using opti-
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mization techniques. International Conference on Applied Mathematics

and Informatics, ICAMI 2017. Conference, pp. 86.

* Catano-Lopez, Alexandra, Rojas-Diaz, Daniel, Laniado, Henry, Arboleda-
Sanchez, Sair, Puerta-Yepes, Maria Eugenia, and Lizarralde-Bejarano, Diana
Paola. An alternative model An alternative model to explain the vecto-
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Heliyon 5.10 (2019). DOI: 10.1016/j.heliyon.2019.e02577

* Lizarralde-Bejarano, Diana Paola, Rojas-Diaz, Daniel, Arboleda-Sanchez,
Sair, and Puerta-Yepes, Maria Eugenia. Sensitivity, uncertainty and iden-
tifiability analyses to define a dengue transmission model with real data
of an endemic municipality of Colombia. PLoS ONE 15.3 (2020). DOLI:
10.1371/journal.pone.0229668.

* Lizarralde-Bejarano, Diana Paola and Puerta-Yepes, Maria Eugenia. Ch. 4:
Canal endémico in: Modelos matematicos y estadisticos para el pronéstico
y entendimiento de enfermedades transmitidas por vectores, a partir de

datos reales. Caso de estudio para dengue en Colombia. Submitted, pp.

41-50.

* Lizarralde-Bejarano, Diana Paola and Puerta-Yepes, Maria Eugenia. Ch. 5:
Modelos matematicos basados en sistemas de ecuaciones diferenciales in:
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in Colombia considering interval uncertainty in parameters and initial
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1.1 Abstract

In this chapter, we cover the preliminary materials required in the development
of this thesis. in Section 1.2 we present a brief review of state-of-art epidemi-
ological models based on ODEs, the general characteristics of these models,
and how to calculate the Basic Reproductive Number. Then, we present our case
study (dengue transmission) and how we compute the interval ranges for model
parameters based on the results from experimental assays. A quick introduction
of interval arithmetic, interval-valued functions, and an explanation of two of
the principal reasons for the overestimation in interval arithmetic computations
are also mentioned in Section 1.3. Finally, we compiled some definitions and

results about stability theory in the Lyapunov sense.

1.2 Epidemiological models

Recently, there has been an increasing interest in understanding and identi-
fying the main factors involved in the transmission and spread of infectious
diseases through different strategies, such as as the formulation of models based
on Ordinary Differential Equations systems (ODEs), the construction of risk
maps considering external factors (social and environmental) [109, 101, 82], the
analysis of development features of vector population through experimental as-
says [87, 10], and the formulation of statistical models that consider information
from social media [59].

The focus of this chapter is on ODE models, which are formulated as Initial
Value Problems (IVPs). This approach provides a key instrument to understand,

explain, and determine when an outbreak of the disease occurs [42].
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1.2.1 State-of-art

One of the first applications of mathematical models to epidemiology was the
work carried out by Bernoulli in 1760 to explain the spread of smallpox. Later,
in 1906, Hammer established that the course of an epidemic depends on the rate
of contact between susceptible and infected individuals. This result is known
as the mass action law [11], and it is an assumption that has considered through
the years in the formulation of several compartmental models [93]. However,
it was not until 1911 when Ronald Ross deduced from a compartmental model
that to control the malaria transmission, it was sufficient to reduce the number
of infected mosquitoes below a threshold. A few years later, McDonald in his
work on malaria, named this threshold value basic reproductive number, Ry. The
Basic Reproductive Number (R() is defined as the expected number of new cases
of an infection produced by a typical infected individual in a wholly susceptible
population over the full course of the infectious period [11]. In mathematical
epidemiology, this number is one of the most important concepts since it is a
threshold parameter that helps us to determine if the disease dies out (Ry < 1) or
if the disease persists (R > 1).

In the Ross-McDonald model, the proportion of infected mosquitoes, x in-
creases when the proportion of susceptible females feed on the blood of an
infectious human, y, thereby becoming an infected mosquito with a transmis-
sion rate f3, that depends on (a) the mosquitoes biting rate per time unit, (b)
the probability of infection of a susceptible mosquito when biting an infected
human, and (c) the proportion of infected humans, y. The proportion of in-
fected mosquitoes decreases at rate i, where p is the natural mortality rate for
mosquitoes.

Similarly, the proportion of infected humans, y increases when a proportion

of infected females feed on the blood of a susceptible human, y, thereby be-
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coming an infected mosquito with a transmission rate «, that depends on (a)
the probability of infection of a susceptible human by infected mosquito biting,
and (b) the number of female mosquitoes per human. Finally, the proportion of
infected humans decreases at rate y, where y is the recovery rate for humans
(1/y is the duration of the recovery period).

The model based on these assumptions is given by the following system of

differential equations:

dx
= = Py(1—x)—px
dy (1.1)
Sy =ax(l-y)-yy
The threshold associated with this model is given by Ry = f/—z

Finally, in 1927 Kermack and McKendrick formulated a compartmental
model based on differential equations to explain the occurrence of an epi-
demic [46]. This model follows the simple rule input-output and considers
the size of the population constant during the epidemic. The total population
is divided in three compartments, Susceptible, S, Infected, I, and Recovered, R.

The model based on these assumptions is given by:

dS I

P

dl I

T _pBg_ 1.2
- =BS-vI (1.2)
dR

ar

where the basic reproductive number is R, = 5 These two models have estab-
lished the foundations in the formulation of new compartmental models for
understanding and studying the dynamics of different diseases such as smallpox,
measles, dengue, and HIV-AIDS to name a few [20, 2, 33]. As a result, in the
recent years, there has been an exponential growth in the formulation of several

epidemiological models to understand transmission, evaluate control strategies,



1.2. Epidemiological models 21

vaccination strategies, and spread of a particular disease [3, 93, 98, 44].

At this point, it is important to highlight that the formulation of models
depend on the specific questions to be answered. For example, a model that only
wants to understand the transmission of a certain disease can be different from a
model that helps to propose different strategies of control, and these, in turn,
will be different from a model that wants to analyze the spread of a disease from
one population to another.

For instance, the model introduced in [110] was proposed to describe the
transmission dynamic of Dengue virus, and the established control strategies
over mosquito’s population. Hence, the model included all developmental stages
of the vector (eggs, larvae, and pupae) which corresponds to the first three
equations. The following three equations corresponds to adult population of
mosquitoes (susceptible, exposed, and infected), and the last four corresponds
to human population (susceptible, exposed, infected and recovered). The param-
eters which represent control are ]4;, /,t;,, u,, which have to be interpreted as the
additional mortality rates produced in larvae, pupae and adult mosquitoes as a

consequence of application of chemical (larvicides, fumigations) in each stage of
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the vector.
d
aE ¢(1 _ Eéf))wm - (00 + HIE(1)
d
d_lt‘ = 0 E(t)— (o7 + py + )L (1)
dP ’
= 0L(0) = (0 + iy + ) P(8)
d
dW. I
d—tZ = ﬁw%WMt) = (Yw+ po + 1) Wa(t) (1.3)
d
8 =y Walt) (s + )W)
d W.
d_i:”h_[ﬁh Wi )
d
9 va;(f))sm = (i + pn)e(t)
% = ype(t) — (0 + u)i(t)
dr

i oni(t) — ppr(t)

In [81], it is shown that an endemic SIR model may be sufficient to simulate the
transmission of Dengue in some populations i.e. it is not always necessary to

consider explicitly mosquito population as in Model 1.4.

dH H

s P

dH H

d_tl = ﬁﬁIHS —(yu +pn)Hr (1.4)
dHpy

T yH —ppHg

In recent years, the dispersion and transmission of one disease from one place
to another have taken the strength of the formulation of meta-population mod-
els [5]. These consist of dividing the populations into several sub-populations,
leading to the formulation of a model for each sub-population taking into ac-

count the mobility of one group to the other. For example, in Model 1.5, two
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patches are considered; in each patch there is a population N; and N, re-
spectively. An epidemic SIR model was formulated for each patch, where the
parameters are different for each population, and the p;; is defined as the fraction
of the time that the individuals of the i patch are in the patch j. The details of

the model are described in [11].

L I
= B2p12S1 [Plz_ e l

L I,
- S 11—
=—pipP11 1[17 +P21 N,

L I, L I,
Il = B1p11 Sy lp11—+P21 ]+/32P1251 [P12—+P22 -yl
(1.5)

L I, L I
=—B1p2152 [P11—+P21 —B2p225> [P12—+P22 22]

, I I I
I, =B1p21S2 lPUN—ll +P21F22] +B2p22S2 [Plzﬁll +P22ﬁzzl -2l

Thus, depending on the question formulated, a model can be more complex
than others. This fact is reflected in the number of variables and the number of

parameters to estimate, as observed in Models 1.3 to 1.5.

1.2.2 General aspects of models

Epidemiological models considered in this research will be based on non-linear
ODEs, x(t) = f(x(t)), where f is a polynomial. The formulation of these compart-
mental models follows the same rules of the balance equations, “input minus
output”.

These compartments allow to split the populations into different states,
for example, susceptible, infected, and recovered in Model 1.2. Nevertheless,
the systems that will be analyzed in this work will have the same polynomial
structure. The vector field of these systems are polynomials up to degree two
or rational functions when populations change along the time. For instance,
in Model 1.3, if we consider N and W (t) constants in the time, we are in presence

of a polynomial system, but if N, and W(t) change in the time, then the vector
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field in Model 1.3 will not be polynomial.

Additionally, all interactions between several compartments follow the mass
action law which establishes that the number of infectious contacts for time unit
is directly proportional to the number of contacts between infectious (denoted
by I) and susceptible (denoted by S) individual. Mathematically, we can express

the mass action law as follows

# of infectious contacts = kS 1

where, k is the constant of proportionality that can be decomposed as the product
between the successful transmission probability of the virus from one infected
individual to a susceptible individual, and the number of contacts per individual.

In this case study, a suitable range or interval of values with biological
meaning for the state variables, parameters and initial conditions can be found
in our models since all of these quantities are bounded beforehand. Finally, it is
possible to define the basic reproductive number, R, for each model in terms of the
model parameters. Eventually, from the value of R it is possible to determine

the occurrence or non-occurrence of an outbreak.

1.2.3 Basic Reproductive Number

The Basic Reproductive Number (Ry), is defined as the expected number of new
cases of an infection produced by a typical infected individual in a wholly
susceptible population over the full course of the infectious period [11]. In
mathematical epidemiology, this number is one of the most important concepts,
since it is a threshold parameter that helps us to determine if the disease dies
out (Ry < 1) or if the disease persists (Ry > 1).

Several strategies have been proposed to calculate Ry. However, for a fixed

model, the R, values calculated with the different strategies may differ. This
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shows the difficulty in accurately calculating the number of secondary infections
within an entirely susceptible population [99]. Here, to compute R, we applied
the Next Generation Matrix (NGM) around the disease-free equilibrium point
following the strategy presented in [23]. We outline the strategy to calculate R

in the following steps.

1. Identify the ODE system that describes the production of new infections
and changes in state among infected individuals. The set of such equations

are hereafter referred to as the infected subsystem in this study.

2. Linearize the infected subsystem of nonlinear ODEs about the infection-
free steady state. A matrix can describe this linear system. Here, we refer

to this matrix as the Jacobian matrix of the infected system and we denote

it by J.

3. Rewrite the matrix J as T + X, where T is the transmission part, describing
the production of new infections, and ¥ is the transition part, describing

changes in state (including removal by death or the acquisition of immu-

nity).

4. Finally, we compute the dominant eigenvalue, or more precisely the spec-
tral radius p of the matrix K = ~TX"!. The matrix K is called the next-
generation matrix (NGM) and R, the dominant eigenvalue of this ma-

trix [22].

This approach provides the geometric mean of the number of infections per

generation [40].

1.2.4 Case study: Dengue transmission

Dengue is a viral disease transmitted by the bite of infected female Aedes

mosquito. There are four distinct closely related serotypes of the virus that
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cause dengue (DEN-1, DEN-2, DEN-3 and DEN-4). Dengue is present in trop-
ical and subtropical climates throughout the planet, especially in urban and
semi-urban areas. Symptoms appear between 3 or 14 days (average 4 — 7 days)
after an infective bite [79]. Aedes aegypti is the principal vector who transmits
Dengue virus. The transmission cycle begins with a human infected by any
serotype that was bitten by a female mosquito. After a period of incubation of
the virus that lasts between four and ten days, an infected mosquito can transmit
the pathogen throughout life. The symptomatic and asymptomatic persons are
the main carriers and multipliers of the virus [78]. After the first symptoms,
infected people can transmit the virus to mosquitoes for four or five days but no
more than twelve days.

The Aedes aegypti lives in urban habitats and reproduces mainly in artificial
containers. Unlike other mosquitoes, Aedes aegypti feeds during the day; the bites
intensify in the morning and in the evening, before it gets dark. In each feeding
period, the female mosquito can bite many people. The four serotypes of the
virus can circulate simultaneously in the same region [80]. Besides, the infection
by one of the four serotypes mentioned above generates a permanent immunity
to the human only for that serotypes and a temporary immunity for the other
ones. Consequently, during their life, a person can suffer all the serotypes of the
dengue virus.

In the study of the dengue transmission, different compartmental models
have been formulated. For instance, in [81] a sir model was formulated that
considered birth and mortality rate as equal. In this paper, the sir model was
used to simulate the epidemic of hemorrhagic dengue that occurred in Thailand
between January 1984 and March 1985. On the other hand, to establish control
strategies to limit the number of infected humans in a dengue epidemic, in [19]
a model type Ross-McDonald was formulated and fitted to the dengue outbreak

occurred in Cali, Colombia during 2013.
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Other compartmental models include both populations involved in the trans-
mission process (mosquitoes and human population) [29, 33], variable pop-
ulations [28], and several serotypes [30]. These models have been analyzed
qualitatively through the calculation of Ry and the stability analysis of the equi-
librium points that allows to determine regions of stability for different scenarios
as the coexistence of different serotypes. Models have also been proposed that
include a compartment for the aquatic phase in addition to the adult population
of mosquitoes and humans [89]. In these models, the R is also calculated from
the available information through the calculation of the force of infection, while
in [111, 32] models are formulated that include a compartment for each stage
of development of the vector (egg, larva, pupa). These studies stress on the
importance of the influence of the temperature in the entomological parameters
and are evaluated in the occurrence or non-occurrence of an epidemic outbreak.

Other factors that have been considered to understand the dynamics of
dengue is the vertical transmission in the vector population [31]. This hypothe-
sis has gained momentum to explain the endemic state of the disease in some
regions [1]. Furthermore, in recent years models have been formulated to evalu-
ate different vaccination strategies [17, 44] and to assess the impact of biological
controls; more specifically the behaviour of the vector population when interact-
ing with mosquitoes with Wolbachia and how this impacts the number of cases
of the disease [13, 43].

Finally, according to vector biology and the results presented in [57] about
the increase in the mortality rate after the vector was infected, Professor Carlos
Mario Vélez and his students (Alexandra Catano, Camilo Londono, and Daniel
Rojas) in the framework of the project No. 111572553478 of COLCIENCIAS
formulated a model following the concepts presented in [110]. Furthermore,
they included in the model a new parameter «, which represents the increase

in the mortality rate after the vector was infected that is in the compartmental
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of infectious mosquitoes. Moreover, the evaluation of control-vector strategies

could result in a new model.

1.2.5 Parameter and initial condition ranges

One of the greatest difficulties to work with ODEs in mathematical epidemiology,
is to establish ranges of values for the parameters and initial conditions. These
ranges help to define the feasible region to the optimization problem (parameter
estimation) taking into account the differences between development rates of
vector populations [88].

For this case study, laboratory data is available. Along these lines, we can
define the initial ranges for some parameters and initial conditions of dengue
transmission models. Within the parameters we found: (a) parameters to simu-
late the transition from one to another compartment (transition parameters) and
(b) parameters to simulate the mortality rate in each compartment (mortality
parameters).

For the transition parameters, we consider a cohort of individuals in a de-
termined compartmental, A. We represent it by u(s). If a fraction « leaves the

compartmental A per unit of time, then

Thus, the average rate an individual spends in the compartment A follows an
exponential distribution with expected value 1/a, where «a is defined as the
period of time in A.

For mortality parameters, we formulate the initial value problem (IVP) for
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each compartmental

which has a solution P(t) = Pye ™, where p represents the mortality rate. To
establish the initial condition P, for each compartment, the modeler has to

consider the available information and experimental assays results.

1.3 Introductory material to interval analysis

In this section, we introduce the basics of interval analysis that we will use later.

The results presented in this section are based on [68, 69].

1.3.1 Interval arithmetic

Interval-arithmetic is largely attributed to Ramon Moore in the 1960s. He
developed it to account for rounding errors linked to mathematical calculations
rigorously. The object on which this theory is constructed is the set of closed

intervals in R.

IR={X=[X,X]|X<X, X,XeR]. (1.6)

Two intervals X and Y are equal if X = Y and X = Y. Also, we say X is
degenerate if X = X, thus, the real number X can be identified by a degenerate
interval [X, X].

Let X = [X,X] and Y = [Y,Y] € IR, the interval-arithmetic operations are

defined as follows:

. X+Y=[X+Y,X+Y].
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2. - X =[-X,-X].
3.X-Y=X+(-Y)=[X-Y,X-Y].

4. X -Y =[min{S},max{S}], where S = {XY, XY, XY, XY}.

5. 1/Y =[1/Y,1/Y]such that 0 ¢ Y.

6. X/Y=X-1/Y ={x/y|xe X, yeY}suchthat 0 e Y.

Addition and multiplication in IR are associative and commutative, but only
sub-distributive: (X *(Y +Z) C(X*Y)+ (X *Z)). The interval [0, 0] plays the role
of neutral element, while the interval [1,1] has the same role for multiplication.
However, in general, for an arbitrary interval X there exists neither an additive
nor multiplicative inverse, that is, X — X = 0 and X *1/X =1 are not satisfied.
Thus, (IR, +, ) is a monoid. We also define the following quantities for an interval

X =[XX]:
1. The width w(X) = X - X.
2. The absolute value or magnitude |X| = max{|X],|X|}.

3. The midpoint m(X) = %(X%r&).

4. The ratio rad(X) = X — m(x).

From these measurements, it is possible to express each interval X as
X = [X, X] = m(X) + [-rad(x), rad(X)]. (1.7)

We can even define an order relation between intervals as follows:

1. Let X, Y € Z. X <Y means that X < Y. This order relation is transitive.

2. Another transitive order relation on 7 is the set inclusion: X C Y if and
only if Y < X and X < Y. Since it is not possible to compare all intervals

between them, the set inclusion just defines a partial order in IR.
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1.3.2 Interval vectors and matrices

The interval definition, their properties and operation can be extended naturally
to n-dimensional real interval vectors, IR"” and the set of n x m real interval
matrices, IR"". To perform the arithmetic operations between interval vectors
and matrices we follow the same formulas as in the scalar case, but replacing

the scalars by intervals.

Example 1.3.1. Consider the matrix A € IR%*? and X € IR? given by:

[1,2] [-3,-2]
[1,3]
A= [3,4] (1,2] and X = (1.8)
[-1,2]
[-2,-1] [-1,1]

then,
[1,2][1,3]+[-3,-2][-1,2] [-5,10]

AX =1 [3,4][1,3]+[1,2][-1,2] [=] [1,16]
[-2,-1][1,3]+[-1,1][-1,2] [-8,1]

For two matrices (or vectors) A and B € IR™", we say that A C B if and only

if [A;;] € [B;;] for each component ij of the matrix (or vector). Additionally, we

can define the width, the midpoint, and the magnitude as follows.

1. The width of an interval matrix (or vector) A is given by the maximum
width of their components
w(A) = maxw(A;;)
L]
2. The midpoint of an interval matrix (or vector) A is the real matrix (or
vector) formed by the midpoint of each component

m(A);;

ij :m(Az])
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3. For a vector X the maximum norm is given by
| X [l= max {|X;[}.
1<i<n

4. For a matrix A the maximum norm is given by

m

I All= max ) (1A}

j=1
Example 1.3.2. For the interval matrix in Equation (1.8), we have:

w(A) = max{w([1,2]),w(-3,-2),w(3,4), w(-2,-1),w([-1,1])}

=2

m([1,2]) m([-3,-2]) 3 -5
m(A)=| m([3,4])  m([1,2]) :% 7 3
m([-2,-1]) m([-1,-1]) -3 0
| A || = max{|A;;|+|A12] [Ai |+ A2 1Az | + A3}
=max{|[1, 2][+[[-3, 2], [3, 4] +[[1, 2], I[-2, -1 ][ + [[-1, 1]}}

=6

A distance measure between two interval vectors

Definition 1.3.1. A real-valued function d over a set S is a metric if for any x

and y € S the following statements hold:
1. d(x,y)=0ifand onlyif x =y
2. d(x,y)=d(y,x)
3. d(x,y) <d(x,z)+d(z,y) forany z€ S

In this way, (S, d) is a metric space.
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To determine the dissimilarities between two intervals we will consider the
Hausdorff distance, which was initially proposed to measure the dissimilarity
between two sets of a metric space. The definition of Hausdorff distance dy

between two sets A and 53 in R" is given by

dy(A,B) = max{sup inf ||a—"b||,sup in,lccl la—"0b ||} (1.9)

acA < beB <

Then, the Hausdorff distance, dy, between two intervals X = [x,X] and Y =

[v,9] €IR, is

dy(X,Y) = max{|x-yl, |- 7])

(1.10)
=|m(X)—m(Y)|+|rad(X)—rad(Y)|
Then for X and Y € IR" we have
n 1/a
dH<X,Y>:{Z|dH<Xi,m|“} (L.11)
i=1
where, a > 0.
Considering @ = 1 in Equation (1.11), we get
n
dy(X,Y) =) du(X;, V)l
i=1
l?’l
=) Imax{ix;, 7l bx;, pill
=1 (1.12)

n
- Zmax{lx_i,ﬂ, |ﬁlﬁ|}
i=1

=) Im(X)) = m(Y) +Irad(X;) - rad(Y;))
i=1
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For a = 2 in Equation (1.11), we get

A(X.¥) = D ldu(X; Y1
i=1

n

=\ L max -7 sl (1.13)

i=1

-\ Y llm(X;) = m(Y;)| + |rad (X;) - rad (Y;)|
i=1

In this manner, it is possible to define all the elements of local analysis, such
as limits, sequences, continuity, convergence, differentiability, and integrability

over the metric space (IR", dy).

1.3.3 Interval-valued functions

An interval-valued function F can be defined as an interval extension of a real-
valued function f, such that {f (x)|x € X} € F(X) and F(X) = f(x) for degenerate
intervals X = [x,x]. Moreover, for a real function f : R” — R and an interval
vector X, it is possible to compute F(X) by (1) replacing each occurrence of
each real variable with the corresponding interval, (2) replacing the standard
functions (e.g., e*, cosx, among others) with enclosures of their ranges, and
(3) performing interval arithmetic operations instead of the real operations.
However, in general, f(X) is not unique, since it depends on how the function is

expressed.

Example 1.3.3. Consider the function f(x) with x € [1,2]. The range of

— X
T 14x
f over [1,2] is [%, %] Now consider two different interval extensions for this

function
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If X is a real number these two expressions are equivalent, otherwise, they

are not when X is an interval

F(L2) = 1= (50
1 12
G([Lz]):“_ﬁ:[z:g]

From these calculations, we observe that the natural interval-extension F overes-

timate the range of the function f, while the interval-extension G not.

In general, an interval extension F(X;, X,,...,X3) of a real-valued function
f(x1,x2,...,x3) is only an upper approximation to the range of f, since there are
multiple occurrences of some variables x; in the formal expressions of f. In fact,
a challenge in some applications is how to express f to obtain the narrowest

possible interval extension F(X) [72].

1.3.4 Taylor series

The approximation of degree N by Taylor series for a function x(t) is given by
x(t)= ) (¥t =to) + R ([to, t]) (1.14)

where, Ry([to,t]) = (x)n(s)(t=to)N forall s € [y, t]. To calculate these coefficients

more efficiently computationally are defined recursively as

(xj)i =~ (1.15)

where, x))(t) corresponds to the ith derivative of x(t). Then, if we consider the

initial value problem given by an interval, Y;

v'(t)=f(v), y(tj) =y €Y
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Taylor coefficients would be given by

(Yj)o=Y;
(Vi) = FY(Y;) = £(Y))

; 1(af=1 _
=100 = H{ s ) for i 2

and therefore we could construct in Equation (1.14) for functions defined in IR".

1.3.5 Dependency problem and wrapping effect

Interval methods are affected by overestimation. This overestimation is often
caused by the dependency problem and the wrapping effect. The dependency prob-
lem is the failure of interval arithmetic to identify different occurrences of the
same variable, as illustrated in the previous example in Example 1.3.3. Mean-
while, the wrapping effect appears when intermediate results of a computation

and the solutions are enclosed by intervals [55].

Example 1.3.4. The wrapping effect is clearly illustrated by Neher’s example [73].

Consider the function
f:R*>R?
2
(x,v) — %(x+y,y -X)

The image of f applied to the square with vertices (0,0), (0,V2), (V2,0), and
(\/5, \/5) is the rotated square with corners (0,0), (1,1), (1,-1), and (2,0). Never-

theless, if we consider the natural extension of f, given by

V2

F(X,Y)= - (X+Y,Y -X)

the image of the square X x Y where, X = Y = [0, V2] is the square [0,2] x[-1,1]
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(see Figure 1.1).

(1,1

A %@@ 0,0) 0 >
(0,N2) (2,42) (-1
&
R (,I» (0,1) (2,1)
©0) 2,0 > N,

v

(0.-1) 2,-1)

Figure 1.1 — Wrapping-effect: Images of f and F of the square with vertices

(0,0), (0,V2), (V2,0), and (V2,V2).

Different approaches have been proposed to reduce the overestimation caused
by these two problems. For instance, these include rearranging expression evalu-
ation, coordinate transformations (considering orthogonal and non-orthogonal

matrices), and the use of Taylor models [55].

1.4 Stability theory

It is not always possible to obtain an analytic solution for nonlinear ODEs. For
this reason, it is necessary to carry out a qualitative analysis of these systems.
Particularly, it is crucial to examine how the trajectories change around the equi-
librium points. This analysis is known as stability analysis. One can classify the
equilibrium points as hyperbolic or non-hyperbolic according to the eigenvalues

of the Jacobian matrix. If the system only has hyperbolic points, the linearization
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method will provide all the necessary information!. Otherwise, it is possible to
apply the direct method of Lyapunov to determine the stability of an equilibrium
point. As the ODEs that simulate the transmission of infectious diseases have
hyperbolic and non-hyperbolic points, we prove the stability of these in the
Lyapunov sense.

In this section, we introduce the basics of stability theory in Lyapunov’s sense.

We are mostly took these definitions and theorems from [38, 61].

1.5 Lyapunov stability

Definition 1.5.1. An equilibrium point x* of the system x = f(x) is said to be
hyperbolic if all eigenvalues, A’s, of the Jacobian matrix around this point (Df(x"))

have nonzero real part. Otherwise x* is said to be non-hyperbolic.

Definition 1.5.2. A scalar function V(x) such that V : R"” — R is called radially
unbounded if

V(X) > oo || x]||— co.

Definition 1.5.3. Let V be a continuous scalar function, that is, V : R” — R. The

function V is called positive definite on the entire space if
* V(x*)=0.
* V(x)> 0 for x =x",

where x* is an equilibrium of the autonomous system x = f(x). We define the

orbital derivative of V(x) along the solutions of the ODEs as

V(x) = VV (x) - f(x)

IThis is guaranteed by the Grobman-Hartman theorem [38].
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Theorem 1.5.1. [Lyapunov’s stability theorem] If a function V(x) is globally posi-

tively definite and radially unbounded, and its time derivative is globally negative,

V(x)<0 x=x",

then the equilibrium x* is globally stable.

A function V that satisfies the conditions of the previous Theorem 1.5.1 is
called a Lyapunov function.
The following result is an extension of the previous theorem and is useful

when one can only establish the non-negativity of the orbital derivative.

Theorem 1.5.2 (Krasovkii-Lasalle theorem). Consider the system x = f(x) where
x* is an equilibrium point. Suppose that there exist a continuously differentiable
function V : R" — R. Also, assume that this function is globally positively definite

and radially unbounded and that satisfies

V(x)<0 forallt, andall xeR".

Define the invariant set

I={xeR"|V(x)=0).

If T = {x*}, then x* is globally stable.
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2.1 Abstract

Uncertainty is present in all measurement processes and modeling real phe-
nomena. Frequently, available information is not 100% reliable or accurate. In
this chapter, we briefly present different strategies to include uncertainty in
epidemiological models given by ODEs. Moreover, taking into account that the

knowledge and information are limited for our case study (dengue transmission),

44
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we present a justification of why we will model the uncertainty through interval

analysis.

2.2 Problem statement

To explain an actual phenomenon requires measuring and getting information,
which frequently contains some uncertainty levels. One source of this may be
the lack of knowledge about the study phenomenon, which makes it difficult in
the modeling process to determine which characteristics should be included or
excluded in the study. Other sources of uncertainty include the impossibility of
obtaining measurements of some relevant factors, collecting information over
long periods, etc. [65]. Thus, uncertainty must be correctly considered as long
as its effects are present in the decision-making process. Up to the year 1960,
statistics and probability theory were the known methods that could model
uncertainty [113]. Currently, it is possible to find other theories capable of
dealing with this (e.g. fuzzy set theory and interval arithmetic).

In the case of vector-borne diseases such as West Nile virus, Malaria, Zika,
and Dengue, there is uncertainty due to the inability to accurately and reliably
measure transmission rates, vector populations, and the recovery rate in humans.
Usually, these characteristics are included in the modeling process as parameters
or initial conditions. This information is necessary to build more reliable models
that allow us to understand the dynamics of this type of disease and thus be able
to propose appropriate control strategies. However, in contrast to other sciences
where it is possible to carry out several experiments to obtain information and
test hypotheses, such experiments are often impossible, unethical or expensive
when modeling the spread of infectious diseases in human populations [42].

For instance, the experimental assays with vector populations involve impre-

cision, some degree of approximation, or uncertainty to various degrees, since it
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is not possible to include all external aspects involved in development process in
the laboratory. For example, consider an experiment where three replicas with
vector population are carried out. Suppose that each experiment starts with 100
eggs, and we measure the percentage of eggs hatching for this vector population.
Then, this measurement can be stated in different ways as follows (a) between
86 and 92 percent, (b) about 89 percent, or (c) has a mean value of 89 and a
standard deviation of 2 percent and follows a normal distribution. Depending
on the nature of imprecision, the analysis of the system can be conducted using

interval analysis, fuzzy theory, or a probabilistic approach [91].

2.3 Uncertain parameters and initial conditions in
epidemiological models

To the best of our knowledge, ODEs in mathematical epidemiology have included
uncertainty in their parameters via fuzzy theory, a probabilistic approach (7, 6,
12] and to a lesser extent through the application of interval analysis [25].

To use fuzzy theory, it is necessary to define the range of the uncertain param-
eter and a preference function (or membership function see Definition 2.4.1),
which allows the researcher to describe the desirability of using different values
within the range. Frequently, this definition depends on the expert’s estimation.
On the other hand, to apply the probabilistic approach, we must know the
specified probability distribution that follows the uncertain parameter. Finally,
if all the uncertain parameter has upper and lower bounds, we can use interval
analysis. These strategies help to get insights into transmission dynamics when
the population distribution is heterogeneous. However, in general, to apply
the fuzzy or the probabilistic approach; we have to formulate some additional
hypotheses on parameter behavior or additional information about them. For

instance, in [56], those authors assume that parameters as the duration of the in-
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fectious period in humans, the biting rate, the mosquito to human transmission
rate, and human to mosquito transmission rate follow a uniform distribution.
While the extrinsic incubation period follows a triangular distribution. In con-
trast with this work, the authors of [12] assume that the latent and infection
periods are random and independent variables following a gamma probability
distribution!.

On the other hand, within the fuzzy transmission models in [6] an SIS model

was formulated

ds
— =—fBSI I
T BSI+y
dl
— =BSI—yI

where, § (the transmission rate), and y (the recovery rate) are given by functions
that depend on the amount of virus, v. To define appropriate membership
functions it is necessary knowing the minimum value of virus v,,;,, such that a

susceptible individual becomes an infected individual.

1, if vpr <v <00
/3(1/) = %, ifvmin <v < VM
0, otherwise.
-1
y(v)= —(7/0 )v +1
vmax

where, y represents the minimum recovery time.
It is worth pointing out that it is impossible to know the exact distribution

for the model parameters in many applications. In this scenario, it is reasonable

!The probability density function for the gamma distribution is given by:

ﬁaxa—l e~ P

fosa )=

, withx>0
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to assign equal probabilities to all the alternatives. This can be done by using
interval analysis. In recent years, there are advances in the field of application of
interval analysis for uncertainty analysis. For example, the technique for error
analysis presented in [94]; the proposed system for modeling uncertainty by
intervals using the product of these [70]; and strategies to model the uncertainty
parameters of nonlinear vibration systems through intervals to analyze the

output of the system [90].

2.4 Strategy to reduce fuzzy uncertainty to interval
uncertainty

A fuzzy set concerns with the idea of flexibility over the concept of belongingness
(63, 77]. In 1965, Zadeh proposed a membership degree, according to which an

element could partially belong to a given set.

Definition 2.4.1. Given a non-empty set X, a fuzzy set of X is a pair (A, p4) where

ACXand py : X —[0,1]. One refers to u, as the membership function of A.

Definition 2.4.2. Given a fuzzy set (A, u,), its support, denoted by S(A), is the

open set formed by elements in X with positive membership degree in A.

S(A)={x:xe X, us(x)>0}. (2.1)

We write S(A) to refer to the closure of S(A), i.e. the closed set formed by S(A)

along with its limit points.

For convenience, we freely confuse (A, p4), A and p,. Thus, we may refer to
pa as the fuzzy set. For each x in A, the value p4(x) indicates the membership
degree of the element x in A. If X is R in Definition 2.4.1, we refer to A as a fuzzy
number. Fuzzy numbers are commonly used to describe the expressions of the

” o«

expert, such as “around of”, “small”, “medium”, “approximately equal to a”, etc.
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It is clear from Definition 2.4.1 that two fuzzy sets can only be referred as
equal whenever their membership functions coincide pointwise. Given two
fuzzy sets, A and B, we have that A = B, if and only if, y4 = pp. Thus, a fuzzy
set is completely determined by its membership function. We now examine an

alternative charactherisation of these membership functions in terms of a-cuts.

Definition 2.4.3. An a-cut is a set of all elements that belong to a fuzzy set with

at least a degree. We denote by [A],, the a-cut of the fuzzy set A.
[Alg = {x € X[ pa(x) > a}.

Notably, if A is a fuzzy number, then all its a-cuts are closed intervals on
R [63]. One can alternatively represent a membership function of a fuzzy
set by the aggregation of their a-cuts. Using this a-cut charactherization for
membership functions, one can describe the relation between computing under
fuzzy uncertainty and interval uncertainty, for the particular case of fuzzy
numbers, of special interest in this document. To this end, one needs the extension
principle which allows us to extend concepts from classical set theory to fuzzy

set theory in the following way [114].

Definition 2.4.4. Let X be the cartesian product of universes X = X; x---x X,
and Ay,..., A, be n fuzzy sets in Xy, ..., X,,, respectively. Given a mapping f from
X to Y, the extended fuzzy set of X in Y by f, denoted by f(X), is formed by the
set f(A) defined as {f(xy,...,x,)|x; € A;,i = 1,...,n}, along with the membership

function py(x)(y) defined as in Equation (2.2).

sup min(ﬂAl(X1),---:MAn(xn)) iff‘l(y);:(Z)
) (y) = Grnef ) (2.2)

0 otherwise
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where f~1(y) denotes the set of all points (x1,...,x,) € X such that y = f(x,...,x,).

To illustrate the aforementioned relation between fuzzy and interval uncer-
tainty, let f : R — R be a continuous function, and Ay,..., A, € P(R) be fuzzy
numbers such that p, (x;) is a continuous functions for i from 1 to n.

We will show that

[f(All'--fAn)]a = f([Al]al-“r[An]a)' (2-3)

That is, the a-cut [f(A4,...,A,)], is equal to the range of possible values of
f(xq,...,x,) where x; ranges over [A;], for i from 1 to n.

To this end, in [76], Nguyen proved that it suffices to show that for all y € R,

sup  {min(pa, (x1),..., pa, (Xn))}

is attained, to state that Equation (2.3) holds. Let us prove then that such a
condition holds in our case.

Let ¢(xy,...,x,) be min(py, (x1),...,pa, (x,)). One can prove that the func-
tion ¢ is continuous, as each function p, (x;) is continuous. Note also that

¢(x1,...,x,) 2 0, since, again, each py (x;) > 0. Thus,

sup P(x1,...,x,) = sup 7¢(x1,...,xn)

since ¢ = 0 outside of S where S = S(A;) x---x S(A,).

By Tychonoff’s theorem, one proves that S is compact, as it is a product
of n compact sets with respect to the product topology. Then, S is a closed
and bounded set. On the other hand, the set formed by the preimages of y by
f, f'(»), is closed by continuity of f. Then f~!(y)N S is compact since the
intersection of two closed sets is closed and bounded because f~(y) NS cCS.

Consequently, ¢ reaches its maximum on the compact set f~!(y)NS for all y € R.
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2.5 Interval uncertainty

In some cases, it is not possible to know the exact probabilistic distribution of
the measurement errors. Moreover, many distributions can be agreeable with
the knowledge of the measurement of errors. Under this scenario, one wants
to select the distribution with the least possible amount of information. “If a
random variable has the density probability function p(x), the amount of information

it bears is usually described by the entropy” [49].

(o]

S=- J p(x)Inp(x) dx,
where, the entropy gives a measure of how chaotic the probabilistic distribution
is. Thus, one should select the probability distribution p(x) with the largest

entropy. This consideration is known as the maximum entropy approach.

Theorem 2.5.1. The uniform distribution is the maximum entropy distribution on

any interval [a,a).

Proof. From [49]:
Consider a probability density function p(x) on the given interval, i.e., that

p(x) = 0 for x ¢ [a,a]. The idea here is to maximize the entropy

S=- j p(x)Inp(x) dx = - j p(x)Inp(x) dx

under the constraint that

fp(x) dx =1.

To do so, we apply the Lagrange multipliers method to reduce the one variable

constraint optimization problem to an unconstraint problem of two variables.
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Thus we have the Lagrange function:

a a

Llp]=- J p(x)Inp(x) dx+ A J p(x)—1dx
a a
where A is a Lagrange multiplier. As p(x) is a function, L is a functional. Then, to
optimize L we follow the same strategy to deduce the Euler-Lagrange equation
from the calculus of variations. To do so, we consider the parametrization of all

the distribution functions defined on the interval [g,4a]:

p(x) = p(x) +e€n(x)

where p(x) is the stationary distribution function, € is a small real number, and
1(x) is any arbitrary distribution function on the given interval.
Now, for a fixed p and 7, different values of € give different values of L[p].

Thus, the rate of change of the functional is:

d d ( E
EL[ﬁ] = %J—p(x)lnp(x) dx + Afp(x) -1ldx

a a

= J d (=p(x)Inp(x)+ Ap(x) — A)dx

de
a
a
-
= | (-nInp(x)—n+ An)dx
E
-
= | —n(lnp(x)+1-A)dx
J

1 is not zero since it is an arbitrary function, so we conclude that Inp(x) +1 - A,
hence p(x) = exp(A —1). The probability density has the same value for all
x € [a,a]. Therefore, the maximum entropy distribution without any extra

information is the uniform distribution. O]
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This result follows the judgement to choose a uniform distribution for errors
when one does not have reasons or information to suppose that one value is more
probable than another.

On the other hand, there are usually three sources of error while performing

numerical computations with real numbers:

* Input errors usually occur for some human mistakes. For instance, in the

measurement process or when a person mistypes a value on the computer.

» Truncation errors arise when we approximate a continuous or infinite oper-

ation by a computable discrete one.

* Rounding errors arise when we perform arithmetic operations between real
numbers on a machine. This happens because of the inexactness in the

representation of real numbers.

All these errors arise when we process the experimental results on a computer
since usually, the results are given by some real number. To handle all these

errors, we can use the interval arithmetic [18].

2.6 Conclusions

According to the type of information obtained from experimental assays (see
Tables 3.1-3.2 in Sec 3.3 of the next chapter), we consider that for transmission of
vector-borne diseases, an efficient and a reliable way to account for uncertainty
is through interval analysis. Unlike applications based on probability and fuzzy
theory, interval analysis does not attempt to infer an uncertainty structure of the

model-output based on an uncertainty structure assumed for the model-input.



Bibliography of the current chapter 54

Bibliography of the current chapter

[6]

[7]

[12]

[18]

[42]

[49]

[56]

[63]

[65]

L. C. Barros, R. C. Bassanezi, R. Z. G. Oliveira, and M. B. F. Leite. A
disease evolution model with uncertain parameters. In: Proceedings Joint
9th IFSA World Congress and 20th NAFIPS International Conference
(Cat. No. 01TH8569). Vol. 3. IEEE. 2001, pp. 1626-1630. por: https:
/[ /doi.org/10.1109/NAFIPS.2001.943794 (cit. on pp. 46, 47, 110).

L.C.DE Barros, M.B.Ferreira Leite, and R.C Bassanezi. The SI epidemio-
logical models with a fuzzy transmission parameter. Computers & Math-
ematics with Applications 45.10 (2003), pp. 1619-1628. por: https :
//doi.org/10.1016/50898-1221(03)00141-X (cit. on pp. 46, 110).

Tom Britton and David Lindenstrand. Epidemic modelling: Aspects
where stochasticity matters. Mathematical Biosciences 222.2 (2009),
pp. 109-116. por: https://doi.org/10.1016/j.mbs.2009.10.001
(cit. on pp. 46, 47, 110).

Hend Dawood. Interval mathematics as a potential weapon against un-
certainty. In: Mathematics of uncertainty modeling in the analysis of
engineering and science problems. IGI Global, 2014, pp. 1-38 (cit. on
p- 53).

Joshua Enszer and Mark Stadtherr. Verified Solution Method for Popu-
lation Epidemiology Models with Uncertainty. International Journal of
Applied Mathematics and Computer Science 19.3 (2009), pp. 501-512.
por: https://doi.org/10.2478/v10006-009-0040-4 (cit. on pp. 46,
90, 92,110, 168).

Herbert W Hethcote. The basic epidemiology models: models, expres-
sions for Ry, parameter estimation, and applications. In: Mathematical
understanding of infectious disease dynamics. World Scientific, 2009,
pp. 1-61. por: https://doi.org/10.1142/9789812834836\_0001 (cit.
on pp. 18, 45, 79).

Vladik Kreinovich and Sergey P Shary. Interval methods for data fitting
under uncertainty: a probabilistic treatment (2015) (cit. on p. 51).

Paula Mendes Luz, Claudia Torres Codeco, Eduardo Massad, and Claudio
José Struchiner. Uncertainties regarding dengue modeling in Rio de
Janeiro, Brazil. Memorias do Instituto Oswaldo Cruz 98.7 (2003), pp. 871-
878 (cit. on p. 46).

Eduardo Massad, Neli Regina Siqueira Ortega, Laecio Carvalho de Barros,
and Claudio José Struchiner. Fuzzy Logic in Action: Applications in
Epidemiology and Beyond. Springer Berlin Heidelberg, 2008. por1: 10.
1007/978-3-540-69094-8 (cit. on pp. 48, 49).

Wasim Maziak. Is uncertainty in complex disease epidemiology resolv-
able? Emerging Themes in Epidemiology 12.1 (2015), p. 7. por: https:
//doi.org/10.1186/512982-015-0028-5 (cit. on p. 45).


https://doi.org/https://doi.org/10.1109/NAFIPS.2001.943794
https://doi.org/https://doi.org/10.1109/NAFIPS.2001.943794
https://doi.org/https://doi.org/10.1016/S0898-1221(03)00141-X
https://doi.org/https://doi.org/10.1016/S0898-1221(03)00141-X
https://doi.org/https://doi.org/10.1016/j.mbs.2009.10.001
https://doi.org/https://doi.org/10.2478/v10006-009-0040-4
https://doi.org/https://doi.org/10.1142/9789812834836\_0001
https://doi.org/10.1007/978-3-540-69094-8
https://doi.org/10.1007/978-3-540-69094-8
https://doi.org/https://doi.org/10.1186/s12982-015-0028-5
https://doi.org/https://doi.org/10.1186/s12982-015-0028-5

Bibliography of the current chapter 55

[70]

[76]

[77]

[90]

[91]

[94]

[113]

[114]

SM Mousavi, R Tavakkoli-Moghaddam, H Hashemi, and SMH Mojtahedi.
A novel approach based on non-parametric resampling with interval
analysis for large engineering project risks. Safety science 49.10 (2011),
pp- 1340-1348 (cit. on p. 48).

Hung T Nguyen. A note on the extension principle for fuzzy sets. Journal
of Mathematical Analysis and Applications 64.2 (June 1978), pp. 369-
380. por: 10.1016/0022-247x(78)90045-8 (cit. on p. 50).

Hung T. Nguyen, Vladik Kreinovich, Berlin Wu, and Gang Xiang. Com-
puting Statistics under Interval and Fuzzy Uncertainty. Springer Berlin
Heidelberg, 2012. por: 10.1007/978-3-642-24905-1 (cit. on p. 48).

Zhiping Qiu, Lihong Ma, and Xiaojun Wang. Non-probabilistic interval
analysis method for dynamic response analysis of nonlinear systems with
uncertainty. Journal of Sound and Vibration 319.1-2 (2009), pp. 531-540
(cit. on p. 48).

Singiresu S Rao and L Berke. Analysis of uncertain structural systems
using interval analysis. AIAA journal 35.4 (1997), pp. 727-735 (cit. on
p. 46).

Edward ] Rothwell and Michael ] Cloud. Automatic error analysis using
intervals. IEEE Transactions on Education 55.1 (2012), pp. 9-15 (cit. on
p- 48).

H.-J. Zimmermann. An application-oriented view of modeling uncer-
tainty. European Journal of Operational Research 122.2 (2000), pp. 190-
198. por: https://doi.org/10.1016/S0377-2217(99)00228- 3 (cit. on
pp- 45, 110).

H.-J. Zimmermann. The Extension Principle and Applications. In: Fuzzy
Set Theory — and Its Applications. Springer Netherlands, 1991, pp. 53—
67.por: 10.1007/978-94-015-7949-0_5 (cit. on p. 49).


https://doi.org/10.1016/0022-247x(78)90045-8
https://doi.org/10.1007/978-3-642-24905-1
https://doi.org/https://doi.org/10.1016/S0377-2217(99)00228-3
https://doi.org/10.1007/978-94-015-7949-0_5

Chapter 3

Epidemiological models

Outline of the current chapter

3.1 Abstract

3.2 Formulation of Dengue transmission models

3.2.1 Model considering all development stages of the vector

(eggs-larvae-pupae-adult) . . .. ... ... ... ..
3.2.2 Model considering one aquatic phase for the vector .
3.2.3 Model without considering development stages of the

vector . . . . . e e e e

3.3 Data and parameters ranges

3.4 Equilibrium points of the models

3.4.1 Model 3.1 . . . . . . . . . . . .
34.2 Model 3.2 . . . . . . ..
3.43 Model 3.3 . . . . . . . . .

3.5 Basic reproductive number, R

56

57

58

58
61

62

64
64
66

66
68
71
74

75



3.1. Abstract 57

3.5.1 Local sensitivity analysisof Ry . . . ... ... ... 77
3.6 Structural identifiability analysis 79
3.7 Discussion and conclusions 81

3.1 Abstract

Several models have been formulated to simulate the transmission of dengue
diseases. Here we presented three different models. One includes all the devel-
opment stages of the vector (eggs-larvae-pupae) explicitly. The second considers
collective these development stages in one compartmental (the aquatic phase),
and the third one considers a constant recruitment rate in the vector adult pop-
ulation. The latter simplifies the previous one since we define the recruitment
rate as the equilibrium point of the aquatic population. In this way, it was pos-
sible to consider the biological ranges of the parameters involved in the vector
development. Then, to establish the biological range of the recruitment rate for
each municipality, we use interval arithmetic.

This chapter’s primary goal is to study the impact of modeling assumptions
reflected in each model’s number of parameters and state variables. In this way,
we aim to evaluate the structure, complexity, trustworthiness, and suitability of
three models on the dynamics of dengue in two municipalities of Colombia. To
achieve this aim, we calculated the Basic Reproductive Number (R), performed
the locally structural identifiability analysis, and calculated the elasticities values
of Ry for each model.

The results from these analyses showed that the simplest model was the most
appropriate and reliable. Therefore, explicitly incorporating the development
stages of the vector population may not be necessary for modeling dengue
transmission when the only available information is the cumulative number of

reported dengue cases.
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3.2 Formulation of Dengue transmission models

As mentioned in Chapter 1, dengue virus has four serotypes (DENV-1, DENV-
2, DENV-3 and DENV-4). However, since the record of the number of cases
produced by each serotype is not available for Colombia, the models presented
here only consider transmission by one of them.

We considered the three epidemiological models introduced in [54]. These
models included compartments for both the populations involved in the dengue
transmission process. The main difference between these models is the number
of state variables and parameters that allow us to capture different aspects of
the vector’s development in all their life stages. For all the models, we use
M to denote the size of mosquito population, which can vary over time, and
H to denote the size of the total human population, which is considered to
remain constant (birth and death rate equal to yj) over the studied time period

of maximum one year.

3.2.1 Model considering all development stages of the vector
(eggs-larvae-pupae-adult)

For vector population, we considered the aquatic immature stage (egg E, larva
L, and pupa P) and the adult phase, M (for females mosquitoes only); the last
was divided into three sub-populations, representing susceptible M, exposed
M,, and infectious M; mosquitoes. Analogously, for human population, we
considered four sub-populations, namely susceptible H, exposed H,, infectious
H;, and recovered H, humans.

In the model, the development of mosquito begins with the number of eggs E
at time f, which increases with the per capita oviposition rate 6(1 — E/C), where
0 is the intrinsic oviposition rate per capita, and C is the carrying capacity of the

environment. The number of eggs decreases based on the transition rate from
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eggs to larvae y, and the eggs mortality rate y,. The number of larvae L at time ¢
increases with the transition rate from eggs to larvae y, and decreases with the
transition rate from larvae to pupae y; and larvae mortality rate y;. Likewise,
the number of pupae P at time ¢t increases with the transition rate from larvae
to pupae y; and decreases with the transition rate from pupae to adults y, and
the pupae mortality rate p,. In this manner, the population of adult mosquitoes,
including females and males, increases at a rate y,,. Because DENV transmission
only involves female mosquitoes, we included the parameter f, representing
the fraction of female mosquitoes produced during the hatching of all eggs.
Thus, the population of susceptible females M; increases at rate f y,, because we
removed the number of males y, (1 — f) P that completed the development cycle.

In both populations, the flow from the susceptible to the exposed compart-
ment depends on the proportion of infected in each population (H;/H and
M;/M) and the transmission coefficients (f; and f3,,). Here, we assumed the
transmission coefficients to be the product of the mosquito’s biting rate and the
transmission probabilities. Once extrinsic and intrinsic incubation periods are
completed, the exposed mosquitoes and humans become infected at a rate of
0,, and 6, respectively. Finally, infected humans recover at a rate of y;, while
mosquitoes remain infected for the rest of their lives [28]. Figure 3.1 shows all

transitions described above. Based on the above assumptions, the dynamics of
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Figure 3.1 — Dengue transmission model: all stages of vector were included.
Flow diagram summarizing the transitions from one compartment to another
in Model 3.1 is shown. It is assumed that the population is divided into immature

stages (mosquito), adult females (mosquito), and humans.

dengue transmission is given by the following system of differential equations:

dE E
E = 5(1 _E)M_(76+V6)E
dL
a7 = VeE- (y1+m)L
dP
ar =yL- (Vp +ﬂp)P
dM H;
dts :fypp_ﬁmﬁlMs_l"mMs
aM H;
dte :ﬂmﬁlMs_(Gm"',um)Me (3 1)
dM; )
dt - QmMe - ,l’lmMi
dH M;
dts = pupH - ﬁhMHs — ppH;
dH, M;
7 = PhyHs - (On + pn)He
dH;
7, = OnHe - (Vi + pn)H;
dH,

T yinH; — ppH,
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3.2.2 Model considering one aquatic phase for the vector

In contrast with the previous model, this model considers the larval and pupal
stages collectively as the aquatic phase A, which increases with the effective
per capita oviposition rate p(1 — A/C), with p = k6, where 6 is the intrinsic
oviposition rate per capita, and k is the fraction of eggs hatching to larvae.
The aquatic phase decreases according to the transition rate from the aquatic
phase to the adult phase y,, and the mortality rate in the aquatic phase pu,.
Similarly to Model 3.1, the population of susceptible females M, increases at
rate fy,,. Figure 3.2 shows all transitions described above and the flow of

dengue transmission between populations. Based on the above assumptions, the

Dengue transmission cycle
A

Figure 3.2 — Dengue transmission model considering one aquatic phase for
the vector. Flow diagram summarizing the transitions from one compartment
to another in Model 3.2 is shown. It is assumed that the population is divided

into one aquatic stage (mosquito), adult females (mosquito), and humans.
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dynamics of dengue transmission is given by the following system of differential

equations:
dA A
—=p(1-=|M- A
dM; 3 H;
dt - fymA_ﬁmEMs _,”mMs
dM, H;
dt - ﬁmﬁMs - (Qm + l’lm)Me
dM;
= GmMe_ﬂmMi

dt (3.2)
4H; =y, H — %H —u,H
TR ﬁhM s — MnHs
dH, M;

Tl ﬁhMHs — (O + pp)He
dH;

dtl = 0,H, — (yp + pn)H;

dH

d_tr = yiH; — ppH,

3.2.3 Model without considering development stages of the vec-

tor

Finally, for Model 3.3 we only considered the adult population of female mosquitoes.
In this model, the behaviour of the aquatic phase of the vector population is
captured in one parameter, A, which is interpreted as the recruitment rate. In
this way, the population of females mosquito increases at a constant rate in-
dependent of the actual number of adult mosquitoes. This assumption seems
reasonable since only a fraction of a large reservoir of eggs and larvae matures
to females, and this process does not depend directly on the size of the female
mosquito population [29].

To establish an appropriate biological range for this parameter, we define
A= fy,A" with A" = C(l - ﬁ) and Ry = %, where R,, is the number

of secondary females produced by only one female (the offspring), and A” is

the equilibrium value of the aquatic phase in which mosquitoes are present
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in Model 3.2. Thus, we take into account parameters that describe the tran-
sition and mortality from the aquatic phase to the adult phase of the vector

(0 Vinr Par Pos f)-

Figure 3.3 shows the flow of dengue transmission between populations. Based

Dengue transmission cycle

Figure 3.3 — Dengue transmission model without considering development
stages of the vector. Flow diagram summarizing the transitions from one com-

partment to another in Model 3.3 is shown.

on the above assumptions, the dynamics of dengue transmission is given by the
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following system of differential equations:

dé\fs =A- ﬁm%Ms ~ M

T = M~ (O )M,

dxi = 0,,M, — 11,y M;

dgs = pH — ﬁh%HS — pnH (3.3)
dﬁe = ﬁh%HS —(On + pp)H,

T = 04 H,~ (e

dH,

7 =yuH; - Pthr

3.3 Data and parameters ranges

3.3.1 Data

We consider data from 2016 dengue outbreaks in the municipalities of Itagui
(Antioquia, Colombia) and Neiva (Huila, Colombia). The information of the
reported dengue cases was obtained from the National Public Health Surveil-
lance System (SIVIGILA by its Spanish initials) (http://portalsivigila.ins.
gov.co/sivigila/documentos/Docs_1.php). The outbreak in Itagui lasted 60
epidemiological weeks, beginning in epidemiological week 51 of 2015 (with
10 reported cases) and ending in epidemiological week 6 of 2016 (with 4 re-
ported cases). The total number of dengue cases reported during this period
was 2915 (see Figure 3.4). Meanwhile, the outbreak in Neiva lasted 24 epi-
demiological weeks, beginning in the epidemiological week 38 of 2016 (with
16 reported cases) and ending in the epidemiological week 9 of 2017 (with 7
reported cases). The total number of dengue cases reported during this period

was 687 (see Figure 3.5).


http://portalsivigila.ins.gov.co/sivigila/documentos/Docs_1.php
http://portalsivigila.ins.gov.co/sivigila/documentos/Docs_1.php
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Figure 3.4 — Number of reported dengue cases for Itagiii: Bar chart showing the
reported dengue cases from epidemiological week 51 of 2015 to epidemiological

week 6 of 2016.
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Figure 3.5 — Number of reported dengue cases for Neiva: Bar chart showing the
reported dengue cases from epidemiological week 38 of 2016 to epidemiological

week 9 of 2017.
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3.3.2 Parameters

To define the biological ranges for transition and mortality parameters for vector
populations, we used the results of life tables created from experiments per-
formed in the BCEI laboratory (Grupo de Biologia y Control de Enfermedades in-
fecciosas de la Universidad de Antioquia) between 2017 and 2019, with mosquito
populations of Itagiii and Neiva. However, we extended intervals for mortality
rate (p,,,) since these ranges were calculated under experimental conditions and
did not consider external factors (as fumigation) that can increase it. Finally, to
compute the range of A we applied interval arithmetic. For a deeper description
of the experimental protocol, we refer the reader to [53].

On the other hand, the information about the size of human population for
each municipality was taken from the National Administrative Department of
Statistics (DANE by its Spanish initials). Meanwhile, ranges of values for intrinsic
incubation period (6},), extrinsic incubation period (6,,), and recovery rate (y},)
were calculated considering the average duration of each period (1/6;, 1/6,,)
and (1/yy,) according to [79]. Ranges for parameters and initial conditions for

each municipality are summarized in Table 3.1 and 3.2, respectively.

3.4 Equilibrium points of the models

To analyze the dynamics of models (3.1) and (3.2), we first investigated the
dynamic of the vector population of each model. Then we examined the steady
states of all three models among humans. To do this, we assumed that all model

parameters do not depend on time.
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Table 3.1 — Parameters used in the simulations of models (3.1)-(3.3) for Itagiii

and Neiva, their biological descriptions, and their values range.

Param. | Meaning Itagiii Neiva
Rang./day Rang./week Rang./day Rang./week
o Per capita oviposition [13,60] [13,240] [16,32] [16,128]
rate
Ve Transition rate from [0.2,0.5] [1.4,3.5] [0.2,0.5] [1.4,3.5]
eggs to larvae
4. | Mortality rate in [0,0.012] [0,0.83] [0.008,0.02] | [0.06,0.14]
eggs
Vi Transition rate from [0.14,0.17] [1,1.17] [0.125,0.2] [0.88,1.4]
larvae to pupae
Hi Mortality rate in [0.001,0.03] [0.01,0.2] [0.017,0.04] [0.12,0.26]
larvae
Vp Transition rate from [0.33,1] [2.33,7] [0.33,1] [2.33,7]
pupae to adults
Hp Mortality rate in [0,0.04] [0,0.3] [0,0.04] [0,0.3]
pupae
Y Effective per capita [12,60] [12,240] [14,29] [14,128]
oviposition rate
Ym Transition rate from
the aquatic phase to [0.11,0.13] [0.77,0.88] [0.11,0.13] [0.77,0.88]
the adult phase
4, | Mortality rate in the | [0.001,0.027] | [0.008,0.19] | [0.015,0.028] | [0.11,0.19]
aquatic phase
C | Carrying capacity of | [6400,95000] | [6400,95000] | [6400,95000] | [6400,95000]
the environment
Fraction of female
f mosquitoes [0.39,0.51] [0.39,0.51] [0.32,0.45] [0.32,0.45]
hatched from all eggs
A | Recruitment rate [273,6297] | [1779,42612] | [223,5550] | [1454,37529]
H Size of human 248036 248036 324466 324466
population
n | Mortality rate in [0.011,0.016] | [0.008,0.26] | [0.02,0.027] | [0.14,0.45]
the adult phase
M Birth and death rate of 0.000032 0.00023 0.000015 0.00011
the human population
Bin Transmission rate from [0,4] [0,4] [0,4] [0,4]
human to mosquito
B Transmission rate from [0,4] [0,4] [0,4] [0,4]
mosquito to human
Transition rate from
6, exposed to infected [0.08,0.13] [0.58,0.88] [0.08,0.13] [0.58,0.88]
mosquito
Transition rate from
6y exposed to infected [0.1,0.25] [0.7,1.75] [0.1,0.25] [0.7,1.75]
human
vi | Recovery rate [0.07,0.25] [0.5,1.75] [0.07,0.25] [0.5,1.75]




3.4. Equilibrium points of the models

Table 3.2 — Initial conditions used in the simulations of Model 3.3 for Neiva

and Itagiii, their biological descriptions, and their values ranges.

Initial condition | Meaning Itagiii Neiva
E(0) Eggs [0,100000] [0,100000]
L(0) Larvae [0,100000] [0,100000]
P(0) Pupae [0,100000] [0,100000]
A(0) Aquatic phase [0,100000] [0,100000]
M;(0) For susceptible mosquitoes [0,5000000] [0,5000000]
M,(0) For exposed mosquitoes [0,200] [0,200]
M;(0) For infectious mosquitoes [0,200] [0,200]
H,(0) For susceptible humans [198429,247912] | [259573,324294]
H,(0) For exposed humans [21,84] [27,108]
H;(0) For infectious humans [10,40] [16,64]
H,(0) For recovered humans [0,49576] [0,64850]

3.4.1 Model 3.1

Since M(t) = M,(t)+ M,(t)+ M;(t), we see from the first six equations of (3.1) that

vector dynamics from egg stage to adult stage is given by:

d_E
dt
dL
Fri VeE—(yi+m)L
at (3.4)
a7 = k- (Vp + mp)P
adM
a7 " fvpP —pmM

- 5(1 —%)M—()/e+ye)E

Mosquito dynamics: The system (3.4) has two equilibrium points; the

mosquito-free state and the state in which mosquitoes are present denoted

by

Py =1(0,0,0,0)

P, = (E*,L*,P*,M")
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respectively, where

. 1
- C(1 RM)
* 7/@ *
L =
(Y1 +m1)
* — 7/1 7/6 Ex—
(Vp+mp) (Vi + 1)
M;{- — Mx- — fyP 7/1 7/6 E»e

o (Vp+ pp) (V1 + p1)

_fw on Ve 5
where, Ry = o (Vp+itp) (i) (Ve pe)

. This point is biologically acceptable when
Ry > 1. Moreover, Ry, can be biologically interpreted as the number of secondary
mosquitoes produced by a single female (the basic offspring number). Now, we
analyze the steady-state among humans for Model 3.1. These points are given

by the constant solutions of the following algebraic system and

E
o(1- 2 )M (et p)E=0
VeE=(yi+p)L=0
ViL=(yp+pp)P =0

H;
f)/pP - ﬂmEMS — UM =0

H‘
ﬁmﬁlMs - (Gm + ,um)Me =0
QmMe — ,l/lmMi =0
M; B
pnH — ﬁhMHs -pupHs =0
M,

ﬁhﬁHs —(Op+pp)H. =0
OpHe = (yn+ pn)H;i =0

ynH; —ppH, =0

Human population free of mosquitoes: The null (with respect to mosquito)

equilibrium point is givenby E=0,L=0,P=0,M;=0,M,=0,M; =0, H;=H,
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H,==0,H; =0,and H, = 0.
Human population infested with mosquito but free of dengue: The trivial

(with respect to the disease) equilibrium point is given by

. 1
E* = C(l RM)
Lx- — 7/6 E*
(y1+m1)
* — 7/1 7/6 Ex-
(Vp + 1p) (V1 + 1)
3.5
Hm (Vo + Hp) (V1 + 1)
M;=M;=0
H!=H

H;=H'=H =0

_ v n v s
where, RM T Hm (Vptrp) itp1) Vetpe)

. This point is biologically acceptable when
Ry > 1.
Dengue prevalent in human population: This non-trivial equilibrium point is

given by

* 7/6 1 )
L' = .Cl1-—
(y1+ 1) ( Ry

. Vi Ve 1 )
P = : cl1-—
(Vp+up) (Vit+m) ( Ry
_ Hcﬂm(ye + Ve)(RM - 1)

S TS B+ o)
MZ: HC/"m(Ve"’Ve)(Rm_l) . ﬂm H_z*
6(/3mH;+VmH) (O +pm) H
M = HCpy (Ve + pe)(Rpy — 1) ) BnOm . il*
l O(BmH; + pmH) — pu(Op + ) H
o l"h(em + I"m)H(l"mH + ﬁmH:)

S

 BuH; (BrOm + 1 (O + i) + (O + i) pinpim H
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H = (n +I"h)H_*
oy !
o Vh g«
Hr = l,[_m i

where, the number of infected humans H; is

i = PrPmOmOnpinH — (On + ) Vi + ) (O + i) o
: Bun(On + pn) (Vi + 1) (BuOom + (O + i)

3.4.2 Model 3.2

Since M(t) = M(t)+M,(t)+M;(t), we see from the first four equations of Model 3.2

that mosquito dynamics from vector population is given by

W p(1-2)M -+
t ¢ (3.6)
adM

ar = fVmA—pmM

Then, to analyze the dynamic of Model 3.2, we first examined the dynamic of
Model 3.6.
Mosquito dynamics: Model 3.6 has two equilibrium points; the mosquito-

free state and the state in which mosquitoes are present denoted by

Py = (0,0,0,0)

P = (A%, M)

respectively, where

1
A=Cl1-—
( RM)
M = Mo = LV g
i

fYmp

i) This point is biologically acceptable when R); > 1. More-

where, Ry =
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over, Ry, can be biologically interpreted as the number of secondary mosquitoes
produced by a single female (the basic offspring number).

Now, we consider the corresponding autonomous modeling to obtain a steady-
state among humans for Model 3.2. One can get these points by equating the

derivatives to zero

A

p(l_E)M_(ym"‘ﬂa)A: 0
H.

fVmA - ﬁmﬁzMs _ﬂmMs =0

H.
ﬁmﬁMs - (Qm + ,”m)Me =0
QmMe — FmMi =0
M; B
pnH — ﬂhMHs —upHs =0
M‘
ﬁhﬁHs —(6p+pn)H, =0
OpHe = (yn+ pn)H; =0

yinH; —ppH, =0

Human population free of mosquitoes: The null (with respect to mosquito)

equilibrium point is given by

A=M;=M,=M,;=0
H,=H

H,=H;=H, =0

Human population infested with mosquito but free of dengue: The trivial
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(with respect to the disease) equilibrium point is given by
1

A'=C(1-—

( RM)

M = M* = L2 g
i

g (3.7)
M;=M;=0

H'=H

H:=H'=H'=0

Dengue prevalent in human population: This non-trivial equilibrium point is

given by

el

Ry
M* = HCI"m(Vm + l‘a)(RM - 1)
’ p(BmH; + pyH)
M = Hcﬂm(7m+ya)(RM_1) . ﬁm Ez*
‘ p(BmH; + pH) (O +p) H

M?* = HCI"m(Vm + ,ua)(RM - 1) . ﬁmem . Ez*

i OBuH; + puH)  p(Op+p) H
/’th(Qm + ,um)(.”mH + ﬁmH:)

H; =
’ ﬁhﬁmemH; + l/‘h(em + Vm)(ﬂmH + ﬁmH:)
HE = (yn+ ﬂh)H%
0y !
H; = 2L p;
Hm

where, the number of infected humans H; is

_ BuBunOmOnpnH — O+ pn)(vn + ) (O + pn) i

H B O+ 1) Vi + 1) (PO + (O + i)

1
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3.4.3 Model 3.3

Since M(t) = M(t)+M,(t)+M;(t), we see from the first three equations of Model 3.3

that mosquito dynamics is governed by

dM
W —A—]/lmM (38)

The solution M of this equation approach the equilibrium as A/u,, t — co.
Moreover, only when A is equal to zero, the equilibrium point would be free of
mosquitoes.

To obtain a steady-state among humans for Model 3.3, we consider the

solutions to the system:

H.
A —ﬁmﬁlMs — UM =0
H.

ﬁmﬁzMS - (Qm + ]"m)Me =0

0,M, - p,M;=0
M;
pinH = P Hs = pHs = 0
M.
ﬁhﬁHs - (Qh + ﬂh)He =0
OnH, — (yn+ pn)H; =0
ynH; —ppH, =0

Human population infested with mosquito but free of dengue: The trivial

(with respect to the disease) equilibrium point is given by

A
M=M=~
P
M;=M;=0 (3.9
H:=H

H;=H;=H;=0
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Dengue prevalent in human population: This non-trivial equilibrium point is

given by

M= AH
> (BuH] + pH)
M = AH . Pon . E
© (BuH] +puH) (O +pn) H
M = AH PO E
Y (BwH + pnH) (O + ) H
H: _ VhH(9m+Vm)(,”mH+ﬁmH;)
ﬁhﬁQOH: + un(Om + p) (i H + ﬁmH:)
H: = (Vh;'hﬂh)H;
x_ Vh o«
H; = I/l_m ;

where, the number of infected humans H; is calculated by the equation

e = PrPmOmOnpinH — (On + pn) Vi + pn) (O + ) i

i

B (On + pi) (Vi + i) (BrOm + pn(O + pi))

3.5 Basic reproductive number, R,

Models (3.1)—(3.3) have four infected states, notably, exposed mosquitoes M,, in-

fected mosquitoes M;, exposed human H,, and infected human H;. The infected

subsystem associated with these models is given by

dM, H;
= B—M, — M
dM;
L= 0,,M, — u,M;
dt m e l’lm 1
dH,

M;
Frake ﬂhMHs — (O + py)H,

dH,
T 0yH, = (yn + pn)H;

(3.10)
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The human population infested with mosquito but free of dengue for each model are
given by Equations (3.5), (3.7) and (3.9), respectively.
Then, the linearization of System 3.10 around the infection-free steady state

for all three models can be stated as

x=(T+X)x

where, x=[M,M,;H,H;|", T = is the transmission matrix,

—Om+4n) O 0 0
0 - 0 0
and ¥ = " Hom is the transition matrix.
0 0 (O +pup) 0
0 0 O ~(Vh+ pn)

Hence the NGM matrix K is four-dimensional, and it is

K=-Tx"!
M; 1
0 0 0 [j’mﬁ i) 0 0 0
O 1
= 0 0 0 0 H (Gm"’l"m) Hm 0 0
H: 1
O Buyr O 0 0 0 (On+pp)
Op 1
0 0 0 0 0 0 Ontpn)yntun)  (yntpn)
0 BmOn Mg Bm Mg
Op+pn)yp+pn) H o (yptpn) H
0 0 0 0
| O Hr o By H:
/"rn(enl+ﬂnz) M P M 0 0
0 0 0 0
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The eigenvalues of K are zero of multiplicity 2, and

n ﬁmﬁhemeh HS*M;
N Hn (O + ) (O + p) (Y + pp) HM
Therefore,
ﬁmﬁhemeh
Ry = 3.11
" \/ﬂm(9m+ﬂm)(9h+ﬂh)(7h+ﬂh) 3.11)

because in the infection-free steady state, H; = H and M; = M.
The expression in Equation (3.11) gives us the geometric mean between the
number of secondary infections of all sub-populations considered in each model,

where the component

R - BrOn
On (On + pn) (Y + pin)

gives us information about the number of infected humans in the next generation.

S
O N\ (O + i)

gives us information about the number of infected mosquitoes in the next gener-

(3.12)

Meanwhile, the expression

ation.
In this way, according to [62], it is possible that an outbreak may occur when
Ry <1 but as long as the component of infected human will be greater than one

and the presence of certain number of infected mosquitoes.

3.5.1 Local sensitivity analysis of R

To investigate the local sensitivity of the basic reproductive number (R,) for

changes in the parameters, we calculated the derivatives with respect to each
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one. We observed from the expression in Equation (3.11) that

Ry _ 1,

B 2Pm

OR, 1

e

B 2By "

(9R0 _ ]’lm R

96, 20,0+ ) "

IRy _ P R,

0, 20,(0n + pp)

dR, 1 ( em)
=— 2+ —|R

I 20+ )\ )0

IR, _ 1 Rq

Ivn 2yn+pn)

Partial derivatives of parameters such as transmission rate from human to
mosquito (f,,), transmission rate from mosquito to human (), transition rate
from exposed to infected mosquitoes (6,,), and transition rate from exposed to
infected humans (6),) are always positive, i.e. an increase in them increases the
value of Ry. Meanwhile, for mortality rate in mosquitoes (y,,) and the recovery
rate in humans (y},), partial derivatives are always negative, thus when values of
these parameters decrease, the value of R increases.

To determine which parameters have more influence in the occurrence of new
dengue cases, we calculated the elasticity of R, with respect to each parameter 6.

The elasticity is given by

ERO_&EN%ARO
0 7 90 Ry %AO°

(3.13)

The elasticities give the percentage change in R in response to 1% increase
in the parameter 6. When ego > 0, that means that R, increases with 6; when
ego < 0 that means that R, decreases when 6 increases [60].

For instance, we consider for Itagii the parameter values as 8, =0.12, f, =

25,0, =0.6,0,=13, u, =0.22, and y;, = 1.75. For Neiva, we consider the
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parameter values as g, = 0.14, 3, =2.5,0,,=0.8,0;, =1.3, y,,, = 0.4, and y;, = 1.7.
The fact that 6/1;2 = 0.5 means that 1% increase in 3, will produce 0.5% increase

in Ry. We summarize these results for each municipality in Table 3.3.

Table 3.3 — Elasticity of R, for Neiva and Itagiii.

Elasticity | Itagiii Neiva
£y 0.5 0.5
£5 0.5 0.5
&g’ 0.134 0.167
ey’ | 8.8x1070 | 42x107
£ ~0.634 | —0.667
o, 0.5 ~0.5

It is important to notice that 81;0 and e;;: always are equal to 0.5, while the
other elasticities depend on parameter values. Table 3.4 shows the elasticity
ranges for Itagiii and Neiva considering the parameter ranges given in Table 3.1.

We compute these ranges using interval arithmetic.

Table 3.4 — Elasticity ranges of R, for Neiva and Itagiii.

Elasticity Itagui Neiva
ej,fgl [0.0045,0.1548] [0.0686,0.5]
egg [6.5%1075,1.7x1074] | [3.1x1072,7.9x107]
£x0 [-0.8050,-0.3543] [-0.8682,-0.4189]
£ [-0.5,-0.4998] [-0.5,-0.4999]

3.6 Structural identifiability analysis

“In many sciences, it is possible to conduct experiments to obtain information and test
hypotheses. However, experiments with the spread of infectious diseases in human
populations are often impossible, unethical, or expensive.” [42]. Therefore, we
can not measure all parameters of the models through experimental assays.

However, indirect approaches such as parameter estimation methods can help us
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to determine the values of these parameters using the available information. To
know if it is possible to estimate unique values to model unknown parameters
from the available observables (assuming noise-free data and error-free model),
we have to conduct a study on structural identifiability analysis. This analysis
does not require experimental data. For that reason, this analysis is called a prior
analysis and can be used to design experimental assays and determine which
information should be collected. To set up this problem, we considered the

models (3.1)—(3.3) in the following form

x(t) = £(£,x(t),0), x(0) = x, (3.14)

where, 0 denotes the parameters of the system, x(t) is the vector of state variables,
and x are the initial values. The cumulative number of dengue cases are given by
the output function h(x(t), 8). To establish a system that is structural identifiable,

we introduced the following definitions mentioned in [67].

Definition 3.6.1. A system structure (3.14) is said to be globally identifiable if
for any two parameter vectors 6, and 0, in the parameter space, h(x(t),0;) =

h(x(t),8,) holds if and only if 68; = 0,.

Definition 3.6.2. A system structure (3.14) is said to be locally identifiable if for

any 6 within an open neighborhood of some point 8" in the parameter space,

h(x(t),8,) =h(x(t),8,) holds if and only if 6, = 0,.

There are several approaches to perform this method [67] like direct methods,
implicit function based approaches, and Taylor’s generating series. A deeper
discussion, comparison, and details of structural identifiability analysis are men-
tioned in [15]. As per our knowledge, in computational approach, we count with
various software tools designed to perform structural identifiability analysis of
non-linear models, such as DAISY [8], GENSSI [16], the IDENTIFIABILITY ANALYSIS

package in MATHEMATICA [45], COMBOS [66], and STRIKE-GOLDD [106].
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In this study, we use the Identifiability Analysis package in MATHEMATICA
software to test for the local identifiability of the epidemiological models of
dengue transmission (3.1)—(3.3). This implementation is based on a probabilistic
numerical method of computing the identifiability (Jacobian) matrix’s rank
where the matrix parameters and initial state variables are specialized to random
integers. For more detailed information, refer to [45].

For models (3.1)-(3.3), we evaluated if these are locally identifiable from the
number of cumulative dengue cases reported by official entities only. We also
fixed the values of human mortality rate, yj; and the initial condition for infected
humans, H;(0) according to ranges obtained from experimental assays (see
Tables 3.1-3.2). Table 3.5 shows the parameters are not locally identifiable for
any of the models. For all models, we obtained that the parameters describing
the vector’s development stages, the recruitment rate in the adult population,
and the vector population’s initial conditions were not identifiable from the
cumulative number of dengue cases in humans. However, the number of non-
identifiable parameters assumed to obtain a locally structural identifiable system
for models Models 3.1 to 3.3 are five, three and one, respectively. These numbers
correspond to the minimal necessary information that grants the identifiability

matrix (Jacobian matrix) a full range.

3.7 Discussion and conclusions

This chapter described the three models published in [54] to simulate dengue
transmission disease. The main difference among these models is the number of
parameters and state variables used to describe the development stages of the
vector population.

Similar models have been published earlier to evaluate different control

strategies and to simulate outbreaks in different cities [17, 19, 89]. However, the
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Table 3.5 — Non-structurally identifiable parameters and initial conditions

for models (3.1)—(3.3).

Non-structural identifiable

Parameters

Initial Conditions

Ve

He
14!

Hi
Vp

Model (3.1)

Per capita oviposition rate
Carrying capacity of the
environment

Transition rate from eggs to
larvae

Mortality rate in eggs phase
Transition rate from larvae to
pupae

Mortality rate in larvae phase
Transition rate from pupae to
the adult phase

Mortality rate in pupae phase
Fraction of female mosquitoes
hatched from all eggs

SSSzom
coccoc=Lee

~.

Eggs

Larvae

Pupae

Susceptible mosquitoes
Exposed mosquitoes
Infected mosquitoes

Model (3.2)
=
3

Effective per capita oviposition
rate

Carrying capacity of the
environment

Transition rate from the aquatic
phase to the adult phase

Mortality rate in the aquatic phase
Fraction of female mosquitoes
hatched from all eggs

Aquatic phase
Susceptible mosquitoes
Exposed mosquitoes
Infected mosquitoes

Model (3.3)
>

Recruitment rate

Susceptible mosquitoes
Exposed mosquitoes
Infected mosquitoes

majority of these studies consider parameter values taken from the literature.

Here to simulate the outbreaks in Itagiii and Neiva, we use local parameters

relevant to the study area. To do this, we considered (i) results from experimental

assays with local mosquito populations for each municipality; (ii) the average

transition time from exposed to infected (mosquitoes and humans); (iii) the

average recovery time in humans; (iv) official information of new dengue cases
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per week; and (v) the size of the human population for each municipality. It is
pertinent to note that experimental assays under laboratory conditions did not
consider the mortality rate for external factors. In this way, these results do not
always correspond to the vector life in the wild. For this reason, we extended the
range for mosquito mortality rate to include external causes that increase it.

It is relevant to point out that much research has been done to formulate new
models that include different transmission characteristics as multiple serotypes,
age groups, migrations, and the influence of climatic factors [30, 102, 64]. How-
ever, few studies have evaluated the relationship between the model formulation
and the available data to obtain more reliable and accurate conclusions.

For instance, in [103, 104], those authors evaluated the performance and
reliability of the fitting data of different models, considering the results of the
identifiability analyses. While other studies perform sensitivity analyses on
the Basic Reproductive Number, R, to determine which parameters are more
critical in producing secondary cases [112, 108]. Nonetheless, we found that it is
necessary to carry out these analyses together because they are complementary.

An essential expression for outbreak characterization is Ry. This number
gives us information about the average number of secondary cases that a single
case can produce if introduced into a susceptible population [22]. We found
that the same expression gives the Basic Reproductive Number for all models by
applying the Next Generation Matrix operator [23]. To determine which param-
eters influence the production of secondary cases, we calculated the elasticity of
Ry for each parameter. Table 1 showed that the occurrence of new dengue cases
was more sensitive to transmission rate from human to mosquito, transmission
rate from mosquito to human, the recovery rate in humans, and the mortality
rate in mosquitoes. These results coincide with the results shown in [32].

Finally, the locally structural identifiability analysis results showed that the

parameters that describe the interactions and transitions between the human
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population are locally identifiable from the cumulative number of reported
dengue cases. In contrast, the parameters that describe the development stages
and sizes of the vector population are not identifiable (see Table 3.5). For
these reasons, to obtain locally structural identifiable models, it is required to
collect information about the mosquito population. However, collecting this
information for long periods can be expensive and unreliable.

In summary, the findings from elasticities and identifiability analysis allow
us to conclude that the most suitable model to simulate an outbreak when the
only available information is the number of new cases per week is Model 3.3.

In the subsequent chapters, we will only work with Model 3.3. Moreover, we
will use the results obtained in this chapter to determine which parameters and

initial conditions should be considered uncertain.
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4.1 Abstract

This chapter introduces a strategy first to select the uncertain quantities (pa-
rameters and initial conditions) and second to find guaranteed enclosures on
the solutions of ODEs. To illustrate the performance of this approach, we con-
sider Model 3.3 and include the uncertainty in the parameters and the initial
conditions through interval analysis. The selection process of the uncertain quan-
tities (parameters and initial conditions) was carried out based on the results of
(i) the sensitivity analysis of Ry, (ii) the structural identifiability analysis of the
model, (iii) the characteristics of the available information about mosquito pop-
ulation, and (iii) the incidence data of dengue in two municipalities in Colombia,
Itagtii and Neiva, during the outbreaks in 2016. Then, to find guaranteed enclo-
sures on such a system’s solutions, we use numerical methods in the framework
on interval analysis. These methods compute the solutions using self-verified
integrators. Specifically, we use a method where the solution is expressed as an
Interval Taylor Serie (ITS), where its coefficients are given by Taylor models that
can depend on simultaneously the parameters and the initial conditions.

The experiments demonstrated the importance of including interval-valued
uncertainty in parameters as the mortality rate in mosquito and the transmission
rates since these parameters cannot be measured accurately. Also, it was possible
to consider scenarios in which the vector populations were more extensive and
get solutions when the number of reported cases is higher. Obtaining robust
and verified solutions in these scenarios are relevant for decision-making and

applying more efficient control measures.
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4.2 Problem statement

Our focus here is on non-linear ODE models which are formulated as Initial

Value Problems (IVPs) as

xX(t) = f(x,0), x(to) = X, (4.1)

where, t € [tg, ], tx > ty, O € © is the m-dimensional vector of parameters, x is
the n-dimensional vector of state variables, and x; is the n-dimensional vector of
initial conditions. Furthermore, ® and X are interval vectors that represent the
enclosures of the uncertainties of parameters and initial conditions, respectively.

Usually, an analytical solution does not exist for Equation (4.1), so we have
to use numerical methods to obtain the model trajectories. The purpose here is
to obtain mathematically and computationally guaranteed enclosures for the
vector of state variables x at all times, i.e. from t; to t,,, and compare these
enclosures with the behaviour of real data. To do this, we will use the software
VSPODE (Validating Solver for Parametric ODEs), which can produce guaranteed
enclosures on models when initial states and parameters are given by intervals.
Moreover, VSPODE has been applied to obtain rigorous enclosures for some
psychology models, ecology models, and epidemiological models [26, 27, 25]. For
more discussion on different methodologies proposed to solve Equation (4.1) and
the main drawbacks caused due to the overestimation caused by the dependency
problem and wrapping effect that arise and strategies to solve them, refer to [72,
55]. To illustrate the performance of this methodology, we considered Model 3.3

and the reported dengue cases for Itagti and Neiva (see Figures 3.4 and 3.5).
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4.3 Taylor models

Most often, the verified methods (interval methods) result useless to deal with
practical problems. This is because of the overestimation caused by the depen-
dency problem and the wrapping effect. One way to handle these drawbacks
is through the application of the Taylor model methods developed by Berz and
his co-workers since the 1990s, which combined interval arithmetic with sym-
bolic computations [74]. To apply these methods, we have to consider Taylor
expansions and an enclosure for the remainder.

Formally, let a function f : D C R® — R that is (n+ 1) times continuously
partially differentiable. A Taylor model for f is given by T = (P,e) = P + e where,
P denotes the n-th order Taylor polynomial of f around the expansion point

xo € D and e is a small bounding set for the remainder of this approximation:
f(x)—P(x—xg) €e, Yx € D where xq € D. (4.2)

For two Taylor models, T} = (P;,e) and T, = (P,,e;) of order n, it is possible to

define addition and multiplication as follows

Tl + Tz = (Pl +P2,€1 + 62)
T\-T, =P -P,+P -e;+P-eq +e;-e, is a polynomial of order 2n

= (Py.5,€1.2) is a polynomial of order n

where, P;.; contains all terms of order n or less, and e;., contains the higher order
terms. A comparison between traditional enclosure methods for IVPs for ODEs
and Taylor models is presented in [74] with a simple example to illustrate how

the application and calculation of the Taylor models to solve ODEs.
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4.4 Solution procedure

In this study, similar to [25] and [52], we consider systems of ordinary differential

equations given by the following formulation
xX(t) = f(x,0), x(to) = X, (4.3)

where, t € [tg, ], tx > ty, and O € O is the m-dimensional vector of parameters.
The variables x and x are n-dimensional vectors of state variables and initial
conditions, respectively. In addition, ® and X, are interval vectors that repre-
sent the enclosures of the uncertainties of parameters and initial conditions,
respectively. We also assumed that f : R” x RP — R" is k — 1 times continuously
differentiable with respect to x and g + 1 times continuously differentiable with
respect to 0.

To solve Equation (4.3), we applied the method proposed in [52] which the
authors implemented in the VSPODE software (Validated solutions of initial
value problems for parametric ODEs [52]. Briefly, the method is as follows;

First, consider a sequence of values fo <t <--- <t, with step size h; = t;,1 —t;

at the (j + 1)-th integration step, j =0,1,...,m—1. A solution to the IVP

x(t) = f(x,0), x(tj) = x;

is given by

X(t;i’]’,Xj,@) = {X(t; tj,X]',Q)lXj € X], 0e® }

In algorithms to solve Equation (4.3), each integration step is divided into two
stages. The first stage consists of validating the existence and uniqueness of the

solution, while the second stage consists of computing a tighter enclosure.
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4.4.1 First stage

The goal in the first stage is to find a step size h; =t;,; —t; > 0 and an a priori
enclosure Xj of the solution such that a unique solution x(¢;1;, x;, 0) is guaranteed
to exist for all t € [tj, t]-+1], all xj € X; and all 6 € ©. For this purpose, the
algorithm uses Interval Taylor Series (ITS) with respect to time. The uniqueness
of the solution x(t;¢,x;,0) is proved by using the Picard-Lindel6f operator and
the Banach fixed-point theorem [72]. To compute the enclosure X]-, VSPODE
uses high-order enclosure methods based on using many terms in the Taylor

series. In this way, it is possible to determine h; =t;,; —f; and X]- such that

1T

%= . [0, ;) F)(x;,©) + [0, ;] F(X?,©) € XY, (4.4)

1

I
[e]

where, (X;); = F[i](Xj,(@) are the interval extensions of the Taylor coefficients!
for x; € X; and 0 € ©.The main advantage of considering more terms in the
Taylor series is that it is possible to consider larger step sizes, unlike first-order

enclosure methods (constant enclosure methods).

4.4.2 Second stage

The goal in the second stage is to compute a tighter enclosure X;,; such that
Xj1 C Xj. In VSPODE, this is done by using ITS to compute a Taylor model
Tf[,-] = f[i](Tx]., Ty), which depends on the initial conditions (x() and parameters
(0). For the Taylor model computations, the interval initial states and parameters

are represented by the Taylor models

xo, € Ty, = m(Xp,) +(xg —m(Xo,))+[0,0], i=1,...,n.

91' € Tgi = m(@)i)+ (91 —m(@i))+ [0,0], 1= 1,...,p.

xU(t;)
7!

!The j-th Taylor coefficient evaluated at t; is denoted by (x;) i=
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It is then possible to determine Taylor models T of the ITS coefficients f[i](xj, 0)
by using remainder differential algebra (RDA) [58] to compute T = f[i](ij, To).
To reduce the overestimation produced due to interval dependency and the
continuous growth of the remainder in each integration step, we used Taylor
models Tf[i] and the mean value theorem to compute the enclosure for each
coefficient f[i](x]-, 0) for the ITS of x;,;. Thus, we obtained the Taylor model ijﬂ
for xj,1 in terms of the uncertain quantities 6 and x,. Finally, to control the
wrapping effect, the state enclosures are propagated using a new type of Taylor
model. This new Taylor model consists of a polynomial and a remainder bound

represented by an n-dimensional parallelepiped.

4.5 Numerical Simulations

To illustrate the performance of VSPODE, we considered the model given
by Model 3.3. In the formulation of this model, we included nine parame-
ters, seven state variables, and their respective initial conditions (see Tables 3.1
and 3.2 for a description). Additionally, the vector function is a polynomial
function in the model parameters and a rational function in the state variables.
In this way, the function satisfies the condition of continuous differentiability
for the state variables and model parameters necessary to apply the VSPODE
algorithm.

We perform simulations for Itagii and Neiva considering uncertainty in
some parameters and initial conditions according to results obtained from local
sensitivity analysis of Ry and the locally structurally identifiability analysis of
Model 3.3. We applied VSPODE, with its default ITS (Interval Taylor Series)
order, k = 17 and a default Taylor model order q = 5, to determine a verified
enclosure of all possible solutions for Model 3.3 under several scenarios for

each municipality. The interval integration was defined for each municipality
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according to the duration of the outbreak. For Itagiii, the interval of integration
was from t = 0 to t = 60 epidemiological weeks, while, for Neiva it was from
t =0 to t = 30 epidemiological weeks. We considered the following scenarios for

our study.

4.5.1 Scenario 1: Considering uncertainty in one parameter at

a time

Here, we considered uncertainty in transmission rates from human to mosquito
and from mosquito to human (8, and f, respectively), the mortality rate in
mosquitoes (y,,), the recovery rate in humans () and recruitment rate in
mosquitoes (A). The first four parameters were included according to the results
obtained from local sensitivity analysis of R (see Table 3.3). The recruitment rate
(A) was included since it was the only parameter that is not locally structurally
identifiable (see Table 3.5).

For Itagui, we fixed the initial condition and the parameters values as M;(0) =
1800000, M,(0) =50, M;(0) = 40, Hy(0) = 223000, H,(0) = 21, H;(0) =10, H,(0) =
25005, H = 248036, u;, = 0.00023, 6,,, = 0.6, and 6), = 1.3. We also fixed the initial
condition and the parameters values for Neiva as M;(0) = 3000000, M,(0) =100,
M;(0) =50, Hy(0) = 315952, H,(0) = 27, H;(0) = 16, H,(0) = 8471, H = 324466,
pp = 0.00011, 6,, = 0.8, and O, = 1.3. Figures 4.1-4.4 show the guaranteed
enclosures for all the possible trajectories of infected humans for Itagui and
Neiva, respectively.

Tables 4.1-4.2 show the interval enclosures and their widths at different
times t (in epidemiological weeks), calculated with VSPODE for Itagiii and

Neiva, respectively.
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Figure 4.1 — Enclosures for the scenario 1 for Itagiii. Enclosures computed us-
ing VSPODE to solve the system in Model 3.3 for the number of new dengue cases
per week (figures on the left) and for the cumulative number of dengue cases (fig-

ures on the right). Parameter values used to obtain these enclosures: (a) A = 2000,

yi = 1.75, gy = 0.22, By = 2.5, and B,, € [0.12,0.15]. (b) A = 2000, 3, = 1.75,

pm = 0.22, B, = 0.12, and B, € [2.5,2.65]. (c) A = 2000, y, = 1.75, B,, = 0.12,

By = 2.5, and p,, €[0.217,0.22].
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Figure 4.2 — Enclosures for the scenario 1 for Neiva. We show the number of
new dengue cases per week (figures on the left) and the cumulative number
of dengue cases (figures on the right). Parameter values used to obtain these
enclosures: (a) A = 15000, y, = 1.7, p,, = 0.4, B, = 2.5, and B, € [0.14,0.2].
(b) A =15000, y, = 1.7, iy, = 0.4, B,, = 0.14, and B, € [2.5,3.0]. (c) A = 15000,
yi=1.7, Bp = 2.5, P = 0.14, and p,,, € [0.38,0.4].
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Figure 4.3 — Enclosures for the scenario 1 for Itagiii. We show the number of
new dengue cases per week (figures on the left) and the cumulative number
of dengue cases (figures on the right). Parameter values used to obtain these
enclosures: (a) p,, = 0.22, B,, = 0.12, B, = 2.5, A = 2000, and y, € [1.7,1.75].
(b) iy = 0.22, By = 0.12, B, = 2.5, y, = 1.75, and A € [1850,2000].

4.5.2 Scenario 2: Considering uncertainty in several parame-

ters at the same time.

In this scenario we obtained verified computational and mathematical enclosures
when (a) uncertain values are assumed for g,, and fj, (b) uncertain values are
assumed for B,,, B, and p,,, and (c) uncertain values are assumed for B,,, 1, Hm,
and yy,.

For Itagui, we fixed the initial condition and the parameters values as M,(0) =
1800000, M,(0) = 50, M;(0) = 40, H,(0) = 223000, H,(0) = 21, H;(0) = 10, H,(0) =
25005, H = 248036, uj, = 0.00023, 6,, = 0.6, 0, = 1.3, and A = 2000. For Neiva,
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Figure 4.4 — Enclosures for the scenario 1 for Neiva. We show the num-
ber of new dengue cases per week (figures on the left) and the cumulative
number of dengue cases (figures on the right). Parameter values used to
obtain these enclosures: (a) u,, = 0.4, B, = 2.5, B,, = 0.14, A = 15000, and
vn €[1.5,1.7]. (b) p,, = 0.4, B, = 2.5, B, = 0.14, ¥, = 1.7, and A € [13000,15000].

we fixed the initial condition and the parameters values as M (0) = 3000000,
M,(0) = 100, M;(0) = 50, H,(0) = 315952, H,(0) = 27, H:(0) = 16, H,(0) = 8471,
H = 324466, u;, = 0.00011, 6,, = 0.8, 0, = 1.3, and A = 15000. Figures 4.5-4.6
show mathematically and computationally guaranteed upper and lower bounds

for the possible trajectories of infected humans for Itagiii and Neiva, respectively.

Tables 4.3—4.4 summarize the values at some times for these enclosures.
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Table 4.1 — Scenario 1 Itagiii: Upper bound, lower bound, and width at different

times. In grey colour, we show the point when the enclosure start to blow up.

Uncertain Epidemiological weeks ¢
values 1 10 20 30 40 50 60
Sup 11.761 | 38.548 | 115.888 | 165.067 | 112.207 | 62.855 | 34.315
B Inf 11.749 | 32.979 | 80.647 | 93.126 | 50.953 | 22.914 | 9.966
Width | 0.012 5.569 | 35.241 | 71.941 | 61.254 | 39.941 | 24.348
Sup 11.991 | 36.057 | 92.789 | 112.843 | 65.175 | 31.018 | 14.447
B Inf | 11.7492 | 32.9785 | 80.6475 | 93.1356 | 50.9797 | 22.9754 | 10.0339
Width | 0.2414 | 3.079 12.142 | 19.707 | 14.195 8.043 4414
Sup 11.749 | 32.994 | 81.409 | 97.631 | 55.520 | 25.73 11.595
j7m. Inf 11.749 | 32.979 | 80.648 | 93.135 | 50.980 | 22.980 | 10.098
Width 0.0 0.016 0.762 4.496 4.540 2.750 1.497
Sup 12.032 | 34.452 | 86.341 | 102.432 | 57.705 | 26.778 | 12.113
Vi Inf 11.749 | 32.979 | 80.648 | 93.136 | 50.980 | 22.981 | 10.098
Width | 0.283 1.473 5.693 9.296 6.725 3.797 2.014
Sup 11.749 | 33.046 | 81.980 | 97.931 | 54.384 | 24.651 | 13.281
A Inf 11.749 | 32.979 | 80.648 | 93.136 | 50.980 | 22.879 | 7.598
Width 0.0 0.067 1.332 4.795 3.404 1.772 5.683

Table 4.2 — Scenario 1 Neiva: Upper bound, lower bound, and width at different

times.
Uncertain Epidemiological weeks ¢
values 1 5 10 15 20 25 30

Sup 16.174 | 33.859 | 64.821 | 65.392 | 38.764 | 19.893 | 9.984

B Inf | 16.122 | 29.811 | 46.241 | 37.155 | 17.144 | 6.774 | 2.604
Width | 0.051 | 4.048 | 18.581 | 28.236 | 21.620 | 13.120 | 7.380

Sup | 17.187 | 36.948 | 63.395 | 56.895 | 29.674 | 13.339 | 5.917

B Inf 16.122 | 29.811 | 46.241 | 37.157 | 17.150 | 6.783 | 2.561
Width | 1.064 | 7.138 | 17.155 | 19.739 | 12.524 | 6.556 | 3.356

Sup |16.123 | 29.874 | 47.833 | 42.820 | 22.232 | 9.789 | 4.380

7. Inf | 16.122 | 29.811 | 46.239 | 37.125 | 17.040 | 6.564 | 2.249
Width | 0.001 0.064 | 1.594 | 5.695 | 5.191 3.225 | 2.131

Sup |17.839 | 34.433 | 57.253 | 50.074 | 25.434 | 11.158 | 5.073

Vi Inf | 16.122 | 29.810 | 46.238 | 37.149 | 17.128 | 6.716 | 2.273
Width | 1.717 | 4.623 | 11.016 | 12.926 | 8.306 | 4.441 | 2.800

Sup | 16.124 | 29.979 | 47.927 | 40.654 | 19.219 | 7.663 | 3.209

A Inf 16.122 | 29.810 | 46.241 | 37.157 | 17.148 | 6.760 | 2.365
Width | 0.002 | 0.169 | 1.686 | 3.497 | 2.071 | 0.903 | 0.844
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Figure 4.5 — Enclosures for the scenario 2 for Itagiii. We show the number of

new dengue cases per week (figures on the left) and the cumulative number

of dengue cases (figures on the right). Parameter values used to obtain these

enclosures: (a) y, = 1.75, p,, = 0.22, B, €[0.12,0.13], and By, € [2.5,2.6]. (b) y;, =

1.75, B € [0.12,0.125], By € [2.5,2.55], and p,, € [0.217,0.22]. (c) y;, = 1.75,

B €[0.12,0.125), Bj, € [2.5,2.55], py, € [0.217,0.22], and 3y, € [1.74,1.75].

4.5.3 Scenario 3: Considering uncertainty in initial conditions

only.

In this scenario we considered uncertainty in (a) the initial mosquito popula-

tion (M,(0), M,(0) and M;(0)), (b) initial human population (H,(0), H.(0), H;(0)
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(c) Considering uncertainty in S, € [0.14,0.16], B, € [2.5,2.7), ptm, € [0.39,0.4], and 7, € [1.6,1.7]

Figure 4.6 — Enclosures for the scenario 2 for Neiva. We show the number of
new dengue cases per week (figures on the left) and the cumulative number
of dengue cases (figures on the right). Parameter values used to obtain these
enclosures: (a) y, = 1.7, p,, = 0.4, B,,, €[0.14,0.17], and B, € [2.5,2.75]. (b) y}, =
1.7, B € [0.14,0.16], B, € [2.5,2.7], and p,, € [0.39,0.4]. (c) B, €[0.14,0.16],
Bn€[2.5,2.7], py, €[0.39,0.4], and y;, € [1.6,1.7].

and H,(0)), and (c) all initial conditions of Model 3.3. These scenarios make

sense because it is not possible to determine exactly which is the number of
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Table 4.3 — Scenario 2 Itagiii: Upper bound, lower bound, and width at different

times. In grey colour, we show the point when the enclosure start to blow up.

Uncertain values Epidemiological weeks ¢

1 10 20 30 40 50 60
Sup | 11.914 | 36.972 | 100.601 | 129.509 | 79.466 | 40.931 | 27.182
B B Inf | 11.749 | 32.901 | 79.978 | 91.469 | 49.227 | 20.929 | 1.846
Width | 0.165 | 4.071 | 20.623 | 38.040 | 30.239 | 20.002 | 25.336
Sup | 11.832 | 34.937 | 90.925 | 115.121 | 69.343 | 34.570 | 18.846
Bur Brr Hm Inf | 11.749 | 32.959 | 80.444 | 92.350 | 49.972 | 21.687 | 6.991
Width | 0.083 | 1.978 | 10.481 | 22.771 | 19.371 | 12.883 | 11.855
Sup | 11.888 | 35.244 | 92.181 | 117.345 | 71.051 | 35.451 | 19.166
B B s Vi Inf | 11.749 | 32.948 | 80.361 | 92.109 | 49.753 | 21.674 | 7.144
Width | 0.139 | 2.296 | 11.820 | 25.236 | 21.298 | 13.777 | 12.022

Table 4.4 — Scenario 2 Neiva: Upper bound, lower bound, and width at different

times. In grey colour, we show the point when the enclosure start to blow up.

Uncertain values Epidemiological weeks ¢

1 5 10 15 20 25 30
Sup | 16.683 | 35.665 | 65.361 | 62.949 | 35.481 | 17.324 | 8.442
B P Inf 16.121 | 29.642 | 45.166 | 35.128 | 15.290 | 5.442 | 1.588
Width | 0.562 | 6.023 | 20.196 | 27.821 | 20.192 | 11.881 | 6.854
Sup | 16.567 | 34.159 | 60.618 | 58.464 | 32.888 | 16.055 | 8.746
B Brr B Inf 16.122 | 29.720 | 45.569 | 35.489 | 15.408 | 5.235 | 0.434
Width | 0.445 | 4.439 | 15.049 | 22.975 | 17.480 | 10.820 | 8.313
Sup |17.176 | 34.286 | 59.366 | 55.984 | 30.771 | 14.565 | 7.516
B Brr Bs Vi Inf 16.119 | 29.698 | 45.586 | 35.629 | 15.581 | 5.498 | 0.963
Width | 1.057 | 4.588 | 13.781 | 20.355 | 15.190 | 9.067 | 6.553

susceptible, exposed, and infected mosquitoes in a specific region. Additionally,

these initial conditions are not locally structurally identifiable (see Table 3.5).

On the other hand, according to the World Health Organization (WHO), the

number of reported dengue cases is not 100% reliable or accurate because of

under-reporting concerns, which can affect up to 75% of the total number of

cases occurring wherever Dengue transmission is present [9].

For Itagui, we fixed the parameters values as H = 248036, p;, = 0.00023,

0, =0.6,0,=1.3,A=2000, y,=1.75, u,, =0.22, ,, = 0.12, and B, = 2.5. For

Neiva, we fixed the parameters values: H = 324466, u; = 0.00011, 6,, = 0.8,

0, =1.3, A =15000, yj, = 1.7, iy, = 0.4, By = 2.5, and p,, = 0.14.
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Figures 4.7 and 4.8 show mathematically and computationally guaranteed

upper and lower bounds on the possible trajectories of infected humans for

Itagii and Neiva, respectively.

Tables 4.5-4.6 show the interval enclosures and their widths at different

times t (in epidemiological weeks), calculated with VSPODE for Itagiii and

Neiva, respectively.

Table 4.5 — Scenario 3 Itagiii: Upper bound, lower bound, and width at different

times.

Uncertain values

Epidemiological weeks ¢

1 10 20 30 40 50 60
Sup | 13.652 | 45.921 | 112.037 | 129.164 | 71.357 | 32.909 | 15.351
Mosquito initial Inf 11.244 | 29.458 | 73.881 | 89.996 | 49.399 | 21.384 | 8.411
conditions Width | 2.408 | 16.463 | 38.156 | 39.168 | 21.958 | 11.525 | 6.940
Sup | 35.308 | 49.040 | 125.575 | 151.516 | 86.668 | 41.208 | 23.689
Human initial Inf 11.745 | 32.472 | 78.516 | 89.978 | 48.351 | 21.071 | 4.317
conditions Width | 23.563 | 16.568 | 47.059 | 61.538 | 38.317 | 20.137 | 19.372
Sup | 20.759 | 47.320 | 121.232 | 146.477 | 83.930 | 39.592 | 18.213
All initial Inf 11.596 | 31.624 | 76.988 | 89.637 | 48.535 | 21.589 | 9.325
conditions Width | 9.163 | 15.696 | 44.244 | 56.840 | 35.395 | 18.003 | 8.888

Table 4.6 — Scenario 3 Neiva: Upper bound, lower bound, and width at different

times.

Uncertain values

Epidemiological weeks ¢

1 5 10 15 20 25 30
Sup | 20.406 | 47.292 | 73.043 | 58.646 | 27.042 | 10.690 | 4.125
Mosquito initial Inf 15.036 | 24.960 | 40.620 | 35.347 | 16.876 | 6.718 | 2.598
conditions Width | 5.370 | 22.332 | 32.423 | 23.299 | 10.167 | 3.971 | 1.527
Sup | 49.036 | 44.165 | 70.251 | 57.261 | 26.852 | 10.803 | 4.244
Human initial Inf 16.118 | 29.626 | 45.794 | 36.658 | 16.846 | 6.635 | 2.551
conditions Width | 32.918 | 14.538 | 24.457 | 20.604 | 10.005 | 4.168 | 1.693
Sup | 53.435 | 62.252 | 98.763 | 81.077 | 38.464 | 15.589 | 6.171
All initial Inf 14.960 | 24.416 | 39.385 | 34.003 | 15.743 | 6.079 | 2.269
conditions Width | 38.476 | 37.836 | 59.378 | 47.075 | 22.721 | 9.510 | 3.902
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(c) Considering uncertainty in all initial conditions

Figure 4.7 — Enclosures for the scenario 3 for Itagiii. We show the number
of new dengue cases per week (figures on the left) and the cumulative num-
ber of dengue cases (figures on the right). (a) M(0) € [1800000,2000000],
M,(0) € [50,70], M;(0) € [40,60], H,(0) = 223000, H,(0) = 21, H;(0) = 10,
and H,(0) = 25005. (b) M(0) = 1800000, M,(0) = 50, M;(0) = 40, Hs(0) €
[223000,235634], H,(0) € [21,84], H;(0) € [10,40], and H,(0) € [12340,25005].
(c) M(0) € [1800000,1850000], M,(0) € [50,60], M;(0) € [40,50], Hs(0) €
[223000,235634], H,(0) € [21,42], H;(0) € [10,20], and H,(0) € [12340,25005].
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Figure 4.8 — Enclosures for the scenario 3 for Neiva. We show the number of
new dengue cases per week (figures on the left) and the cumulative number
of dengue cases (figures on the right). Initial conditions used to obtain these
enclosures: (a) M (0) € [3000000,3500000], M,(0) € [100,150], M;(0) € [50,100],
H,(0) =315952, H,(0) =27, H;(0) =16, and H,(0) = 8471. (b) M,(0) = 3000000,
M,(0) = 100, M;(0) = 50, H,(0) € [315952,324294], H,(0) € [27,108], H;(0) €
[16,64], and H,(0) € [0,8471]. (c) M,(0) € [3000000,3500000], M,(0) € [100,150],
M;(0) € [50,100], Hs(0) € [315952,324294], H.(0) € [27,108], H;(0) € [16, 64], and
H,(0) €[0,8471].
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4.5.4 Scenario 4: Considering uncertainty in parameters and

initial conditions at the same time.

In this scenario, we included uncertainty in transition rate from exposed to
infected mosquito (6,,) and exposed and infected human initial conditions
(H.(0) and H;(0), respectively). VSPODE breaks down at the second integration
step for Itagiii when H,(0) € [21,61] and H;(0) € [10,30], and for Neiva at t = 18
when H,(0) € [27,77] and H;(0) € [16,46] due to rapid growth of the enclosure.
Thus, to obtain guaranteed enclosures, we split the intervals of H,(0) and H;(0)
into 10 equal-sized sub-boxes for both municipalities, and then used VSPODE
to determine the solution for each sub-box. The final solution enclosure is then
the union of all the enclosures resulting from each sub-box. However, with the
VSPODE specifications that we mention above, the solutions for Itagiii always
blow up in some integration point. For that reason, we considered (only for
Itagui and this scenario) ITS (Interval Taylor Series) order k = 12 and a default
Taylor model order g = 9.

For Itagui, we fixed the parameters and initial condition values as follows
H = 248036, p;, = 0.00023, 6), = 1.3, A = 2000, y;, = 1.75, p,, = 0.22, B,, = 0.12,
Bn = 2.5, M(0) =1800000, M,(0) = 50, M;(0) = 40, Hy(0) = 223000, and H,(0) =
25005. Similarly, for Neiva, we fixed the parameters values as mentioned below
H = 324466, u, = 0.00011, 6,, = 0.8, 6, = 1.3, A = 15000, y, = 1.7, p,, = 0.4,
Bn = 2.5, B, = 0.14, M;(0) = 3000000, M,(0) = 100, M;(0) = 50 Hy(0) = 315952,
and H,(0) = 8471.

Figures 4.9 and 4.10 show mathematically and computationally guaranteed
upper and lower bounds on the possible trajectories of infected humans for

Itagiii and Neiva, respectively.
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Figure 4.9 — Enclosures for the scenario 4 for Itagiii. We show the number of
new dengue cases per week (figures on the left) and the cumulative number of
dengue cases (figures on the right). In (a) we consider H,(0) = 21, H;(0) = 10
and uncertainty in 6,, € [0.58,0.88]. In (b) we consider uncertainty in 60,, €
[0.58,0.88], H.(0) € [21,61], and H;(0) € [10,30]. The curves shown in this figure
are upper and lower bounds, obtained by dividing into sub-intervals of four and

two width [21,61] and [10, 30] respectively, to guarantee verified solutions.
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(b) Considering uncertainty in 6,, € [0.58,0.88], H.(0) € [32,82], and H;(0) € [16,49]

Figure 4.10 — Enclosures for the scenario 4 for Neiva. We show the number of
new dengue cases per week (figures on the left) and the cumulative number of
dengue cases (figures on the right). In (a) we consider He(0) = 21, Hi(0) = 10
and uncertainty in 6,, € [0.58,0.88]. In (b) we consider uncertainty in 6,, €
[0.58,0.88], H.(0) € [32,82], and H;(0) € [16,49]. The curves shown in these
figures are upper and lower bounds, obtained by dividing into sub-intervals
of three ([32,82]) and five ([16,49]) width respectively, to guarantee verified

solutions.
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4.6 Discussion and conclusions

This chapter presented a strategy to include uncertainty in models based on
ODE:s by applying interval arithmetic, structural identifiability analysis, and
local sensitivity analysis (see Chapters 1 and 3). Moreover, we consider the
available information, knowledge, and understanding of the phenomenon under
study. To the best of our knowledge, this is the first study in which a strategy
to select the uncertain quantities (parameters and initial conditions) based on
the results of structural identifiability analysis and local sensitivity analysis is
introduced.

Previous studies in mathematical epidemiology have incorporated uncer-
tainty via fuzzy and stochastic approaches, and to a lesser extent, through the
application of interval analysis [6, 7, 12, 25]. Nevertheless, few studies have
assessed the relation between the available data and the model formulation
to decide which is the best option to include the uncertainty [41, 113]. This
study represented uncertain quantities (parameters or initial values) of a dengue
transmission model by intervals, since the available information is not always ac-
curate. It might not be sufficient either to determine the probability distribution
function or the membership function that parameters follow.

For Model 3.3, it was possible to obtain the trajectories using ITS, where
its coefficients are given by Taylor models, since its vector field is sufficiently
continuously differentiable concerning the state variables and the parameters.
Nonetheless, it was not possible to consider uncertainty in a larger set of param-
eters and initial conditions simultaneously due to overestimation caused by the
dependency problem, the wrapping effect, and the curse of dimensionality [72].
For these reasons, it was necessary to examine alternative strategies to select the
uncertain quantities that should be considered. Here, we regarded the results of

locally structural identifiability analysis, local sensitivity analysis, the available
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information, and the knowledge of the study phenomenon to accomplish it. In
this way, we can reduce the problem’s dimension and successfully apply interval
methods to find guaranteed bounds for model solutions.

From the biological point of view, it is relevant to consider uncertainty
in parameters measured under laboratory conditions, since these results do
not always correspond to the vector’s life in the wild. Additionally, the local
structurally identifiability analysis results suggest that considering uncertainty
in the initial conditions of mosquito population through interval arithmetic is
an excellent way to determine how an outbreak would be in the presence of
larger populations (see Figures 4.7 and 4.8). This result is significant since, at
present, the only way to mitigate dengue outbreaks efficiently is by controlling
the vector population [92]. Finally, we consider as uncertain values the human
initial conditions, as according to [9], the number of reported new dengue cases
per week does not correspond to the total number of cases that occurred in a
period. Figures 4.7 and 4.8 show that the human initial conditions have more
impact on the number of dengue cases per week than mosquito initial conditions.
These results make sense, since there exist cities with large mosquito population
where the number of dengue cases is low and some cities with a significant
number of dengue cases where the presence of mosquitoes is not significant [88].
This relation can be explained by vector capacity of the vector [14].

These findings highlight the potential usefulness of verified methods in
mathematical epidemiology as an alternative to manage uncertainty in actual

phenomenon modeling.
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5.1 Abstract

The goal of this chapter is to solve a parameter estimation problem considering
uncertain data. To achieve this goal, we propose the algorithm PISA (Parameter
Interval Search Algorithm) to settle which interval parameters produce the
best fit to actual data. PISA exploits the relation between the value of R,
and the behavior of the reported dengue cases to drop regions with biological
inconsistency. The algorithm’s effectiveness is demonstrated by estimating the
most sensitive parameters of Ry for Itagtii and Neiva.

On the other hand, we introduce two key concepts, weak and strong compati-
bility, between the output of the model and the given interval data. In particular,
we formulate these notions when the model is an ODEs, and real closed intervals
give the variables’ values. These concepts help us understand the meaning of
the model fit to interval data. To exemplify this point, we add noise in the data
follows a uniform distribution to evaluate how much uncertainty can explain a
fixed estimation.

The results showed that PISA was able to fit the data for both municipalities.
Moreover, we found that the transmission rate values from mosquito to human
(Br) and the mortality rate in mosquitoes (y,,,) were higher for Neiva than for
Itagti. Finally, applying the compatibility measure, we found that the uncertain
initial conditions of the model can explain an increase in the number of reported

dengue cases for Itagti and Neiva with the same parameter values.
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5.2 Problem statement

In this chapter, we wanted to develop a method for analyzing data that is
inaccurate and with interval uncertainties. Unfortunately, as far as we know, it
is not possible to find analytic expressions for the solution of nonlinear ODEs as
given in Model 3.3, so we investigated using numerical methods. Moreover, for
this kind of model, the vector of parameters and the vector of initial conditions
are unknown. In summary, the goal of this chapter was to determine these
unknowns parameters from some measurements (observations) of some variables
X; in Equation (4.1) that can or cannot be precise.

The problem of determining the parameter values of a dynamic model from
experimental results is commonly known as parameter estimation problem, and is
present in many applications that involve the modeling of real phenomena.

One of the strategies to solve this problem is through the formulation of an
optimization problem Equation (5.1) which frequently is nonlinear and non-
convex.

i i\t yXi'
min ¢(Y;(t;, 0), Xij)

s.t. v = f(t,v(),0)
V(to,0) = po(0) (5.1)
g(y(t;),0) <0,

t € [to, tr]

where, 6 is a p-dimensional parameter vector, Y;; = Y;(¢;, 0) is the solution of the
ODEgs, X;; is the experimental data for the variable i at the time ¢}, the solution
of the ODEs, ¢ is the objective function that measures the error between the
model and the data, and g is a constraint.

Here, we want to solve Equation (5.1) when the decision variable is the
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parameter vector 6 = (B, Bn, tm» ¥n) € R, where, R is given by the cartesian
product of the parameter’s range of each municipality (see Table 3.1). The idea
at this point is discarding portions of R that are inconsistent with Model 3.3
and data. To do this, we follow a sequential approach where the optimization
problem in Equation (5.1) is divided into two modules, the ODEs integration
and the optimization modules. The integration module’s goal is to obtain the
numerical solution for the ODEs with decision variable values given by the
optimization module. In this study, we obtain these numerical solutions from
the VSPODE software [52]. It is important to mention that the solution is
completely rigorous since it is based on its solver’s numerical solution. The
optimization module’s objective is to compare the objective function values
between boxes to determine each iteration’s optimum. These optimal boxes will
then be divided to obtain enclosures as narrow as determined by the modeler.
Then, when the data is inaccurate, that is, when each measurement represents
an entire set of possible values rather than a single point, the concept of “fit
a model to the data” must be rethought [96]. For this purpose, we define the
concept of “compatibility and strong compatibility” between interval-data and a
vector formed by uncertain initial conditions or uncertain parameters of the
given model. Following the theory of interval linear equations, we call the set
of compatible vectors with data the “united solution set”, while the set of strong

compatibility vectors with the data is called “tolerable solution set”.

5.3 Parameter estimation

To fit the nonlinear ODEs formulated in Model 3.3 to our data described in Sec-
tion Section 3.3, we express the parameter estimation problem in Equation (5.1).
We refer to these interval vectors of parameter values as boxes. To solve this

optimization problem, we propose a search algorithm in this section.
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The search space, R, for this task is considerably large. According to the
results from elasticity ranges of R (see Table 3.4), for Model 3.3, we need to con-
sider uncertainty on four parameters, B,,, fn, ym, and yy. Therefore, the size of
such a space of boxes makes our fitting problem impractical for any brute-force
algorithm, as we must solve its corresponding ODEs for each parameter combi-
nation. This is also expensive as we require verified solutions. We request for
such solutions to the verified-numerical software VSPODE, introduced in [52].

According to specific rules, referred as filters in Section 5.4.3, the proposed
algorithm explores a graph by expanding the most promising nodes. This
approach follows similar ideas of a best-first search algorithm. However, our
node-expansion happens for a node-set. Usually, one only expands the most
promising node. This choice design relies on the fact that our optimization
problem often exhibits multiple optima.

To find the promising nodes, we perform a depth-first search on the grid of
the defined parent box. This search discards boxes of the parameter domain
inconsistent with the given data by using the constraints defined. Consequently,
we get promising boxes, on which we compute the objective function value
described in Section 5.4.1. This finishes the grid exploration. At this stage of the
algorithm, we could stop and determine the optimum found. Otherwise, using
the same strategy on every promising box, we could iterate the algorithm to get
new optima, and consequently a global solution. As part of the algorithm’s input,
one sets the number of times the algorithm iterates.

We pointed out that as the algorithm recurses, its recursive sub-calls are
independent, as they have no shared values. This observation suggests one can
execute each sub-call in parallel, improving the run time execution. Further,

each algorithm’s component is precisely described.
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5.4 Algorithm’s description

5.4.1 Objective function

For our parameter estimation problem, we consider the /;-norm Equation (1.12)
as the objective function ¢. This function ¢ measures the error between the
data and the output model. We chose the /;-norm since it is less sensitive to

outliers [4].

5.4.2 Initial region

As part of the algorithm’s input, we must provide an initial box. We refer to such
box as Z. This box corresponds to the root in the graph in which the algorithm
explores. To establish Z, we start with a box named R, based on ranges given in
the Table 3.1 for the uncertain parameter intervals.

We perform a preliminary search to discard non-informative boxes in R. To
do so, we divide R into smaller boxes, precisely, 625 boxes of equal size. We
solve the optimization problem, Equation (5.1) using a local-search algorithm
on each of these boxes. In our setting, we perform such a search by using the
MaTtHEMATICA built-in method FindFit, initialized with the midpoint of each
box. With a refinement of these 625 estimations, we find for each parameter an
interval, namely B B’ B B Bym, and B, The initial box Z is as follows

Z = Bﬁm X Bﬁh X Bl,m X B;/h-

5.4.3 Filters

A filter is a function that decides whether we must consider a box or not for

graph exploration.

* F1. We consider the constraint R%H > 1 (see Equation (3.12)), since we want
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to simulate two outbreaks of dengue transmission. Therefore, the average
number of infected humans must be greater than one. In this wayj, it is
possible to eliminate boxes that do not make biological sense in our case

study. Thus, we avoid undesirable computations with VSPODE.

* F2. To formulate this filter, we consider in which directions the objective
function value increase or decrease. To do this, we examine how the
behavior of B,,, Bn, #m, and y;, make the trajectory of infected humans grow.

We obtain for our case study, the following set of vectors Dir.

Dir={(1,0,0,0),(0,1,0,0),(0,0,-1,0),(0,0,0,-1)}.

The first two vectors in Dir indicate we move in the direction in which g,
and fj, increase. While the other vectors indicate, we move in the direction

in which p,, and y;, decrease.

Let b be the filter’s input. We discard certain boxes based on the objective
function value of their neighbors. The NeighborBoxes function gives such
neighbors using Dir, as it is illustrated by Figure 5.1(a). If ¢(b) is the
objective value function on b, and b’ is one of its neighbor in the direction
d € Dir, we compute ¢(b’). If ¢(b’) > ¢p(b), we discard all boxes that one can

find in the current grid following direction d.

NeighborBoxes(b) = {b"|b" = b+ wgdp, for all d € Dir} (5.3)

where, wg corresponds to the width of the coordinate O of b. We summarize

this procedure in Algorithm 1.

* F3. This filter is always the last criterion we apply to discard boxes. To
avoid discarding boxes where one could find a good estimation in later

iterations, we admit an error level 7 for the optimal value found, where,
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Algorithm 1 : F2: Discarding boxes by ¢ monotonicity
Input : b, Dir, ¢; R,0 € {ﬁmJ Brs Bns Vh}

1 if ¢(bg) > ¢p(b) then

2 Color(bg) « PURPLE

3 for dgy € Dir do

4 b,Q — b@ + dg

5

6

7

while b, C R do
if Color(by) = WHITE then
| Color(bp) « PURPLE

0 <7 <1. This 1 value represents the error percentage the modeler accepts.
Let ¢* be the optimum value for the current iteration. The filter F3 accepts

boxes Z; only if ¢(Z;) < (1 +1)¢p".
We summarize the general procedure in Algorithm 2.

Example 5.4.1. Consider Model 3.3 and the cumulative number of dengue cases
for Neiva (see Section 3.3). To explain how Algorithm 2 works, we consider two
uncertain parameters, f8,, and ;. The resulting region Z after the preliminary
search is Z = [0.054, 0.21] x [2.23, 3.23] which is the initial box and the root
in the graph. In the first algorithm’s iteration, we split g,, and f;, in 5 and 4
subintervals, respectively. In total, we split Z into 20 sub-boxes. In this way, it is
possible to compute verified enclosures for the trajectories using VSPODE.
Moreover, we define the directions set as Dir = {(1,0), (0, 1)} indicating that we
move towards increase in f8,,, and . Thus, for example, the NeighborBoxes(Z;) =
{Z,,Z5} (see Figure 5.1(a)). For subsequent iterations, we only split each region
into three sub-boxes according to their maximum width. For instance, in the
first iteration w(p,,) = 0.156 and w(py) = 1, so we split the coordinate f; into
three parts (see Figure 5.1(c)). In total, we performed 16 algorithm’s iterations.
We summarized these results in Table 5.1, while Figure 5.3 shows the enclosures
obtained for the cumulative number of infected humans. The values used for the

other parameters and initial conditions are as follows H = 324466, p; = 0.00011,
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Algorithm 2 : Parameter interval search algorithm (PISA)

1
2
3

O 0 N S G

10
11
12
13
14

15
16
17
18

19
20

21

22

23
24

Input : Region R (split by boxes), objective function ¢, tolerance error 7,
a positive number 71, and global variable ArgMin
Output : Parameter estimation assignment ArgMin

ZW — (R}
fork=1tondo
Zk+1)
for Re Z® do
Wk <0
for be R do
update graph with entry b
if min(Rg(b)) > 1 then
| Wrp — Wr U (D)

G0
for b e WFl do
if Color(b) = WHITE then
B < Explore(R, ¢, 11, Wg1, b, ArgMin)
L g—GuUB

¢* < min{p(b)[b € G)

for Ze G do

if ¢(b) < ¢” then
L ArgMin <« b

if p(b) <(1+7)-¢* then
| Color(b) « GREEN

else

| GG\ [b)

for b e G do
|zt Z®ED G (Split(b))

25 return ArgMin

fy = 0.45,0,,=0.8,0), = 1.3, 7, = 1.7, A = 24000, M,(0) = 3500000, M,(0) = 80,

M;(0) = 25, H(0) = 315952, H,(0) = 27, H;(0) = H,(0) = 16, and H,(0) = 8471.

Remark. It is important to note that this algorithm allows us to find clusters of

regions with reasonable solutions. For instance, when we run iteration nine, we

found three candidate regions for searching solutions. In this case, it is up to

the modeller to decide the uncertainty he wants to admit in the final parameters

to accept the answer, considering that the solutions found are mathematically
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Algorithm 3 : Explore
Input : R, ¢, 1, W1, b, ArgMin
Output : G = {b C R|b satisfied the filter F3}
1 G« ArgMin
2 Wiz« b
3 if Color(b) = WHITE and b € Wg; then

4 Color(b) < GRAY
5 | Y, < VSPODE(b)
6 for b’ € NeighborBoxes(b) do
7 Y, « VSPODE(b)
8 if ¢(b") < ¢(b) then
9 ArgMin < b’
10 ¢ — p(b)
11 Wrs « Wi U {D}
12 Explore(R, ¢, 1, Wy, b’, ArgMin)
13 else
14 L Apply F2(b)
15 for b € Wgs do
16 if p(b) <(1+#)-¢* then
17 L G<—Gu{b}

18 return G

32 32 32
& Za Zs Zra Z Z0 & Zy Zs Zha Ze Zx S Zy Zs Zrz Zie Z0
g g
£ 30 230 E 30}
E £ ER
e S .
s <
= Zy Z7 Zn Zhs Zhg ] Z3 Z Zy1 Zy5 Zyg £l Zy Z Zn Zys Z1g
g 28 F 28 28
£ g [
£ £ £
g 5] &
- s H]
E26t| Zp Zg Zo Zha Z1s Ea26t| Zy Zs Zo Za Zis Soastl 7y Zs Zo Zha Z1s
H 4 g
£ 2 g
E 24 E 24} = 24
Zy—> Zs Zy Zhs Zi7 4 Zs Zy Zy3 Zyy 4 Zs Zy Zhg Zr
010 0.15 “o20 o0 0.15 020 0.10 0.1 020
Transmission rate from human to mosquito, 5, Transmission rate from human to mosquito, 3, Transmission rate from human to mosquito, 3,

Figure 5.1 — Figure 5.1(a) shows the initial region split into 20 sub-boxes and the
directions to explore. Figure 5.1(b) shows in green the boxes that satisfied all the
three filters in the first iteration, and in purple, the boxes discarded. Figure 5.1(c)

shows how the green boxes are split in the second iteration.
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Figure 5.2 — The figure shows the first, second, and third iteration of the algo-
rithm’s graph for Model 3.3 when we consider uncertainty in two parameters,
Bm and Bj,. The green edges correspond to the boxes that the algorithm will split
in the following iteration. The purple edges correspond to the boxes discarded

by the algorithm in the current iteration.

verified.

5.4.4 Compatibility between parameters, initial conditions, and

interval data

According to [96], intuitively, we can understand the compatibility between
parameters and data as passaging a curve through all the corridors of uncertainty
data for the output variable.

The idea here is to evaluate how much uncertainty in the data can explain
the interval solutions found using the VSPODE when including uncertainty first
in the parameters and then in the initial conditions. For this, we introduced the
definitions and results needed to establish compatibility between parameters
and uncertain data. These are mainly taken from [96], where were formulated

in the context of solving the data fitting problem for a linear function under
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Table 5.1 — Table shows the best-fitted parameter enclosures results in each

iteration for Model 3.3 considering as uncertain parameters, 3, and f;,.

Iter | Obf. function Parameter vector
value Bm B
1 2387.5855 [0.116399,0.147600] | [2.729999,2.980000]
2 1532.6969 [0.178800,0.210000] | [2.230000,2.313333]
3 1286.0055 [0.178800,0.210000] | [2.257778,2.285555]
4 734.2488 [0.189200,0.199600] | [2.257778,2.285555]
5 614.0078 [0.189199,0.199600] | [2.276296,2.285555]
6 424.7480 [0.192667,0.196133] | [2.276296,2.28555]
7 388.1020 [0.192667,0.196133] | [2.282469,2.28555]
8 324.3913 [0.194978,0.196133] | [2.276296,2.279382]
9 315.4371 [0.194978,0.196133] | [2.276296,2.27325]
10 294.2311 [0.195363,0.195748] | [2.276296,2.277325]
11 291.2613 [0.195363,0.195748] | [2.276296,2.276639]
12 284.2207 [0.195491,0.19562] | [2.276296,2.276639]
13 283.1019 [0.195363,0.195491] | [2.276525,2.276639]
14 280.7129 [0.195448,0.195491] | [2.276525,2.276639]
15 280.3869 [0.195448,0.195491] | [2.276525,2.276563]
16 279.5394 [0.195448,0.195462] | [2.276525,2.276563]

interval data uncertainty. We adapt them according to our case study.

Below are some variables we used to introduce new definitions.

e Let Z =(Y,,®) € IR? be a p—dimensional vector, where its first m coordi-

nates correspond to the interval initial conditions and its last p — m coor-
dinates correspond to interval parameters of the model in Equation (4.1),

respectively.

The vector X; = (X;,, X;,,..., X;,) is the interval experimental data regard-
ing Equation (4.1), where #n is the number of variables, 1 <i <, and the

number of measurements at different times is denoted by k.

The vector Y; = (Y;,,Y;,,.... Y,

i) is the enclosure of the system solution

in Equation (4.1) for the variable i at the time f;.

Definition 5.4.1. The vector Z is compatible with an interval experimental

data Xi Xie o X if for each measurement k, there are representatives X;, €
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E

(a) Iter 1: 2387.59 (b) Iter 2: 1532.70 (c) Iter 3: 1286.01

o & ¥ 8 & & 8 &

(d) Iter 4: 734.25 (e) Iter 5: 614.01 (f) Tter 6: 424.75

g8 8 & & 8 &

B

(g) Iter 7: 388.10 (h) Iter 8: 324.39 (i) Tter 9: 315.44

Figure 5.3 — The figure shows how the enclosures obtained solving the sys-
tem Model 3.3 for the cumulative number of infected humans are reduced in

each iteration.
-

Xil,...,xik GXik such that xil € Y,-l,...,xik € Yi

This set of vectors is called the united solution set of Equation (4.1).
E,.i:(X,Y) = {Z € IR? | there exist x € X such that x € Y}
where, X and Y are interval matrices, and x is a real matrix. All these matrices

have the same dimension, k x n.

Definition 5.4.2. The vector Z is strongly compatible with the interval experimen-
tal data X;, X;,,..., X, if for each measurement k, and for any representatives

xil € Xil" . .,X,’k € Xik there holds that xil € Yil’ .. .,x,-k € Yik'
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The set composed of Z vectors that satisfies the previous definition is called

the tolerable solution set of the Eq. (4.1).

E:o(X,Y)={Z eIRP|foranyxe X, x€ Y} (5.4)

From Definition 5.4.1 and Definition 5.4.2, it follows that the tolerable solution
set is always a subset of the united solution set, i.e. if there is strong compatibility
between the vector of parameters, the vector of initial conditions and the data,

then the usual compatibility takes place naturally.

Etol(X;Y) - Eunit(fo)'

Example 5.4.2. Consider the sir model normalized,ie. 0<s<1,0<i<1,and

0<r<1:

§=p—psi—pus
1= psi—(u+y)i

F=yi—ur
where, y, f, and y represent the mortality rate, the transmission probability and
the recovery rate, respectively. Also the population is constant, s+i+r=1. We
can reduce this system to the first two equations

§=u—Psi—us (5.5)

1= psi—(p+y)i.
To illustrate the definition of compatibility and strong compatibility with the sys-
tem Equation (5.5), we consider just one uncertain parameter, the transmission
probability . The mortality rate and the recovery rate are given by y = 0.5 and

y = 0.1, respectively. The initial conditions are s(0) = 0.97 and i(0) = 0.03.
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Figure 5.4 — in Figures 5.4(a) and 5.4(d) we consider f = [0.68,0.72]. These
figures show that just one part of the interval data belongs to the enclosure
obtained to solve Equation (5.5). For Figures 5.4(b) and 5.4(e) we consider =
[0.71, 0.74]. These figures show the enclosure obtained to solve Equation (5.5) is
a subset of the interval data for each measure. Finally, for Figures 5.4(c) and 5.4(f)
we consider f =[0.68, 0.81]. These figures show how the interval data is a subset
of the enclosure obtained to solve Equation (5.5) for each measure and each
variable. In this way, Figures 5.4(a), 5.4(b), 5.4(d) and 5.4(e) show compatibility
between the vector of parameters and initial conditions of Equation (5.5) and
interval measurement data. Meanwhile, Figures 5.4(c) and 5.4(f) show strongly

compatibility between parameters and initial conditions, and interval data.
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Another case that may arise is when the interval data and the enclosure
obtained to solve Equation (4.1) do not have any common point. In this case, we
say that the interval data and the vector of parameters and initial conditions are
incompatible.

To settle the compatibility type between the vector of parameters and initial
conditions and the interval data, we introduce a quantitative measure of compat-
ibility. For this, let’s consider a vector Z. To know if Z belongs to the tolerable

solution set we have to check that X; CY; ,X;, CY;

i, €Yi,...,X; CY; foreach variable

1 =

i. Doing so, we consider Xi, = [Xi]., X_z]] and Y, = [Yi],,Y_,-j], where j =1,...k. We

say X;, is subset of Y; if and only if

min E‘}?k{(ﬁ_ Yi), (Yi - X;)} =2 0 (5.6)
or equivalently if
min min {rad Y —rad X;, - |mid X, —mid Yl-].I} >0 (5.7)

1<i<n 1<j<k

where, X = (X, X| =mid X + [-rad X, rad X ].

Now, we can state the following result as

Theorem 5.4.1. Let X and Y be n x k interval matrices, where n corresponds to the
number of variables of the system Equation (4.1) and k corresponds to the number of
measurements for each variable. The expression

Tol(Z,X,Y) = min min {rad Yi]. - radXi]. —|mid XZ-]. —mid Y,-jl} (5.8)

1<i<n 1<j<k

determines the mapping Tol : TRP x TR™ x TR — R such that the membership of

a point Z € IRP in the tolerable solution set, E;,;(X,Y) of the system given by Equa-
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tion (4.1) is equivalent to non-negativity of the mapping Tol in the point Z, i. e.

Z €E;(X,Y) & Tol(Z,X,Y) > 0.

We call the function given in Equation (5.8), compatibility measure.

Example 5.4.3. Let’s consider again the model given by Equation (5.5) and Ex-
ample 5.4.2. We have two variables; the proportion of susceptible, s and the

proportion of infected, i. Additionally, we have forty measures for each variable.

 For Figures 5.4(a) and 5.4(d) the value of Equation (5.7) is given by:

min {-0.0974893, —-0.0243558} = -0.0974893 <0

1<i<2

 For Figures 5.4(b) and 5.4(e) the value of Equation (5.7) is given by:

min {-0.0733967, —0.0186444} = -0.0733967 <0

1<i<2

 For Figures 5.4(c) and 5.4(f) the value of Equation (5.7) is given by:

giigrlz{o'000414505' 0.000336667} = 0.000336667 > 0
These values correspond to the minimum when we consider the interval-data
and the enclosure for the proportion of susceptible and for the proportion of
infected, respectively.
From the compatibility measure values in these three scenarios we conclude
that the only vector Z of initial conditions and parameters which belongs to E;,;

correspond to Figures 5.4(c) and 5.4(f).
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5.5 Results of model fitting and parameter estima-
tion

We fitted Model 3.3 to the cumulative reported dengue cases for each municipal-
ity. For this, as in [54], we added a new state variable, H. = 0,H, that describes
the number of cumulative dengue cases without considering the recovered. We
decided to proceed in this way as the available information regarding the new
number of reported dengue cases is gathered per week. Hence, it was also not
possible to knew the average recovery period was for each population before-
hand. Thus, we did not know how many infected humans were for a given
time.

In addition, in the Filter-3, we define # = 0.5, i.e. we accept an error level

up to 50% in the optimal value found in each iteration.

5.5.1 Itagui

The resulting region from the local method for Itagiii was

Z=B; xB; xB, xB
ﬁm ﬁh Pm Vh (59)

=[0.05,0.25] x [1.3,2.3] x [0.16,0.26] x [1.45,1.75]

where, w(Bg ) = 0.2, w(Bg,) = 1, w(B,,,) = 0.1, and w(B,,) = 0.3. To compute
mathematically and computationally guaranteed upper and lower bounds for
the trajectories of cumulative infected humans, we split Bﬁm,B ﬁh’BP‘m’ and By]1
in 40, 20,40, and 30 subintervals. So, in total we split Z in 960000 sub-boxes.
The values used for the other parameters and initial conditions for Itagui were
H = 248036, u, = 0.00023, 6,, = 0.6, 6, = 1.3, A = 2500, M,(0) = 1800000,
M,(0) = 50, M;(0) = 20, Hy(0) = 223000, H,(0) = 21, H;(0) = H.(0) = 10, and

H,(0) = 25005.



5.5. Results of model fitting and parameter estimation

132

Table 5.2 — Best fitted results for each iteration from Algorithm 2 for Itagii

considering uncertainty in f,,, Bn, #m, and yy,.

Iter | Obj. function Parameter vector
value B Bn Hm Vh
1 10213.7 | [0.1350,0.1400] | [2.0500,2.1000] | [0.2150,0.2175] | [1.7400,1.7500]
2 7748.63 [0.1750,0.1800] | [1.7666,1.7834] | [0.2250,0.2275] | [1.7000,1.7100]
3 6873.96 [0.1750,0.1800] | [1.7722,1.7778] | [0.2250,0.2275] | [1.7000,1.7100]
4 6505.94 | [0.1750,0.1800] | [1.7722,1.7778] | [0.2250,0.2275] | [1.7033,1.7067]
5 6210.98 [0.1750,0.1800] | [1.7759,1.7778] | [0.2250,0.2275] | [1.7066,1.7100]
6 4400.80 [0.1766,0.1784] | [1.7759,1.7778] | [0.2250,0.2275] | [1.7066,1.7100]
7 4282.48 [0.1766,0.1784] | [1.7759,1.7778] | [0.2250,0.2275] | [1.7077,1.7089]
8 3445.23 [0.1766,0.1784] | [1.7759,1.7778] | [0.2258,0.2267] | [1.7077,1.7089]
9 3351.44 | [0.1766,0.1784] | [1.7771,1.7778] | [0.2258,0.2267] | [1.7077,1.7089]
10 2757.75 [0.1772,0.1778] | [1.7771,1.7778] | [0.2258,0.2267] | [1.7077,1.7089]
11 2718.50 [0.1772,0.1778] | [1.7771,1.7778] | [0.2258,0.2267] | [1.7077,1.7082]
12 2441.93 [0.1772,0.1778] | [1.7771,1.7778] | [0.2261,0.2264] | [1.7077,1.7082]
13 2411.34 [0.1772,0.1778] | [1.7773,1.7776] | [0.2261,0.2264] | [1.7077,1.7082]
14 2214.38 [0.1774,0.1776] | [1.7773,1.7776] | [0.2261,0.2264] | [1.7077,1.7082]
15 2201.27 | [0.1774,0.1776] | [1.7773,1.7776] | [0.2261,0.2264] | [1.7077,1.7079]
16 2109.08 [0.1774,0.1776] | [1.7773,1.7776] | [0.2262,0.2263] | [1.7077,1.7079]
17 2098.68 [0.1774,0.1776] | [1.7775,1.7776] | [0.2262,0.2263] | [1.7077,1.7079]
18 2032.76 [0.1774,0.1775] | [1.7775,1.7776] | [0.2262,0.2263] | [1.7077,1.7079]
19 2028.53 [0.1774,0.1775] | [1.7775,1.7776] | [0.2262,0.2263] | [1.7078,1.7079]

Table 5.2 shows the best-fitted parameter enclosures results in each iteration
for Itagui. In total, we performed 24 iterations for Itagiii. However, from
iteration 20 to 24, the width of each interval of each parameter decreases slightly.
For this reason, we define the stopped criterion considering the width of each

interval as smaller or equal to 0.0001.

5.5.2 Neiva

The resulting region from the local method for Neiva was

Z=B; xBs xB, xB
B B K Yh (510)

=[0.054,0.21] x [2.23,3.23] x [0.37,0.45] x [1.05,1.75]

where, w(Bg, ) = 0.156, w(Bg,) =1, w(B,, ) = 0.08, and w(B,,) = 0.7. To compute
mathematically and computationally guaranteed upper and lower bounds for

the trajectories of cumulative infected humans, we had to split Blgm, Bﬁh’ Bﬂm, and
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(a) Tter 1: 10213.7 (b) Iter 3: 6873.96 (c) Iter 6: 4400.80

(d) Iter 9: 3351.44 (e) Tter 12: 2441.93 (f) Tter 15: 2201.27

(g) Iter 18: 2032.76

(h) Iter 21: 1994.40 (i) Tter 24: 1960.77

Figure 5.5 — The horizontal axis corresponds to the number of epidemiological
weeks, while the vertical axis corresponds to the cumulative number of dengue
cases. The Figure shows the enclosures obtained to solve Model 3.3 for Itagiii in
various iterations. We see how the enclosure’s width decreases by reducing the

width of the interval parameter.
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Byh in 8,5,8, and 7 subintervals. Thus, we split Z in 2240 sub-boxes. The values
used for the other parameters and initial conditions for Neiva were as follows
H = 324466, u, = 0.00011, 6,, = 0.8, 6;, = 1.3, A = 24000, M,(0) = 3500000,
M,(0) = 80, M;(0) = 25, H,(0) = 315952, H,(0) = 27, H;(0) = H,(0) = 16, and
H,(0)=8471.

Table 5.3 shows the best-fitted parameter enclosures results in each iteration
for Neiva. In total, we performed 25 iterations for Neiva. We define the stopped

criterion considering the width of each interval as smaller or equal to 0.0002.

Table 5.3 — Best fitted results for each iteration from Algorithm 2 for Neiva

considering uncertainty in S,,, B, #m, and yy.

Iter | Obj. function Parameter vector
value Brm B Hm Vh
1 2267.9390 | [0.1515,0.1710] | [2.4300,2.6300] | [0.4400,0.4500] | [1.6500,1.7500]
2 1663.6236 | [0.1515,0.1710] | [2.4966,2.5634] | [0.4400,0.4500] | [1.6500,1.7500]
3 1453.3555 | [0.1515,0.1710] | [2.4966,2.5634] | [0.4400,0.4500] | [1.6833,1.7167]
4 1273.7758 | [0.1515,0.1710] | [2.5411,2.5634] | [0.4400,0.4500] | [1.7167,1.7500]
5 1209.2094 | [0.1515,0.1710] | [2.5411,2.5634] | [0.4400,0.4500] | [1.7277,1.7389]
6 1150.2161 [0.1515,0.1710] | [2.5337,2.5412] | [0.4400,0.4500] | [1.7055,1.7167]
7 739.1561 [0.1580,0.1645] | [2.5262,2.5338] | [0.4400,0.4500] | [1.6944,1.7056]
8 718.7904 [0.1580,0.1645] | [2.5262,2.5338] | [0.4400,0.4500] | [1.6981,1.7019]
9 606.0115 [0.1580,0.1645] | [2.5262,2.5338] | [0.4433,0.4467] | [1.6981,1.7019]
10 587.9288 [0.1580,0.1645] | [2.5287,2.5313] | [0.4433,0.4467] | [1.6981,1.7019]
11 453.9854 [0.1601,0.1624] | [2.5287,2.5313] | [0.4433,0.4467] | [1.6981,1.7019]
12 446.8474 [0.1601,0.1624] | [2.5287,2.5313] | [0.4433,0.4467] | [1.6981,1.6994]
13 409.9975 [0.1601,0.1624] | [2.5287,2.5313] | [0.4444,0.4456] | [1.6981,1.6994]
14 403.9465 | [0.1601,0.1624] | [2.5304,2.5313] | [0.4444,0.4456] | [1.6981,1.6994]
15 359.4694 [0.1608,0.1617] | [2.5304,2.5313] | [0.4444,0.4456] | [1.6981,1.6994]
16 357.3291 [0.1608,0.1617] | [2.5304,2.5313] | [0.4444,0.4456] | [1.6985,1.6990]
17 345.0918 [0.1608,0.1617] | [2.5304,2.5313] | [0.4448,0.4452] | [1.6985,1.6990]
18 343.1475 [0.1608,0.1617] | [2.5306,2.5310] | [0.4448,0.4452] | [1.6985,1.6990]
19 328.3344 [0.1611,0.1614] | [2.5306,2.5310] | [0.4448,0.4452] | [1.6985,1.6990]
20 327.6251 [0.1611,0.1614] | [2.5306,2.5310] | [0.4448,0.4452] | [1.6986,1.6989]
21 323.4286 | [0.1611,0.1614] | [2.5306,2.5310] | [0.4448,0.4450] | [1.6988,1.6990]
22 322.7318 | [0.1611,0.1614] | [2.5306,2.5308] | [0.4448,0.4450] | [1.6988,1.6990]
23 317.7128 [0.1611,0.1613] | [2.5306,2.5308] | [0.4448,0.4450] | [1.6986,1.6989]
24 317.4508 [0.1611,0.1613] | [2.5306,2.5308] | [0.4448,0.4450] | [1.6986,1.6988]
25 316.0426 [0.1611,0.1613] | [2.5306,2.5308] | [0.4448,0.4449] | [1.6987,1.6989]
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Figure 5.6 — The horizontal axis corresponds to the number of epidemiological
weeks, while the vertical axis corresponds to the cumulative number of dengue
cases. The Figure shows the enclosures obtained to solve Model 3.3 for Neiva in
various iterations. We see how the enclosure’s width decreases by reducing the

width of the interval parameter.
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5.6 Results of compatibility

As we mentioned before, for Model 3.3 we have measurements for one of the
variables, H.. Hence, we calculate the compatibility measure given by Equa-
tion (5.8) between the vector Z and the interval data only in two scenarios. First,
considering Z = [B,., Bn m» V1 ]; and second, considering Z as the vector of initial
conditions.

To add noise to the data, we assume that the error follows a uniform dis-
tribution € = U[a,b]. Then we generate synthetic data to evaluate how much
the parameter estimation can explain a different number of dengue cases. We
consider this a validated scenario since the number of reported cases is not 100%

accurate.

5.6.1 Itagui

For Itagiii, the errors considered were €; = U[—4,4i], withi =1,...,8, since the
minimum number of reported dengue cases in one epidemiological week during
the outbreak that occurred in 2016 was four (see Figure 5.7).

When Z = [B,.., Bus s V1), where B, =[0.1774,0.1824], B, = [1.7775,1.8275],
pm =10.2233,0.2263], and y;, = [1.6979,1.7079]. The values used for the other
parameters and initial conditions are: H = 248036, u; = 0.00023, 9,, = 0.6,
0, =1.3, A = 2500, M,(0) = 1800000, M,(0) = 50, M;(0) = 20, Hy(0) = 223000,
H,(0) =21, H;(0) = H.(0) = 10, and H,(0) = 25005. Figure 5.8 shows that with
our Z, it is possible to explain up to an increase of between 25% and 30% in
the number of dengue cases reported in each epidemiological week. This is
reflected in the fact that by increasing the number of cases by adding noise in the
data, the resulting interval-data is almost contained in the computed enclosure.
Additionally, as this enclosure is mathematically and computationally verified,

it allowed us to evaluate uncertainty in parameters that have the primary role in
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Figure 5.7 — Noise in the reported dengue cases for Itagiii. The horizontal axis
corresponds to the number of epidemiological weeks, while the vertical axis
corresponds to the cumulative number of dengue cases. The black line in Fig-
ure 5.7(a) represents the number of reported dengue cases by the official entities
per epidemiological week, while the red points represent eight different noise
levels following a uniform distribution /[—4, 4i], where i = 1,..., 8. Figure 5.7(b)
shows the cumulative number of dengue cases per epidemiological week. The
black line corresponds to the reported by official entities, while each line of red

points corresponds to each noise level.

producing new outbreaks.

On the other hand, when Z = [MSO,MKO,M,O,HSO,HeO,H,O,Hro,H ], where
M, =[1800000,1850000], M,, = [50,60], M;, = [40,50], H,, =[223000,235634],
H,, = [21,42], H;, = [10,20], H,, = [12340,25005], and H,, = [10, 20]. The values
used for the other parameters and initial conditions are: H = 248036, y; =
0.00023, 6,, = 0.6, 6, = 1.3, A = 2500, B,, = 0.1775, B, = 1.7776, pu,, = 0.2262,
and y; = 1.7078. Figure 5.9 shows that when Z is established as above, it is
possible to explain an increase of between 35% and 40% in the number of
dengue cases reported per epidemiological week. This suggests that considering
uncertainty in initial conditions through interval arithmetic is a good way to

determine how an outbreak would be in the presence of larger populations.
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(g) -38.728 (h) -88.069 (i) -95.447

Figure 5.8 — The horizontal axis corresponds to the number of epidemiological
weeks, while the vertical axis corresponds to the cumulative number of dengue
cases. The figure shows different noise levels adding to data and the enclosure
obtained to solve Model 3.3 for Itagui considering Z = (B,,, Bn, hm» V). These
noise levels follow a uniform distribution ¢/[—4, 4i], where i = 1,...,9. The values
below each figure were calculated using the strong compatibility measure given

by Equation (5.8).
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(g) -243.972 (h) -205.029 (i) -387.562

Figure 5.9 — The horizontal axis corresponds to the number of epidemiological
weeks, while the vertical axis corresponds to the cumulative number of dengue
cases. The figure shows different noise levels adding to data and the enclosure
obtained to solve Model 3.3 for Itagii considering Z as the vector of initial con-
ditions. These noise levels follow a uniform distribution ¢/[—4,4(2i + 1)], where
i=0,...,8. The values below each figure were calculated using the compatibility

measure given by Equation (5.8).
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5.6.2 Neiva

For Neiva, the errors considered were €; = U[-5,5i], with i = 1,...,8, since
the minimum number of reported dengue cases in one epidemiological week

during the outbreak that occurred in 2016 was five (see Figure 5.10). When
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Figure 5.10 — Noise in the reported dengue cases for Neiva. The horizontal
axis corresponds to the number of epidemiological weeks, while the vertical
axis corresponds to the cumulative number of dengue cases. The black line
in Figure 5.10(a) represents the number of reported dengue cases by the official
entities per epidemiological week, while the red points represent eight different
noise levels following a uniform distribution ¢/[-5,i], where i = 5,10,...,40. Fig-
ure 5.10(b) shows the cumulative number of dengue cases per epidemiological
week. The black line corresponds to the reported by official entities, while each

line of red points corresponds to each noise level.

Z = (B Pis toms Vi), where B, = [0.16,0.18], By, = [2.53,2.63], iy = [0.44,0.45],
vn =[1.6,1.7]. The values used for the other parameters and initial conditions
for Neiva are: H = 324466, u;, = 0.00011, 6,, = 0.8, 6, = 1.3, A = 24000, M,(0) =
3500000, M,(0) = 80, M;(0) = 25, H¢(0) = 315952, H,(0) =27, H;(0) = H.(0) = 16,
and H,(0) = 8471. Figure 5.11 shows that when Z is established as above, the
interval-data obtained after adding some noise levels is almost included in the

computed enclosure. The noise-level that satisfied this condition allows us to
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explain an increase of between 25% and 30% in the number of dengue cases

reported per epidemiological week.

(a) -33.225 (b) -33.225 (c) -33.225

(d) -33.225 (e) -61.446 (f) -107.576

Figure 5.11 — The horizontal axis corresponds to the number of epidemiological
weeks, while the vertical axis corresponds to the cumulative number of dengue
cases. The figure shows different noise levels adding to data and the enclosure
obtained to solve Model 3.3 for Neiva considering Z = (B,,, Bn, pm> V1) These
noise levels follow a uniform distribution U[-5,5i], where i = 1,...,6. The
values below each figure were calculated using the compatibility measure given

by Equation (5.8).

On the other hand, when Z = [MSO,MEO,MIO,HSO,HeO,HIO,H,O,H ], where
=[3500000,4000000], M, = [80,160], M;, =[25,50], H,, = [315952,324380],

H,, =[27,54], H;, = [16,32], H, =[0,8471], and H, = [16,32]. The values used
for the other parameters are: H = 324466, u, = 0.00011, 6,, = 0.8, 6;, = 1.3,
A =24000, B,, =0.18, pj, = 2.63, pu,, = 0.45, and y;, = 1.7. Figure 5.9 shows that
when Z is set as above, it is possible to explain an increase of between 40%
and 45% in the number of reported dengue cases per epidemiological week in

Neiva. This suggests that considering uncertainty in initial conditions through

interval arithmetic is an effective way to evaluate how an outbreak would be in
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the presence of larger populations.

(e) -41.2519 (f) -53.321

Figure 5.12 — The horizontal axis corresponds to the number of epidemiological
weeks, while the vertical axis corresponds to the cumulative number of dengue
cases. The figure shows different noise levels adding to data and the enclosure
obtained to solve Model 3.3 for Neiva considering Z as the vector of initial con-
ditions. These noise levels follow a uniform distribution ¢/[-5,5(2i + 1)], where
i=0,...,5. The values below each figure were calculated using the compatibility

measure given by Equation (5.8).

5.7 Discussion and conclusions

This chapter introduced the algorithm PISA (Parameter Interval Search Algo-
rithm) to solve the guaranteed parameter estimation problem given by Equa-
tion (5.1) when the model parameters are real closed intervals. Additionally,
to consider uncertainty in the number of reported dengue cases, we provided
an original method to determine the compatibility or the strong compatibility
between the data and the vector of uncertain quantities.

Previous studies have resolved the guaranteed parameter estimation prob-
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lem mainly through two strategies: bounded-error and optimal estimation. In
bounded error estimation, the purpose is to find all the parameter vectors com-
patible with the data, which satisfied an error established by the modeler. In
optimal estimation, the purpose is to find all the parameter vectors that mini-
mize a cost function that measures the error between the data and the model
output [47].

In this thesis, we focused on optimal estimation. In this direction, the
most widely used scheme of interval-based global optimization methods is
the branch—-and-bound (B&B) technique [75]. Usually these algorithms assume
that it is possible to construct and then evaluate an inclusion function of the cost
function and its gradient [39]. This strategy is easy to follow when a closed-form
expression for the model output is available. However, for our case study, such a
closed form does not exist; this makes particularly challenging to obtain those
inclusion functions. Under this condition, previous studies have exploited the
features of the dynamical system. For instance, in [107], those authors propose
a strategy for cooperative dynamical models, while in [47] applied the Miiller
theorem to bound the solutions for more general dynamical systems. Others
proposed to extend the state-space model by considering the first-order sensi-
tivity equations [51]. Then, to obtain the enclosure for the gradient, one has to
use one of the guaranteed ODE solvers provided by Interval Analysis, e.g., AWA,
COSY, VNODE, or VSPODE [52, 72]. However, increasing the dimensionality
of the state-variables space is not recommendable since the guaranteed solvers’
performance depends heavily on the number of variables [71].

Model 3.3 is not cooperative, and considering the sensitivity equations dupli-
cate the state variable space dimension for one uncertain parameter. So, we took
advantage of our dynamic system’s mathematical and epidemiological features.
The definition of filters, directions, and elimination criterion reflected the un-

derstanding of the case study. We implemented the algorithm in MATHEMATICA
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software, and it was necessary to construct a connection between the VSPODE,
which is in C++, and MATHEMATICA to make it simpler to use.

The interval parameters estimated by PISA produce for both Itagiii and Neiva
an R value less than one. As we show in the next chapter, for this R, value,
there is only an equilibrium point for the model, the diseases-free point, which
is globally asymptotic stable. Nevertheless, the diseases-free point may emerge
in three situations: (i) when Ry, <1 and R, <1; (ii) when Ry, > 1 and R, <1;
and (iii) when Ry, <1 and R, > 1, since R is a geometric mean between the
secondary infections in humans and mosquitoes. However, as the reported
dengue cases in humans exhibit an exponential behavior in the early weeks,
we assume that Rp, 2 1. In this way, to discard non-informative regions, we
computed the value of Ry,,- Moreover, since we cannot calculate the gradient
of our system as a monotonicity criterion to explore the parameter space, we
considered the direction in which the most sensitive parameters increase the R
values (see Algorithm 1).

Finally, the stability of the disease-free point ensures us that admitted un-
certainty in the initial conditions does not change the asymptotic behavior of
the model solutions. In this way, we were able to estimate robust solutions
for Model 3.3 that simulated dengue transmission disease in different regions of

Colombia.
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6.1 Abstract

This chapter presents the necessary theory and a methodology to construct
polynomial Lyapunov functions. It is known the existence of these kinds of
functions for exponentially stable systems on bounded regions. The local and
global stability of equilibrium points will be shown by proving that two matrices

are positive definite.

146
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To illustrate how this approach works, we consider Model 3.3, which has two
equilibrium states, the disease-free point and the endemic point. The presence
and stability conditions of each of these depend on the R, value. In this research,
it is relevant to perform the stability analysis of each point to establish the
uncertainty levels that may be included in parameters and initial conditions.
Thus, the local, global, and asymptotic behavior of the model solutions do not
change.

Additionally, to explicitly consider the dependence among the Lyapunov
functions’ coefficients and the model parameter values, we computed these
functions for Itagui and Neiva. To do so, first we considering values in the
interval parameters estimated with PISA (see Chapter 5). Second, we examine
the estimated region considering the R, values. This analysis allows us to
conclude that for Itagiii and Neiva exists a unique equilibrium point in the
estimated region, the disease-free point. Moreover, the Lyapunov function

proved the global stability of this point in such a region.

6.2 Problem statement

The vector field of the epidemiological model given by Model 3.3 is polynomial
up to degree two or rational functions when populations change with time.
Moreover, the R, value gives us information about which equilibrium point is
present, the diseases-free point, or the endemic point.

We want to prove the stability of these points by constructing a Lyapunov
function (see Theorem 1.5.1). We will also evaluate the behavior of this function
for the interval parameters, which allows us to simulate the outbreaks in 2016
for Itagui and Neiva.

However, there is no clear strategy for constructing such functions. In this

direction, several authors have proposed different strategies considering the
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aspects of the system. For instance, in mathematical epidemiology, the most
traditional Lyapunov functions are the common quadratic and Volterra-type

functions

[l
!
0
£}

I

=
N

N

* V(x,x,000,Xy)

2

© V() = cLi (x —x;f)]

o V(x1,x3,+,%,) = l_; ci(x; —x; —x;‘lni—;’;).

The quadratic functions are used to prove the disease-free point’s global stability
while the Volterra-type functions are used to prove the global stability of the
endemic point [37, 36, 105, 48]. Meanwhile, in [97] the authors use a method
based on graph theory to construct Lyapunov functions to prove the global
stability of the endemic point. Nevertheless, one of the biggest obstacles to
construct these functions is to find the coefficients ¢; in a systematic way. For
instance, to avoid calculating these coefficients in [50] the matrix theory of
Volterra-Lyapunov is applied to carry out the stability analysis of models of
order three and four.

On the other hand, over the past decades, different techniques to construct
systematically and efficiently polynomial Lyapunov functions for certain kinds
of systems in the convex optimization framework have been proposed [34]. From
these approaches, it is natural to examine what conditions must satisfy the ODEs
to guarantee the existence of a polynomial Lyapunov function. In this direction,
in [85], the author proves the existence of a polynomial Lyapunov function for
bounded and exponentially stable systems. From this result, we can reduce the
search space of Lyapunov functions to polynomial functions.

Next, we had to figure out a criterion to determine if a polynomial function is
non-negative. This is a NP-Hard problem even for four-degree polynomials [83].

However, to make this problem treatable, in [84], the author proposes to search
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polynomial Lyapunov functions that can be decomposed as a sum of squares.

Here, we follow the above mentioned strategy.

6.3 Materials and methods

We considered a polynomial system of differential equations x = f(x) where the
equilibrium point is x* = 0. If x* # 0, we define the transformation y = x —x* and
work with the system y = g(y) = f(y + x*), which has equilibrium point at the

origin.

6.3.1 Framework to construct polynomial Lyapunov function

The main result of [85] guarantees the existence of Lyapunov polynomial func-
tions for polynomial systems that are exponentially stable on bounded regions.
In particular, for polynomial systems, the exponentially stable vector field in
each equilibrium point is satisfied if it is n + 2-times continuously differentiable.
We first proved that Model 3.3 is exponentially stable. To do this, we proved
that the linearization of this model around each equilibrium point is a Hurwitz
matrix!.

Now, we can begin the search of a polynomial Lyapunov function for Model 3.3.
For these functions, the conditions of the Lyapunov’s theorem are reduced to
prove if a polynomial is non-negative. This is an NP-Hard problem even for poly-
nomials of degree four [83]. However, to make this problem computationally
tractable, the author in [84] proposes to look for Lyapunov functions that can be
decomposed as a sum of squares.

This approach is followed here. To do this, we introduce the definitions and

results needed, mainly from [83, 84].

Definition 6.3.1. A multivariate polynomial p(x) := p(xy,...,x,) is a sum of

YA matrix A is Hurwitz if all its eigenvalues have real part smaller than zero, Re(}) < 0.
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squares, if there exist polynomials g;(x),...,q;,(x) such that

plx)= Y ql(x) (6.1)

Theorem 6.3.1. [83, 84] A multivariate polynomial p(x) in n variables, and of degree
2d is a sum of squares if and only if there exists a positive semi-definite matrix Q
such that

p(x) =2 Qz, with, z=[1,x1,X3,...,%,X1X3,...,%%] (6.2)
where z is the vector of monomials of degree up to d.

The search of the matrix Q can be seen as a semi-definite program without
objective function, i.e. a feasible problem that must satisfy the conditions given
by the previous theorem.

In summary, to construct a polynomial Lyapunov function as a sum of

squares, we follow the below mentioned steps
1. We define the even degree of the polynomial Lyapunov function (2d).

2. We propose a vector of monomials z, of degree up to d. This z depends on

the state variables of the model.

3. We express the Lyapunov function and its orbital derivative as quadratic
forms, V(x) = z' Pz and V(x) = —w” Qu, respectively. To verify that V is a
Lyapunov function, we have to prove that P and Q are definite positive

matrices.

To check that P and Q are definite positive matrices, we apply the Sylvester’s

2

criterion”, consider the biological region defined for each municipality (see Ta-

ble 3.1), and the R% value.

2A real-symmetric matrix Q is positive definite if and only if all the leading principal minors
of Q are positive.
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6.4 Results

To analyze the local and global stability of Model 3.3, we first reduce the number
of equations and parameters, and normalize the populations of mosquitoes and

humans

p p P . H, H; H
mS:XmMs, me:XmMe, mi:XmMz, hszﬁs, hi:E’, andhr:ﬁr

Moreover, we consider that mg = 1 —m, —m;, i.e. the mosquito population is
constant in an equilibrium state, and h, = 1 — h; — h, — h;. Then, the system given

in Model 3.3 is equivalent to a non-linear system of five differential equations

dm,

at = ﬁmhi(l — 1, —m;) — (0, + ,um)me
dm,- _

dt - Qmme - P‘mmz

dh

d—; = pp — Bumihg — pyh (6.3)
dh

d—; = Bumihs — (O + pp)h,

dh;

T Onhe = (yn + pn)h;

The equilibrium points of Equation (6.3) are the disease-free states P, = (0,0, 1,0,0),
in which there is no population of exposed or infected mosquitoes and the en-

tire human population is considered susceptible, and the endemic equilibrium

A

Py, = (i1, 11, hg, h,, h;), where

#, = Buthi

(Om + ) (Bumhi + pim)
A = A ﬁmemﬁli

(BuaPti & p)pon (O + pom) (6.4)
- (O + ton) (o + Brhii)

S

 BuBmOumlti + (O + o) (o + Prnhti)
~ (Ynt ).
h,=-t2 TVj.
e Qh 1
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where

fl' _ l"hl"m(em+l"m)

2_
b ﬁmﬁhem + ﬂhﬁm(em + l’lm)(RO 1)

with R given by Equation (3.11).

Theorem 6.4.1. The Jacobian matrix around each equilibrium point of the polynomial

system in Equation (6.3) is a Hurwitz matrix.

Proof. The Jacobian matrix at any point P = (m,, m;, hg, h,, h;) is given by

i~ O+ pn) ~Buli O 0 Bull-me—m)
0,, —tm 0 0 0
J= 0 —Bnhs  —Bumi—py 0 0
0 Buhs Bnmi  —(On+pp) 0
0 0 0 0 O =(yn+ pn))|

At Py =(0,0,1,0,0), the characteristic equation is py(A) = —(A+puy)qo(A), where

gdo(A) = A* +a3A3 +a, A% +a; A + ag, with

a3 = (Y + pn) + (On + pp) + (0 + p) + Py
ay = (Y + pn)(On + p) + (v + i) + (O + ) (O + pon) + pn) + (O + pon) i)
ay = (yn + pi)On + pn) (O + i) + ) + (Y + ) + (O + ) (O + pon) i

ag = (Yn+ pn)(On + ) (O + pon) [ 1 — R(z)]

The condition in which the real parts of the eigenvalues are negative is equivalent
to that in which the coefficients of g, satisfy the Routh-Hurwitz criterion for
a polynomial of degree four, namely, a; > 0, a; > 0, ay > 0, and a 4,43 > a% +
aoag [24]. After several calculations, we can see that these conditions are fulfilled
for R% < 1. Hence, the matrix J(P,) is Hurwitz.

At P = (i, m;,hg, h,, h;), the characteristic equation py(1) = =A% — byt -
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b3/\3 - bz/\z - bl/\ - bo, with

by = ﬁmflz + 0+ 24 +wy

b3 = (Gm + P‘m)(/smi\ll + Vm) + wl(ﬁmfli + Qm + Zl/lm) +w;)

b2 = wl(em + ﬂm)(ﬁmhz + .um) + w2(/5mhi + Gm + Zl’lm) + w3

bl = w2(9m + Vm)(ﬁmflz + ﬂm) + w3(/5mi:li + Gm + Z,Mm) + ﬁmﬁhameh(l - me - mi)hs

bo = (O + ) (Brnlti + o) + B PrOmOppann(1 — 1, — ;) ng

where

wy = P + py + (On + py) + (Vi + pi)
wy = (Butt + pn) (O + p) + (Vi + p)) + (On + p) (Vi + pin)

w3 = (Bt + pn)(On + pn) (i + pn)

In this case, we apply the Routh-Hurwitz criterion for a polynomial of degree
five. After several calculations, we prove that these conditions are fulfilled for
Rg > 1. Hence, the matrix J(P;) is Hurwitz.

]

Theorem 6.4.2. When Ry < 1, the diseases free-point Py = (0,0,1,0,0) is globally

asymptotically stable.

Proof. We move the disease-free point P, to the origin. The system in Equa-

tion (6.3) becomes

dx

d_tl = BmXs5 — BmX1X5 — BuXaXs5 — (O + pp) X1

)
dt

dxs
dt
dX4

i Brxaxs + Buxa — (O + pp)xy

dx
d_t5 = Opxg — (Y + pn)xs

= mel — HmX2

= —BrX2 — PuX2X3 — PpX3 (6.5)
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where x; = m,, x, =m;, x3 =hs,—1, x4 = h,,and x5 = h;. With 0 < x1,x,,x4, x5 <

1 and -1 < x3 < 0. To look for a Lyapunov function V, we will use the general

expression of a polynomial in x1, x,, x3, X4 and x5 of degree two with no constant

or linear terms (because V(0) = 0, and V has to be positive definite). We use a

matrix representation for clarity.

_x1
X2
V(X) = X3

X4

X5

AT

P11
P12
P13
P14

P15

P12
P22
P23
P24
P25

P13
P23
P33
P34
P35

P14
P24
P34
P44

Pas

P15

P25
P35

P45

Pss||

X1

X7
X3

X4

X5

(6.6)

For the orbital derivative V = (VV, x), from Equations (6.5) and (6.6) we have

V(x) = =2[(p11(Om + pm) + P120m) X3

+(P12((Om + pm) + pm) + P13Bn — P14Pn — P220m) X1 X2
+(P13((O + p) + ) — P236,)x1 %3
+(P14((O + p) + (04 + p3)) = p156h — P24 6, )x1 x4

+ (P15((Om + p) + (Vi + p)) = P11 B — P250m) X1 X5

+ (P23 Bn — P24Pn + Poatm)X3 + P33 X3

+ (P33Bn = P3aBn + P23 (P + ) X2X3 + P15 Bmx1 X5
+(P24((On + pi) + ) + P3aPr — PaaPn)x2X4
+(P2s((Vn + pn) + Pm) = P12Bm + P35Pn — PasPn)X2x5
+ (34 ((On + i) + i) — P35OR)X3X4 + P15 Pm¥a x5
+(p35((Vn + pn) + pn) = P13Bm)x3Xs5 + P13 PmX1X3%5
+ (P4a(On + ) — PasOn)XE + (p13Bn — P14PBr)x1X2%3

+ (pas((On + pn) + (Y + ) — P1aPm — P5591)x4x5
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+(P55(Vn+ Hn) = P15Bm) X2 + P11 PmX1X5 + P12PmX3Xs
+(P11Bm + P12Pm)X1X2X5 + P14fmX1X4X5 + P14fmX2X4X5
+(P13Bm + P35Pn — PasPn)X2X3X5 + (P34Ph + PaaPn)X2X3X4

+ (P33 Bh — P3aPn)x2x3 + (P23 Br — P2aPn)x5x3]

We obtain after some algebra that V = —w” Qw, where

T
w' =[x Xy X3 X4 X5 X1X5 X2X3 XpX5),

and Q as in Equation (6.7). O

A A

Theorem 6.4.3. When Ry > 1, the endemic point E; = (rﬁe,rﬁi,ﬁs,he,hi) is globally

asymptotically stable.

Proof. To prove this, first we move the endemic equilibrium point P; to the origin

so that the system in Equation (6.3) becomes

dx - /
d_tl = ~(Bmhi + (O + ) X1 — BinX1X5 — BmX2X5 — Brmhix,

(6.8)

where x| = m, — 1, x, = m; — 1, x3 = hy —hg, x4 = h, — h,, and x5 = h; — h;.
Similarly, to look for a Lyapunov function, we will use the general expression

in Equation (6.6). In this case the orbital derivative is given by:

V(x) = = 2[(p11 (Bunhti + (O + i) = P12 %7
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+ (P11 Bmhi + P12((O + prn) + pon + Buhti) + Bufis(p13 = p1a) — P22Om)x1 %2
+ (P13((Om + ) + Bushi + BustPii + i) = P1aPtiti — P230 ) X1 %3

+ (P14((O + fm) + (O + ) + Buhi) = p15O — p2aOy)x1 X4

+ (15O + o) + (Vi + 1) + Brhti) = P11 Pn(1 = 1t = 1i1;) = 250, x1 X5

+ (Plzﬁmfli + p23ﬁhfls +P2o2km— P24ﬁhfls)x§

=

+ (p13Bmhi + P23 (Buithi + i + Hm) — P2aPrtiti + p3sPulis — paaPuhis)xaxs
+ (p1aBumhi + P24 (O + 1) + i) = P25On + Puhs(p3s — pas))x2x4

+ (P15Bmbti = P12Pm(1 = tte = 1it;) + o5 (Vi + ) + Hym)

+ (P33(Bmthi + pn) — P3aPutfi)x5 + (P35 — pas) Buks) xoxs

+ (p3a(Bmtfti + (On + pn) + pn) — P356n — PaaPufti)X3xy

+(p3s5((Vn + pn) + Butfti + pp) — PasPutiti = p13Pum(1 — i, — 1)) x3x5

+ (Paa(On + pn) — PasOn)x]

+(pas((On + pn) + (Y + pn)) — praPm(1 — 1, — 1i1;) — p550p) X4 X5
+(pss(vh-+ ) = PrsBm(1 =1, = 1h;))a3

+((p13 = p1a)Br)x1%2%x3 + (P11 + P12) Bim)X1%2X5 + P14 PmX2XaX5
+ P13 PmX1X3X5 + P1aPmX1X4X5 + (P34 + Paa) Pr)X2X3%4

+ (P35 = Pas)Bu + P13Pm)X2X3X5 + P15 PmX1 %2 + (P23 — P2a) i) X5X3

+((P33 = P34)BR)X2X3 + P11 BmXi X5 + P12PmX3 X5 + P15 PmXax2]

In this case the matrix, Q of the orbital derivative is given by Equation (6.9). [

Remark. To identify whether one should consider the system given by Equa-
tion (6.5) or Equation (6.8), we must know the Ry’s value. Figure 6.1 shows the
regions in which each equilibrium point emerges according to the values of R,
and Ry,,.

Figures 6.2 and 6.3 present the regions defined by the ranges of the param-
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0.0 05 1.0 15 20 2.5 3.0

Ry,,

Figure 6.1 — In Figure 6.1 we plot Ry = 1. P, corresponds to the steady-state
regarding the disease-free point. P, corresponds to the steady-state regarding
the endemic point. The superscripts s and u stand for, respectively, stable and

unstable.

eters given in Table 3.1 and the region obtained after discarding incompatible
regions with the reported data (see Equations (5.9) and (5.10)). Then we consider
the values for Ry, and R, in each region for Neiva and Itagiii, respectively.
The biological region defined by the parameters values in Table 3.1 is the same
for both municipalities. Figure 6.2 shows that for Itagiii the input region, Z
for Algorithm 2 consider values for both Rj, and Ry, greater and less than
one. While Figure 6.3 shows that for Neiva the input region, Z for Algorithm 2

consider only parameters values such that Ry, <1 and R, > 1.

Example 6.4.1. Consider the system given by Equation (6.5). For Itagiii, we
consider the parameters values 6,, = 0.6, 6;, = 1.3, u;, = 0.00023, g, = 0.18, B, =
1.78, py, = 0.23, and yj, = 1.71. For these values, Ry = 0.77, Ry, =1.02, and Ry,, =

0.75. After replacing these values in the matrices P and Q in Theorem 6.4.2, we
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Bm 6m
m (6m+pm)

Bm ém
u pm (8m+pm) 21

| M Z: input region

Bhéh
(Bh+uh) (yh+ph)

peh
= (8h+ph) (yheph) 21

M Z: input region

1 @3

<1

08

06

Figure 6.2 — In Figure 6.2(a), the horizontal axis corresponds to f3,, range, while
the vertical axis corresponds to 6,, range. In Figure 6.2(b), the horizontal axis
corresponds to f; range, while the vertical axis corresponds to 6; range. The
small rectangle correspond to the input region, Z for Algorithm 2. These regions

correspond to parameter values for Itagui municipality.

] Bm 6m o
= <1 ph
1 om (@mepm) s \| (e yhosm) 1
] Bm 6m pheh
/— 21 ,/ —=
1 B i emepm) B\ G omam 21
1 W Z: input region M Z: input region

!
3

(b)

Figure 6.3 — In Figure 6.3(a), the horizontal axis corresponds to f,, range, while
the vertical axis corresponds to 6,, range. In Figure 6.3(b), the horizontal axis
corresponds to 8, range, while the vertical axis corresponds to 0;, range. The
small rectangle correspond to the input region, Z for Algorithm 2. These regions

correspond to parameter values for Neiva municipality.
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apply Sylvester’s criterion to find the Lyapunov function

V(x) = 30.4448[xf +0.992037x1x +1.25254x,x3 + 0.856998x; x4
+0.600645x x5 + O.855158x§ +0.833685x,x3 + 0.560394x,x4
+0.447515x,x5 + 0.885896x2 + 1.30045x3x4 + 0.69718x3x5

+0.539584x3 + 0.562744x4x5 + 0.36002x2]

For Neiva the Lyapunov function is given by

V(x) = 30.2278[x2 + 1.14689x; X, + 1.2623x; x5 + 0.951502x x4
+0.688759x, x5 + 1.03729x% + 0.907342x,x3 + 0.688296x,x4
+0.563226x,x5 + 0.986879x2 + 1.58359x3x,4 + 0.850995x3x5

+0.694854x +0.720839x4x5 + 0.466534x2]

when parameters values are 6,, = 0.8, 6;, = 1.3, yj, = 0.00011, g, = 0.17, B, = 2.6,
Hm = 0.44, and y;, = 1.65. For these values, Ry = 0.63, Ry, =1.26, and Ry,, = 0.5.

On the other hand, to illustrate the case when R > 1 we define the parameters
values as 6,, = 0.8, 6;, = 1.3, pj, = 0.000011, B, = 0.3, B, = 2, yy, = 0.23, and
vn = 1.65. For these values, Ry =1.11, Ry, = 1.1, and Ry, =1.01. In this case, we
have to consider the system given by Equation (6.8) and the equilibrium point

in Equation (6.4). Then, the Lyapunov function is

V(x) = 28.0968[x% +1.14173x1x, + 1.3848x1x3 + 0.965742x, x4
+0.737869x, x5 + 0.88792x2 + 0.962711x,x3 + 0.663323xx4
+0.553299x,x5 + 1.0006x2 + 1.48918x3x,4 + 0.828466x3X5

+0.625036x2 +0.698833x,x5 + 0.432214x2]
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6.5 Discussion and conclusion

This chapter presented a strategy to construct new Lyapunov functions in addi-
tion to the classical functions used in mathematical epidemiology. To apply it,
first, we must verify that the system is polynomial and exponentially stable. As
an example of using this approach, we considered Model 3.3.

In [35], the author proposed to perform a preliminary transformation to
the space of state variables to construct Lyapunov functions for population
models. This transformation should map the positive orthant into the whole
space (R"). Thus, the Lyapunov function would be biologically meaningful. This
strategy has also been applied to epidemiological models [105, 48]. In contrast
to this approach, in this work, we exploit the fact that the system is bounded to
construct and prove that the matrices are positive definite.

As we computed in Chapter 3, Model 3.3 has two equilibrium points, the
disease-free point, and the endemic point. The R value tells us which equi-
librium point emerges. For Itagui and Neiva, we calculated the regions where
Ry, and Ry,, are greater than or equal to one (See Fig 1 and 2). Additionally,
Figure 6.1 shows the regions where each equilibrium point emerged according
to the R value. As for the interval parameters estimated by PISA, Ry is less than
one, and there exists a unique equilibrium point for Model 3.3, the disease-free
point, which is globally stable.

Nevertheless, it is important to note again that the value of Ry depends on the
strategy followed to calculate it, as explained by [99]. For instance, in [54], the
authors show that in some cities where dengue outbreaks occur, the parameter
values that fit the data well can produce a R, value less than one. However, in
our case study, there are always intervals where R, is greater than one, and this
parameter is the one that finally reflects the transmission in humans.

It is worth mentioning that the stability analysis is critical because it permits
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us to define the stability region of each equilibrium point. In this way, it is
confident that the model trajectories will have the same behavior when consid-
ering initial conditions in this region. This fact is valuable when one considers

uncertain initial conditions.
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Conclusions and future work

The purpose of the current research was to apply the theory of interval analysis
to include uncertainty in the ODEs that simulate dengue transmission. As a case
study, we considered two outbreaks of different magnitudes that occurred in
2016 in two endemic municipalities of Colombia, Itagiii and Neiva.

In the formulation of dengue transmission models, we focused on the fitting
data problem. To do so, the limited available information was (i) the number
of reported dengue cases per epidemiological week; (i) the results from exper-
imental assays with mosquito population; and (iii) the information from the
WHO to define the ranges of parameters that simulate the transition between
infectious states and recovery states in humans (6,,, 65, and yy,).

The main difference between the proposed models is how we included the
vector’s development stages to explain its entry into the adult population and
the beginning of the dengue transmission cycle. Thus, the complexity in terms
of the number of parameters and state variables is different between the models.

Before estimating the parameter’s models, we calculated the elasticity of
the basic reproductive number (R) for each parameter and we performed the
structural identifiability analysis to each model. These analyses allowed us to
identify which parameters influenced more new dengue cases and if it is possible
to estimate them uniquely when we assumed noise-free data. The elasticity’s
results of Ry depend on the parameter values, except for the elasticity concerning

the transmission probabilities (B, and fj) that are constant (see Table 3.3).

166
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However, as the R is the same for the three models, elasticities do not change
between models. On the other hand, Table 3.5 showed that our proposed models
are unidentifiable. Moreover, it is important to notice that the unidentifiable
parameters are precisely those that simulate the transitions and mortality in the
vector’s developmental stages. The unidentifiable initial conditions correspond
to all the vector’s initial conditions. The previous observation suggests that
we need more information about the mosquito population to have structural
identifiable models.

In the posterior analysis, we only consider Model 3.3. This model is the
only one that does not consider the vector’s development stages. Therefore, we
only have to fix the value of one unidentifiable parameter to make it locally
structural identifiable. Furthermore, Model 3.3 has a lower dimension and fewer
parameters propagating error in intermediate integration steps than the other
models; hence it is computationally faster.

We proposed a method to include uncertainty in parameters and initial
conditions through the application of interval analysis. Later on, we formulated
an algorithm to estimate interval parameters. Then, we detected how much
noise in the data could explain this estimation from a compatibility measure.

To select the uncertain parameters and initial conditions that we included
in the formulation of the interval systems, we used the elasticity and structural
identifiability analysis results. We did that because of the high number of
parameters and the high dimensions of the system.

To estimate parameters, we have to solve the direct problem, i.e. we need to
solve the formulated model for each given parameter and initial condition. For
the models proposed here, these solutions are obtained numerically.

This study was interested in obtaining mathematically and computationally
verified solutions when considered uncertainty in parameter and initial condi-

tions. After reviewing the algorithms and software available to solve interval
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ODEs, we found that the VSPODE software (Validating Solver for Parametric
ODEs) was the most suitable tool that fulfilled our needs. As far as we know,
VSPODE is the only software in which parameters can be defined as real closed
intervals without increasing the dimension of the ODEs. Furthermore, VSPODE
has been applied to obtain rigorous enclosures for psychological, ecological, and
epidemiological models that compare its results against Monte Carlo simulations
exhibiting a better performance, see [26, 27, 25].

With VSPODE as our chosen tool for solving interval systems, we addressed
our primary concern, the fitting data problem. To achieve this goal, we for-
mulated a novel algorithm based on modifying the best-first search algorithm
jointly constraining our case study to delete sub-boxes where we do not find
reasonable solutions systematically. Algorithm 2 allows us to compute narrow
enclosures. Here, we established the width of the boxes as one of the stopping
criteria for the algorithm. Moreover, an interesting result of our approach is that
depending on the number of nodes allowed for further refinements; it is possible
to find disconnected regions where the objective function value does not differ
significantly in each region. It would be up to the modeller to decide which
estimation they use. This characteristic is beneficial in biological applications,
where there are certain multiple minima.

To evaluate the error level that can explain the estimations obtained, we
added noise to the data that follows a uniform distribution, and then we calculate
the strong compatibility measure. Next, we consider two scenarios. In the first
scenario, we obtained that the four parameters’ estimated can explain up to 30%
of the under-reporting in reported cases of dengue. While in the second scenario,
we obtained that the uncertain initial conditions can explain up to 40% of the
under-reporting. However, neither the estimated parameters nor the estimated
initial conditions belong to the tolerable set.

The method proposed here contributes to the modeling uncertainty in epi-



Conclusions and future work 169

demiological models without making any additional assumptions about the
available information. Here, we exploited the characteristics and knowledge that
we have about our case study to define criteria that allow the algorithm to con-
verge to coherent biological solutions. The aforementioned method highlights
the potential usefulness of interval analysis theory to obtain rigorous solutions
in epidemiological models using real data.

Further research might explore solutions to the parameter estimation prob-
lem for other types of models through interval uncertainty for parameters and
initial conditions for other types of models. For instance, discrete models or
models based on systems of differential algebraic equations (DAEs) with index3
greater than one. This future work implies the developing an interval solver for
this kind of systems with equiparable quality of existing interval ODE solvers, as
pointed out by Nedialkov for DAE solvers in [71]. Also, future studies should try
to weaken the requirement for differentiability and continuity in the vector field
to permit the application of interval arithmetic algorithms to a larger number of
systems.

From the mathematical epidemiology perspective, as ODEs simulate many
phenomena, it can be useful to design solvers for specific model characteristics.
In this way, it is possible to exploit those characteristics to design better strate-
gies that reduce the dependency problem and the wrapping effect, making the
corresponding algorithm more efficient and capable of managing at the same
time more uncertainty parameters and initial conditions for longer integration

periods.

3The index is the minimum number of differentation steps required to transform a DAE into
an ODE.
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