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Outline of the current chapter

Goals 9

Main goal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Specific goals . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Outline and contributions of the thesis 9

Recently, research in mathematical modeling has gained momentum due to

its wide-spread application in various disciplines of science. In this thesis, we

focus on mathematical epidemiology, particularly to treat uncertainty in the

parameters and the initial conditions of models through interval analysis theory

based on systems of differential equations (ODEs) that simulate the transmission

of vector-borne diseases. This thesis considers dengue transmission disease as a

case study.

In the formulation of ODES, it is relevant to examine the type of information

that can collect and clearly delimit the objective or the question to be answered

with these models. Based on this objective, we define the variables and param-

eters that are included in the model. The available information allows us to

define the approximate parameters ranges and the initial condition ranges that

make biological sense and answer the original question.

However, a major problem with this kind of application is dealing with

3



Introduction 4

the uncertainty present in the process of measuring and obtaining information

required to explain a real phenomenon. In particular, when we study the

transmission of dengue diseases, it is possible to identify diverse uncertainty

sources due to the inability to accurately and reliably measure all the quantities

involved in the formulation of the model. For instance, these impossibilities can

be (i) in measuring the transmission rates between humans and vectors; (ii) in

accurately measuring the size of the vector populations in each developmental

stage; (iii) in the measurement of vector mortality that only reflects mortality

from natural causes and not from external causes since the latter cannot be

simulated in the laboratory; and (iv) in measuring the recovery rate in humans.

On the other hand, according to the World Health Organization (WHO), there

has been an increase in the number of dengue cases reported worldwide in recent

years. This may be because the virus and the transmitting vectors have spread to

new regions. Moreover, due to the existing difficulty in diagnosing this disease,

it is possible that some cases are not classified correctly. Thus, the information

handled by official entities not reliable.

For all the reasons mentioned above, it is crucial to model appropriate the

uncertainty of both parameters and information without assuming additional hy-

potheses that cannot be verified. Moreover, it is necessary to validate and support

the models with disease-specific data to obtain more trustworthy conclusions.

In this thesis, we intend to make a formal treatment of the parameters and

initial conditions uncertainty of epidemiological mathematical models involved

in the framework of the theory of interval analysis [69, 52, 100] by always

maintaining the biological meaning of all values.

From the mathematical point of view, we will consider the initial value

problem (IVP) in ODEs given by

ẏ(t) = f (t,y,θ), y(t0) = y0, (1)
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where t ∈ [t0, tf ], tf > t0, θ ∈ Θ is the p-dimensional vector of parameters, y is

the n-dimensional vector of state variables, and y0 is the n-dimensional vector of

initial conditions. Furthermore, Θ and x0 are interval vectors that represent the

enclosures of the uncertainties of parameters and initial conditions, respectively.

The purpose here is to obtain mathematically and computationally guaranteed

enclosures for the vector of state variables y at all times, i.e. from t0 to tm, and

compare these enclosures with the behavior of real data.

It is possible to define both the direct and the inverse problem from Equa-

tion (1) and the interval experimental data vector Xi = (Xi1 ,Xi2 , . . . ,Xik ), with

1 ≤ i ≤ n, where n is the number of variables, and k denotes the number of mea-

surements at different times. When the vector field f in Equation (1) is nonlinear,

Epidemiological model  
with uncertainty     

 

Parameters and 
initial conditions 

 

Forward problem 
 

Inverse problem 
 

Model fit to real  
data 

 

Reported cases 
with uncertainty 

 

Stability  
analysis 

 

min
✓2⇥

�(Yi(tj , ✓), Xij)

s.t. ẏ(t) = f(t, y, ✓)

y(t0) = y0

t 2 [t0, tf ]

<latexit sha1_base64="SwmAlR2UZZvhxdbW4A24m+Jtwjg="></latexit>
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Figure 1 – Problem statement: Figure shows the input and output for the

forward and the inverse problem considered in this thesis, and the connection

between them.

the direct problem mainly consists of getting a numerical solution of this system.

To compute these solutions, it is necessary to define initial parameters and initial
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conditions considering the phenomenon’s features and obtain mathematically

reliable solutions. In this direction, a lot of work has been done for the case

in which the initial conditions are real closed intervals, and there exist several

available software packages to deal with this case. However, relatively little

work has been done on the case in which parameters are given by intervals [52].

Here, we use the validated solver VSPODE (Validating Solver for Parametric

ODEs) for parametric ODEs to obtain guaranteed enclosures on the solution

of Equation (1) when we consider parameters and initial conditions as intervals.

Deeper discussions on different methodologies, the main drawbacks such as

overestimation caused by the dependency problem and wrapping effect and how

they have been solved are mentioned in [72, 55, 74].

On the other hand, the inverse problem estimates the parameter’s values

that minimize the error between the data, and the model output as the actual

data always contain some amount of noise. Some common ways that noise may

arise are errors in digitizing information, measurement errors, and numerical

round-off errors.

One of the strategies to solve this problem is through the formulation of an

optimization problem, Equation (2), given by

min
θ∈Θ

φ(Yi(tj ,θ),Xij)

s.t. ẏ = f (t,y,θ)

y(t0,θ) = y0(θ)

t ∈ [t0, tf ]

(2)

where φ is the objective function that measure the error, θ is a p-dimensional

parameter vector, Yij = Yi(tj ,θ) and Xij are the solution of the ODEs and the

experimental data for the variable i at the time tj , respectively. Usually, φ is

considered as the l2-norm or Euclidian length to measure the fit. However, it
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is not the only measure that can be applied. An alternative error measure that

is better in many situations is the l1-norm, since it is less sensitive to outliers,

further discussion can be found in [4].

When parameters are real numbers, the optimization problem in Equation (2)

can be solved by applying local search algorithms as the steepest descent method,

the Gauss-Newton method, or the Levenberg-Marquard method. However, one

of the greatest drawbacks of these methods is the huge dependence on the initial

point. This makes it possible to fall into a local optimum easily. In particular, in

biological systems, there are many local optima. This means that global optimiza-

tion algorithms should be used to explore the parameter space but no assurance

can be given that a global minima has been found. Such global methods are

usually described using meta-heuristics. Some advantages of these methods are

that they do not require much information about the problem to be solved, and

it is not necessary to calculate derivatives of first or second order, which means

that they can be applied to discontinuous problems. Among the most used

meta-heuristics to solve Equation (2), are genetic algorithms, particle swarm

optimization, and simulated annealing, as in [21, 86, 95]. Interval arithmetic is

applied to obtain decision variables in a guaranteed way. In this context, inter-

val algorithms, such as the Interval Newton method and the interval gradient

method [39] allow obtaining verified solutions by exploiting the monotonicity

and convexity characteristics of the functions by evaluating the first and second-

order derivatives. In this way, it is possible to eliminate sub regions where it is

guaranteed that there are no solutions. The regions with possible solutions are

bisected to obtain narrower solutions, and the monotonicity and convexity crite-

ria are applied again. For the case in which a closed expression is not known for

the objective function, some authors have proposed to solve Equation (2) using

a numerical verified solver for the dynamical system with the values obtained

from solving the minimization problem. To define monotonicity and convexity
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criteria, the ODEs are augmented with their first and second-order sensitivity

equations [47].

In summary, this study was designed to incorporate uncertainty in parame-

ters and initial conditions of epidemiological models that simulate the transmis-

sion of vector-borne diseases through the application of interval analysis, where

the available information is not accurate and sufficient because of the character-

istics of these diseases. To this end, we will perform local sensitivity analysis and

structural identifiability analysis to select the parameters and initial conditions,

to which we will incorporate the uncertainty due to the lack of information and

due to lack of measurement precision.

Finally, it is important to mention that as part of the formulation of a suitable

mathematical model to simulate the transmission of vector-borne diseases, it

is important to (i) clarify the objective and question to answer with the model.

(ii) consider the available information to define initial biological ranges for

parameters and initial conditions. (iii) perform structural identifiability analysis

to select models that can produce uniqueness in the parameter estimation’

solution when we assume noise-free data. (iv) includes uncertainty in a coherent

way with the information, preferably without adding extra hypotheses. (v)

choose as much as possible the best set of parameters that solve the parameter

estimation problem, taking into account the biological interpretation of these

solutions.

Considering all the facts and approaches mentioned above, we expect to

increase these mathematical models’ reliability to comprehend these phenomena

better.
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Goals

Main goal

The main aim of this study is to formulate and solve an optimization model

based on interval analysis to handle the uncertainty present in the mathematical

modeling of infectious disease transmission with an application to dengue using

differential equations systems.

Specific goals

• Formulate the structure of the ODEs to understand the transmission of an

infectious disease with parameters defined in the real interval space IRp.

• Determine a strategy to solve numerically epidemiological models formu-

lated in the previous item where the parameters and initial conditions

might belong to IRp.

• Estimate each mathematical model’s parameters and compare them with

the expected biological values so that models have more biological mean-

ing.

• Identify the stability regions of the formulated models’ equilibrium points

to understand the transmission of infectious disease by constructing Lya-

punov’s functions depending on the parameters of the models mentioned.

Outline and contributions of the thesis

The following thesis is further divided into Chapter 1 that includes the necessary

background in epidemiological models and stability theory which will be further

used in Chapters 3 and 6. We will also present the basic concepts of interval
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analysis and the reasons to consider uncertainty in ODEs and how to incorporate

it here.

In Chapter 3, we introduce three different models that simulate dengue

transmission diseases. From the biological point of view, the main difference

among these models is how we represent the transitions in the vector population.

From the mathematical perspective, the main difference is the dimension of the

parameter space and the space of the state variables. Additionally, we present the

data used during this research, precisely the number of reported dengue cases

per epidemiological week, and the biological ranges of the model’s parameters

obtained from the results of experimental assays with vector populations.

The main goal of this chapter is to provide a criterion to decide which model

performs better considering the available information and the model structure.

To do so, we calculated the basic reproductive number (R0) and performed the

structural identifiability analysis for each model. As the infected subsystem is

the same for the three models, then the corresponding R0 does not vary. More-

over, the elasticity results of R0 show that the transmission rates, the recovery

rate, and the mortality rate in mosquitoes are the most relevant parameters in

producing secondary infections. On the other hand, we found that the vector

initial conditions and the parameters that describe the vector development are

not identifiable from the cumulative number of reported cases. The previous

facts make it possible to determine the uncertain parameters that will be further

used in the next chapter to simulate dengue transmission in Itagüí and Neiva.

Chapter 4 presents the strategy used to solve the forward problem in Equa-

tion (1) when we consider some parameters and initial conditions to be real

closed intervals. This strategy is based on applying the Interval Taylor Series

(ITS) and the formulation of Taylor models that depend on parameters and initial

conditions. As usual, when a guaranteed solution is computed, the first phase of

the numerical algorithm verifies the solution’s existence and uniqueness. The
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second phase is in charge of computing a tighter enclosure for the solution. A

new Taylor polynomial is proposed to achieve this goal where the remainder is

not enclosed in an interval but a parallelepiped. This approach is implemented

in the VSPODE software, which is used in this study. Complete details of the

algorithm are given by the authors in [52].

This chapter’s main result is first to define the uncertain quantities (param-

eters and initial conditions) concerning the results of elasticity and structural

identifiability analysis. Second, to obtain mathematically and computationally

verified solutions for the model of seven variables that simulate dengue transmis-

sion disease. These solutions were computed for meaningful biological scenarios

as the presence of larger mosquito populations and admitting uncertainty in

relevant parameters that can not be measure accurately. Finally, we contrast the

results obtained with actual dengue case data for the Colombian cities of Itagüí

and Neiva. In this way, we have a broader picture, in which we consider the

worst and the best cases of the studied phenomenon.

Chapter 5 presents the algorithm used to solve the inverse problem described

in Equation (2) when the uncertainty in parameters is considered. Furthermore,

the definitions of strong and weak compatibility were adapted for ODEs to

introduce a qualitative measure of compatibility between the interval data and

the model’s output.

The main result of this chapter is the formulation of the new algorithm PISA

(Parameter Interval Search Algorithm) to estimate interval parameters. In the

algorithm’s formulation, we exploit the biological features of our case study to

eliminate the regions where reasonable solutions are not found. For instance,

considering the exponential growth at the outbreak’s beginning in each munic-

ipality, we assume the average number of infected secondary humans greater

or equal to one (R0H ≥ 1). This assumption agrees with the definition of an

epidemic outbreak for these cities. PISA applies this reasoning in F1 to eliminate
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regions without biological sense. Then, to define a monotonicity criterion, we

establish a set of directions in which the cumulative number of infected human

increase. These directions are determined by considering the results from the

elasticities of R0. We proceed in this way since it was impossible to calculate the

enclosure for the gradient of the objective function for our case study without

increasing the system’s dimension. Under these considerations, PISA was suc-

cessfully applied to estimate the most sensitive interval-valued parameters for

Itagüí and Neiva. Furthermore, we regard the stability results that allow us to

determine which equilibrium point emerges according to the value of R0. Thus,

we can define the uncertainty level in initial conditions such that the model

trajectories tend to the same equilibrium. With this in mind, we compute the

compatibility measure to determine how much the estimated parameters and

the initial conditions explain additional noise in the data.

In Chapter 6, the strategy proposed by Parrilo in [84] to compute polynomial

Lyapunov’s function is presented. These results are classical in systems and

control theory but not well known in the community of mathematical epidemi-

ology. This approach is relatively new in solving a semidefinite optimization

problem. Moreover, there are already tools that allow computing these functions

automatically for fixed parameter values. Following this approach, we proved

the stability of both equilibrium points for the dengue transmission model of

seven state variables. Additionally, for the interval-valued parameters estimated

by PISA, we conclude that Model 3.3 has one unique globally stable equilibrium

point, the diseases-free point.

Conclusions and directions for further research are given in Section 6.5.
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1.1 Abstract

In this chapter, we cover the preliminary materials required in the development

of this thesis. in Section 1.2 we present a brief review of state-of-art epidemi-

ological models based on ODEs, the general characteristics of these models,

and how to calculate the Basic Reproductive Number. Then, we present our case

study (dengue transmission) and how we compute the interval ranges for model

parameters based on the results from experimental assays. A quick introduction

of interval arithmetic, interval-valued functions, and an explanation of two of

the principal reasons for the overestimation in interval arithmetic computations

are also mentioned in Section 1.3. Finally, we compiled some definitions and

results about stability theory in the Lyapunov sense.

1.2 Epidemiological models

Recently, there has been an increasing interest in understanding and identi-

fying the main factors involved in the transmission and spread of infectious

diseases through different strategies, such as as the formulation of models based

on Ordinary Differential Equations systems (ODEs), the construction of risk

maps considering external factors (social and environmental) [109, 101, 82], the

analysis of development features of vector population through experimental as-

says [87, 10], and the formulation of statistical models that consider information

from social media [59].

The focus of this chapter is on ODE models, which are formulated as Initial

Value Problems (IVPs). This approach provides a key instrument to understand,

explain, and determine when an outbreak of the disease occurs [42].
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1.2.1 State-of-art

One of the first applications of mathematical models to epidemiology was the

work carried out by Bernoulli in 1760 to explain the spread of smallpox. Later,

in 1906, Hammer established that the course of an epidemic depends on the rate

of contact between susceptible and infected individuals. This result is known

as the mass action law [11], and it is an assumption that has considered through

the years in the formulation of several compartmental models [93]. However,

it was not until 1911 when Ronald Ross deduced from a compartmental model

that to control the malaria transmission, it was sufficient to reduce the number

of infected mosquitoes below a threshold. A few years later, McDonald in his

work on malaria, named this threshold value basic reproductive number, R0. The

Basic Reproductive Number (R0) is defined as the expected number of new cases

of an infection produced by a typical infected individual in a wholly susceptible

population over the full course of the infectious period [11]. In mathematical

epidemiology, this number is one of the most important concepts since it is a

threshold parameter that helps us to determine if the disease dies out (R0 < 1) or

if the disease persists (R0 > 1).

In the Ross-McDonald model, the proportion of infected mosquitoes, x in-

creases when the proportion of susceptible females feed on the blood of an

infectious human, y, thereby becoming an infected mosquito with a transmis-

sion rate β, that depends on (a) the mosquitoes biting rate per time unit, (b)

the probability of infection of a susceptible mosquito when biting an infected

human, and (c) the proportion of infected humans, y. The proportion of in-

fected mosquitoes decreases at rate µ, where µ is the natural mortality rate for

mosquitoes.

Similarly, the proportion of infected humans, y increases when a proportion

of infected females feed on the blood of a susceptible human, y, thereby be-
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coming an infected mosquito with a transmission rate α, that depends on (a)

the probability of infection of a susceptible human by infected mosquito biting,

and (b) the number of female mosquitoes per human. Finally, the proportion of

infected humans decreases at rate γ , where γ is the recovery rate for humans

(1/γ is the duration of the recovery period).

The model based on these assumptions is given by the following system of

differential equations:

dx
dt

= βy(1− x)−µx

dy

dt
= αx(1− y)−γy

(1.1)

The threshold associated with this model is given by R0 = βα
γµ .

Finally, in 1927 Kermack and McKendrick formulated a compartmental

model based on differential equations to explain the occurrence of an epi-

demic [46]. This model follows the simple rule input-output and considers

the size of the population constant during the epidemic. The total population

is divided in three compartments, Susceptible, S, Infected, I , and Recovered, R.

The model based on these assumptions is given by:

dS
dt

= −β I
H
S

dI
dt

= β
I
H
S −γI

dR
dt

= γI

(1.2)

where the basic reproductive number is R0 = β
γ . These two models have estab-

lished the foundations in the formulation of new compartmental models for

understanding and studying the dynamics of different diseases such as smallpox,

measles, dengue, and HIV-AIDS to name a few [20, 2, 33]. As a result, in the

recent years, there has been an exponential growth in the formulation of several

epidemiological models to understand transmission, evaluate control strategies,
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vaccination strategies, and spread of a particular disease [3, 93, 98, 44].

At this point, it is important to highlight that the formulation of models

depend on the specific questions to be answered. For example, a model that only

wants to understand the transmission of a certain disease can be different from a

model that helps to propose different strategies of control, and these, in turn,

will be different from a model that wants to analyze the spread of a disease from

one population to another.

For instance, the model introduced in [110] was proposed to describe the

transmission dynamic of Dengue virus, and the established control strategies

over mosquito’s population. Hence, the model included all developmental stages

of the vector (eggs, larvae, and pupae) which corresponds to the first three

equations. The following three equations corresponds to adult population of

mosquitoes (susceptible, exposed, and infected), and the last four corresponds

to human population (susceptible, exposed, infected and recovered). The param-

eters which represent control are µ′l , µ
′
p, µ′w which have to be interpreted as the

additional mortality rates produced in larvae, pupae and adult mosquitoes as a

consequence of application of chemical (larvicides, fumigations) in each stage of
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the vector.

dE
dt

= φ
(
1− E(t)

C′

)
W (t)− (σe +µe)E(t)

dL
dt

= σeE(t)− (σl +µl +µ′l)L(t)

dP
dt

= σlL(t)− (σp +µp +µ′p)P (t)

dW1

dt
= σpP (t)−

[
βw
I(t)
N

+µw +µ′w

]
W1(t)

dW2

dt
= βw

I(t)
N
W1(t)− (γw +µw +µ′w)W2(t)

dW3

dt
= γwW2(t)− (µw +µ′w)W3(t)

ds
dt

= µh −
[
βh
W3(t)
W (t)

+µh

]
s(t)

de
dt

= βh
W3(t)
W (t)

s(t)− (γh +µh)e(t)

di
dt

= γhe(t)− (σh +µh)i(t)

dr
dt

= σhi(t)−µhr(t)

(1.3)

In [81], it is shown that an endemic SIR model may be sufficient to simulate the

transmission of Dengue in some populations i.e. it is not always necessary to

consider explicitly mosquito population as in Model 1.4.

dHS
dt

= BH − β
HI
H
HS −µHHS

dHI
dt

= β
HI
H
HS − (γH +µH )HI

dHR
dt

= γHI −µHHR

(1.4)

In recent years, the dispersion and transmission of one disease from one place

to another have taken the strength of the formulation of meta-population mod-

els [5]. These consist of dividing the populations into several sub-populations,

leading to the formulation of a model for each sub-population taking into ac-

count the mobility of one group to the other. For example, in Model 1.5, two
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patches are considered; in each patch there is a population N1 and N2, re-

spectively. An epidemic SIR model was formulated for each patch, where the

parameters are different for each population, and the pij is defined as the fraction

of the time that the individuals of the i patch are in the patch j. The details of

the model are described in [11].

S ′1 = −β1p11S1

[
p11

I1
N1

+ p21
I2
N2

]
− β2p12S1

[
p12

I1
N1

+ p22
I2
N2

]
I ′1 = β1p11S1

[
p11

I1
N1

+ p21
I2
N2

]
+ β2p12S1

[
p12

I1
N1

+ p22
I2
N2

]
−γ1I1

S ′2 = −β1p21S2

[
p11

I1
N1

+ p21
I2
N2

]
− β2p22S2

[
p12

I1
N1

+ p22
I2
N2

]
I ′2 = β1p21S2

[
p11

I1
N1

+ p21
I2
N2

]
+ β2p22S2

[
p12

I1
N1

+ p22
I2
N2

]
−γ2I2

(1.5)

Thus, depending on the question formulated, a model can be more complex

than others. This fact is reflected in the number of variables and the number of

parameters to estimate, as observed in Models 1.3 to 1.5.

1.2.2 General aspects of models

Epidemiological models considered in this research will be based on non-linear

ODEs, ẋ(t) = f (x(t)), where f is a polynomial. The formulation of these compart-

mental models follows the same rules of the balance equations, “input minus

output”.

These compartments allow to split the populations into different states,

for example, susceptible, infected, and recovered in Model 1.2. Nevertheless,

the systems that will be analyzed in this work will have the same polynomial

structure. The vector field of these systems are polynomials up to degree two

or rational functions when populations change along the time. For instance,

in Model 1.3, if we considerN andW (t) constants in the time, we are in presence

of a polynomial system, but if N , and W (t) change in the time, then the vector
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field in Model 1.3 will not be polynomial.

Additionally, all interactions between several compartments follow the mass

action law which establishes that the number of infectious contacts for time unit

is directly proportional to the number of contacts between infectious (denoted

by I) and susceptible (denoted by S) individual. Mathematically, we can express

the mass action law as follows

# of infectious contacts = k S I

where, k is the constant of proportionality that can be decomposed as the product

between the successful transmission probability of the virus from one infected

individual to a susceptible individual, and the number of contacts per individual.

In this case study, a suitable range or interval of values with biological

meaning for the state variables, parameters and initial conditions can be found

in our models since all of these quantities are bounded beforehand. Finally, it is

possible to define the basic reproductive number, R0, for each model in terms of the

model parameters. Eventually, from the value of R0 it is possible to determine

the occurrence or non-occurrence of an outbreak.

1.2.3 Basic Reproductive Number

The Basic Reproductive Number (R0), is defined as the expected number of new

cases of an infection produced by a typical infected individual in a wholly

susceptible population over the full course of the infectious period [11]. In

mathematical epidemiology, this number is one of the most important concepts,

since it is a threshold parameter that helps us to determine if the disease dies

out (R0 < 1) or if the disease persists (R0 > 1).

Several strategies have been proposed to calculate R0. However, for a fixed

model, the R0 values calculated with the different strategies may differ. This
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shows the difficulty in accurately calculating the number of secondary infections

within an entirely susceptible population [99]. Here, to compute R0, we applied

the Next Generation Matrix (NGM) around the disease-free equilibrium point

following the strategy presented in [23]. We outline the strategy to calculate R0

in the following steps.

1. Identify the ODE system that describes the production of new infections

and changes in state among infected individuals. The set of such equations

are hereafter referred to as the infected subsystem in this study.

2. Linearize the infected subsystem of nonlinear ODEs about the infection-

free steady state. A matrix can describe this linear system. Here, we refer

to this matrix as the Jacobian matrix of the infected system and we denote

it by J .

3. Rewrite the matrix J as T +Σ, where T is the transmission part, describing

the production of new infections, and Σ is the transition part, describing

changes in state (including removal by death or the acquisition of immu-

nity).

4. Finally, we compute the dominant eigenvalue, or more precisely the spec-

tral radius ρ of the matrix K = −TΣ−1. The matrix K is called the next-

generation matrix (NGM) and R0 the dominant eigenvalue of this ma-

trix [22].

This approach provides the geometric mean of the number of infections per

generation [40].

1.2.4 Case study: Dengue transmission

Dengue is a viral disease transmitted by the bite of infected female Aedes

mosquito. There are four distinct closely related serotypes of the virus that
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cause dengue (DEN-1, DEN-2, DEN-3 and DEN-4). Dengue is present in trop-

ical and subtropical climates throughout the planet, especially in urban and

semi-urban areas. Symptoms appear between 3 or 14 days (average 4−7 days)

after an infective bite [79]. Aedes aegypti is the principal vector who transmits

Dengue virus. The transmission cycle begins with a human infected by any

serotype that was bitten by a female mosquito. After a period of incubation of

the virus that lasts between four and ten days, an infected mosquito can transmit

the pathogen throughout life. The symptomatic and asymptomatic persons are

the main carriers and multipliers of the virus [78]. After the first symptoms,

infected people can transmit the virus to mosquitoes for four or five days but no

more than twelve days.

The Aedes aegypti lives in urban habitats and reproduces mainly in artificial

containers. Unlike other mosquitoes, Aedes aegypti feeds during the day; the bites

intensify in the morning and in the evening, before it gets dark. In each feeding

period, the female mosquito can bite many people. The four serotypes of the

virus can circulate simultaneously in the same region [80]. Besides, the infection

by one of the four serotypes mentioned above generates a permanent immunity

to the human only for that serotypes and a temporary immunity for the other

ones. Consequently, during their life, a person can suffer all the serotypes of the

dengue virus.

In the study of the dengue transmission, different compartmental models

have been formulated. For instance, in [81] a sir model was formulated that

considered birth and mortality rate as equal. In this paper, the sir model was

used to simulate the epidemic of hemorrhagic dengue that occurred in Thailand

between January 1984 and March 1985. On the other hand, to establish control

strategies to limit the number of infected humans in a dengue epidemic, in [19]

a model type Ross-McDonald was formulated and fitted to the dengue outbreak

occurred in Cali, Colombia during 2013.
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Other compartmental models include both populations involved in the trans-

mission process (mosquitoes and human population) [29, 33], variable pop-

ulations [28], and several serotypes [30]. These models have been analyzed

qualitatively through the calculation of R0 and the stability analysis of the equi-

librium points that allows to determine regions of stability for different scenarios

as the coexistence of different serotypes. Models have also been proposed that

include a compartment for the aquatic phase in addition to the adult population

of mosquitoes and humans [89]. In these models, the R0 is also calculated from

the available information through the calculation of the force of infection, while

in [111, 32] models are formulated that include a compartment for each stage

of development of the vector (egg, larva, pupa). These studies stress on the

importance of the influence of the temperature in the entomological parameters

and are evaluated in the occurrence or non-occurrence of an epidemic outbreak.

Other factors that have been considered to understand the dynamics of

dengue is the vertical transmission in the vector population [31]. This hypothe-

sis has gained momentum to explain the endemic state of the disease in some

regions [1]. Furthermore, in recent years models have been formulated to evalu-

ate different vaccination strategies [17, 44] and to assess the impact of biological

controls; more specifically the behaviour of the vector population when interact-

ing with mosquitoes with Wolbachia and how this impacts the number of cases

of the disease [13, 43].

Finally, according to vector biology and the results presented in [57] about

the increase in the mortality rate after the vector was infected, Professor Carlos

Marío Vélez and his students (Alexandra Cataño, Camilo Londoño, and Daniel

Rojas) in the framework of the project No. 111572553478 of COLCIENCIAS

formulated a model following the concepts presented in [110]. Furthermore,

they included in the model a new parameter α, which represents the increase

in the mortality rate after the vector was infected that is in the compartmental
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of infectious mosquitoes. Moreover, the evaluation of control-vector strategies

could result in a new model.

1.2.5 Parameter and initial condition ranges

One of the greatest difficulties to work with ODEs in mathematical epidemiology,

is to establish ranges of values for the parameters and initial conditions. These

ranges help to define the feasible region to the optimization problem (parameter

estimation) taking into account the differences between development rates of

vector populations [88].

For this case study, laboratory data is available. Along these lines, we can

define the initial ranges for some parameters and initial conditions of dengue

transmission models. Within the parameters we found: (a) parameters to simu-

late the transition from one to another compartment (transition parameters) and

(b) parameters to simulate the mortality rate in each compartment (mortality

parameters).

For the transition parameters, we consider a cohort of individuals in a de-

termined compartmental, A. We represent it by u(s). If a fraction α leaves the

compartmental A per unit of time, then

u′(s) = αu(s)

u(s) = u(0)e−αs.

Thus, the average rate an individual spends in the compartment A follows an

exponential distribution with expected value 1/α, where α is defined as the

period of time in A.

For mortality parameters, we formulate the initial value problem (IVP) for
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each compartmental

P ′(t) = −µP (t)

P (0) = P0

which has a solution P (t) = P0e
−µt, where µ represents the mortality rate. To

establish the initial condition P0 for each compartment, the modeler has to

consider the available information and experimental assays results.

1.3 Introductory material to interval analysis

In this section, we introduce the basics of interval analysis that we will use later.

The results presented in this section are based on [68, 69].

1.3.1 Interval arithmetic

Interval-arithmetic is largely attributed to Ramon Moore in the 1960s. He

developed it to account for rounding errors linked to mathematical calculations

rigorously. The object on which this theory is constructed is the set of closed

intervals in R.

IR = {X = [X,X ] | X ≤ X, X,X ∈ R }. (1.6)

Two intervals X and Y are equal if X = Y and X = Y . Also, we say X is

degenerate if X = X, thus, the real number X can be identified by a degenerate

interval [X,X].

Let X = [X,X] and Y = [Y ,Y ] ∈ IR, the interval-arithmetic operations are

defined as follows:

1. X +Y = [X +Y ,X +Y ].



1.3. Introductory material to interval analysis 30

2. −X = [−X,−X].

3. X −Y = X + (−Y ) = [X −Y ,X −Y ].

4. X ·Y = [min{S},max{S} ], where S = {XY ,XY ,XY ,XY }.

5. 1/Y = [1/Y ,1/Y ] such that 0 < Y .

6. X/Y = X · 1/Y = {x/y |x ∈ X, y ∈ Y } such that 0 < Y .

Addition and multiplication in IR are associative and commutative, but only

sub-distributive: (X ∗ (Y +Z) ⊆ (X ∗Y ) + (X ∗Z)). The interval [0,0] plays the role

of neutral element, while the interval [1,1] has the same role for multiplication.

However, in general, for an arbitrary interval X there exists neither an additive

nor multiplicative inverse, that is, X −X = 0 and X ∗ 1/X = 1 are not satisfied.

Thus, (IR,+, ·) is a monoid. We also define the following quantities for an interval

X = [X,X]:

1. The width w(X) = X −X.

2. The absolute value or magnitude |X | = max{|X |, |X |}.

3. The midpoint m(X) = 1
2(X +X).

4. The ratio rad(X) = X −m(x).

From these measurements, it is possible to express each interval X as

X = [X,X] =m(X) + [−rad(x), rad(X)]. (1.7)

We can even define an order relation between intervals as follows:

1. Let X, Y ∈ I . X < Y means that X < Y . This order relation is transitive.

2. Another transitive order relation on I is the set inclusion: X ⊆ Y if and

only if Y ≤ X and X ≤ Y . Since it is not possible to compare all intervals

between them, the set inclusion just defines a partial order in IR.
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1.3.2 Interval vectors and matrices

The interval definition, their properties and operation can be extended naturally

to n-dimensional real interval vectors, IRn and the set of n ×m real interval

matrices, IRn×m. To perform the arithmetic operations between interval vectors

and matrices we follow the same formulas as in the scalar case, but replacing

the scalars by intervals.

Example 1.3.1. Consider the matrix A ∈ IR3×2 and X ∈ IR2 given by:

A =


[1,2] [−3,−2]

[3,4] [1,2]

[−2,−1] [−1,1]

 and X =

 [1,3]

[−1,2]

 (1.8)

then,

AX =


[1,2][1,3] + [−3,−2][−1,2]

[3,4][1,3] + [1,2][−1,2]

[−2,−1][1,3] + [−1,1][−1,2]

 =


[−5,10]

[1,16]

[−8,1]

 .
For two matrices (or vectors) A and B ∈ IRn×m, we say that A ⊆ B if and only

if [Aij] ⊆ [Bij] for each component ij of the matrix (or vector). Additionally, we

can define the width, the midpoint, and the magnitude as follows.

1. The width of an interval matrix (or vector) A is given by the maximum

width of their components

w(A) = max
i,j

w(Aij)

2. The midpoint of an interval matrix (or vector) A is the real matrix (or

vector) formed by the midpoint of each component

m(A)ij =m(Aij)
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3. For a vector X the maximum norm is given by

‖ X ‖= max
1≤i≤n

{|Xi |}.

4. For a matrix A the maximum norm is given by

‖A ‖= max
1≤i≤n

m∑
j=1

{|Aij |}.

Example 1.3.2. For the interval matrix in Equation (1.8), we have:

w(A) = max{w([1,2]),w(−3,−2),w(3,4),w(−2,−1),w([−1,1])}

= 2

m(A) =


m([1,2]) m([−3,−2])

m([3,4]) m([1,2])

m([−2,−1]) m([−1,−1])

 =
1
2


3 −5

7 3

−3 0


‖A ‖ = max{|A11|+ |A12|, |A21|+ |A22|, |A31|+ |A32|}

= max{|[1,2]|+ |[−3,2]|, |[3,4]|+ |[1,2]|, |[−2,−1]|+ |[−1,1]|}

= 6

A distance measure between two interval vectors

Definition 1.3.1. A real-valued function d over a set S is a metric if for any x

and y ∈ S the following statements hold:

1. d(x,y) = 0 if and only if x = y

2. d(x,y) = d(y,x)

3. d(x,y) ≤ d(x,z) + d(z,y) for any z ∈ S

In this way, (S,d) is a metric space.
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To determine the dissimilarities between two intervals we will consider the

Hausdorff distance, which was initially proposed to measure the dissimilarity

between two sets of a metric space. The definition of Hausdorff distance dH

between two sets A and B in Rn is given by

dH (A,B) = max
{

sup
a∈A

inf
b∈B
‖ a− b ‖,sup

b∈B
inf
a∈A
‖ a− b ‖

}
(1.9)

Then, the Hausdorff distance, dH , between two intervals X = [x,x] and Y =

[y,y] ∈ IR, is

dH (X,Y ) = max { |x − y |, |x − y | }

= |m(X)−m(Y )|+ |rad(X)− rad(Y )|
(1.10)

Then for X and Y ∈ IRn we have

dH (X,Y ) =

 n∑
i=1

|dH (Xi ,Yi)|α


1/α

(1.11)

where, α > 0.

Considering α = 1 in Equation (1.11), we get

dH (X,Y ) =
n∑
i=1

|dH (Xi ,Yi)|

=
n∑
i=1

|max{|xi , yi |, |xi , yi |}|

=
n∑
i=1

max{|xi , yi |, |xi , yi |}

=
n∑
i=1

|m(Xi)−m(Yi)|+ |rad(Xi)− rad(Yi)|.

(1.12)
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For α = 2 in Equation (1.11), we get

dH (X,Y ) =

√√
n∑
i=1

|dH (Xi ,Yi) |2

=

√√
n∑
i=1

|max{ |xi − yi | , |xi − yi | } |2

=

√√
n∑
i=1

| |m(Xi)−m(Yi)|+ |rad(Xi)− rad(Yi)| |2

(1.13)

In this manner, it is possible to define all the elements of local analysis, such

as limits, sequences, continuity, convergence, differentiability, and integrability

over the metric space (IRn,dH ).

1.3.3 Interval-valued functions

An interval-valued function F can be defined as an interval extension of a real-

valued function f , such that {f (x)|x ∈ X} ⊆ F(X) and F(X) = f (x) for degenerate

intervals X = [x,x]. Moreover, for a real function f : Rn → R and an interval

vector X, it is possible to compute F(X) by (1) replacing each occurrence of

each real variable with the corresponding interval, (2) replacing the standard

functions (e.g., ex, cosx, among others) with enclosures of their ranges, and

(3) performing interval arithmetic operations instead of the real operations.

However, in general, f (X) is not unique, since it depends on how the function is

expressed.

Example 1.3.3. Consider the function f (x) = x
1+x with x ∈ [1,2]. The range of

f over [1,2] is [1
2 ,

2
3 ]. Now consider two different interval extensions for this

function

F(X) =
X

1 +X
,X = [X,X]

G(X) =
1

1 + 1
X

, X = [X,X]
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If X is a real number these two expressions are equivalent, otherwise, they

are not when X is an interval

F([1,2]) =
[1,2]

1 + [1,2]
= [

1
3
,1]

G([1,2]) =
1

1 + 1
[1,2]

= [
1
2
,
2
3

]

From these calculations, we observe that the natural interval-extension F overes-

timate the range of the function f , while the interval-extension G not.

In general, an interval extension F(X1,X2, . . . ,X3) of a real-valued function

f (x1,x2, . . . ,x3) is only an upper approximation to the range of f , since there are

multiple occurrences of some variables xi in the formal expressions of f . In fact,

a challenge in some applications is how to express f to obtain the narrowest

possible interval extension F(X) [72].

1.3.4 Taylor series

The approximation of degree N by Taylor series for a function x(t) is given by

x(t) =
n−1∑
k=0

(x)k(t − t0)k +RN ([ t0 , t ]) (1.14)

where, RN ([ t0 , t ]) = (x)N (s)(t−t0)N for all s ∈ [ t0 , t ]. To calculate these coefficients

more efficiently computationally are defined recursively as

(xj)i =
x(i)(tj)

i!
(1.15)

where, x(i)(t) corresponds to the ith derivative of x(t). Then, if we consider the

initial value problem given by an interval, Yj

y′(t) = f (y), y(tj) = yj ∈ Yj
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Taylor coefficients would be given by

(Yj)0 = Yj

(Yj)1 = f (1)(Yj) = f (Yj)

(Yj)i = f (i)(Yj) =
1
i

(
∂f (i−1)

∂y
f

)
(Yj) for i ≥ 2

and therefore we could construct in Equation (1.14) for functions defined in IRn.

1.3.5 Dependency problem and wrapping effect

Interval methods are affected by overestimation. This overestimation is often

caused by the dependency problem and the wrapping effect. The dependency prob-

lem is the failure of interval arithmetic to identify different occurrences of the

same variable, as illustrated in the previous example in Example 1.3.3. Mean-

while, the wrapping effect appears when intermediate results of a computation

and the solutions are enclosed by intervals [55].

Example 1.3.4. The wrapping effect is clearly illustrated by Neher’s example [73].

Consider the function

f : R2→ R2

(x,y)→
√

2
2

(x+ y,y − x)

The image of f applied to the square with vertices (0,0), (0,
√

2), (
√

2,0), and

(
√

2,
√

2) is the rotated square with corners (0,0), (1,1), (1,−1), and (2,0). Never-

theless, if we consider the natural extension of f , given by

F(X,Y ) =

√
2

2
(X +Y ,Y −X)

the image of the square X ×Y where, X = Y = [0,
√

2] is the square [0,2]× [−1,1]
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(see Figure 1.1).

(√2,0) (0,0) 

(0,√2) (√2,√2) 

(1,1) 

(1,-1) 

(2,0) (0,0) 

(0,1) (2,1) 

(0,-1) (2,-1) 

f(
x,

y)

<latexit sha1_base64="nIaJPVTfRzEOb4ZN0hHFcvnOr2Q=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiVJCSSEHdFdy4rGAv0IYymZ60YycXZiZiCH0GXYm68318Ad/Gac1CW//VN+f/B85/vFhwpW37yyqsrK6tbxQ3S1vbO7t75f2DtooSybDFIhHJrkcVCh5iS3MtsBtLpIEnsONNrmd+5wGl4lF4p9MY3YCOQu5zRrUZtf3q41l6OihX7Jo9F1kGJ4cK5GoOyp/9YcSSAEPNBFWq59ixdjMqNWcCp6V+ojCmbEJH2DMY0gCVm823nZITP5JEj5HM37+zGQ2USgPPZAKqx2rRmw3/83qJ9i/djIdxojFkJmI8PxFER2RWmgy5RKZFaoAyyc2WhI2ppEyb05RMfWex7DK0z2tOvXZ1W6807PwQRTiCY6iCAxfQgBtoQgsY3MMzvMG7xa0n68V6/YkWrPzPIfyR9fENnmWMGQ==</latexit>

F (X,Y )
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Figure 1.1 – Wrapping-effect: Images of f and F of the square with vertices

(0,0), (0,
√

2), (
√

2,0), and (
√

2,
√

2).

Different approaches have been proposed to reduce the overestimation caused

by these two problems. For instance, these include rearranging expression evalu-

ation, coordinate transformations (considering orthogonal and non-orthogonal

matrices), and the use of Taylor models [55].

1.4 Stability theory

It is not always possible to obtain an analytic solution for nonlinear ODEs. For

this reason, it is necessary to carry out a qualitative analysis of these systems.

Particularly, it is crucial to examine how the trajectories change around the equi-

librium points. This analysis is known as stability analysis. One can classify the

equilibrium points as hyperbolic or non-hyperbolic according to the eigenvalues

of the Jacobian matrix. If the system only has hyperbolic points, the linearization
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method will provide all the necessary information1. Otherwise, it is possible to

apply the direct method of Lyapunov to determine the stability of an equilibrium

point. As the ODEs that simulate the transmission of infectious diseases have

hyperbolic and non-hyperbolic points, we prove the stability of these in the

Lyapunov sense.

In this section, we introduce the basics of stability theory in Lyapunov’s sense.

We are mostly took these definitions and theorems from [38, 61].

1.5 Lyapunov stability

Definition 1.5.1. An equilibrium point x∗ of the system ẋ = f(x) is said to be

hyperbolic if all eigenvalues, λ’s, of the Jacobian matrix around this point (Df(x∗))

have nonzero real part. Otherwise x∗ is said to be non-hyperbolic.

Definition 1.5.2. A scalar function V (x) such that V : Rn→ R is called radially

unbounded if

V (x)→∞ ‖ x ‖→∞.

Definition 1.5.3. Let V be a continuous scalar function, that is, V : Rn→ R. The

function V is called positive definite on the entire space if

• V (x∗) = 0.

• V (x) > 0 for x , x∗,

where x∗ is an equilibrium of the autonomous system ẋ = f(x). We define the

orbital derivative of V (x) along the solutions of the ODEs as

V̇ (x) = ∇V (x) · f(x)

1This is guaranteed by the Grobman-Hartman theorem [38].
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Theorem 1.5.1. [Lyapunov’s stability theorem] If a function V (x) is globally posi-

tively definite and radially unbounded, and its time derivative is globally negative,

V̇ (x) < 0 x , x∗,

then the equilibrium x∗ is globally stable.

A function V that satisfies the conditions of the previous Theorem 1.5.1 is

called a Lyapunov function.

The following result is an extension of the previous theorem and is useful

when one can only establish the non-negativity of the orbital derivative.

Theorem 1.5.2 (Krasovkii-Lasalle theorem). Consider the system ẋ = f(x) where

x∗ is an equilibrium point. Suppose that there exist a continuously differentiable

function V : Rn→ R. Also, assume that this function is globally positively definite

and radially unbounded and that satisfies

V̇ (x) ≤ 0 for all t, and all x ∈ Rn.

Define the invariant set

I = {x ∈ Rn | V̇ (x) = 0}.

If I = {x∗}, then x∗ is globally stable.
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2.1 Abstract

Uncertainty is present in all measurement processes and modeling real phe-

nomena. Frequently, available information is not 100% reliable or accurate. In

this chapter, we briefly present different strategies to include uncertainty in

epidemiological models given by ODEs. Moreover, taking into account that the

knowledge and information are limited for our case study (dengue transmission),

44
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we present a justification of why we will model the uncertainty through interval

analysis.

2.2 Problem statement

To explain an actual phenomenon requires measuring and getting information,

which frequently contains some uncertainty levels. One source of this may be

the lack of knowledge about the study phenomenon, which makes it difficult in

the modeling process to determine which characteristics should be included or

excluded in the study. Other sources of uncertainty include the impossibility of

obtaining measurements of some relevant factors, collecting information over

long periods, etc. [65]. Thus, uncertainty must be correctly considered as long

as its effects are present in the decision-making process. Up to the year 1960,

statistics and probability theory were the known methods that could model

uncertainty [113]. Currently, it is possible to find other theories capable of

dealing with this (e.g. fuzzy set theory and interval arithmetic).

In the case of vector-borne diseases such as West Nile virus, Malaria, Zika,

and Dengue, there is uncertainty due to the inability to accurately and reliably

measure transmission rates, vector populations, and the recovery rate in humans.

Usually, these characteristics are included in the modeling process as parameters

or initial conditions. This information is necessary to build more reliable models

that allow us to understand the dynamics of this type of disease and thus be able

to propose appropriate control strategies. However, in contrast to other sciences

where it is possible to carry out several experiments to obtain information and

test hypotheses, such experiments are often impossible, unethical or expensive

when modeling the spread of infectious diseases in human populations [42].

For instance, the experimental assays with vector populations involve impre-

cision, some degree of approximation, or uncertainty to various degrees, since it
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is not possible to include all external aspects involved in development process in

the laboratory. For example, consider an experiment where three replicas with

vector population are carried out. Suppose that each experiment starts with 100

eggs, and we measure the percentage of eggs hatching for this vector population.

Then, this measurement can be stated in different ways as follows (a) between

86 and 92 percent, (b) about 89 percent, or (c) has a mean value of 89 and a

standard deviation of 2 percent and follows a normal distribution. Depending

on the nature of imprecision, the analysis of the system can be conducted using

interval analysis, fuzzy theory, or a probabilistic approach [91].

2.3 Uncertain parameters and initial conditions in

epidemiological models

To the best of our knowledge, ODEs in mathematical epidemiology have included

uncertainty in their parameters via fuzzy theory, a probabilistic approach [7, 6,

12] and to a lesser extent through the application of interval analysis [25].

To use fuzzy theory, it is necessary to define the range of the uncertain param-

eter and a preference function (or membership function see Definition 2.4.1),

which allows the researcher to describe the desirability of using different values

within the range. Frequently, this definition depends on the expert’s estimation.

On the other hand, to apply the probabilistic approach, we must know the

specified probability distribution that follows the uncertain parameter. Finally,

if all the uncertain parameter has upper and lower bounds, we can use interval

analysis. These strategies help to get insights into transmission dynamics when

the population distribution is heterogeneous. However, in general, to apply

the fuzzy or the probabilistic approach; we have to formulate some additional

hypotheses on parameter behavior or additional information about them. For

instance, in [56], those authors assume that parameters as the duration of the in-
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fectious period in humans, the biting rate, the mosquito to human transmission

rate, and human to mosquito transmission rate follow a uniform distribution.

While the extrinsic incubation period follows a triangular distribution. In con-

trast with this work, the authors of [12] assume that the latent and infection

periods are random and independent variables following a gamma probability

distribution1.

On the other hand, within the fuzzy transmission models in [6] an SIS model

was formulated

dS
dt

= −βSI +γI

dI
dt

= βSI −γI

where, β (the transmission rate), and γ (the recovery rate) are given by functions

that depend on the amount of virus, v. To define appropriate membership

functions it is necessary knowing the minimum value of virus vmin such that a

susceptible individual becomes an infected individual.

β(v) =


1, if vM < v ≤ vmax,

v−vmin
vM−vmin , if vmin < v ≤ vM

0, otherwise.

γ(v) =
(γ0 − 1)
vmax

v + 1

where, γ0 represents the minimum recovery time.

It is worth pointing out that it is impossible to know the exact distribution

for the model parameters in many applications. In this scenario, it is reasonable

1The probability density function for the gamma distribution is given by:

f (x;α,β) =
βαxα−1e−xβ

Γ (α)
, with x > 0
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to assign equal probabilities to all the alternatives. This can be done by using

interval analysis. In recent years, there are advances in the field of application of

interval analysis for uncertainty analysis. For example, the technique for error

analysis presented in [94]; the proposed system for modeling uncertainty by

intervals using the product of these [70]; and strategies to model the uncertainty

parameters of nonlinear vibration systems through intervals to analyze the

output of the system [90].

2.4 Strategy to reduce fuzzy uncertainty to interval

uncertainty

A fuzzy set concerns with the idea of flexibility over the concept of belongingness

[63, 77]. In 1965, Zadeh proposed a membership degree, according to which an

element could partially belong to a given set.

Definition 2.4.1. Given a non-empty set X, a fuzzy set of X is a pair (A,µA) where

A ⊆ X and µA : X→ [0,1]. One refers to µA as the membership function of A.

Definition 2.4.2. Given a fuzzy set (A,µA), its support, denoted by S(A), is the

open set formed by elements in X with positive membership degree in A.

S(A) = {x : x ∈ X,µA(x) > 0}. (2.1)

We write S(A) to refer to the closure of S(A), i.e. the closed set formed by S(A)

along with its limit points.

For convenience, we freely confuse (A,µA), A and µA. Thus, we may refer to

µA as the fuzzy set. For each x in A, the value µA(x) indicates the membership

degree of the element x in A. If X is R in Definition 2.4.1, we refer to A as a fuzzy

number. Fuzzy numbers are commonly used to describe the expressions of the

expert, such as “around of”, “small”, “medium”, “approximately equal to a”, etc.
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It is clear from Definition 2.4.1 that two fuzzy sets can only be referred as

equal whenever their membership functions coincide pointwise. Given two

fuzzy sets, A and B, we have that A = B, if and only if, µA = µB. Thus, a fuzzy

set is completely determined by its membership function. We now examine an

alternative charactherisation of these membership functions in terms of α-cuts.

Definition 2.4.3. An α-cut is a set of all elements that belong to a fuzzy set with

at least α degree. We denote by [A]α, the α-cut of the fuzzy set A.

[A]α = {x ∈ X |µA(x) ≥ α}.

Notably, if A is a fuzzy number, then all its α-cuts are closed intervals on

R [63]. One can alternatively represent a membership function of a fuzzy

set by the aggregation of their α-cuts. Using this α-cut charactherization for

membership functions, one can describe the relation between computing under

fuzzy uncertainty and interval uncertainty, for the particular case of fuzzy

numbers, of special interest in this document. To this end, one needs the extension

principle which allows us to extend concepts from classical set theory to fuzzy

set theory in the following way [114].

Definition 2.4.4. Let X be the cartesian product of universes X = X1 × · · · ×Xn,

and A1, . . . ,An be n fuzzy sets in X1, . . . ,Xn, respectively. Given a mapping f from

X to Y , the extended fuzzy set of X in Y by f , denoted by f (X), is formed by the

set f (A) defined as {f (x1, . . . ,xn) |xi ∈ Ai , i = 1, . . . ,n}, along with the membership

function µf (X)(y) defined as in Equation (2.2).

µf (X)(y) =


sup

(x1,...,xn)∈f −1(y)
min(µA1

(x1), . . . ,µAn(xn)) if f −1(y) , ∅

0 otherwise

(2.2)
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where f −1(y) denotes the set of all points (x1, . . . ,xn) ∈ X such that y = f (x1, . . . ,xn).

To illustrate the aforementioned relation between fuzzy and interval uncer-

tainty, let f : R→ R be a continuous function, and A1, . . . ,An ∈ P (R) be fuzzy

numbers such that µAi (xi) is a continuous functions for i from 1 to n.

We will show that

[f (A1, . . . ,An)]α = f ([A1]α, . . . , [An]α). (2.3)

That is, the α-cut [f (A1, . . . ,An)]α is equal to the range of possible values of

f (x1, . . . ,xn) where xi ranges over [Ai]α for i from 1 to n.

To this end, in [76], Nguyen proved that it suffices to show that for all y ∈ R,

sup
(x1,...,xn)∈f −1(y)

{min(µA1
(x1), . . . ,µAn(xn))}

is attained, to state that Equation (2.3) holds. Let us prove then that such a

condition holds in our case.

Let φ(x1, . . . ,xn) be min(µA1
(x1), . . . ,µAn(xn)). One can prove that the func-

tion φ is continuous, as each function µAi (xi) is continuous. Note also that

φ(x1, . . . ,xn) ≥ 0, since, again, each µAi (xi) ≥ 0. Thus,

sup
(x1,...,xn)∈f −1(y)

φ(x1, . . . ,xn) = sup
(x1,...,xn)∈f −1(y)∩S

φ(x1, . . . ,xn)

since φ = 0 outside of S where S = S(A1)× · · · × S(An).

By Tychonoff’s theorem, one proves that S is compact, as it is a product

of n compact sets with respect to the product topology. Then, S is a closed

and bounded set. On the other hand, the set formed by the preimages of y by

f , f −1(y), is closed by continuity of f . Then f −1(y) ∩ S is compact since the

intersection of two closed sets is closed and bounded because f −1(y)∩ S ⊆ S.

Consequently, φ reaches its maximum on the compact set f −1(y)∩S for all y ∈ R.
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2.5 Interval uncertainty

In some cases, it is not possible to know the exact probabilistic distribution of

the measurement errors. Moreover, many distributions can be agreeable with

the knowledge of the measurement of errors. Under this scenario, one wants

to select the distribution with the least possible amount of information. “If a

random variable has the density probability function ρ(x), the amount of information

it bears is usually described by the entropy” [49].

S = −
∞∫
−∞

ρ(x) lnρ(x) dx,

where, the entropy gives a measure of how chaotic the probabilistic distribution

is. Thus, one should select the probability distribution ρ(x) with the largest

entropy. This consideration is known as the maximum entropy approach.

Theorem 2.5.1. The uniform distribution is the maximum entropy distribution on

any interval [a,a].

Proof. From [49]:

Consider a probability density function ρ(x) on the given interval, i.e., that

ρ(x) = 0 for x < [a,a]. The idea here is to maximize the entropy

S = −
∞∫
−∞

ρ(x) lnρ(x) dx = −
a∫
a

ρ(x) lnρ(x) dx

under the constraint that
a∫
a

ρ(x) dx = 1.

To do so, we apply the Lagrange multipliers method to reduce the one variable

constraint optimization problem to an unconstraint problem of two variables.
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Thus we have the Lagrange function:

L[ρ] = −
a∫
a

ρ(x) lnρ(x) dx+λ

a∫
a

ρ(x)− 1 dx

where λ is a Lagrange multiplier. As ρ(x) is a function, L is a functional. Then, to

optimize L we follow the same strategy to deduce the Euler-Lagrange equation

from the calculus of variations. To do so, we consider the parametrization of all

the distribution functions defined on the interval [a,a]:

ρ(x) = ρ(x) + εη(x)

where ρ(x) is the stationary distribution function, ε is a small real number, and

η(x) is any arbitrary distribution function on the given interval.

Now, for a fixed ρ and η, different values of ε give different values of L[ρ].

Thus, the rate of change of the functional is:

d
dε
L[ρ] =

 ddε
a∫
a

−ρ(x) lnρ(x) dx+λ

a∫
a

ρ(x)− 1 dx


=

a∫
a

d
dε

(−ρ(x) lnρ(x) +λρ(x)−λ)dx

=

a∫
a

(−η lnρ(x)− η +λη)dx

=

a∫
a

−η(lnρ(x) + 1−λ)dx

η is not zero since it is an arbitrary function, so we conclude that lnρ(x) + 1−λ,

hence ρ(x) = exp(λ − 1). The probability density has the same value for all

x ∈ [a,a]. Therefore, the maximum entropy distribution without any extra

information is the uniform distribution.
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This result follows the judgement to choose a uniform distribution for errors

when one does not have reasons or information to suppose that one value is more

probable than another.

On the other hand, there are usually three sources of error while performing

numerical computations with real numbers:

• Input errors usually occur for some human mistakes. For instance, in the

measurement process or when a person mistypes a value on the computer.

• Truncation errors arise when we approximate a continuous or infinite oper-

ation by a computable discrete one.

• Rounding errors arise when we perform arithmetic operations between real

numbers on a machine. This happens because of the inexactness in the

representation of real numbers.

All these errors arise when we process the experimental results on a computer

since usually, the results are given by some real number. To handle all these

errors, we can use the interval arithmetic [18].

2.6 Conclusions

According to the type of information obtained from experimental assays (see

Tables 3.1–3.2 in Sec 3.3 of the next chapter), we consider that for transmission of

vector-borne diseases, an efficient and a reliable way to account for uncertainty

is through interval analysis. Unlike applications based on probability and fuzzy

theory, interval analysis does not attempt to infer an uncertainty structure of the

model-output based on an uncertainty structure assumed for the model-input.
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3.1 Abstract

Several models have been formulated to simulate the transmission of dengue

diseases. Here we presented three different models. One includes all the devel-

opment stages of the vector (eggs-larvae-pupae) explicitly. The second considers

collective these development stages in one compartmental (the aquatic phase),

and the third one considers a constant recruitment rate in the vector adult pop-

ulation. The latter simplifies the previous one since we define the recruitment

rate as the equilibrium point of the aquatic population. In this way, it was pos-

sible to consider the biological ranges of the parameters involved in the vector

development. Then, to establish the biological range of the recruitment rate for

each municipality, we use interval arithmetic.

This chapter’s primary goal is to study the impact of modeling assumptions

reflected in each model’s number of parameters and state variables. In this way,

we aim to evaluate the structure, complexity, trustworthiness, and suitability of

three models on the dynamics of dengue in two municipalities of Colombia. To

achieve this aim, we calculated the Basic Reproductive Number (R0), performed

the locally structural identifiability analysis, and calculated the elasticities values

of R0 for each model.

The results from these analyses showed that the simplest model was the most

appropriate and reliable. Therefore, explicitly incorporating the development

stages of the vector population may not be necessary for modeling dengue

transmission when the only available information is the cumulative number of

reported dengue cases.
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3.2 Formulation of Dengue transmission models

As mentioned in Chapter 1, dengue virus has four serotypes (DENV-1, DENV-

2, DENV-3 and DENV-4). However, since the record of the number of cases

produced by each serotype is not available for Colombia, the models presented

here only consider transmission by one of them.

We considered the three epidemiological models introduced in [54]. These

models included compartments for both the populations involved in the dengue

transmission process. The main difference between these models is the number

of state variables and parameters that allow us to capture different aspects of

the vector’s development in all their life stages. For all the models, we use

M to denote the size of mosquito population, which can vary over time, and

H to denote the size of the total human population, which is considered to

remain constant (birth and death rate equal to µh) over the studied time period

of maximum one year.

3.2.1 Model considering all development stages of the vector

(eggs-larvae-pupae-adult)

For vector population, we considered the aquatic immature stage (egg E, larva

L, and pupa P ) and the adult phase, M (for females mosquitoes only); the last

was divided into three sub-populations, representing susceptible Ms, exposed

Me, and infectious Mi mosquitoes. Analogously, for human population, we

considered four sub-populations, namely susceptible Hs, exposed He, infectious

Hi , and recovered Hr humans.

In the model, the development of mosquito begins with the number of eggs E

at time t, which increases with the per capita oviposition rate δ(1−E/C), where

δ is the intrinsic oviposition rate per capita, and C is the carrying capacity of the

environment. The number of eggs decreases based on the transition rate from
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eggs to larvae γe and the eggs mortality rate µe. The number of larvae L at time t

increases with the transition rate from eggs to larvae γe and decreases with the

transition rate from larvae to pupae γl and larvae mortality rate µl . Likewise,

the number of pupae P at time t increases with the transition rate from larvae

to pupae γl and decreases with the transition rate from pupae to adults γp and

the pupae mortality rate µp. In this manner, the population of adult mosquitoes,

including females and males, increases at a rate γp. Because DENV transmission

only involves female mosquitoes, we included the parameter f , representing

the fraction of female mosquitoes produced during the hatching of all eggs.

Thus, the population of susceptible females Ms increases at rate f γp, because we

removed the number of males γp (1− f )P that completed the development cycle.

In both populations, the flow from the susceptible to the exposed compart-

ment depends on the proportion of infected in each population (Hi/H and

Mi/M) and the transmission coefficients (βh and βm). Here, we assumed the

transmission coefficients to be the product of the mosquito’s biting rate and the

transmission probabilities. Once extrinsic and intrinsic incubation periods are

completed, the exposed mosquitoes and humans become infected at a rate of

θm and θh, respectively. Finally, infected humans recover at a rate of γh, while

mosquitoes remain infected for the rest of their lives [28]. Figure 3.1 shows all

transitions described above. Based on the above assumptions, the dynamics of
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µe
<latexit sha1_base64="+RJc745crQE9JxDHseSUE+QG5UY=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4KokVbDLghuXFewPtKFMpjfN0JkkzEyEEvoKuhJ15wP5Ar6N05qFtp7VN/ecgXtukAqujet+OaWNza3tnfJuZW//4PCoenzS1UmmGHZYIhLVD6hGwWPsGG4E9lOFVAYCe8H0duH3HlFpnsQPZpaiL+kk5iFn1NhRZyizEY6qNbfuLkXWwSugBoXao+rncJywTGJsmKBaDzw3NX5OleFM4LwyzDSmlE3pBAcWYypR+/ly2Tm5CBNFTIRk+f6dzanUeiYDm5HURHrVWwz/8waZCZt+zuM0MxgzG7FemAliErLoTMZcITNiZoEyxe2WhEVUUWbsZSq2vrdadh26jbp3VW/cX9dazeIQZTiDc7gED26gBXfQhg4w4PAMb/DuRM6T8+K8/kRLTvHnFP7I+fgGvSKMPQ==</latexit>

µl
<latexit sha1_base64="VyytLUCGdDDo5JKo4foVu9P9Ymk=">AAAB6HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmkESWJG5cYiI/CUxIp9yBSjszaTsmZMI76MqoO5/HF/BtLDgLBc/q6z2nyT03SATXxnW/nMLG5tb2TnG3tLd/cHhUPj7p6DhVDNssFrHqBVSj4BG2DTcCe4lCKgOB3WB6s/C7j6g0j6N7M0vQl3Qc8ZAzauyoO5DpMBPzYbniVt2lyDp4OVQgV2tY/hyMYpZKjAwTVOu+5ybGz6gynAmclwapxoSyKR1j32JEJWo/W647JxdhrIiZIFm+f2czKrWeycBmJDUTveothv95/dSEDT/jUZIajJiNWC9MBTExWbQmI66QGTGzQJnidkvCJlRRZuxtSra+t1p2HTq1qndVrd3VK81GfoginME5XIIH19CEW2hBGxhM4Rne4N15cJ6cF+f1J1pw8j+n8EfOxzeILI1Q</latexit>

µp
<latexit sha1_base64="zlJhFPBdt8hBD6Ivf+DzqHF2/WE=">AAAB6HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmkESWJG5cYiI/CUxIp9yBSjszaTsmZMI76MqoO5/HF/BtLDgLBc/q6z2nyT03SATXxnW/nMLG5tb2TnG3tLd/cHhUPj7p6DhVDNssFrHqBVSj4BG2DTcCe4lCKgOB3WB6s/C7j6g0j6N7M0vQl3Qc8ZAzauyoO5DpMEvmw3LFrbpLkXXwcqhArtaw/DkYxSyVGBkmqNZ9z02Mn1FlOBM4Lw1SjQllUzrGvsWIStR+tlx3Ti7CWBEzQbJ8/85mVGo9k4HNSGometVbDP/z+qkJG37GoyQ1GDEbsV6YCmJismhNRlwhM2JmgTLF7ZaETaiizNjblGx9b7XsOnRqVe+qWrurV5qN/BBFOINzuAQPrqEJt9CCNjCYwjO8wbvz4Dw5L87rT7Tg5H9O4Y+cj2+OKI1U</latexit>

�e
<latexit sha1_base64="vWMapeQ+GwtCuqmdE8DhsKalv5M=">AAAB63icbZDNTgIxFIU7/iL+oS7dNBITV2QGTWRJ4sYlJvITYULulAs0tJ1J2zEhE55CV0bd+Ta+gG9jwVkoeFZf7zlN7rlRIrixvv/lra1vbG5tF3aKu3v7B4elo+OWiVPNsMliEetOBAYFV9i03ArsJBpBRgLb0eRm7rcfURseq3s7TTCUMFJ8yBlYN3rojUBK6Gc465fKfsVfiK5CkEOZ5Gr0S5+9QcxSicoyAcZ0Az+xYQbaciZwVuylBhNgExhh16ECiSbMFhvP6Pkw1tSOkS7ev7MZSGOmMnIZCXZslr358D+vm9phLcy4SlKLirmI84apoDam8+J0wDUyK6YOgGnutqRsDBqYdecpuvrBctlVaFUrwWWlendVrtfyQxTIKTkjFyQg16RObkmDNAkjijyTN/LuSe/Je/Fef6JrXv7nhPyR9/ENpQSOiA==</latexit>

�l
<latexit sha1_base64="CUvS+HquNd/4+TZj3bmsvp3MhC4=">AAAB63icbZDNTgIxFIXv+Iv4h7p000hMXJEZNJEliRuXmMhPhAm5Uwo0tJ1J2zEhE55CV0bd+Ta+gG9jwVkoeFZf7zlN7rlRIrixvv/lra1vbG5tF3aKu3v7B4elo+OWiVNNWZPGItadCA0TXLGm5VawTqIZykiwdjS5mfvtR6YNj9W9nSYslDhSfMgpWjd66I1QSuxnYtYvlf2KvxBZhSCHMuRq9EufvUFMU8mUpQKN6QZ+YsMMteVUsFmxlxqWIJ3giHUdKpTMhNli4xk5H8aa2DEji/fvbIbSmKmMXEaiHZtlbz78z+umdlgLM66S1DJFXcR5w1QQG5N5cTLgmlErpg6Qau62JHSMGql15ym6+sFy2VVoVSvBZaV6d1Wu1/JDFOAUzuACAriGOtxCA5pAQcEzvMG7J70n78V7/YmuefmfE/gj7+Mbr32Ojw==</latexit>
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<latexit sha1_base64="7/ocrVTxvS7aMq0vWWd/hKDIHDk=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuCozVbDLghuXFewFpkPJpJk2NJchyQhl6FvoStSdT+ML+DamdRba+q++nP8PnP/EKWfG+v6XV9rY3NreKe9W9vYPDo+qxyddozJNaIcornQ/xoZyJmnHMstpP9UUi5jTXjy9Xfi9R6oNU/LBzlIaCTyWLGEEWzcKk8EYC4GHeTofVmt+3V8KrUNQQA0KtYfVz8FIkUxQaQnHxoSBn9oox9oywum8MsgMTTGZ4jENHUosqIny5cpzdJEojeyEouX7dzbHwpiZiF1GYDsxq95i+J8XZjZpRjmTaWapJC7ivCTjyCq0aI5GTFNi+cwBJpq5LRGZYI2JdfepuPrBatl16DbqwVW9cX9dazWLQ5ThDM7hEgK4gRbcQRs6QEDBM7zBuye9J+/Fe/2Jlrzizyn8kffxDXaojwM=</latexit>

�M
<latexit sha1_base64="eAZ3Fmy9Vn3Mi9zXuE1xMgYzjJs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCmYZcONGiGAekAyhp1NJmvQ86K4RwpCP0JWoO3/HH/Bv7MRZaOJdna57G+pWkChpyHW/nLX1jc2t7cJOcXdv/+CwdHTcMnGqBTZFrGLdCbhBJSNskiSFnUQjDwOF7WByM/fbj6iNjKMHmiboh3wUyaEUnOyo0xugIs7u+qWyW3EXYqvg5VCGXI1+6bM3iEUaYkRCcWO6npuQn3FNUiicFXupwYSLCR9h12LEQzR+tth3xs6HsWY0RrZ4/85mPDRmGgY2E3Iam2VvPvzP66Y0rPmZjJKUMBI2Yr1hqhjFbF6bDaRGQWpqgQst7ZZMjLnmguxxira+t1x2FVrVindZqd5fleu1/BAFOIUzuAAPrqEOt9CAJghQ8Axv8O5MnCfnxXn9ia45+Z8T+CPn4xtqmY0s</latexit>

Mi
<latexit sha1_base64="L4xLtoifekW1QpVA9o3+wmytOZM=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUnDjRqhof6AdSia904ZmJkOSEcrQN9CVqDufyBfwbUzrLLT1rL7ccwL33CARXBvX/XIKK6tr6xvFzdLW9s7uXnn/oKVlqhg2mRRSdQKqUfAYm4YbgZ1EIY0Cge1gfD3z24+oNJfxg5kk6Ed0GPOQM2rs6P62z/vlilt15yLL4OVQgVyNfvmzN5AsjTA2TFCtu56bGD+jynAmcFrqpRoTysZ0iF2LMY1Q+9l81Sk5CaUiZoRk/v6dzWik9SQKbCaiZqQXvdnwP6+bmvDSz3icpAZjZiPWC1NBjCSzxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b1zqq1u/NK/So/RBGO4BhOwYMLqMMNNKAJDIbwDG/w7oTOk/PivP5EC07+5xD+yPn4BhBui0I=</latexit>

µm
<latexit sha1_base64="MqHmpyRQbkEIOjTzVUYOgklU7o0=">AAAB6HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmkESWJG5cYiI/CUxIp9yBSjszaTsmZMI76MqoO5/HF/BtLDgLBc/q6z2nyT03SATXxnW/nMLG5tb2TnG3tLd/cHhUPj7p6DhVDNssFrHqBVSj4BG2DTcCe4lCKgOB3WB6s/C7j6g0j6N7M0vQl3Qc8ZAzauyoO5DpMJPzYbniVt2lyDp4OVQgV2tY/hyMYpZKjAwTVOu+5ybGz6gynAmclwapxoSyKR1j32JEJWo/W647JxdhrIiZIFm+f2czKrWeycBmJDUTveothv95/dSEDT/jUZIajJiNWC9MBTExWbQmI66QGTGzQJnidkvCJlRRZuxtSra+t1p2HTq1qndVrd3VK81GfoginME5XIIH19CEW2hBGxhM4Rne4N15cJ6cF+f1J1pw8j+n8EfOxzeJq41R</latexit>

µm
<latexit sha1_base64="MqHmpyRQbkEIOjTzVUYOgklU7o0=">AAAB6HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmkESWJG5cYiI/CUxIp9yBSjszaTsmZMI76MqoO5/HF/BtLDgLBc/q6z2nyT03SATXxnW/nMLG5tb2TnG3tLd/cHhUPj7p6DhVDNssFrHqBVSj4BG2DTcCe4lCKgOB3WB6s/C7j6g0j6N7M0vQl3Qc8ZAzauyoO5DpMJPzYbniVt2lyDp4OVQgV2tY/hyMYpZKjAwTVOu+5ybGz6gynAmclwapxoSyKR1j32JEJWo/W647JxdhrIiZIFm+f2czKrWeycBmJDUTveothv95/dSEDT/jUZIajJiNWC9MBTExWbQmI66QGTGzQJnidkvCJlRRZuxtSra+t1p2HTq1qndVrd3VK81GfoginME5XIIH19CEW2hBGxhM4Rne4N15cJ6cF+f1J1pw8j+n8EfOxzeJq41R</latexit>

µm
<latexit sha1_base64="MqHmpyRQbkEIOjTzVUYOgklU7o0=">AAAB6HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmkESWJG5cYiI/CUxIp9yBSjszaTsmZMI76MqoO5/HF/BtLDgLBc/q6z2nyT03SATXxnW/nMLG5tb2TnG3tLd/cHhUPj7p6DhVDNssFrHqBVSj4BG2DTcCe4lCKgOB3WB6s/C7j6g0j6N7M0vQl3Qc8ZAzauyoO5DpMJPzYbniVt2lyDp4OVQgV2tY/hyMYpZKjAwTVOu+5ybGz6gynAmclwapxoSyKR1j32JEJWo/W647JxdhrIiZIFm+f2czKrWeycBmJDUTveothv95/dSEDT/jUZIajJiNWC9MBTExWbQmI66QGTGzQJnidkvCJlRRZuxtSra+t1p2HTq1qndVrd3VK81GfoginME5XIIH19CEW2hBGxhM4Rne4N15cJ6cF+f1J1pw8j+n8EfOxzeJq41R</latexit>

✓m
<latexit sha1_base64="jBeHhFLCq1niBriBk2BEYupyMiw=">AAAB63icbVDLTgJBEOz1ifhCPXqZSEw8kV00kSOJF4+YyCPChswOA0yYmd3M9JqQDV+hJ6Pe/Bt/wL9xwD0oWKfqrup0V0eJFBZ9/8tbW9/Y3Nou7BR39/YPDktHxy0bp4bxJotlbDoRtVwKzZsoUPJOYjhVkeTtaHIz19uP3FgR63ucJjxUdKTFUDCKrvXQwzFH2s/UrF8q+xV/AbJKgpyUIUejX/rsDWKWKq6RSWptN/ATDDNqUDDJZ8VeanlC2YSOeNdRTRW3Yba4eEbOh7EhbjdZ1L+9GVXWTlXkPIri2C5r8+Z/WjfFYS3MhE5S5Jo5i9OGqSQYk3lwMhCGM5RTRygzwl1J2JgaytC9p+jiB8thV0mrWgkuK9W7q3K9lj+iAKdwBhcQwDXU4RYa0AQGGp7hDd495T15L97rj3XNy2dO4A+8j2/N4o6j</latexit>

Hs
<latexit sha1_base64="fyPAAkROxsWKhBDE9FsqLuGgl7w=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUnDTZUX7A+1QMumdNjSZGZKMUIa+ga5E3flEvoBvY1pnoa1n9eWeE7jnBong2rjul1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJW3YBqFDzCluFGYDdRSGUgsBNMbud+5xGV5nH0YKYJ+pKOIh5yRo0d3TcGelCuuFV3IbIKXg4VyNUclD/7w5ilEiPDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LMYUYnazxarzshZGCtixkgW79/ZjEqtpzKwGUnNWC978+F/Xi814bWf8ShJDUbMRqwXpoKYmMwbkyFXyIyYWqBMcbslYWOqKDP2LiVb31suuwrtWtW7qNbuLiv1m/wQRTiBUzgHD66gDg1oQgsYjOAZ3uDdCZ0n58V5/YkWnPzPMfyR8/ENF9qLRw==</latexit>
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<latexit sha1_base64="nSZcoC7U7Cz8ctuq6iVKYQxFVTo=">AAAB+XicbZDNSsNAFIUn/tb6FxXcuBksgquSVMEuC266rGB/oAlhMr1ph84kYWYilJiH0ZWoO1/DF/BtnNYstPWsvrnnDNx7wpQzpR3ny1pb39jc2q7sVHf39g8O7aPjnkoySaFLE57IQUgUcBZDVzPNYZBKICLk0A+nt3O//wBSsSS+17MUfEHGMYsYJdqMAvvUC0GTIBeFF0lC83bAirxdBHbNqTsL4VVwS6ihUp3A/vRGCc0ExJpyotTQdVLt50RqRjkUVS9TkBI6JWMYGoyJAOXni/0LfBElEusJ4MX7dzYnQqmZCE1GED1Ry958+J83zHTU9HMWp5mGmJqI8aKMY53geQ14xCRQzWcGCJXMbInphJgGtCmras53l49dhV6j7l7VG3fXtVazLKKCztA5ukQuukEt1EYd1EUUPaJn9Iberdx6sl6s15/omlX+OUF/ZH18A2zSlBI=</latexit>

Me
<latexit sha1_base64="i773jrCGkWdCiAvwb18AR6vwPLg=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUnDjRqhof6AdSia904ZmJkOSEcrQN9CVqDufyBfwbUzrLLT1rL7ccwL33CARXBvX/XIKK6tr6xvFzdLW9s7uXnn/oKVlqhg2mRRSdQKqUfAYm4YbgZ1EIY0Cge1gfD3z24+oNJfxg5kk6Ed0GPOQM2rs6P62j/1yxa26c5Fl8HKoQK5Gv/zZG0iWRhgbJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK7FmEao/Wy+6pSchFIRM0Iyf//OZjTSehIFNhNRM9KL3mz4n9dNTXjpZzxOUoMxsxHrhakgRpJZYzLgCpkREwuUKW63JGxEFWXG3qVk63uLZZehVat6Z9Xa3XmlfpUfoghHcAyn4MEF1OEGGtAEBkN4hjd4d0LnyXlxXn+iBSf/cwh/5Hx8Awp2iz4=</latexit>

E
<latexit sha1_base64="hROCk39yx88T5661u+sLv+5F0K0=">AAAB4nicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUhDBZQv2B9qhZNI7bWhmMiQZoQx9AV2JuvORfAHfxrTOQlvP6ss9J3DPDRLBtXHdL6ewtr6xuVXcLu3s7u0flA+P2lqmimGLSSFVN6AaBY+xZbgR2E0U0igQ2Akmt3O/84hKcxk/mGmCfkRHMQ85o8aOmneDcsWtuguRVfByqECuxqD82R9KlkYYGyao1j3PTYyfUWU4Ezgr9VONCWUTOsKexZhGqP1sseiMnIVSETNGsnj/zmY00noaBTYTUTPWy958+J/XS0147Wc8TlKDMbMR64WpIEaSeV8y5AqZEVMLlClutyRsTBVlxl6lZOt7y2VXoV2rehfVWvOyUr/JD1GEEziFc/DgCupwDw1oAQOEZ3iDd2foPDkvzutPtODkf47hj5yPb485il4=</latexit>

Ms
<latexit sha1_base64="OjdTTgDNbu0oUfpziVSnckGvwPg=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUnDjRqhof6AdSia904ZmJkOSEcrQN9CVqDufyBfwbUzrLLT1rL7ccwL33CARXBvX/XIKK6tr6xvFzdLW9s7uXnn/oKVlqhg2mRRSdQKqUfAYm4YbgZ1EIY0Cge1gfD3z24+oNJfxg5kk6Ed0GPOQM2rs6P62r/vlilt15yLL4OVQgVyNfvmzN5AsjTA2TFCtu56bGD+jynAmcFrqpRoTysZ0iF2LMY1Q+9l81Sk5CaUiZoRk/v6dzWik9SQKbCaiZqQXvdnwP6+bmvDSz3icpAZjZiPWC1NBjCSzxmTAFTIjJhYoU9xuSdiIKsqMvUvJ1vcWyy5Dq1b1zqq1u/NK/So/RBGO4BhOwYMLqMMNNKAJDIbwDG/w7oTOk/PivP5EC07+5xD+yPn4Bh9ai0w=</latexit>

P
<latexit sha1_base64="QZTWYGwTjT5ZgaDA0GcgejCHlko=">AAAB4nicbZDLSgNBEEVr4ivGV9Slm8YguAozUdCVBNy4TMA8IBmkp1OTNOl50F0jhJAf0JWoOz/JH/Bv7MRZaOJd3a57GupWkCppyHW/nMLa+sbmVnG7tLO7t39QPjxqmyTTAlsiUYnuBtygkjG2SJLCbqqRR4HCTjC+needR9RGJvE9TVL0Iz6MZSgFJztqNh7KFbfqLsRWjZebCuSy/Gd/kIgswpiE4sb0PDclf8o1SaFwVupnBlMuxnyIPWtjHqHxp4tFZ+wsTDSjEbLF+zc75ZExkyiwTMRpZJaz+fC/rJdReO1PZZxmhLGwiM3CTDFK2LwvG0iNgtTEGi60tFsyMeKaC7JXKdn63nLZVdOuVb2Laq15Wanf5Icowgmcwjl4cAV1uIMGtEAAwjO8wbszcJ6cF+f1By04+Z9j+CPn4xufo4pp</latexit>

L
<latexit sha1_base64="Xhh9LvCsCcrwwHmXowxV9bIRsUQ=">AAAB4nicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUnDjwkUL9gfaoWTSO21oZjIkGaEMfQFdibrzkXwB38a0zkJbz+rLPSdwzw0SwbVx3S+nsLa+sblV3C7t7O7tH5QPj9papophi0khVTegGgWPsWW4EdhNFNIoENgJJrdzv/OISnMZP5hpgn5ERzEPOaPGjpr3g3LFrboLkVXwcqhArsag/NkfSpZGGBsmqNY9z02Mn1FlOBM4K/VTjQllEzrCnsWYRqj9bLHojJyFUhEzRrJ4/85mNNJ6GgU2E1Ez1svefPif10tNeO1nPE5SgzGzEeuFqSBGknlfMuQKmRFTC5QpbrckbEwVZcZepWTre8tlV6Fdq3oX1VrzslK/yQ9RhBM4hXPw4ArqcAcNaAEDhGd4g3dn6Dw5L87rT7Tg5H+O4Y+cj2+Zq4pl</latexit>

✓h
<latexit sha1_base64="epTHAV5Az5V4eTMeqY9nS3GAk6Y=">AAAB63icbVDLTsMwEHR4lvIqcORiUSFxqpKCRI+VuHAsEn2INqocd9NYdZzI3iBVUb8CTgi48Tf8AH+DW3KAljnN7sxqdzZIpTDoul/O2vrG5tZ2aae8u7d/cFg5Ou6YJNMc2jyRie4FzIAUCtooUEIv1cDiQEI3mNzM9e4jaCMSdY/TFPyYjZUIBWdoWw8DjADZMI9mw0rVrbkL0FXiFaRKCrSGlc/BKOFZDAq5ZMb0PTdFP2caBZcwKw8yAynjEzaGvqWKxWD8fHHxjJ6HiaZ2N13Uv705i42ZxoH1xAwjs6zNm/9p/QzDhp8LlWYIiluL1cJMUkzoPDgdCQ0c5dQSxrWwV1IeMc042veUbXxvOewq6dRr3mWtfndVbTaKR5TIKTkjF8Qj16RJbkmLtAknijyTN/LuxM6T8+K8/ljXnGLmhPyB8/ENxmeOng==</latexit>
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<latexit sha1_base64="T3T8gkLzPTZjEppXlRaCIVBKiV0=">AAAB5HicbZDNSgMxFIXv1L9a/6ou3QSL4KrMVEFXUnDTZUX7A+1QMumdNjSZGZKMUIa+ga5E3flEvoBvY1pnoa1n9eWeE7jnBong2rjul1NYW9/Y3Cpul3Z29/YPyodHbR2nimGLxSJW3YBqFDzCluFGYDdRSGUgsBNMbud+5xGV5nH0YKYJ+pKOIh5yRo0d3TcGOChX3Kq7EFkFL4cK5GoOyp/9YcxSiZFhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FmMqETtZ4tVZ+QsjBUxYySL9+9sRqXWUxnYjKRmrJe9+fA/r5ea8NrPeJSkBiNmI9YLU0FMTOaNyZArZEZMLVCmuN2SsDFVlBl7l5Kt7y2XXYV2repdVGt3l5X6TX6IIpzAKZyDB1dQhwY0oQUMRvAMb/DuhM6T8+K8/kQLTv7nGP7I+fgGAvaLOQ==</latexit>
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Figure 3.1 – Dengue transmission model: all stages of vector were included.

Flow diagram summarizing the transitions from one compartment to another

in Model 3.1 is shown. It is assumed that the population is divided into immature

stages (mosquito), adult females (mosquito), and humans.

dengue transmission is given by the following system of differential equations:

dE
dt

= δ
(
1− E

C

)
M − (γe +µe)E

dL
dt

= γeE − (γl +µl)L

dP
dt

= γlL− (γp +µp)P

dMs

dt
= f γpP − βm

Hi
H
Ms −µmMs

dMe

dt
= βm
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H
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dMi
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= θmMe −µmMi

dHs
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M
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dHi
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= θhHe − (γh +µh)Hi

dHr
dt

= γhHi −µhHr

(3.1)
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3.2.2 Model considering one aquatic phase for the vector

In contrast with the previous model, this model considers the larval and pupal

stages collectively as the aquatic phase A, which increases with the effective

per capita oviposition rate ρ(1 − A/C), with ρ = kδ, where δ is the intrinsic

oviposition rate per capita, and k is the fraction of eggs hatching to larvae.

The aquatic phase decreases according to the transition rate from the aquatic

phase to the adult phase γm and the mortality rate in the aquatic phase µa.

Similarly to Model 3.1, the population of susceptible females Ms increases at

rate f γm. Figure 3.2 shows all transitions described above and the flow of

dengue transmission between populations. Based on the above assumptions, the
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Figure 3.2 – Dengue transmission model considering one aquatic phase for

the vector. Flow diagram summarizing the transitions from one compartment

to another in Model 3.2 is shown. It is assumed that the population is divided

into one aquatic stage (mosquito), adult females (mosquito), and humans.
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dynamics of dengue transmission is given by the following system of differential

equations:

dA
dt

= ρ
(
1− A

C

)
M − (γm +µa)A

dMs

dt
= f γmA− βm

Hi
H
Ms −µmMs

dMe

dt
= βm

Hi
H
Ms − (θm +µm)Me

dMi

dt
= θmMe −µmMi

dHs
dt

= µhH − βh
Mi

M
Hs −µhHs

dHe
dt

= βh
Mi

M
Hs − (θh +µh)He

dHi
dt

= θhHe − (γh +µh)Hi

dHr
dt

= γhHi −µhHr

(3.2)

3.2.3 Model without considering development stages of the vec-

tor

Finally, for Model 3.3 we only considered the adult population of female mosquitoes.

In this model, the behaviour of the aquatic phase of the vector population is

captured in one parameter, Λ, which is interpreted as the recruitment rate. In

this way, the population of females mosquito increases at a constant rate in-

dependent of the actual number of adult mosquitoes. This assumption seems

reasonable since only a fraction of a large reservoir of eggs and larvae matures

to females, and this process does not depend directly on the size of the female

mosquito population [29].

To establish an appropriate biological range for this parameter, we define

Λ = f γmA
∗ with A∗ = C

(
1− 1

RM

)
and RM = ρf γm

µm(γm+µa)
, where Rm is the number

of secondary females produced by only one female (the offspring), and A∗ is

the equilibrium value of the aquatic phase in which mosquitoes are present
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in Model 3.2. Thus, we take into account parameters that describe the tran-

sition and mortality from the aquatic phase to the adult phase of the vector

(ρ,γm,µa,µm, f ).

Figure 3.3 shows the flow of dengue transmission between populations. Based
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Figure 3.3 – Dengue transmission model without considering development

stages of the vector. Flow diagram summarizing the transitions from one com-

partment to another in Model 3.3 is shown.

on the above assumptions, the dynamics of dengue transmission is given by the
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following system of differential equations:

dMs

dt
= Λ− βm

Hi
H
Ms −µmMs

dMe

dt
= βm

Hi
H
Ms − (θm +µm)Me

dMi

dt
= θmMe −µmMi

dHs
dt

= µhH − βh
Mi

M
Hs −µhHs

dHe
dt

= βh
Mi

M
Hs − (θh +µh)He

dHi
dt

= θhHe − (γh +µh)Hi

dHr
dt

= γhHi −µhHr

(3.3)

3.3 Data and parameters ranges

3.3.1 Data

We consider data from 2016 dengue outbreaks in the municipalities of Itagüí

(Antioquia, Colombia) and Neiva (Huila, Colombia). The information of the

reported dengue cases was obtained from the National Public Health Surveil-

lance System (SIVIGILA by its Spanish initials) (http://portalsivigila.ins.

gov.co/sivigila/documentos/Docs_1.php). The outbreak in Itagüí lasted 60

epidemiological weeks, beginning in epidemiological week 51 of 2015 (with

10 reported cases) and ending in epidemiological week 6 of 2016 (with 4 re-

ported cases). The total number of dengue cases reported during this period

was 2915 (see Figure 3.4). Meanwhile, the outbreak in Neiva lasted 24 epi-

demiological weeks, beginning in the epidemiological week 38 of 2016 (with

16 reported cases) and ending in the epidemiological week 9 of 2017 (with 7

reported cases). The total number of dengue cases reported during this period

was 687 (see Figure 3.5).

http://portalsivigila.ins.gov.co/sivigila/documentos/Docs_1.php
http://portalsivigila.ins.gov.co/sivigila/documentos/Docs_1.php
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Figure 3.4 – Number of reported dengue cases for Itagüí: Bar chart showing the

reported dengue cases from epidemiological week 51 of 2015 to epidemiological

week 6 of 2016.
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Figure 3.5 – Number of reported dengue cases for Neiva: Bar chart showing the

reported dengue cases from epidemiological week 38 of 2016 to epidemiological

week 9 of 2017.
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3.3.2 Parameters

To define the biological ranges for transition and mortality parameters for vector

populations, we used the results of life tables created from experiments per-

formed in the BCEI laboratory (Grupo de Biología y Control de Enfermedades in-

fecciosas de la Universidad de Antioquia) between 2017 and 2019, with mosquito

populations of Itagüí and Neiva. However, we extended intervals for mortality

rate (µm) since these ranges were calculated under experimental conditions and

did not consider external factors (as fumigation) that can increase it. Finally, to

compute the range of Λ we applied interval arithmetic. For a deeper description

of the experimental protocol, we refer the reader to [53].

On the other hand, the information about the size of human population for

each municipality was taken from the National Administrative Department of

Statistics (DANE by its Spanish initials). Meanwhile, ranges of values for intrinsic

incubation period (θh), extrinsic incubation period (θm), and recovery rate (γh)

were calculated considering the average duration of each period (1/θh, 1/θm)

and (1/γh) according to [79]. Ranges for parameters and initial conditions for

each municipality are summarized in Table 3.1 and 3.2, respectively.

3.4 Equilibrium points of the models

To analyze the dynamics of models (3.1) and (3.2), we first investigated the

dynamic of the vector population of each model. Then we examined the steady

states of all three models among humans. To do this, we assumed that all model

parameters do not depend on time.
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Table 3.1 – Parameters used in the simulations of models (3.1)-(3.3) for Itagüí

and Neiva, their biological descriptions, and their values range.

Param. Meaning Itagüí Neiva
Rang./day Rang./week Rang./day Rang./week

δ Per capita oviposition [13,60] [13,240] [16,32] [16,128]
rate

γe Transition rate from [0.2,0.5] [1.4,3.5] [0.2,0.5] [1.4,3.5]
eggs to larvae

µe Mortality rate in [0,0.012] [0,0.83] [0.008,0.02] [0.06,0.14]
eggs

γl Transition rate from [0.14,0.17] [1,1.17] [0.125,0.2] [0.88,1.4]
larvae to pupae

µl Mortality rate in [0.001,0.03] [0.01,0.2] [0.017,0.04] [0.12,0.26]
larvae

γp Transition rate from [0.33,1] [2.33,7] [0.33,1] [2.33,7]
pupae to adults

µp Mortality rate in [0,0.04] [0,0.3] [0,0.04] [0,0.3]
pupae

ρ Effective per capita [12,60] [12,240] [14,29] [14,128]
oviposition rate

γm Transition rate from
the aquatic phase to [0.11,0.13] [0.77,0.88] [0.11,0.13] [0.77,0.88]
the adult phase

µa Mortality rate in the [0.001,0.027] [0.008,0.19] [0.015,0.028] [0.11,0.19]
aquatic phase

C Carrying capacity of [6400,95000] [6400,95000] [6400,95000] [6400,95000]
the environment
Fraction of female

f mosquitoes [0.39,0.51] [0.39,0.51] [0.32,0.45] [0.32,0.45]
hatched from all eggs

Λ Recruitment rate [273,6297] [1779,42612] [223,5550] [1454,37529]
H Size of human 248036 248036 324466 324466

population
µm Mortality rate in [0.011,0.016] [0.008,0.26] [0.02,0.027] [0.14,0.45]

the adult phase
µh Birth and death rate of 0.000032 0.00023 0.000015 0.00011

the human population
βm Transmission rate from [0,4] [0,4] [0,4] [0,4]

human to mosquito
βh Transmission rate from [0,4] [0,4] [0,4] [0,4]

mosquito to human
Transition rate from

θm exposed to infected [0.08,0.13] [0.58,0.88] [0.08,0.13] [0.58,0.88]
mosquito
Transition rate from

θh exposed to infected [0.1,0.25] [0.7,1.75] [0.1,0.25] [0.7,1.75]
human

γh Recovery rate [0.07,0.25] [0.5,1.75] [0.07,0.25] [0.5,1.75]
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Table 3.2 – Initial conditions used in the simulations of Model 3.3 for Neiva

and Itagüí, their biological descriptions, and their values ranges.

Initial condition Meaning Itagüí Neiva

E(0) Eggs [0,100000] [0,100000]
L(0) Larvae [0,100000] [0,100000]
P (0) Pupae [0,100000] [0,100000]
A(0) Aquatic phase [0,100000] [0,100000]
Ms(0) For susceptible mosquitoes [0,5000000] [0,5000000]
Me(0) For exposed mosquitoes [0,200] [0,200]
Mi(0) For infectious mosquitoes [0,200] [0,200]
Hs(0) For susceptible humans [198429,247912] [259573,324294]
He(0) For exposed humans [21,84] [27,108]
Hi(0) For infectious humans [10,40] [16,64]
Hr(0) For recovered humans [0,49576] [0,64850]

3.4.1 Model 3.1

Since M(t) =Ms(t)+Me(t)+Mi(t), we see from the first six equations of (3.1) that

vector dynamics from egg stage to adult stage is given by:

dE
dt

= δ
(
1− E

C

)
M − (γe +µe)E

dL
dt

= γeE − (γl +µl)L

dP
dt

= γlL− (γp +µp)P

dM
dt

= f γpP −µmM

(3.4)

Mosquito dynamics: The system (3.4) has two equilibrium points; the

mosquito-free state and the state in which mosquitoes are present denoted

by

P0 = (0,0,0,0)

P1 = (E∗,L∗, P ∗,M∗)
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respectively, where

E∗ = C
(
1− 1

RM

)
L∗ =

γe
(γl +µl)

E∗

P ∗ =
γl

(γp +µp)
γe

(γl +µl)
E∗

M∗s =M∗ =
f γp
µm

γl
(γp +µp)

γe
(γl +µl)

E∗

where, RM =
f γp
µm

γl
(γp+µp)

γe
(γl+µl )

δ
(γe+µe)

. This point is biologically acceptable when

RM > 1. Moreover, RM can be biologically interpreted as the number of secondary

mosquitoes produced by a single female (the basic offspring number). Now, we

analyze the steady-state among humans for Model 3.1. These points are given

by the constant solutions of the following algebraic system and

δ
(
1− E

C

)
M − (γe +µe)E = 0

γeE − (γl +µl)L = 0

γlL− (γp +µp)P = 0

f γpP − βm
Hi
H
Ms −µmMs = 0

βm
Hi
H
Ms − (θm +µm)Me = 0

θmMe −µmMi = 0

µhH − βh
Mi

M
Hs −µhHs = 0

βh
Mi

M
Hs − (θh +µh)He = 0

θhHe − (γh +µh)Hi = 0

γhHi −µhHr = 0

Human population free of mosquitoes: The null (with respect to mosquito)

equilibrium point is given by E = 0, L = 0, P = 0, Ms = 0, Me = 0, Mi = 0, Hs =H ,
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He == 0, Hi = 0, and Hr = 0.

Human population infested with mosquito but free of dengue: The trivial

(with respect to the disease) equilibrium point is given by

E∗ = C
(
1− 1

RM

)
L∗ =

γe
(γl +µl)

E∗

P ∗ =
γl

(γp +µp)
γe

(γl +µl)
E∗

M∗s =M∗ =
f γp
µm

γl
(γp +µp)

γe
(γl +µl)

E∗

M∗e =M∗i = 0

H ∗s =H

H ∗e =H ∗i =H ∗r = 0

(3.5)

where, RM =
f γp
µm

γl
(γp+µp)

γe
(γl+µl )

δ
(γe+µe)

. This point is biologically acceptable when

RM > 1.

Dengue prevalent in human population: This non-trivial equilibrium point is

given by

E∗ = C
(
1− 1

RM

)
L∗ =

γe
(γl +µl)

·C
(
1− 1

RM

)
P ∗ =

γl
(γp +µp)

·
γe

(γl +µl)
·C

(
1− 1

RM

)
M∗s =

HCµm(γe +µe)(RM − 1)
δ(βmH ∗i +µmH)

M∗e =
HCµm(γe +µe)(Rm − 1)

δ(βmH ∗i +µmH)
·

βm
(θm +µm)

·
H ∗i
H

M∗i =
HCµm(γe +µe)(RM − 1)

δ(βmH ∗i +µmH)
·

βmθm
µm(θm +µm)

·
H ∗i
H

H ∗s =
µh(θm +µm)H(µmH + βmH ∗i )

βmH
∗
i (βhθm +µh(θm +µm)) + (θm +µm)µhµmH



3.4. Equilibrium points of the models 71

H ∗e =
(γh +µh)
θh

H ∗i

H ∗r =
γh
µm
H ∗i

where, the number of infected humans H ∗i is

H ∗i =
βhβmθmθhµhH − (θh +µh)(γh +µh)(θm +µm)µhµmH

βm(θh +µh)(γh +µh)(βhθm +µh(θm +µm))

3.4.2 Model 3.2

SinceM(t) =Ms(t)+Me(t)+Mi(t), we see from the first four equations of Model 3.2

that mosquito dynamics from vector population is given by

dA
dt

= ρ
(
1− A

C

)
M − (γm +µa)A

dM
dt

= f γmA−µmM
(3.6)

Then, to analyze the dynamic of Model 3.2, we first examined the dynamic of

Model 3.6.

Mosquito dynamics: Model 3.6 has two equilibrium points; the mosquito-

free state and the state in which mosquitoes are present denoted by

P0 = (0,0,0,0)

P1 = (A∗,M∗)

respectively, where

A∗ = C
(
1− 1

RM

)
M∗s =M∗ =

f γm
µm

A∗

where, RM = f γmρ
µm(γm+µa)

. This point is biologically acceptable when RM > 1. More-
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over, RM can be biologically interpreted as the number of secondary mosquitoes

produced by a single female (the basic offspring number).

Now, we consider the corresponding autonomous modeling to obtain a steady-

state among humans for Model 3.2. One can get these points by equating the

derivatives to zero

ρ
(
1− A

C

)
M − (γm +µa)A = 0

f γmA− βm
Hi
H
Ms −µmMs = 0

βm
Hi
H
Ms − (θm +µm)Me = 0

θmMe −µmMi = 0

µhH − βh
Mi

M
Hs −µhHs = 0

βh
Mi

M
Hs − (θh +µh)He = 0

θhHe − (γh +µh)Hi = 0

γhHi −µhHr = 0

Human population free of mosquitoes: The null (with respect to mosquito)

equilibrium point is given by

A =Ms =Me =Mi = 0

Hs =H

He =Hi =Hr = 0

Human population infested with mosquito but free of dengue: The trivial
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(with respect to the disease) equilibrium point is given by

A∗ = C
(
1− 1

RM

)
M∗s =M∗ =

f γm
µm

A∗

M∗e =M∗i = 0

H ∗s =H

H ∗e =H ∗i =H ∗r = 0

(3.7)

Dengue prevalent in human population: This non-trivial equilibrium point is

given by

A∗ = C
(
1− 1

RM

)
M∗s =

HCµm(γm +µa)(RM − 1)
ρ(βmH ∗i +µmH)

M∗e =
HCµm(γm +µa)(RM − 1)

ρ(βmH ∗i +µmH)
·

βm
(θm +µm)

·
H ∗i
H

M∗i =
HCµm(γm +µa)(RM − 1)

ρ(βmH ∗i +µmH)
·

βmθm
µm(θm +µm)

·
H ∗i
H

H ∗s =
µhH(θm +µm)(µmH + βmH ∗i )

βhβmθmH
∗
i +µh(θm +µm)(µmH + βmH ∗i )

H ∗e =
(γh +µh)
θh

H ∗i

H ∗r =
γh
µm
H ∗i

where, the number of infected humans H ∗i is

H ∗i =
βhβmθmθhµhH − (θh +µh)(γh +µh)(θm +µm)µhµmH

βm(θh +µh)(γh +µh)(βhθm +µh(θm +µm))
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3.4.3 Model 3.3

SinceM(t) =Ms(t)+Me(t)+Mi(t), we see from the first three equations of Model 3.3

that mosquito dynamics is governed by

dM
dt

= Λ−µmM (3.8)

The solution M of this equation approach the equilibrium as Λ/µm t → ∞.

Moreover, only when Λ is equal to zero, the equilibrium point would be free of

mosquitoes.

To obtain a steady-state among humans for Model 3.3, we consider the

solutions to the system:

Λ− βm
Hi
H
Ms −µmMs = 0

βm
Hi
H
Ms − (θm +µm)Me = 0

θmMe −µmMi = 0

µhH − βh
Mi

M
Hs −µhHs = 0

βh
Mi

M
Hs − (θh +µh)He = 0

θhHe − (γh +µh)Hi = 0

γhHi −µhHr = 0

Human population infested with mosquito but free of dengue: The trivial

(with respect to the disease) equilibrium point is given by

M∗s =M∗ =
Λ

µm

M∗e =M∗i = 0

H ∗s =H

H ∗e =H ∗i =H ∗r = 0

(3.9)
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Dengue prevalent in human population: This non-trivial equilibrium point is

given by

M∗s =
ΛH

(βmH ∗i +µmH)

M∗e =
ΛH

(βmH ∗i +µmH)
·

βm
(θm +µm)

·
H ∗i
H

M∗i =
ΛH

(βmH ∗i +µmH)
·

βmθm
µm(θm +µm)

·
H ∗i
H

H ∗s =
µhH(θm +µm)(µmH + βmH ∗i )

βhβmθmH
∗
i +µh(θm +µm)(µmH + βmH ∗i )

H ∗e =
(γh +µh)
θh

H ∗i

H ∗r =
γh
µm
H ∗i

where, the number of infected humans H ∗i is calculated by the equation

H ∗i =
βhβmθmθhµhH − (θh +µh)(γh +µh)(θm +µm)µhµmH

βm(θh +µh)(γh +µh)(βhθm +µh(θm +µm))

3.5 Basic reproductive number, R0

Models (3.1)–(3.3) have four infected states, notably, exposed mosquitoes Me, in-

fected mosquitoes Mi , exposed human He, and infected human Hi . The infected

subsystem associated with these models is given by

dMe

dt
= βm

Hi
H
Ms − (θm +µm)Me

dMi

dt
= θmMe −µmMi

dHe
dt

= βh
Mi

M
Hs − (θh +µh)He

dHi
dt

= θhHe − (γh +µh)Hi

(3.10)
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The human population infested with mosquito but free of dengue for each model are

given by Equations (3.5), (3.7) and (3.9), respectively.

Then, the linearization of System 3.10 around the infection-free steady state

for all three models can be stated as

ẋ = (T +Σ)x

where, x = [MeMiHeHi ]T , T =



0 0 0 βm
M∗s
H

0 0 0 0

0 βh
H ∗s
M 0 0

0 0 0 0


is the transmission matrix,

and Σ =



−(θm +µm) 0 0 0

θm −µm 0 0

0 0 (θh +µh) 0

0 0 θh −(γh +µh)


is the transition matrix.

Hence the NGM matrix K is four-dimensional, and it is

K = −TΣ−1

=



0 0 0 βm
M∗s
H

0 0 0 0

0 βh
H ∗s
M 0 0

0 0 0 0





1
(θm+µm) 0 0 0

θm
µm(θm+µm)

1
µm

0 0

0 0 1
(θh+µh) 0

0 0 θh
(θh+µh)(γh+µh)

1
(γh+µh)



=



0 0 βmθh
(θh+µh)(γh+µh)

M∗s
H

βm
(γh+µh)

M∗s
H

0 0 0 0
βhθm

µm(θm+µm)
H ∗s
M

βh
µm

H ∗s
M 0 0

0 0 0 0


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The eigenvalues of K are zero of multiplicity 2, and

±

√
βmβhθmθh

µm(θm +µm)(θh +µh)(γh +µh)
H ∗sM∗s
HM

.

Therefore,

R0 =

√
βmβhθmθh

µm(θm +µm)(θh +µh)(γh +µh)
(3.11)

because in the infection-free steady state, H ∗s =H and M∗s =M.

The expression in Equation (3.11) gives us the geometric mean between the

number of secondary infections of all sub-populations considered in each model,

where the component

R0H =

√
βhθh

(θh +µh)(γh +µh)
(3.12)

gives us information about the number of infected humans in the next generation.

Meanwhile, the expression

R0M =

√
βmθm

µm(θm +µm)

gives us information about the number of infected mosquitoes in the next gener-

ation.

In this way, according to [62], it is possible that an outbreak may occur when

R0 < 1 but as long as the component of infected human will be greater than one

and the presence of certain number of infected mosquitoes.

3.5.1 Local sensitivity analysis of R0

To investigate the local sensitivity of the basic reproductive number (R0) for

changes in the parameters, we calculated the derivatives with respect to each



3.5. Basic reproductive number, R0 78

one. We observed from the expression in Equation (3.11) that

∂R0

∂βm
=

1
2βm

R0

∂R0

∂βh
=

1
2βh

R0

∂R0

∂θm
=

µm
2θm(θm +µm)

R0

∂R0

∂θh
=

µh
2θh(θh +µh)

R0

∂R0

∂µm
= − 1

2(θm +µm)

(
2 +

θm
µm

)
R0

∂R0

∂γh
= − 1

2(γh +µh)
R0

Partial derivatives of parameters such as transmission rate from human to

mosquito (βm), transmission rate from mosquito to human (βh), transition rate

from exposed to infected mosquitoes (θm), and transition rate from exposed to

infected humans (θh) are always positive, i.e. an increase in them increases the

value of R0. Meanwhile, for mortality rate in mosquitoes (µm) and the recovery

rate in humans (γh), partial derivatives are always negative, thus when values of

these parameters decrease, the value of R0 increases.

To determine which parameters have more influence in the occurrence of new

dengue cases, we calculated the elasticity of R0 with respect to each parameter θ.

The elasticity is given by

εR0
θ =

∂R0

∂θ
θ
R0
≈ %∆R0

%∆θ
. (3.13)

The elasticities give the percentage change in R0 in response to 1% increase

in the parameter θ. When εR0
θ > 0, that means that R0 increases with θ; when

εR0
θ < 0 that means that R0 decreases when θ increases [60].

For instance, we consider for Itagüí the parameter values as βm = 0.12, βh =

2.5, θm = 0.6, θh = 1.3, µm = 0.22, and γh = 1.75. For Neiva, we consider the
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parameter values as βm = 0.14, βh = 2.5, θm = 0.8, θh = 1.3, µm = 0.4, and γh = 1.7.

The fact that εR0
βm

= 0.5 means that 1% increase in βm will produce 0.5% increase

in R0. We summarize these results for each municipality in Table 3.3.

Table 3.3 – Elasticity of R0 for Neiva and Itagüí.

Elasticity Itagüí Neiva
εR0
βm

0.5 0.5

εR0
βh

0.5 0.5

εR0
θm

0.134 0.167

εR0
θh

8.8× 10−5 4.2× 10−5

εR0
µm −0.634 −0.667
εR0
γh −0.5 −0.5

It is important to notice that εR0
βm

and εR0
βh

always are equal to 0.5, while the

other elasticities depend on parameter values. Table 3.4 shows the elasticity

ranges for Itagüí and Neiva considering the parameter ranges given in Table 3.1.

We compute these ranges using interval arithmetic.

Table 3.4 – Elasticity ranges of R0 for Neiva and Itagüí.

Elasticity Itagüí Neiva
εR0
θm

[0.0045,0.1548] [0.0686,0.5]

εR0
θh

[6.5× 10−5,1.7× 10−4] [3.1× 10−5,7.9× 10−5]

εR0
µm [−0.8050,−0.3543] [−0.8682,−0.4189]
εR0
γh [−0.5,−0.4998] [−0.5,−0.4999]

3.6 Structural identifiability analysis

“In many sciences, it is possible to conduct experiments to obtain information and test

hypotheses. However, experiments with the spread of infectious diseases in human

populations are often impossible, unethical, or expensive." [42]. Therefore, we

can not measure all parameters of the models through experimental assays.

However, indirect approaches such as parameter estimation methods can help us
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to determine the values of these parameters using the available information. To

know if it is possible to estimate unique values to model unknown parameters

from the available observables (assuming noise-free data and error-free model),

we have to conduct a study on structural identifiability analysis. This analysis

does not require experimental data. For that reason, this analysis is called a prior

analysis and can be used to design experimental assays and determine which

information should be collected. To set up this problem, we considered the

models (3.1)–(3.3) in the following form

ẋ(t) = f(t,x(t),θ), x(0) = x0 (3.14)

where, θ denotes the parameters of the system, x(t) is the vector of state variables,

and x0 are the initial values. The cumulative number of dengue cases are given by

the output function h(x(t),θ). To establish a system that is structural identifiable,

we introduced the following definitions mentioned in [67].

Definition 3.6.1. A system structure (3.14) is said to be globally identifiable if

for any two parameter vectors θ1 and θ2 in the parameter space, h(x(t),θ1) =

h(x(t),θ2) holds if and only if θ1 = θ2.

Definition 3.6.2. A system structure (3.14) is said to be locally identifiable if for

any θ within an open neighborhood of some point θ∗ in the parameter space,

h(x(t),θ1) = h(x(t),θ2) holds if and only if θ1 = θ2.

There are several approaches to perform this method [67] like direct methods,

implicit function based approaches, and Taylor’s generating series. A deeper

discussion, comparison, and details of structural identifiability analysis are men-

tioned in [15]. As per our knowledge, in computational approach, we count with

various software tools designed to perform structural identifiability analysis of

non-linear models, such as DAISY [8], GenSSI [16], the Identifiability Analysis

package in MATHEMATICA [45], COMBOS [66], and STRIKE-GOLDD [106].
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In this study, we use the Identifiability Analysis package in Mathematica

software to test for the local identifiability of the epidemiological models of

dengue transmission (3.1)–(3.3). This implementation is based on a probabilistic

numerical method of computing the identifiability (Jacobian) matrix’s rank

where the matrix parameters and initial state variables are specialized to random

integers. For more detailed information, refer to [45].

For models (3.1)–(3.3), we evaluated if these are locally identifiable from the

number of cumulative dengue cases reported by official entities only. We also

fixed the values of human mortality rate, µh and the initial condition for infected

humans, Hi(0) according to ranges obtained from experimental assays (see

Tables 3.1–3.2). Table 3.5 shows the parameters are not locally identifiable for

any of the models. For all models, we obtained that the parameters describing

the vector’s development stages, the recruitment rate in the adult population,

and the vector population’s initial conditions were not identifiable from the

cumulative number of dengue cases in humans. However, the number of non-

identifiable parameters assumed to obtain a locally structural identifiable system

for models Models 3.1 to 3.3 are five, three and one, respectively. These numbers

correspond to the minimal necessary information that grants the identifiability

matrix (Jacobian matrix) a full range.

3.7 Discussion and conclusions

This chapter described the three models published in [54] to simulate dengue

transmission disease. The main difference among these models is the number of

parameters and state variables used to describe the development stages of the

vector population.

Similar models have been published earlier to evaluate different control

strategies and to simulate outbreaks in different cities [17, 19, 89]. However, the
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Table 3.5 – Non-structurally identifiable parameters and initial conditions

for models (3.1)–(3.3).

Non-structural identifiable
Parameters Initial Conditions

M
od

el
(3

.1
)

δ Per capita oviposition rate
C Carrying capacity of the

environment
γe Transition rate from eggs to

larvae E(0) Eggs
µe Mortality rate in eggs phase L(0) Larvae
γl Transition rate from larvae to P (0) Pupae

pupae Ms(0) Susceptible mosquitoes
µl Mortality rate in larvae phase Me(0) Exposed mosquitoes
γp Transition rate from pupae to Mi(0) Infected mosquitoes

the adult phase
µp Mortality rate in pupae phase
f Fraction of female mosquitoes

hatched from all eggs

M
od

el
(3

.2
)

ρ Effective per capita oviposition
rate

C Carrying capacity of the A(0) Aquatic phase
environment Ms(0) Susceptible mosquitoes

γm Transition rate from the aquatic Me(0) Exposed mosquitoes
phase to the adult phase Mi(0) Infected mosquitoes

µa Mortality rate in the aquatic phase
f Fraction of female mosquitoes

hatched from all eggs

M
od

el
(3

.3
)

Ms(0) Susceptible mosquitoes
Λ Recruitment rate Me(0) Exposed mosquitoes

Mi(0) Infected mosquitoes

majority of these studies consider parameter values taken from the literature.

Here to simulate the outbreaks in Itagüí and Neiva, we use local parameters

relevant to the study area. To do this, we considered (i) results from experimental

assays with local mosquito populations for each municipality; (ii) the average

transition time from exposed to infected (mosquitoes and humans); (iii) the

average recovery time in humans; (iv) official information of new dengue cases
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per week; and (v) the size of the human population for each municipality. It is

pertinent to note that experimental assays under laboratory conditions did not

consider the mortality rate for external factors. In this way, these results do not

always correspond to the vector life in the wild. For this reason, we extended the

range for mosquito mortality rate to include external causes that increase it.

It is relevant to point out that much research has been done to formulate new

models that include different transmission characteristics as multiple serotypes,

age groups, migrations, and the influence of climatic factors [30, 102, 64]. How-

ever, few studies have evaluated the relationship between the model formulation

and the available data to obtain more reliable and accurate conclusions.

For instance, in [103, 104], those authors evaluated the performance and

reliability of the fitting data of different models, considering the results of the

identifiability analyses. While other studies perform sensitivity analyses on

the Basic Reproductive Number, R0, to determine which parameters are more

critical in producing secondary cases [112, 108]. Nonetheless, we found that it is

necessary to carry out these analyses together because they are complementary.

An essential expression for outbreak characterization is R0. This number

gives us information about the average number of secondary cases that a single

case can produce if introduced into a susceptible population [22]. We found

that the same expression gives the Basic Reproductive Number for all models by

applying the Next Generation Matrix operator [23]. To determine which param-

eters influence the production of secondary cases, we calculated the elasticity of

R0 for each parameter. Table 1 showed that the occurrence of new dengue cases

was more sensitive to transmission rate from human to mosquito, transmission

rate from mosquito to human, the recovery rate in humans, and the mortality

rate in mosquitoes. These results coincide with the results shown in [32].

Finally, the locally structural identifiability analysis results showed that the

parameters that describe the interactions and transitions between the human
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population are locally identifiable from the cumulative number of reported

dengue cases. In contrast, the parameters that describe the development stages

and sizes of the vector population are not identifiable (see Table 3.5). For

these reasons, to obtain locally structural identifiable models, it is required to

collect information about the mosquito population. However, collecting this

information for long periods can be expensive and unreliable.

In summary, the findings from elasticities and identifiability analysis allow

us to conclude that the most suitable model to simulate an outbreak when the

only available information is the number of new cases per week is Model 3.3.

In the subsequent chapters, we will only work with Model 3.3. Moreover, we

will use the results obtained in this chapter to determine which parameters and

initial conditions should be considered uncertain.



Bibliography of the current chapter 85

Bibliography of the current chapter

[8] Giuseppina Bellu, Maria Pia Saccomani, Stefania Audoly, and Leontina
D’Angiò. DAISY: A new software tool to test global identifiability of
biological and physiological systems. Computer Methods and Programs
in Biomedicine 88.1 (2007), pp. 52–61. doi: https://doi.org/10.1016/
j.cmpb.2007.07.002 (cit. on p. 80).

[15] Oana-Teodora Chis, Julio R Banga, and Eva Balsa-Canto. Structural Iden-
tifiability of systems biology models: A critical comparison of methods.
PLoS ONE 6.11 (2011), e27755. doi: https://doi.org/10.1371/
journal.pone.0027755 (cit. on p. 80).

[16] Oana Chiş, Julio R. Banga, and Eva Balsa-Canto. GenSSI: A software
toolbox for structural identifiability analysis of biological models. Bioin-
formatics 27.18 (2011), pp. 2610–2611. doi: https://doi.org/10.1093/
bioinformatics/btr431 (cit. on p. 80).

[17] Laurent Coudeville and Geoff P Garnett. Transmission dynamics of the
four dengue serotypes in southern Vietnam and the potential impact of
vaccination. PloS one 7.12 (2012), e51244 (cit. on pp. 27, 81).

[19] Michel De Lara and Lilian Sofia Sepulveda Salcedo. Viable control of an
epidemiological model. Mathematical biosciences 280 (2016), pp. 24–37
(cit. on pp. 26, 81).

[22] O. Diekmann, J. A.P. Heesterbeek, and J. A.J. Metz. On the definition
and the computation of the basic reproduction ratio R0 in models for
infectious diseases in heterogeneous populations. Journal of Mathemati-
cal Biology 28.4 (1990), pp. 365–382. doi: https://doi.org/10.1007/
BF00178324 (cit. on pp. 25, 83).

[23] O. Diekmann, J.A.P. Heesterbeek, and M.G. Roberts. The construction of
next-generation matrices for compartmental epidemic models. Journal
of the Royal Society Interface 7.47 (2010), pp. 873–885. doi: https:
//doi.org/10.1098/rsif.2009.0386 (cit. on pp. 25, 83).

[28] Lourdes Esteva and Cristobal Vargas. A model for dengue disease with
variable human population. Journal of Mathematical Biology 38.3 (1999),
pp. 220–240. doi: https://doi.org/10.1007/s002850050147 (cit. on
pp. 27, 59).

[29] Lourdes Esteva and Cristobal Vargas. Analysis of a dengue disease trans-
mission model. Mathematical Biosciences 150.2 (1998), pp. 131–151. doi:
https://doi.org/10.1016/S0025-5564(98)10003-2 (cit. on pp. 27,
62).

[30] Lourdes Esteva and Cristobal Vargas. Coexistence of different serotypes
of dengue virus. Journal of Mathematical Biology 46.1 (2003), pp. 31–47
(cit. on pp. 27, 83).

https://doi.org/https://doi.org/10.1016/j.cmpb.2007.07.002
https://doi.org/https://doi.org/10.1016/j.cmpb.2007.07.002
https://doi.org/https://doi.org/10.1371/journal.pone.0027755
https://doi.org/https://doi.org/10.1371/journal.pone.0027755
https://doi.org/https://doi.org/10.1093/bioinformatics/btr431
https://doi.org/https://doi.org/10.1093/bioinformatics/btr431
https://doi.org/https://doi.org/10.1007/BF00178324
https://doi.org/https://doi.org/10.1007/BF00178324
https://doi.org/https://doi.org/10.1098/rsif.2009.0386
https://doi.org/https://doi.org/10.1098/rsif.2009.0386
https://doi.org/https://doi.org/10.1007/s002850050147
https://doi.org/https://doi.org/10.1016/S0025-5564(98)10003-2


Bibliography of the current chapter 86

[32] Lourdes Esteva and Hyun Mo Yang. Assessing the effects of temperature
and dengue virus load on dengue transmission. Journal of Biological
Systems 23.04 (2015), p. 1550027. doi: https://doi.org/10.1142/
S0218339015500278 (cit. on pp. 27, 83).

[42] Herbert W Hethcote. The basic epidemiology models: models, expres-
sions for R0, parameter estimation, and applications. In: Mathematical
understanding of infectious disease dynamics. World Scientific, 2009,
pp. 1–61. doi: https://doi.org/10.1142/9789812834836\_0001 (cit.
on pp. 18, 45, 79).

[45] Johan Karlsson, Milena Anguelova, and Mats Jirstrand. An Efficient
Method for Structural Identifiability Analysis of Large Dynamic Sys-
tems. 16th IFAC Symposium on System Identification. IFAC Proceedings
Volumes 45.16 (2012), pp. 941–946. doi: https://doi.org/10.3182/
20120711-3-BE-2027.00381 (cit. on pp. 80, 81).

[53] Diana Paola Lizarralde-Bejarano, Sair Arboleda-Sánchez, and María Euge-
nia Puerta-Yepes. Understanding epidemics from mathematical models:
Details of the 2010 dengue epidemic in Bello (Antioquia, Colombia).
Applied Mathematical Modelling 43 (2017), pp. 566–578. doi: https:
//doi.org/10.1016/j.apm.2016.11.022 (cit. on p. 66).

[54] Diana Paola Lizarralde-Bejarano, Daniel Rojas-Díaz, Sair Arboleda-Sánchez,
and María Eugenia Puerta-Yepes. Sensitivity, uncertainty and identifia-
bility analyses to define a dengue transmission model with real data of
an endemic municipality of Colombia. PLoS ONE 15.3 (2020), e0229668.
doi: https://doi.org/10.1371/journal.pone.0229668 (cit. on pp. 58,
81, 131, 162).

[60] Maia Martcheva. Ch. 6: Fitting Models to Data in: An Introduction to
Mathematical Epidemiology. Springer US, 2015, pp. 123–148. doi: https:
//doi.org/10.1007/978-1-4899-7612-3\_6 (cit. on p. 78).

[62] E Massad, FAB Coutinho, MN Burattini, and M Amaku. Estimation of R0
from the initial phase of an outbreak of a vector-borne infection. Tropical
medicine & international health 15.1 (2010), pp. 120–126 (cit. on p. 77).

[64] Emanuele Massaro, Daniel Kondor, and Carlo Ratti. Assessing the in-
terplay between human mobility and mosquito borne diseases in urban
environments. Scientific Reports 9.1 (Nov. 2019). doi: 10.1038/s41598-
019-53127-z (cit. on p. 83).

[66] Nicolette Meshkat, Christine Er-zhen Kuo, and Joseph DiStefano. On find-
ing and using identifiable parameter combinations in nonlinear dynamic
systems biology models and COMBOS: A novel web implementation.
PLoS ONE 9.10 (2014), e110261. doi: https://doi.org/10.1371/
journal.pone.0110261 (cit. on p. 80).

[67] Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. On iden-
tifiability of nonlinear ODE models and applications in viral dynamics.
SIAM review 53.1 (2011), pp. 3–39. doi: https://doi.org/10.1137/
090757009 (cit. on p. 80).

https://doi.org/https://doi.org/10.1142/S0218339015500278
https://doi.org/https://doi.org/10.1142/S0218339015500278
https://doi.org/https://doi.org/10.1142/9789812834836\_0001
https://doi.org/https://doi.org/10.3182/20120711-3-BE-2027.00381
https://doi.org/https://doi.org/10.3182/20120711-3-BE-2027.00381
https://doi.org/https://doi.org/10.1016/j.apm.2016.11.022
https://doi.org/https://doi.org/10.1016/j.apm.2016.11.022
https://doi.org/https://doi.org/10.1371/journal.pone.0229668
https://doi.org/https://doi.org/10.1007/978-1-4899-7612-3\_6
https://doi.org/https://doi.org/10.1007/978-1-4899-7612-3\_6
https://doi.org/10.1038/s41598-019-53127-z
https://doi.org/10.1038/s41598-019-53127-z
https://doi.org/https://doi.org/10.1371/journal.pone.0110261
https://doi.org/https://doi.org/10.1371/journal.pone.0110261
https://doi.org/https://doi.org/10.1137/090757009
https://doi.org/https://doi.org/10.1137/090757009


Bibliography of the current chapter 87

[79] World Health Organization et al. Dengue: Guías para el diagnóstico,
tratamiento, prevención y control: nueva edición. Tech. rep. Ginebra:
Organización Mundial de la Salud, May 2009 (cit. on pp. 26, 66).

[89] Suani Tavares Rubim de Pinho, Claudia P Ferreira, Lourdes Esteva, FR
Barreto, VC Morato e Silva, and MGL Teixeira. Modelling the dynamics
of dengue real epidemics. Philosophical Transactions of the Royal Society
A: Mathematical, Physical and Engineering Sciences 368.1933 (2010),
pp. 5679–5693 (cit. on pp. 27, 81).

[102] Khoa T. D. Thai et al. Age-Specificity of Clinical Dengue during Pri-
mary and Secondary Infections. PLoS Neglected Tropical Diseases 5.6
(June 2011). Ed. by Benedito A. Lopes da Fonseca, e1180. doi: 10.1371/
journal.pntd.0001180 (cit. on p. 83).

[103] Necibe Tuncer, Hayriye Gulbudak, Vincent L Cannataro, and Maia Martcheva.
Structural and practical identifiability issues of immuno-epidemiological
vector-host models with application to rift valley fever. Bulletin of math-
ematical biology 78.9 (2016), pp. 1796–1827 (cit. on p. 83).

[104] Necibe Tuncer, Maia Marctheva, Brian LaBarre, and Sabrina Payoute.
Structural and practical identifiability analysis of Zika epidemiological
models. Bulletin of mathematical biology 80.8 (2018), pp. 2209–2241
(cit. on p. 83).

[106] Alejandro F. Villaverde, Antonio Barreiro, and Antonis Papachristodoulou.
Structural Identifiability of Dynamic Systems Biology Models. PLoS Com-
putational Biology 12.10 (2016), pp. 1–22. doi: https://doi.org/10.
1371/journal.pcbi.1005153 (cit. on p. 80).

[108] Liping Wang, Hongyong Zhao, Sergio Muniz Oliva, and Huaiping Zhu.
Modeling the transmission and control of Zika in Brazil. Scientific Re-
ports 7.1 (Aug. 2017). doi: 10.1038/s41598- 017- 07264- y (cit. on
p. 83).

[112] Kenta Yashima and Akira Sasaki. Spotting Epidemic Keystones by R0
Sensitivity Analysis: High-Risk Stations in the Tokyo Metropolitan Area.
PLOS ONE 11.9 (Sept. 2016). Ed. by Hiroshi Nishiura, e0162406. doi:
10.1371/journal.pone.0162406 (cit. on p. 83).

https://doi.org/10.1371/journal.pntd.0001180
https://doi.org/10.1371/journal.pntd.0001180
https://doi.org/https://doi.org/10.1371/journal.pcbi.1005153
https://doi.org/https://doi.org/10.1371/journal.pcbi.1005153
https://doi.org/10.1038/s41598-017-07264-y
https://doi.org/10.1371/journal.pone.0162406


Chapter4
Forward problem: Interval

differential equations

Outline of the current chapter

4.1 Abstract 89

4.2 Problem statement 90

4.3 Taylor models 91

4.4 Solution procedure 92

4.4.1 First stage . . . . . . . . . . . . . . . . . . . . . . . . 93

4.4.2 Second stage . . . . . . . . . . . . . . . . . . . . . . . 93

4.5 Numerical Simulations 94

4.5.1 Scenario 1: Considering uncertainty in one parameter

at a time . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.5.2 Scenario 2: Considering uncertainty in several param-

eters at the same time. . . . . . . . . . . . . . . . . . 98

4.5.3 Scenario 3: Considering uncertainty in initial condi-

tions only. . . . . . . . . . . . . . . . . . . . . . . . . 101

88



4.1. Abstract 89

4.5.4 Scenario 4: Considering uncertainty in parameters and

initial conditions at the same time. . . . . . . . . . . 107

4.6 Discussion and conclusions 110

4.1 Abstract

This chapter introduces a strategy first to select the uncertain quantities (pa-

rameters and initial conditions) and second to find guaranteed enclosures on

the solutions of ODEs. To illustrate the performance of this approach, we con-

sider Model 3.3 and include the uncertainty in the parameters and the initial

conditions through interval analysis. The selection process of the uncertain quan-

tities (parameters and initial conditions) was carried out based on the results of

(i) the sensitivity analysis of R0, (ii) the structural identifiability analysis of the

model, (iii) the characteristics of the available information about mosquito pop-

ulation, and (iii) the incidence data of dengue in two municipalities in Colombia,

Itagüí and Neiva, during the outbreaks in 2016. Then, to find guaranteed enclo-

sures on such a system’s solutions, we use numerical methods in the framework

on interval analysis. These methods compute the solutions using self-verified

integrators. Specifically, we use a method where the solution is expressed as an

Interval Taylor Serie (ITS), where its coefficients are given by Taylor models that

can depend on simultaneously the parameters and the initial conditions.

The experiments demonstrated the importance of including interval-valued

uncertainty in parameters as the mortality rate in mosquito and the transmission

rates since these parameters cannot be measured accurately. Also, it was possible

to consider scenarios in which the vector populations were more extensive and

get solutions when the number of reported cases is higher. Obtaining robust

and verified solutions in these scenarios are relevant for decision-making and

applying more efficient control measures.
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4.2 Problem statement

Our focus here is on non-linear ODE models which are formulated as Initial

Value Problems (IVPs) as

ẋ(t) = f (x,θ), x(t0) = x0, (4.1)

where, t ∈ [t0, tk], tk > t0, θ ∈ Θ is the m-dimensional vector of parameters, x is

the n-dimensional vector of state variables, and x0 is the n-dimensional vector of

initial conditions. Furthermore, Θ and X0 are interval vectors that represent the

enclosures of the uncertainties of parameters and initial conditions, respectively.

Usually, an analytical solution does not exist for Equation (4.1), so we have

to use numerical methods to obtain the model trajectories. The purpose here is

to obtain mathematically and computationally guaranteed enclosures for the

vector of state variables x at all times, i.e. from t0 to tm, and compare these

enclosures with the behaviour of real data. To do this, we will use the software

VSPODE (Validating Solver for Parametric ODEs), which can produce guaranteed

enclosures on models when initial states and parameters are given by intervals.

Moreover, VSPODE has been applied to obtain rigorous enclosures for some

psychology models, ecology models, and epidemiological models [26, 27, 25]. For

more discussion on different methodologies proposed to solve Equation (4.1) and

the main drawbacks caused due to the overestimation caused by the dependency

problem and wrapping effect that arise and strategies to solve them, refer to [72,

55]. To illustrate the performance of this methodology, we considered Model 3.3

and the reported dengue cases for Itagüí and Neiva (see Figures 3.4 and 3.5).
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4.3 Taylor models

Most often, the verified methods (interval methods) result useless to deal with

practical problems. This is because of the overestimation caused by the depen-

dency problem and the wrapping effect. One way to handle these drawbacks

is through the application of the Taylor model methods developed by Berz and

his co-workers since the 1990s, which combined interval arithmetic with sym-

bolic computations [74]. To apply these methods, we have to consider Taylor

expansions and an enclosure for the remainder.

Formally, let a function f : D ⊂ Rs → R that is (n + 1) times continuously

partially differentiable. A Taylor model for f is given by T = (P ,e) = P + e where,

P denotes the n-th order Taylor polynomial of f around the expansion point

x0 ∈D and e is a small bounding set for the remainder of this approximation:

f (x)− P (x − x0) ∈ e, ∀x ∈D where x0 ∈D. (4.2)

For two Taylor models, T1 = (P1, e1) and T2 = (P2, e2) of order n, it is possible to

define addition and multiplication as follows

T1 + T2 = (P1 + P2, e1 + e2)

T1 · T2 = P1 · P2 + P1 · e2 + P2 · e1 + e1 · e2 is a polynomial of order 2n

= (P1·2, e1·2) is a polynomial of order n

where, P1·2 contains all terms of order n or less, and e1·2 contains the higher order

terms. A comparison between traditional enclosure methods for IVPs for ODEs

and Taylor models is presented in [74] with a simple example to illustrate how

the application and calculation of the Taylor models to solve ODEs.
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4.4 Solution procedure

In this study, similar to [25] and [52], we consider systems of ordinary differential

equations given by the following formulation

ẋ(t) = f (x,θ), x(t0) = x0, (4.3)

where, t ∈ [t0, tk], tk > t0, and θ ∈ Θ is the m-dimensional vector of parameters.

The variables x and x0 are n-dimensional vectors of state variables and initial

conditions, respectively. In addition, Θ and X0 are interval vectors that repre-

sent the enclosures of the uncertainties of parameters and initial conditions,

respectively. We also assumed that f : Rn ×Rp→ Rn is k − 1 times continuously

differentiable with respect to x and q+ 1 times continuously differentiable with

respect to θ.

To solve Equation (4.3), we applied the method proposed in [52] which the

authors implemented in the VSPODE software (Validated solutions of initial

value problems for parametric ODEs [52]. Briefly, the method is as follows;

First, consider a sequence of values t0 < t1 < · · · < tm with step size hj = tj+1−tj

at the (j + 1)-th integration step, j = 0,1, . . . ,m− 1. A solution to the IVP

ẋ(t) = f (x,θ), x(tj) = xj

is given by

x(t; tj ,Xj ,Θ) = {x(t; tj ,xj ,θ) |xj ∈ Xj , θ ∈Θ }.

In algorithms to solve Equation (4.3), each integration step is divided into two

stages. The first stage consists of validating the existence and uniqueness of the

solution, while the second stage consists of computing a tighter enclosure.
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4.4.1 First stage

The goal in the first stage is to find a step size hj = tj+1 − tj > 0 and an a priori

enclosure X̃j of the solution such that a unique solution x(t; tj ,xj ,θ) is guaranteed

to exist for all t ∈ [tj , tj+1], all xj ∈ Xj and all θ ∈ Θ. For this purpose, the

algorithm uses Interval Taylor Series (ITS) with respect to time. The uniqueness

of the solution x(t; tj ,xj ,θ) is proved by using the Picard-Lindelöf operator and

the Banach fixed-point theorem [72]. To compute the enclosure X̃j , VSPODE

uses high-order enclosure methods based on using many terms in the Taylor

series. In this way, it is possible to determine hj = tj+1 − tj and X̃j such that

X̃j =
k−1∑
i=0

[0,hj]
iF[i](Xj ,Θ) + [0,hj]

kF[k](X̃0
j ,Θ) ⊆ X̃0

j , (4.4)

where, (Xi)j = F[i](Xj ,Θ) are the interval extensions of the Taylor coefficients1

for xj ∈ Xj and θ ∈ Θ.The main advantage of considering more terms in the

Taylor series is that it is possible to consider larger step sizes, unlike first-order

enclosure methods (constant enclosure methods).

4.4.2 Second stage

The goal in the second stage is to compute a tighter enclosure Xj+1 such that

Xj+1 ⊆ X̃j . In VSPODE, this is done by using ITS to compute a Taylor model

Tf [i] = f [i](Txj ,Tθ), which depends on the initial conditions (x0) and parameters

(θ). For the Taylor model computations, the interval initial states and parameters

are represented by the Taylor models

x0i ∈ Tx0i
=m(X0i ) + (x0 −m(X0i )) + [0,0], i = 1, . . . ,n.

θi ∈ Tθi =m(Θi) + (θi −m(Θi)) + [0,0], i = 1, . . . ,p.

1The j-th Taylor coefficient evaluated at ti is denoted by (xi)j = x(j)(ti )
j!



4.5. Numerical Simulations 94

It is then possible to determine Taylor models Tf [i] of the ITS coefficients f [i](xj ,θ)

by using remainder differential algebra (RDA) [58] to compute Tf [i] = f [i](Txj ,Tθ).

To reduce the overestimation produced due to interval dependency and the

continuous growth of the remainder in each integration step, we used Taylor

models Tf [i] and the mean value theorem to compute the enclosure for each

coefficient f [i](xj ,θ) for the ITS of xi+j . Thus, we obtained the Taylor model Txj+1

for xj+1 in terms of the uncertain quantities θ and x0. Finally, to control the

wrapping effect, the state enclosures are propagated using a new type of Taylor

model. This new Taylor model consists of a polynomial and a remainder bound

represented by an n-dimensional parallelepiped.

4.5 Numerical Simulations

To illustrate the performance of VSPODE, we considered the model given

by Model 3.3. In the formulation of this model, we included nine parame-

ters, seven state variables, and their respective initial conditions (see Tables 3.1

and 3.2 for a description). Additionally, the vector function is a polynomial

function in the model parameters and a rational function in the state variables.

In this way, the function satisfies the condition of continuous differentiability

for the state variables and model parameters necessary to apply the VSPODE

algorithm.

We perform simulations for Itagüí and Neiva considering uncertainty in

some parameters and initial conditions according to results obtained from local

sensitivity analysis of R0 and the locally structurally identifiability analysis of

Model 3.3. We applied VSPODE, with its default ITS (Interval Taylor Series)

order, k = 17 and a default Taylor model order q = 5, to determine a verified

enclosure of all possible solutions for Model 3.3 under several scenarios for

each municipality. The interval integration was defined for each municipality



4.5. Numerical Simulations 95

according to the duration of the outbreak. For Itagüí, the interval of integration

was from t = 0 to t = 60 epidemiological weeks, while, for Neiva it was from

t = 0 to t = 30 epidemiological weeks. We considered the following scenarios for

our study.

4.5.1 Scenario 1: Considering uncertainty in one parameter at

a time

Here, we considered uncertainty in transmission rates from human to mosquito

and from mosquito to human (βm and βh respectively), the mortality rate in

mosquitoes (µm), the recovery rate in humans (γh) and recruitment rate in

mosquitoes (Λ). The first four parameters were included according to the results

obtained from local sensitivity analysis of R0 (see Table 3.3). The recruitment rate

(Λ) was included since it was the only parameter that is not locally structurally

identifiable (see Table 3.5).

For Itagüí, we fixed the initial condition and the parameters values asMs(0) =

1800000, Me(0) = 50, Mi(0) = 40, Hs(0) = 223000, He(0) = 21, Hi(0) = 10, Hr(0) =

25005,H = 248036, µh = 0.00023, θm = 0.6, and θh = 1.3. We also fixed the initial

condition and the parameters values for Neiva as Ms(0) = 3000000, Me(0) = 100,

Mi(0) = 50, Hs(0) = 315952, He(0) = 27, Hi(0) = 16, Hr(0) = 8471, H = 324466,

µh = 0.00011, θm = 0.8, and θh = 1.3. Figures 4.1–4.4 show the guaranteed

enclosures for all the possible trajectories of infected humans for Itagüí and

Neiva, respectively.

Tables 4.1–4.2 show the interval enclosures and their widths at different

times t (in epidemiological weeks), calculated with VSPODE for Itagüí and

Neiva, respectively.
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(b) Considering uncertainty in �h 2 [2.5, 2.65]
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(c) Considering uncertainty in µm 2 [0.217, 0.22]
<latexit sha1_base64="HKpYLwAGAXQAk+RZYVTkX2rFlLI=">AAACIHicbZBLSwMxFIUzvq2vqks3wSIoSJkZhboRhG5cVrAqdIaSSW/bYJIZkjtiGfpn9M8oCKKu9NeY1i58nU2+3HMCOTfJpLDo++/e1PTM7Nz8wmJpaXllda28vnFh09xwaPJUpuYqYRak0NBEgRKuMgNMJRIuk+v6yL+8AWNFqs9xkEGsWE+LruAM3ahdPo4QbrHY5Xu0nmorOmCE7tFcczDIhMYBFZoOaaTytooctvxqGNT2qTvCuF2u+FV/LPoXgglUyESNdvkp6qQ8V6CRS2ZtK/AzjAtmUHAJw1KUW8gYv2Y9aDnUTIGNi3HNId3ppoZiH+j4/j1bMGXtQCUuoxj27W9vNPzPa+XYPYoLobMcQXMXcV43lxRTOtoW7QgDHOXAAeNGuF9S3meGcXQ7Lbn6we+yf+EirAYH1fDssHISThaxQLbINtklAamRE3JKGqRJOLknj+SVvHl33oP37L18Rae8yZtN8kPexyeZO6Eg</latexit>

Figure 4.1 – Enclosures for the scenario 1 for Itagüí. Enclosures computed us-

ing VSPODE to solve the system in Model 3.3 for the number of new dengue cases

per week (figures on the left) and for the cumulative number of dengue cases (fig-

ures on the right). Parameter values used to obtain these enclosures: (a) Λ = 2000,

γh = 1.75, µm = 0.22, βh = 2.5, and βm ∈ [0.12,0.15]. (b) Λ = 2000, γh = 1.75,

µm = 0.22, βm = 0.12, and βh ∈ [2.5,2.65]. (c) Λ = 2000, γh = 1.75, βm = 0.12,

βh = 2.5, and µm ∈ [0.217,0.22].
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(b) Considering uncertainty in �h 2 [2.5, 3.0]
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(a) Considering uncertainty in �m 2 [0.14, 0.2]

<latexit sha1_base64="bYusujQXhG8Wcr0MXMn0A0qE9mI=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIKCLLtR0IMHwYtHBaNCdgm9k04yODu7zPSKYcnH6M/oQUS9+TdOYg6+6lTdVQ1dleRKWgqCD29icmp6ZnZuvrKwuLS8Ul1du7RZYQQ2RKYyc52ARSU1NkiSwuvcIKSJwqvk5mSoX92isTLTF9TPMU6hq2VHCiC3alWPIsI7Krdhh59k2so2Gqm7vNACDYHU1OdS8wGPEiRopZHUzcAP93d54NfjVrUW+MEI/C8Jx6TGxjhrVZ+jdiaKFDUJBdY2wyCnuARDUigcVKLCYg7iBrrYdFRDijYuRykHfKuTGU495KP5u7eE1Np+mjhPCtSzv7Xh8j+tWVDnMC6lzgtCLZzFaZ1Cccr4sCzelgYFqb4jIIx0X3LRAwOCXKUVFz/8HfYvuaz74Z5fP9+vHdfHRcyxDbbJtlnIDtgxO2VnrMEEe2BP7I29e/feo/fivX5ZJ7zxzTr7Ae/jE6xLoUc=</latexit>

(c) Considering uncertainty in µm 2 [0.38, 0.4]
<latexit sha1_base64="aCrWK5vF4actHhLLmwhq7hNPVwY=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIKCLLtRMHgKePGoYDSQXcLspJMMzswuM71iWPIt+jN6EvUm/o2TmING61TdVQ1dlWRSWAyCT29mdm5+YXFpubSyura+Ud7curZpbjg0eCpT00yYBSk0NFCghGZmgKlEwk1yezbSb+7AWJHqKxxkECvW06IrOEO3apdPI4R7LPb5AT1LtRUdMEL3aK45GGRC44AKTYc0UnlbRUK3Av+odkgD/zhulyuBH4xB/5JwQipkgot2+SXqpDxXoJFLZm0rDDKMC2ZQcAnDUpRbyBi/ZT1oOaqZAhsX44xDutdNDcU+0PH801swZe1AJc6jGPbttDZa/qe1cuzW4kLoLEfQ3Fmc1s0lxZSOqqIdYYCjHDjCuBHuS8r7zDCOrtCSix9Oh/1Lrqt+eORXL48r9eqkiCWyQ3bJPgnJCamTc3JBGoSTR/JM3si79+A9eS/e67d1xpvcbJNf8D6+ADAfoIM=</latexit>

Figure 4.2 – Enclosures for the scenario 1 for Neiva. We show the number of

new dengue cases per week (figures on the left) and the cumulative number

of dengue cases (figures on the right). Parameter values used to obtain these

enclosures: (a) Λ = 15000, γh = 1.7, µm = 0.4, βh = 2.5, and βm ∈ [0.14,0.2].

(b) Λ = 15000, γh = 1.7, µm = 0.4, βm = 0.14, and βh ∈ [2.5,3.0]. (c) Λ = 15000,

γh = 1.7, βh = 2.5, βm = 0.14, and µm ∈ [0.38,0.4].
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(a) Considering uncertainty in �h 2 [1.7, 1.75]
<latexit sha1_base64="MetgLzRxeA/Pp4Jq2KxJG/T/m38="></latexit>

(b) Considering uncertainty in ⇤ 2 [1850, 2000]
<latexit sha1_base64="h3JEeeTA7mVCHdEMLBq2A/PgHUo=">AAACIHicbVDLSgMxFM34tr6qLt0Ei6AgJVMVuxGEbly4qGBV6Awlk962wUxmSO6IZejP6M8oCKKu9GtMaxe+zurce04uOSdKlbTI2Ls3MTk1PTM7N19YWFxaXimurl3YJDMCGiJRibmKuAUlNTRQooKr1ACPIwWX0XVtqF/egLEy0efYTyGMeVfLjhQc3apVPAoQbjHfjnZoLdFWtsFI3aWZFmCQS419KjUd0ODU3WzzwA1Nv3rAdiuMsbBVLLEyG4H+Jf6YlMgY9VbxKWgnIotBo1Dc2qbPUgxzblAKBYNCkFlIubjmXWg6qnkMNsxHMQd0q5MYij2go/m7N+extf04cp6YY8/+1obL/7Rmhp1qmEudZghaOIvTOpmimNBhW7QtDQhUfUe4MNL9kooeN1yg67Tg4vu/w/4lF5Wyv1eunO2XjivjIubIBtkk28Qnh+SYnJA6aRBB7skjeSVv3p334D17L1/WCW/8Zp38gPfxCQXqoWg=</latexit>

Figure 4.3 – Enclosures for the scenario 1 for Itagüí. We show the number of

new dengue cases per week (figures on the left) and the cumulative number

of dengue cases (figures on the right). Parameter values used to obtain these

enclosures: (a) µm = 0.22, βm = 0.12, βh = 2.5, Λ = 2000, and γh ∈ [1.7,1.75].

(b) µm = 0.22, βm = 0.12, βh = 2.5, γh = 1.75, and Λ ∈ [1850,2000].

4.5.2 Scenario 2: Considering uncertainty in several parame-

ters at the same time.

In this scenario we obtained verified computational and mathematical enclosures

when (a) uncertain values are assumed for βm and βh, (b) uncertain values are

assumed for βm, βh, and µm, and (c) uncertain values are assumed for βm, βh, µm,

and γh.

For Itagüí, we fixed the initial condition and the parameters values asMs(0) =

1800000, Me(0) = 50, Mi(0) = 40, Hs(0) = 223000, He(0) = 21, Hi(0) = 10, Hr(0) =

25005, H = 248036, µh = 0.00023, θm = 0.6, θh = 1.3, and Λ = 2000. For Neiva,
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(a) Considering uncertainty in �h 2 [1.5, 1.7]
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(b) Considering uncertainty in ⇤ 2 [13000, 15000]
<latexit sha1_base64="tR1fyPLx6a7MJncEx3FRmoDcYOk="></latexit>

Figure 4.4 – Enclosures for the scenario 1 for Neiva. We show the num-

ber of new dengue cases per week (figures on the left) and the cumulative

number of dengue cases (figures on the right). Parameter values used to

obtain these enclosures: (a) µm = 0.4, βh = 2.5, βm = 0.14, Λ = 15000, and

γh ∈ [1.5,1.7]. (b) µm = 0.4, βh = 2.5, βm = 0.14, γh = 1.7, and Λ ∈ [13000,15000].

we fixed the initial condition and the parameters values as Ms(0) = 3000000,

Me(0) = 100, Mi(0) = 50, Hs(0) = 315952, He(0) = 27, Hi(0) = 16, Hr(0) = 8471,

H = 324466, µh = 0.00011, θm = 0.8, θh = 1.3, and Λ = 15000. Figures 4.5–4.6

show mathematically and computationally guaranteed upper and lower bounds

for the possible trajectories of infected humans for Itagüí and Neiva, respectively.

Tables 4.3–4.4 summarize the values at some times for these enclosures.
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Table 4.1 – Scenario 1 Itagüí: Upper bound, lower bound, and width at different

times. In grey colour, we show the point when the enclosure start to blow up.

Uncertain Epidemiological weeks t
values 1 10 20 30 40 50 60

Sup 11.761 38.548 115.888 165.067 112.207 62.855 34.315
βm Inf 11.749 32.979 80.647 93.126 50.953 22.914 9.966

Width 0.012 5.569 35.241 71.941 61.254 39.941 24.348
Sup 11.991 36.057 92.789 112.843 65.175 31.018 14.447

βh Inf 11.7492 32.9785 80.6475 93.1356 50.9797 22.9754 10.0339
Width 0.2414 3.079 12.142 19.707 14.195 8.043 4.414

Sup 11.749 32.994 81.409 97.631 55.520 25.73 11.595
µm Inf 11.749 32.979 80.648 93.135 50.980 22.980 10.098

Width 0.0 0.016 0.762 4.496 4.540 2.750 1.497
Sup 12.032 34.452 86.341 102.432 57.705 26.778 12.113

γh Inf 11.749 32.979 80.648 93.136 50.980 22.981 10.098
Width 0.283 1.473 5.693 9.296 6.725 3.797 2.014

Sup 11.749 33.046 81.980 97.931 54.384 24.651 13.281
Λ Inf 11.749 32.979 80.648 93.136 50.980 22.879 7.598

Width 0.0 0.067 1.332 4.795 3.404 1.772 5.683

Table 4.2 – Scenario 1 Neiva: Upper bound, lower bound, and width at different

times.

Uncertain Epidemiological weeks t
values 1 5 10 15 20 25 30

Sup 16.174 33.859 64.821 65.392 38.764 19.893 9.984
βm Inf 16.122 29.811 46.241 37.155 17.144 6.774 2.604

Width 0.051 4.048 18.581 28.236 21.620 13.120 7.380
Sup 17.187 36.948 63.395 56.895 29.674 13.339 5.917

βh Inf 16.122 29.811 46.241 37.157 17.150 6.783 2.561
Width 1.064 7.138 17.155 19.739 12.524 6.556 3.356

Sup 16.123 29.874 47.833 42.820 22.232 9.789 4.380
µm Inf 16.122 29.811 46.239 37.125 17.040 6.564 2.249

Width 0.001 0.064 1.594 5.695 5.191 3.225 2.131
Sup 17.839 34.433 57.253 50.074 25.434 11.158 5.073

γh Inf 16.122 29.810 46.238 37.149 17.128 6.716 2.273
Width 1.717 4.623 11.016 12.926 8.306 4.441 2.800

Sup 16.124 29.979 47.927 40.654 19.219 7.663 3.209
Λ Inf 16.122 29.810 46.241 37.157 17.148 6.760 2.365

Width 0.002 0.169 1.686 3.497 2.071 0.903 0.844
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(a) Considering uncertainty in �m 2 [0.12, 0.13] and �h 2 [2.5, 2.6]
<latexit sha1_base64="S31gPUD4z4QxqJAsCA6Td8BYJy4="></latexit>

(b) Considering uncertainty in �m 2 [0.12, 0.125], �h 2 [2.5, 2.55], and µm 2 [0.217, 0.22]
<latexit sha1_base64="FLnw5QIMhT9Z50cEXHD9t2oTlKM="></latexit>

(c) Considering uncertainty in �m 2 [0.12, 0.125], �h 2 [2.5, 2.55], µm 2 [0.217, 0.22], and �h 2 [1.74, 1.75]
<latexit sha1_base64="09tFF19DoGYVIprxH0O0Xik5Ahc="></latexit>

Figure 4.5 – Enclosures for the scenario 2 for Itagüí. We show the number of

new dengue cases per week (figures on the left) and the cumulative number

of dengue cases (figures on the right). Parameter values used to obtain these

enclosures: (a) γh = 1.75, µm = 0.22, βm ∈ [0.12,0.13], and βh ∈ [2.5,2.6]. (b) γh =

1.75, βm ∈ [0.12,0.125], βh ∈ [2.5,2.55], and µm ∈ [0.217,0.22]. (c) γh = 1.75,

βm ∈ [0.12,0.125], βh ∈ [2.5,2.55], µm ∈ [0.217,0.22], and γh ∈ [1.74,1.75].

4.5.3 Scenario 3: Considering uncertainty in initial conditions

only.

In this scenario we considered uncertainty in (a) the initial mosquito popula-

tion (Ms(0),Me(0) and Mi(0)), (b) initial human population (Hs(0),He(0),Hi(0)
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(a) Considering uncertainty in �m 2 [0.14, 0.17] and �h 2 [2.5, 2.75]
<latexit sha1_base64="6ueVQcfLm/sNXp/9oLEOUBM2X6k="></latexit>

(b) Considering uncertainty in �m 2 [0.14, 0.16], �h 2 [2.5, 2.7], and µm 2 [0.39, 0.4]
<latexit sha1_base64="zfW2oCIyy03/gcnnu7E0og1GIAs="></latexit>

(c) Considering uncertainty in �m 2 [0.14, 0.16], �h 2 [2.5, 2.7], µm 2 [0.39, 0.4], and �h 2 [1.6, 1.7]
<latexit sha1_base64="cNQoA4E0zDU1ypLrM53vFRzP0wM="></latexit>

Figure 4.6 – Enclosures for the scenario 2 for Neiva. We show the number of

new dengue cases per week (figures on the left) and the cumulative number

of dengue cases (figures on the right). Parameter values used to obtain these

enclosures: (a) γh = 1.7, µm = 0.4, βm ∈ [0.14,0.17], and βh ∈ [2.5,2.75]. (b) γh =

1.7, βm ∈ [0.14,0.16], βh ∈ [2.5,2.7], and µm ∈ [0.39,0.4]. (c) βm ∈ [0.14,0.16],

βh ∈ [2.5,2.7], µm ∈ [0.39,0.4], and γh ∈ [1.6,1.7].

and Hr(0)), and (c) all initial conditions of Model 3.3. These scenarios make

sense because it is not possible to determine exactly which is the number of
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Table 4.3 – Scenario 2 Itagüí: Upper bound, lower bound, and width at different

times. In grey colour, we show the point when the enclosure start to blow up.

Uncertain values Epidemiological weeks t
1 10 20 30 40 50 60

Sup 11.914 36.972 100.601 129.509 79.466 40.931 27.182
βm, βh Inf 11.749 32.901 79.978 91.469 49.227 20.929 1.846

Width 0.165 4.071 20.623 38.040 30.239 20.002 25.336
Sup 11.832 34.937 90.925 115.121 69.343 34.570 18.846

βm, βh, µm Inf 11.749 32.959 80.444 92.350 49.972 21.687 6.991
Width 0.083 1.978 10.481 22.771 19.371 12.883 11.855

Sup 11.888 35.244 92.181 117.345 71.051 35.451 19.166
βm,βh,µm,γh Inf 11.749 32.948 80.361 92.109 49.753 21.674 7.144

Width 0.139 2.296 11.820 25.236 21.298 13.777 12.022

Table 4.4 – Scenario 2 Neiva: Upper bound, lower bound, and width at different

times. In grey colour, we show the point when the enclosure start to blow up.

Uncertain values Epidemiological weeks t
1 5 10 15 20 25 30

Sup 16.683 35.665 65.361 62.949 35.481 17.324 8.442
βm, βh Inf 16.121 29.642 45.166 35.128 15.290 5.442 1.588

Width 0.562 6.023 20.196 27.821 20.192 11.881 6.854
Sup 16.567 34.159 60.618 58.464 32.888 16.055 8.746

βm, βh, µm Inf 16.122 29.720 45.569 35.489 15.408 5.235 0.434
Width 0.445 4.439 15.049 22.975 17.480 10.820 8.313

Sup 17.176 34.286 59.366 55.984 30.771 14.565 7.516
βm, βh, µm, γh Inf 16.119 29.698 45.586 35.629 15.581 5.498 0.963

Width 1.057 4.588 13.781 20.355 15.190 9.067 6.553

susceptible, exposed, and infected mosquitoes in a specific region. Additionally,

these initial conditions are not locally structurally identifiable (see Table 3.5).

On the other hand, according to the World Health Organization (WHO), the

number of reported dengue cases is not 100% reliable or accurate because of

under-reporting concerns, which can affect up to 75% of the total number of

cases occurring wherever Dengue transmission is present [9].

For Itagüí, we fixed the parameters values as H = 248036, µh = 0.00023,

θm = 0.6, θh = 1.3, Λ = 2000, γh = 1.75, µm = 0.22, βm = 0.12, and βh = 2.5. For

Neiva, we fixed the parameters values: H = 324466, µh = 0.00011, θm = 0.8,

θh = 1.3, Λ = 15000, γh = 1.7, µm = 0.4, βh = 2.5, and βm = 0.14.
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Figures 4.7 and 4.8 show mathematically and computationally guaranteed

upper and lower bounds on the possible trajectories of infected humans for

Itagüí and Neiva, respectively.

Tables 4.5–4.6 show the interval enclosures and their widths at different

times t (in epidemiological weeks), calculated with VSPODE for Itagüí and

Neiva, respectively.

Table 4.5 – Scenario 3 Itagüí: Upper bound, lower bound, and width at different

times.

Uncertain values Epidemiological weeks t
1 10 20 30 40 50 60

Sup 13.652 45.921 112.037 129.164 71.357 32.909 15.351
Mosquito initial Inf 11.244 29.458 73.881 89.996 49.399 21.384 8.411

conditions Width 2.408 16.463 38.156 39.168 21.958 11.525 6.940
Sup 35.308 49.040 125.575 151.516 86.668 41.208 23.689

Human initial Inf 11.745 32.472 78.516 89.978 48.351 21.071 4.317
conditions Width 23.563 16.568 47.059 61.538 38.317 20.137 19.372

Sup 20.759 47.320 121.232 146.477 83.930 39.592 18.213
All initial Inf 11.596 31.624 76.988 89.637 48.535 21.589 9.325
conditions Width 9.163 15.696 44.244 56.840 35.395 18.003 8.888

Table 4.6 – Scenario 3 Neiva: Upper bound, lower bound, and width at different

times.

Uncertain values Epidemiological weeks t
1 5 10 15 20 25 30

Sup 20.406 47.292 73.043 58.646 27.042 10.690 4.125
Mosquito initial Inf 15.036 24.960 40.620 35.347 16.876 6.718 2.598

conditions Width 5.370 22.332 32.423 23.299 10.167 3.971 1.527
Sup 49.036 44.165 70.251 57.261 26.852 10.803 4.244

Human initial Inf 16.118 29.626 45.794 36.658 16.846 6.635 2.551
conditions Width 32.918 14.538 24.457 20.604 10.005 4.168 1.693

Sup 53.435 62.252 98.763 81.077 38.464 15.589 6.171
All initial Inf 14.960 24.416 39.385 34.003 15.743 6.079 2.269
conditions Width 38.476 37.836 59.378 47.075 22.721 9.510 3.902
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(c) Considering uncertainty in all initial conditions
<latexit sha1_base64="iKT6BFiFJtcDtvp2HpngHOaMAXA="></latexit>

Figure 4.7 – Enclosures for the scenario 3 for Itagüí. We show the number

of new dengue cases per week (figures on the left) and the cumulative num-

ber of dengue cases (figures on the right). (a) Ms(0) ∈ [1800000,2000000],

Me(0) ∈ [50,70], Mi(0) ∈ [40,60], Hs(0) = 223000, He(0) = 21, Hi(0) = 10,

and Hr(0) = 25005. (b) Ms(0) = 1800000, Me(0) = 50, Mi(0) = 40, Hs(0) ∈

[223000,235634], He(0) ∈ [21,84], Hi(0) ∈ [10,40], and Hr(0) ∈ [12340,25005].

(c) Ms(0) ∈ [1800000,1850000], Me(0) ∈ [50,60], Mi(0) ∈ [40,50], Hs(0) ∈

[223000,235634], He(0) ∈ [21,42], Hi(0) ∈ [10,20], and Hr(0) ∈ [12340,25005].
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(c) Considering uncertainty in all initial conditions
<latexit sha1_base64="iKT6BFiFJtcDtvp2HpngHOaMAXA="></latexit>

Figure 4.8 – Enclosures for the scenario 3 for Neiva. We show the number of

new dengue cases per week (figures on the left) and the cumulative number

of dengue cases (figures on the right). Initial conditions used to obtain these

enclosures: (a) Ms(0) ∈ [3000000,3500000], Me(0) ∈ [100,150], Mi(0) ∈ [50,100],

Hs(0) = 315952, He(0) = 27, Hi(0) = 16, and Hr(0) = 8471. (b) Ms(0) = 3000000,

Me(0) = 100, Mi(0) = 50, Hs(0) ∈ [315952,324294], He(0) ∈ [27,108], Hi(0) ∈

[16,64], and Hr(0) ∈ [0,8471]. (c) Ms(0) ∈ [3000000,3500000], Me(0) ∈ [100,150],

Mi(0) ∈ [50,100], Hs(0) ∈ [315952,324294], He(0) ∈ [27,108], Hi(0) ∈ [16,64], and

Hr(0) ∈ [0,8471].
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4.5.4 Scenario 4: Considering uncertainty in parameters and

initial conditions at the same time.

In this scenario, we included uncertainty in transition rate from exposed to

infected mosquito (θm) and exposed and infected human initial conditions

(He(0) and Hi(0), respectively). VSPODE breaks down at the second integration

step for Itagüí when He(0) ∈ [21,61] and Hi(0) ∈ [10,30], and for Neiva at t = 18

when He(0) ∈ [27,77] and Hi(0) ∈ [16,46] due to rapid growth of the enclosure.

Thus, to obtain guaranteed enclosures, we split the intervals of He(0) and Hi(0)

into 10 equal-sized sub-boxes for both municipalities, and then used VSPODE

to determine the solution for each sub-box. The final solution enclosure is then

the union of all the enclosures resulting from each sub-box. However, with the

VSPODE specifications that we mention above, the solutions for Itagüí always

blow up in some integration point. For that reason, we considered (only for

Itagüí and this scenario) ITS (Interval Taylor Series) order k = 12 and a default

Taylor model order q = 9.

For Itagüí, we fixed the parameters and initial condition values as follows

H = 248036, µh = 0.00023, θh = 1.3, Λ = 2000, γh = 1.75, µm = 0.22, βm = 0.12,

βh = 2.5, Ms(0) = 1800000, Me(0) = 50, Mi(0) = 40, Hs(0) = 223000, and Hr(0) =

25005. Similarly, for Neiva, we fixed the parameters values as mentioned below

H = 324466, µh = 0.00011, θm = 0.8, θh = 1.3, Λ = 15000, γh = 1.7, µm = 0.4,

βh = 2.5, βm = 0.14, Ms(0) = 3000000, Me(0) = 100, Mi(0) = 50 Hs(0) = 315952,

and Hr(0) = 8471.

Figures 4.9 and 4.10 show mathematically and computationally guaranteed

upper and lower bounds on the possible trajectories of infected humans for

Itagüí and Neiva, respectively.
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(a) Considering uncertainty in ✓m 2 [0.58, 0.88]
<latexit sha1_base64="159SFFnJ+4qwVRyYy4JMaX83m9o="></latexit>

(b) Considering uncertainty in ✓m 2 [0.58, 0.88], He(0) 2 [21, 61], and Hi(0) 2 [10, 30]
<latexit sha1_base64="Moqrcq4yz0qqS14X8n2fiD0p+28="></latexit>

Figure 4.9 – Enclosures for the scenario 4 for Itagüí. We show the number of

new dengue cases per week (figures on the left) and the cumulative number of

dengue cases (figures on the right). In (a) we consider He(0) = 21, Hi(0) = 10

and uncertainty in θm ∈ [0.58,0.88]. In (b) we consider uncertainty in θm ∈

[0.58,0.88], He(0) ∈ [21,61], and Hi(0) ∈ [10,30]. The curves shown in this figure

are upper and lower bounds, obtained by dividing into sub-intervals of four and

two width [21,61] and [10,30] respectively, to guarantee verified solutions.
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(a) Considering uncertainty in ✓m 2 [0.58, 0.88]
<latexit sha1_base64="G7XQjNn+k6ADKmrFuFUQ/8IFYLY="></latexit>

(b) Considering uncertainty in ✓m 2 [0.58, 0.88], He(0) 2 [32, 82], and Hi(0) 2 [16, 49]
<latexit sha1_base64="Ms2/p1ndZI1TZLxhyY4E0RZpdhc="></latexit>

Figure 4.10 – Enclosures for the scenario 4 for Neiva. We show the number of

new dengue cases per week (figures on the left) and the cumulative number of

dengue cases (figures on the right). In (a) we consider He(0) = 21, Hi(0) = 10

and uncertainty in θm ∈ [0.58,0.88]. In (b) we consider uncertainty in θm ∈

[0.58,0.88], He(0) ∈ [32,82], and Hi(0) ∈ [16,49]. The curves shown in these

figures are upper and lower bounds, obtained by dividing into sub-intervals

of three ([32,82]) and five ([16,49]) width respectively, to guarantee verified

solutions.
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4.6 Discussion and conclusions

This chapter presented a strategy to include uncertainty in models based on

ODEs by applying interval arithmetic, structural identifiability analysis, and

local sensitivity analysis (see Chapters 1 and 3). Moreover, we consider the

available information, knowledge, and understanding of the phenomenon under

study. To the best of our knowledge, this is the first study in which a strategy

to select the uncertain quantities (parameters and initial conditions) based on

the results of structural identifiability analysis and local sensitivity analysis is

introduced.

Previous studies in mathematical epidemiology have incorporated uncer-

tainty via fuzzy and stochastic approaches, and to a lesser extent, through the

application of interval analysis [6, 7, 12, 25]. Nevertheless, few studies have

assessed the relation between the available data and the model formulation

to decide which is the best option to include the uncertainty [41, 113]. This

study represented uncertain quantities (parameters or initial values) of a dengue

transmission model by intervals, since the available information is not always ac-

curate. It might not be sufficient either to determine the probability distribution

function or the membership function that parameters follow.

For Model 3.3, it was possible to obtain the trajectories using ITS, where

its coefficients are given by Taylor models, since its vector field is sufficiently

continuously differentiable concerning the state variables and the parameters.

Nonetheless, it was not possible to consider uncertainty in a larger set of param-

eters and initial conditions simultaneously due to overestimation caused by the

dependency problem, the wrapping effect, and the curse of dimensionality [72].

For these reasons, it was necessary to examine alternative strategies to select the

uncertain quantities that should be considered. Here, we regarded the results of

locally structural identifiability analysis, local sensitivity analysis, the available
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information, and the knowledge of the study phenomenon to accomplish it. In

this way, we can reduce the problem’s dimension and successfully apply interval

methods to find guaranteed bounds for model solutions.

From the biological point of view, it is relevant to consider uncertainty

in parameters measured under laboratory conditions, since these results do

not always correspond to the vector’s life in the wild. Additionally, the local

structurally identifiability analysis results suggest that considering uncertainty

in the initial conditions of mosquito population through interval arithmetic is

an excellent way to determine how an outbreak would be in the presence of

larger populations (see Figures 4.7 and 4.8). This result is significant since, at

present, the only way to mitigate dengue outbreaks efficiently is by controlling

the vector population [92]. Finally, we consider as uncertain values the human

initial conditions, as according to [9], the number of reported new dengue cases

per week does not correspond to the total number of cases that occurred in a

period. Figures 4.7 and 4.8 show that the human initial conditions have more

impact on the number of dengue cases per week than mosquito initial conditions.

These results make sense, since there exist cities with large mosquito population

where the number of dengue cases is low and some cities with a significant

number of dengue cases where the presence of mosquitoes is not significant [88].

This relation can be explained by vector capacity of the vector [14].

These findings highlight the potential usefulness of verified methods in

mathematical epidemiology as an alternative to manage uncertainty in actual

phenomenon modeling.
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5.1 Abstract

The goal of this chapter is to solve a parameter estimation problem considering

uncertain data. To achieve this goal, we propose the algorithm PISA (Parameter

Interval Search Algorithm) to settle which interval parameters produce the

best fit to actual data. PISA exploits the relation between the value of R0H

and the behavior of the reported dengue cases to drop regions with biological

inconsistency. The algorithm’s effectiveness is demonstrated by estimating the

most sensitive parameters of R0 for Itagüí and Neiva.

On the other hand, we introduce two key concepts, weak and strong compati-

bility, between the output of the model and the given interval data. In particular,

we formulate these notions when the model is an ODEs, and real closed intervals

give the variables’ values. These concepts help us understand the meaning of

the model fit to interval data. To exemplify this point, we add noise in the data

follows a uniform distribution to evaluate how much uncertainty can explain a

fixed estimation.

The results showed that PISA was able to fit the data for both municipalities.

Moreover, we found that the transmission rate values from mosquito to human

(βh) and the mortality rate in mosquitoes (µm) were higher for Neiva than for

Itagüí. Finally, applying the compatibility measure, we found that the uncertain

initial conditions of the model can explain an increase in the number of reported

dengue cases for Itagüí and Neiva with the same parameter values.
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5.2 Problem statement

In this chapter, we wanted to develop a method for analyzing data that is

inaccurate and with interval uncertainties. Unfortunately, as far as we know, it

is not possible to find analytic expressions for the solution of nonlinear ODEs as

given in Model 3.3, so we investigated using numerical methods. Moreover, for

this kind of model, the vector of parameters and the vector of initial conditions

are unknown. In summary, the goal of this chapter was to determine these

unknowns parameters from some measurements (observations) of some variables

Xi in Equation (4.1) that can or cannot be precise.

The problem of determining the parameter values of a dynamic model from

experimental results is commonly known as parameter estimation problem, and is

present in many applications that involve the modeling of real phenomena.

One of the strategies to solve this problem is through the formulation of an

optimization problem Equation (5.1) which frequently is nonlinear and non-

convex.

min
θ∈Θ

φ(Yi(tj ,θ),Xij)

s.t. ẏ = f (t,y(t),θ)

y(t0,θ) = y0(θ)

g(y(ti),θ) ≤ 0,

t ∈ [t0, tf ]

(5.1)

where, θ is a p-dimensional parameter vector, Yij = Yi(tj ,θ) is the solution of the

ODEs, Xij is the experimental data for the variable i at the time tj , the solution

of the ODEs, φ is the objective function that measures the error between the

model and the data, and g is a constraint.

Here, we want to solve Equation (5.1) when the decision variable is the
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parameter vector θ = (βm,βh,µm,γh) ∈ R, where, R is given by the cartesian

product of the parameter’s range of each municipality (see Table 3.1). The idea

at this point is discarding portions of R that are inconsistent with Model 3.3

and data. To do this, we follow a sequential approach where the optimization

problem in Equation (5.1) is divided into two modules, the ODEs integration

and the optimization modules. The integration module’s goal is to obtain the

numerical solution for the ODEs with decision variable values given by the

optimization module. In this study, we obtain these numerical solutions from

the VSPODE software [52]. It is important to mention that the solution is

completely rigorous since it is based on its solver’s numerical solution. The

optimization module’s objective is to compare the objective function values

between boxes to determine each iteration’s optimum. These optimal boxes will

then be divided to obtain enclosures as narrow as determined by the modeler.

Then, when the data is inaccurate, that is, when each measurement represents

an entire set of possible values rather than a single point, the concept of “fit

a model to the data” must be rethought [96]. For this purpose, we define the

concept of “compatibility and strong compatibility” between interval-data and a

vector formed by uncertain initial conditions or uncertain parameters of the

given model. Following the theory of interval linear equations, we call the set

of compatible vectors with data the “united solution set”, while the set of strong

compatibility vectors with the data is called “tolerable solution set”.

5.3 Parameter estimation

To fit the nonlinear ODEs formulated in Model 3.3 to our data described in Sec-

tion Section 3.3, we express the parameter estimation problem in Equation (5.1).

We refer to these interval vectors of parameter values as boxes. To solve this

optimization problem, we propose a search algorithm in this section.
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The search space, R, for this task is considerably large. According to the

results from elasticity ranges of R0 (see Table 3.4), for Model 3.3, we need to con-

sider uncertainty on four parameters, βm, βh, µm, and γh. Therefore, the size of

such a space of boxes makes our fitting problem impractical for any brute-force

algorithm, as we must solve its corresponding ODEs for each parameter combi-

nation. This is also expensive as we require verified solutions. We request for

such solutions to the verified-numerical software VSPODE, introduced in [52].

According to specific rules, referred as filters in Section 5.4.3, the proposed

algorithm explores a graph by expanding the most promising nodes. This

approach follows similar ideas of a best-first search algorithm. However, our

node-expansion happens for a node-set. Usually, one only expands the most

promising node. This choice design relies on the fact that our optimization

problem often exhibits multiple optima.

To find the promising nodes, we perform a depth-first search on the grid of

the defined parent box. This search discards boxes of the parameter domain

inconsistent with the given data by using the constraints defined. Consequently,

we get promising boxes, on which we compute the objective function value

described in Section 5.4.1. This finishes the grid exploration. At this stage of the

algorithm, we could stop and determine the optimum found. Otherwise, using

the same strategy on every promising box, we could iterate the algorithm to get

new optima, and consequently a global solution. As part of the algorithm’s input,

one sets the number of times the algorithm iterates.

We pointed out that as the algorithm recurses, its recursive sub-calls are

independent, as they have no shared values. This observation suggests one can

execute each sub-call in parallel, improving the run time execution. Further,

each algorithm’s component is precisely described.
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5.4 Algorithm’s description

5.4.1 Objective function

For our parameter estimation problem, we consider the l1-norm Equation (1.12)

as the objective function φ. This function φ measures the error between the

data and the output model. We chose the l1-norm since it is less sensitive to

outliers [4].

5.4.2 Initial region

As part of the algorithm’s input, we must provide an initial box. We refer to such

box as Z. This box corresponds to the root in the graph in which the algorithm

explores. To establish Z, we start with a box named R, based on ranges given in

the Table 3.1 for the uncertain parameter intervals.

We perform a preliminary search to discard non-informative boxes in R. To

do so, we divide R into smaller boxes, precisely, 625 boxes of equal size. We

solve the optimization problem, Equation (5.1) using a local-search algorithm

on each of these boxes. In our setting, we perform such a search by using the

Mathematica built-in method FindFit, initialized with the midpoint of each

box. With a refinement of these 625 estimations, we find for each parameter an

interval, namely Bβm , Bβh , Bµm , and Bγh . The initial box Z is as follows

Z = Bβm ×Bβh ×Bµm ×Bγh . (5.2)

5.4.3 Filters

A filter is a function that decides whether we must consider a box or not for

graph exploration.

• F1. We consider the constraint R2
0H
≥ 1 (see Equation (3.12)), since we want
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to simulate two outbreaks of dengue transmission. Therefore, the average

number of infected humans must be greater than one. In this way, it is

possible to eliminate boxes that do not make biological sense in our case

study. Thus, we avoid undesirable computations with VSPODE.

• F2. To formulate this filter, we consider in which directions the objective

function value increase or decrease. To do this, we examine how the

behavior of βm, βh, µm, and γh make the trajectory of infected humans grow.

We obtain for our case study, the following set of vectors Dir.

Dir = {(1,0,0,0), (0,1,0,0), (0,0,−1,0), (0,0,0,−1)}.

The first two vectors in Dir indicate we move in the direction in which βm

and βh increase. While the other vectors indicate, we move in the direction

in which µm and γh decrease.

Let b be the filter’s input. We discard certain boxes based on the objective

function value of their neighbors. The NeighborBoxes function gives such

neighbors using Dir, as it is illustrated by Figure 5.1(a). If φ(b) is the

objective value function on b, and b′ is one of its neighbor in the direction

d ∈ Dir, we compute φ(b′). If φ(b′) > φ(b), we discard all boxes that one can

find in the current grid following direction d.

NeighborBoxes(b) = {b′ |b′ = b+ωθdθ, for all d ∈ Dir} (5.3)

where,ωθ corresponds to the width of the coordinate θ of b. We summarize

this procedure in Algorithm 1.

• F3. This filter is always the last criterion we apply to discard boxes. To

avoid discarding boxes where one could find a good estimation in later

iterations, we admit an error level η for the optimal value found, where,
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Algorithm 1 : F2: Discarding boxes by φ monotonicity
Input : b, Dir, φ, R, θ ∈ {βm,βh,µm,γh}

1 if φ(bθ) > φ(b) then
2 Color(bθ)← PURPLE
3 for dθ ∈ Dir do
4 b′θ← bθ + dθ
5 while b′θ ⊆ R do
6 if Color(b′θ) = WHITE then
7 Color(b′θ)← PURPLE

0 ≤ η ≤ 1. This η value represents the error percentage the modeler accepts.

Let φ∗ be the optimum value for the current iteration. The filter F3 accepts

boxes Zi only if φ(Zi) < (1 + η)φ∗.

We summarize the general procedure in Algorithm 2.

Example 5.4.1. Consider Model 3.3 and the cumulative number of dengue cases

for Neiva (see Section 3.3). To explain how Algorithm 2 works, we consider two

uncertain parameters, βm and βh. The resulting region Z after the preliminary

search is Z = [0.054, 0.21] × [2.23, 3.23] which is the initial box and the root

in the graph. In the first algorithm’s iteration, we split βm and βh in 5 and 4

subintervals, respectively. In total, we split Z into 20 sub-boxes. In this way, it is

possible to compute verified enclosures for the trajectories using VSPODE.

Moreover, we define the directions set as Dir = {(1,0), (0,1)} indicating that we

move towards increase in βm and βh. Thus, for example, the NeighborBoxes(Z1) =

{Z2,Z5} (see Figure 5.1(a)). For subsequent iterations, we only split each region

into three sub-boxes according to their maximum width. For instance, in the

first iteration w(βm) = 0.156 and w(βh) = 1, so we split the coordinate βh into

three parts (see Figure 5.1(c)). In total, we performed 16 algorithm’s iterations.

We summarized these results in Table 5.1, while Figure 5.3 shows the enclosures

obtained for the cumulative number of infected humans. The values used for the

other parameters and initial conditions are as follows H = 324466, µh = 0.00011,
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Algorithm 2 : Parameter interval search algorithm (PISA)
Input : Region R (split by boxes), objective function φ, tolerance error η,

a positive number n, and global variable ArgMin
Output : Parameter estimation assignment ArgMin

1 Z(1)← {R}
2 for k = 1 to n do
3 Z(k+1)←∅
4 for R ∈ Z(k) do
5 WF1←∅
6 for b ∈ R do
7 update graph with entry b
8 if min(RH (b)) ≥ 1 then
9 WF1←WF1 ∪ {b}

10 G ← ∅
11 for b ∈WF1 do
12 if Color(b) = WHITE then
13 B← Explore(R,φ,η,WF1,b,ArgMin)
14 G ← G∪B

15 φ∗←min{φ(b) |b ∈ G}
16 for Z ∈ G do
17 if φ(b) ≤ φ∗ then
18 ArgMin← b

19 if φ(b) ≤ (1 + η) ·φ∗ then
20 Color(b)← GREEN

21 else
22 G ← G\{b}

23 for b ∈ G do
24 Z(k+1)← Z(k+1) ∪ {Split(b)}

25 return ArgMin

µm = 0.45, θm = 0.8, θh = 1.3, γh = 1.7, Λ = 24000, Ms(0) = 3500000, Me(0) = 80,

Mi(0) = 25, Hs(0) = 315952, He(0) = 27, Hi(0) =Hc(0) = 16, and Hr(0) = 8471.

Remark. It is important to note that this algorithm allows us to find clusters of

regions with reasonable solutions. For instance, when we run iteration nine, we

found three candidate regions for searching solutions. In this case, it is up to

the modeller to decide the uncertainty he wants to admit in the final parameters

to accept the answer, considering that the solutions found are mathematically
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Algorithm 3 : Explore
Input : R,φ,η,WF1,b,ArgMin
Output : G = {b ⊆ R |b satisfied the filter F3}

1 G ← ArgMin
2 WF3← b
3 if Color(b) = WHITE and b ∈WF1 then
4 Color(b)← GRAY
5 Yb← VSPODE(b)
6 for b′ ∈ NeighborBoxes(b) do
7 Yb← VSPODE(b)
8 if φ(b′) ≤ φ(b) then
9 ArgMin← b′

10 φ∗← φ(b′)
11 WF3← WF3 ∪ {b′}
12 Explore(R,φ,η,WF1,b

′,ArgMin)

13 else
14 Apply F2(b)

15 for b ∈WF3 do
16 if φ(b) ≤ (1 + η) ·φ∗ then
17 G ← G∪ {b}

18 return G
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<latexit sha1_base64="hQCMWmdm6TPSZY6d81rrujCtsGM=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g82qzQbniVt2FyCp4OVQgV3NQ/uwPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz2JEJWo/W2w7I2dhrIgZI1m8f2czKrWeysBmJDVjvezNh/95vdSEl37GoyQ1GDEbsV6YCmJiMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xv+64xb</latexit>

Z13

<latexit sha1_base64="zU0Ck5n0QBh0fgLUy7gacQy1ka8=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZJFF3JG5cYiI/ESakU+5ApdOZtB0TMuEZdGXUne/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8PfPbj6g0j+WdmSToR3QoecgZNXbUuu9n3vm0Xyq7FXcusgxeDmXI1eiXPnuDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfYtShphNrP5ttOyWkYK2JGSObv39mMRlpPosBmImpGetGbDf/zuqkJL/2MyyQ1KJmNWC9MBTExmZUmA66QGTGxQJnidkvCRlRRZuxpira+t1h2GVrVilerXN3WyvVqfogCHMMJnIEHF1CHG2hAExg8wDO8wbvDnSfnxXn9ia44+Z8j+CPn4xsAeYxc</latexit>

Z14

<latexit sha1_base64="2j+A8sr28tJRIeIH6Xf6KSNllr8=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKp3ppO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWqGLaYFFJ1A6pR8BhbhhuB3UQhjQKBnWByPfc7j6g0l/GdmSboR3QU85AzauyofT/IvPpsUK64VXchsgpeDhXI1RyUP/tDydIIY8ME1brnuYnxM6oMZwJnpX6qMaFsQkfYsxjTCLWfLbadkbNQKmLGSBbv39mMRlpPo8BmImrGetmbD//zeqkJL/2Mx0lqMGY2Yr0wFcRIMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xsB+Ixd</latexit>

Z15

<latexit sha1_base64="iapVX2fDOcOmbWiepU036Eb/+zs=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmiEbdkbhxiYn8RJiQTrkDlU5n0nZMyIRn0JVRd76PL+DbWHAWCp7V13tOk3tukAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHss7M0nQj+hQ8pAzauyodd/PvPNpv1xxq+5cZBm8HCqQq9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzbedkpMwVsSMkMzfv7MZjbSeRIHNRNSM9KI3G/7ndVMTXvoZl0lqUDIbsV6YCmJiMitNBlwhM2JigTLF7ZaEjaiizNjTlGx9b7HsMrRqVe+senV7VqnX8kMU4QiO4RQ8uIA63EADmsDgAZ7hDd4d7jw5L87rT7Tg5H8O4Y+cj28Dd4xe</latexit>

Z16

<latexit sha1_base64="fBY5qPHwjKnwgd3NNH4wqlNLy/U=">AAAB53icbZDLTsJAFIZP8YZ4Q126mUhMXJGWGC87EjcuMZFLhIZMh1MYmU6bmakJaXgGXRl15/v4Ar6NA3ah4L/65vz/JOc/QSK4Nq775RRWVtfWN4qbpa3tnd298v5BS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj65nffkSleSzvzCRBP6JDyUPOqLGj1n0/886n/XLFrbpzkWXwcqhArka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nt92Sk7CWBEzQjJ//85mNNJ6EgU2E1Ez0ovebPif101NeOlnXCapQclsxHphKoiJyaw0GXCFzIiJBcoUt1sSNqKKMmNPU7L1vcWyy9CqVb2z6tXtWaVeyw9RhCM4hlPw4ALqcAMNaAKDB3iGN3h3uPPkvDivP9GCk/85hD9yPr4BBPaMXw==</latexit>

Z17

<latexit sha1_base64="P6LUyCuRPP6zxSTCtQWDIaspjL0=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQoLuSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpira+t1x2FdrVilerXN3Wyo1qfogCnMIZXIAHdWjADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0GdYxg</latexit>

Z18

<latexit sha1_base64="VpZGDezMj0utPx6NAlzRAnnP+VY=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQiLuSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCup/xKEkNRsxGrBemgpiYzEuTIVfIjJhaoExxuyVhY6ooM/Y0RVvfWy67Cu1qxatVrm5r5UY1P0QBTuEMLsCDS2jADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0H9Ixh</latexit>

Z19

<latexit sha1_base64="TOfpK7yLal/0LcdX8SCyErCQyfY=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQqLsSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCKz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpira+t1x2FdrViler1G9r5UY1P0QBTuEMLsCDS2jADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0Jc4xi</latexit>

Z20

<latexit sha1_base64="EL5lm8h1VUKdqPvJrd03+HATnXE=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0gq7mzQbniVt2FyCp4OVQgV3NQ/uwPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz2JEJWo/W2w7I2dhrIgZI1m8f2czKrWeysBmJDVjvezNh/95vdSEl37GoyQ1GDEbsV6YCmJiMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xv9bYxa</latexit>
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   � h<latexit sha1_base64="IxYll9tpoDpbmCeVpp44+rl81To=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0EyyCq5KUgroruHFZwV6gDWUyPWnGTi7MnAgl9B10JerO5/EFfBunNQtt/VffnP8fOP/xUyk0Oc6Xtba+sbm1Xdop7+7tHxxWjo47OskUxzZPZKJ6PtMoRYxtEiSxlypkkS+x609u5n73EZUWSXxP0xS9iI1jEQjOyIy6Ax+JDcNhperUnIXsVXALqEKh1rDyORglPIswJi6Z1n3XScnLmSLBJc7Kg0xjyviEjbFvMGYRai9frDuzz4NE2RSivXj/zuYs0noa+SYTMQr1sjcf/uf1MwquvFzEaUYYcxMxXpBJmxJ73toeCYWc5NQA40qYLW0eMsU4mduUTX13uewqdOo1t1G7vmtUm/XiECU4hTO4ABcuoQm30II2cJjAM7zBu/VgPVkv1utPdM0q/pzAH1kf3yX7jRA=</latexit>

Transmission rate from human to mosquito,      �m

<latexit sha1_base64="0BUW9f94pbodAEdu14aTxRkUG3c=">AAAB6XicbZDNSsNAFIVv6l+tf1WXboJFcFUSEdRdwY3LCvYH2lAm05t26EwSZm6EUvoQuhJ15+v4Ar6Nk5qFtp7VN/ecgXtumEphyPO+nNLa+sbmVnm7srO7t39QPTxqmyTTHFs8kYnuhsygFDG2SJDEbqqRqVBiJ5zc5n7nEbURSfxA0xQDxUaxiARnZEfdfojEBqoyqNa8ureQuwp+ATUo1BxUP/vDhGcKY+KSGdPzvZSCGdMkuMR5pZ8ZTBmfsBH2LMZMoQlmi33n7lmUaJfG6C7ev7MzpoyZqtBmFKOxWfby4X9eL6PoOpiJOM0IY24j1osy6VLi5rXdodDISU4tMK6F3dLlY6YZJ3ucvL6/XHYV2hd1/7J+c39Za3jFIcpwAqdwDj5cQQPuoAkt4CDhGd7g3Zk4T86L8/oTLTnFn2P4I+fjG2NxjSc=</latexit>

(a)

Z1

<latexit sha1_base64="2FeuGfZ1rpdilVrqac/wAb7I5O4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKnfmoWrPr9lJkHZwCalCoM6p+DscJyyKMNRNUqYFjp9rLqdScCZxXhpnClLIpneDAYEwjVF6+XHZOLoJEEh0iWb5/Z3MaKTWLfJOJqA7VqrcY/ucNMh1ceTmP00xjzEzEeEEmiE7IojMZc4lMi5kByiQ3WxIWUkmZNpepmPrOatl16DbqTrN+fdestRvFIcpwBudwCQ60oA230AEXGHB4hjd4t0LryXqxXn+iJav4cwp/ZH18A43SjB8=</latexit>

Z2

<latexit sha1_base64="bPFcqhd75nGHsFXQ7KD9eRVi7+4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKG/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq48nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWb9+q5ZazeKQ5ThDM7hEhxoQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4Bo9RjCA=</latexit>

Z3

<latexit sha1_base64="2pf2Q84slYUP1QUeMeyhtNeqGJA=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJFF3JG5cYmKBCA2ZDrd0wvQnM1MT0vAKujLqzgfyBXwbB+xCwbP65p4zyT3XTwVX2ra/rNLa+sbmVnm7srO7t39QPTzqqCSTDF2WiET2fKpQ8BhdzbXAXiqRRr7Arj+5mfvdR5SKJ/G9nqboRXQc84Azqs3IfRjmF7NhtWbX7YXIKjgF1KBQe1j9HIwSlkUYayaoUn3HTrWXU6k5EzirDDKFKWUTOsa+wZhGqLx8seyMnAWJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZzq48nIep5nGmJmI8YJMEJ2QeWcy4hKZFlMDlElutiQspJIybS5TMfWd5bKr0GnUnWb9+q5ZazWKQ5ThBE7hHBy4hBbcQhtcYMDhGd7g3QqtJ+vFev2JlqzizzH8kfXxDZDQjCE=</latexit>

Z4

<latexit sha1_base64="gERnsJ7p8XPwp4xmk/KAIXfOou0=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKm/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq48nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWb9+q5ZazeKQ5ThDM7hEhxoQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BpJPjCI=</latexit>

Z5

<latexit sha1_base64="fKd+jaYOP1E6bSmdUbGr/RrSxQU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaglF3JG5cYmKBCA2ZDrd0wvQnM1MT0vAKujLqzgfyBXwbB+xCwbP65p4zyT3XTwVX2ra/rNLa+sbmVnm7srO7t39QPTzqqCSTDF2WiET2fKpQ8BhdzbXAXiqRRr7Arj+5mfvdR5SKJ/G9nqboRXQc84Azqs3IfRjmF7NhtWbX7YXIKjgF1KBQe1j9HIwSlkUYayaoUn3HTrWXU6k5EzirDDKFKWUTOsa+wZhGqLx8seyMnAWJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZzq48nIep5nGmJmI8YJMEJ2QeWcy4hKZFlMDlElutiQspJIybS5TMfWd5bKr0GnUnWb9+q5ZazWKQ5ThBE7hHBy4hBbcQhtcYMDhGd7g3QqtJ+vFev2JlqzizzH8kfXxDZPOjCM=</latexit>

Z6

<latexit sha1_base64="J+MOsT/ArxQrf29LqPBQ9zTLDpI=">AAAB5nicbZDLTsJAFIZP8YZ4Q126mUhMXJGWEC87EjcuMbFAhIZMh1M6YXrJzNSENLyCroy684F8Ad/GAbtQ8F99c/5/kvMfPxVcadv+skpr6xubW+Xtys7u3v5B9fCoo5JMMnRZIhLZ86lCwWN0NdcCe6lEGvkCu/7kZu53H1EqnsT3epqiF9FxzAPOqDYj92GYX8yG1Zpdtxciq+AUUINC7WH1czBKWBZhrJmgSvUdO9VeTqXmTOCsMsgUppRN6Bj7BmMaofLyxbIzchYkkugQyeL9O5vTSKlp5JtMRHWolr358D+vn+ngyst5nGYaY2YixgsyQXRC5p3JiEtkWkwNUCa52ZKwkErKtLlMxdR3lsuuQqdRd5r167tmrdUoDlGGEziFc3DgElpwC21wgQGHZ3iDdyu0nqwX6/UnWrKKP8fwR9bHN5VNjCQ=</latexit>

Z7

<latexit sha1_base64="0QwwUJ28ItSzmyMaUGqp1G6H8M8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKW/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq48nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWb9+q5ZazeKQ5ThDM7hEhxoQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BpbMjCU=</latexit>

Z8

<latexit sha1_base64="Wx3IeeRDpnl4F7SQaMjz9guS5rg=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQiLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKW/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDpoeTmP00xjzEzEeEEmiE7IojMZc4lMi5kByiQ3WxIWUkmZNpepmPrOatl16DbqTrN+fdestRvFIcpwBudwCQ5cQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BphLjCY=</latexit>

Z9

<latexit sha1_base64="frGnM98wgaDkzHQpufsOMeWSQJc=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQqLsSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKW/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq49nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWa9ddestRvFIcpwBudwCQ5cQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BpnKjCc=</latexit>

Z10

<latexit sha1_base64="mKJ9zrIZVQ155pjaXFrRnRVTk5Y=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g89zZoFxxq+5CZBW8HCqQqzkof/aHMUslRoYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZzGiErWfLbadkbMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpSra+t1x2Fdq1qlevXt3WK41afoginMApnIMHF9CAG2hCCxg8wDO8wbvDnSfnxXn9iRac/M8x/JHz8Q377YxZ</latexit>

Z11

<latexit sha1_base64="KJmpuB9q+MC3WkM7+3VCArbYRLk=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g87zZoFxxq+5CZBW8HCqQqzkof/aHMUslRoYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZzGiErWfLbadkbMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpSra+t1x2Fdq1qlevXt3WK41afoginMApnIMHF9CAG2hCCxg8wDO8wbvDnSfnxXn9iRac/M8x/JHz8Q39bIxa</latexit>

Z12

<latexit sha1_base64="hQCMWmdm6TPSZY6d81rrujCtsGM=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g82qzQbniVt2FyCp4OVQgV3NQ/uwPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz2JEJWo/W2w7I2dhrIgZI1m8f2czKrWeysBmJDVjvezNh/95vdSEl37GoyQ1GDEbsV6YCmJiMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xv+64xb</latexit>

Z13

<latexit sha1_base64="zU0Ck5n0QBh0fgLUy7gacQy1ka8=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZJFF3JG5cYiI/ESakU+5ApdOZtB0TMuEZdGXUne/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8PfPbj6g0j+WdmSToR3QoecgZNXbUuu9n3vm0Xyq7FXcusgxeDmXI1eiXPnuDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfYtShphNrP5ttOyWkYK2JGSObv39mMRlpPosBmImpGetGbDf/zuqkJL/2MyyQ1KJmNWC9MBTExmZUmA66QGTGxQJnidkvCRlRRZuxpira+t1h2GVrVilerXN3WyvVqfogCHMMJnIEHF1CHG2hAExg8wDO8wbvDnSfnxXn9ia44+Z8j+CPn4xsAeYxc</latexit>

Z14

<latexit sha1_base64="2j+A8sr28tJRIeIH6Xf6KSNllr8=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKp3ppO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWqGLaYFFJ1A6pR8BhbhhuB3UQhjQKBnWByPfc7j6g0l/GdmSboR3QU85AzauyofT/IvPpsUK64VXchsgpeDhXI1RyUP/tDydIIY8ME1brnuYnxM6oMZwJnpX6qMaFsQkfYsxjTCLWfLbadkbNQKmLGSBbv39mMRlpPo8BmImrGetmbD//zeqkJL/2Mx0lqMGY2Yr0wFcRIMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xsB+Ixd</latexit>

Z15

<latexit sha1_base64="iapVX2fDOcOmbWiepU036Eb/+zs=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmiEbdkbhxiYn8RJiQTrkDlU5n0nZMyIRn0JVRd76PL+DbWHAWCp7V13tOk3tukAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHss7M0nQj+hQ8pAzauyodd/PvPNpv1xxq+5cZBm8HCqQq9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzbedkpMwVsSMkMzfv7MZjbSeRIHNRNSM9KI3G/7ndVMTXvoZl0lqUDIbsV6YCmJiMitNBlwhM2JigTLF7ZaEjaiizNjTlGx9b7HsMrRqVe+senV7VqnX8kMU4QiO4RQ8uIA63EADmsDgAZ7hDd4d7jw5L87rT7Tg5H8O4Y+cj28Dd4xe</latexit>

Z16

<latexit sha1_base64="fBY5qPHwjKnwgd3NNH4wqlNLy/U=">AAAB53icbZDLTsJAFIZP8YZ4Q126mUhMXJGWGC87EjcuMZFLhIZMh1MYmU6bmakJaXgGXRl15/v4Ar6NA3ah4L/65vz/JOc/QSK4Nq775RRWVtfWN4qbpa3tnd298v5BS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj65nffkSleSzvzCRBP6JDyUPOqLGj1n0/886n/XLFrbpzkWXwcqhArka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nt92Sk7CWBEzQjJ//85mNNJ6EgU2E1Ez0ovebPif101NeOlnXCapQclsxHphKoiJyaw0GXCFzIiJBcoUt1sSNqKKMmNPU7L1vcWyy9CqVb2z6tXtWaVeyw9RhCM4hlPw4ALqcAMNaAKDB3iGN3h3uPPkvDivP9GCk/85hD9yPr4BBPaMXw==</latexit>

Z17

<latexit sha1_base64="P6LUyCuRPP6zxSTCtQWDIaspjL0=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQoLuSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpira+t1x2FdrVilerXN3Wyo1qfogCnMIZXIAHdWjADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0GdYxg</latexit>

Z18

<latexit sha1_base64="VpZGDezMj0utPx6NAlzRAnnP+VY=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQiLuSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCup/xKEkNRsxGrBemgpiYzEuTIVfIjJhaoExxuyVhY6ooM/Y0RVvfWy67Cu1qxatVrm5r5UY1P0QBTuEMLsCDS2jADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0H9Ixh</latexit>

Z19

<latexit sha1_base64="TOfpK7yLal/0LcdX8SCyErCQyfY=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQqLsSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCKz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpira+t1x2FdrViler1G9r5UY1P0QBTuEMLsCDS2jADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0Jc4xi</latexit>

Z20

<latexit sha1_base64="EL5lm8h1VUKdqPvJrd03+HATnXE=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0gq7mzQbniVt2FyCp4OVQgV3NQ/uwPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz2JEJWo/W2w7I2dhrIgZI1m8f2czKrWeysBmJDVjvezNh/95vdSEl37GoyQ1GDEbsV6YCmJiMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xv9bYxa</latexit>

Transmission rate from human to mosquito,      �m

<latexit sha1_base64="0BUW9f94pbodAEdu14aTxRkUG3c=">AAAB6XicbZDNSsNAFIVv6l+tf1WXboJFcFUSEdRdwY3LCvYH2lAm05t26EwSZm6EUvoQuhJ15+v4Ar6Nk5qFtp7VN/ecgXtumEphyPO+nNLa+sbmVnm7srO7t39QPTxqmyTTHFs8kYnuhsygFDG2SJDEbqqRqVBiJ5zc5n7nEbURSfxA0xQDxUaxiARnZEfdfojEBqoyqNa8ureQuwp+ATUo1BxUP/vDhGcKY+KSGdPzvZSCGdMkuMR5pZ8ZTBmfsBH2LMZMoQlmi33n7lmUaJfG6C7ev7MzpoyZqtBmFKOxWfby4X9eL6PoOpiJOM0IY24j1osy6VLi5rXdodDISU4tMK6F3dLlY6YZJ3ucvL6/XHYV2hd1/7J+c39Za3jFIcpwAqdwDj5cQQPuoAkt4CDhGd7g3Zk4T86L8/oTLTnFn2P4I+fjG2NxjSc=</latexit>
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   � h<latexit sha1_base64="IxYll9tpoDpbmCeVpp44+rl81To=">AAAB6HicbZDLSsNAFIZPvNZ6q7p0EyyCq5KUgroruHFZwV6gDWUyPWnGTi7MnAgl9B10JerO5/EFfBunNQtt/VffnP8fOP/xUyk0Oc6Xtba+sbm1Xdop7+7tHxxWjo47OskUxzZPZKJ6PtMoRYxtEiSxlypkkS+x609u5n73EZUWSXxP0xS9iI1jEQjOyIy6Ax+JDcNhperUnIXsVXALqEKh1rDyORglPIswJi6Z1n3XScnLmSLBJc7Kg0xjyviEjbFvMGYRai9frDuzz4NE2RSivXj/zuYs0noa+SYTMQr1sjcf/uf1MwquvFzEaUYYcxMxXpBJmxJ73toeCYWc5NQA40qYLW0eMsU4mduUTX13uewqdOo1t1G7vmtUm/XiECU4hTO4ABcuoQm30II2cJjAM7zBu/VgPVkv1utPdM0q/pzAH1kf3yX7jRA=</latexit>

(b)

Z1

<latexit sha1_base64="2FeuGfZ1rpdilVrqac/wAb7I5O4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKnfmoWrPr9lJkHZwCalCoM6p+DscJyyKMNRNUqYFjp9rLqdScCZxXhpnClLIpneDAYEwjVF6+XHZOLoJEEh0iWb5/Z3MaKTWLfJOJqA7VqrcY/ucNMh1ceTmP00xjzEzEeEEmiE7IojMZc4lMi5kByiQ3WxIWUkmZNpepmPrOatl16DbqTrN+fdestRvFIcpwBudwCQ60oA230AEXGHB4hjd4t0LryXqxXn+iJav4cwp/ZH18A43SjB8=</latexit>

Z2

<latexit sha1_base64="bPFcqhd75nGHsFXQ7KD9eRVi7+4=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKG/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq48nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWb9+q5ZazeKQ5ThDM7hEhxoQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4Bo9RjCA=</latexit>

Z3

<latexit sha1_base64="2pf2Q84slYUP1QUeMeyhtNeqGJA=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJFF3JG5cYmKBCA2ZDrd0wvQnM1MT0vAKujLqzgfyBXwbB+xCwbP65p4zyT3XTwVX2ra/rNLa+sbmVnm7srO7t39QPTzqqCSTDF2WiET2fKpQ8BhdzbXAXiqRRr7Arj+5mfvdR5SKJ/G9nqboRXQc84Azqs3IfRjmF7NhtWbX7YXIKjgF1KBQe1j9HIwSlkUYayaoUn3HTrWXU6k5EzirDDKFKWUTOsa+wZhGqLx8seyMnAWJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZzq48nIep5nGmJmI8YJMEJ2QeWcy4hKZFlMDlElutiQspJIybS5TMfWd5bKr0GnUnWb9+q5ZazWKQ5ThBE7hHBy4hBbcQhtcYMDhGd7g3QqtJ+vFev2JlqzizzH8kfXxDZDQjCE=</latexit>

Z4

<latexit sha1_base64="gERnsJ7p8XPwp4xmk/KAIXfOou0=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKm/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq48nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWb9+q5ZazeKQ5ThDM7hEhxoQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BpJPjCI=</latexit>

Z5

<latexit sha1_base64="fKd+jaYOP1E6bSmdUbGr/RrSxQU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaglF3JG5cYmKBCA2ZDrd0wvQnM1MT0vAKujLqzgfyBXwbB+xCwbP65p4zyT3XTwVX2ra/rNLa+sbmVnm7srO7t39QPTzqqCSTDF2WiET2fKpQ8BhdzbXAXiqRRr7Arj+5mfvdR5SKJ/G9nqboRXQc84Azqs3IfRjmF7NhtWbX7YXIKjgF1KBQe1j9HIwSlkUYayaoUn3HTrWXU6k5EzirDDKFKWUTOsa+wZhGqLx8seyMnAWJJDpEsnj/zuY0Umoa+SYTUR2qZW8+/M/rZzq48nIep5nGmJmI8YJMEJ2QeWcy4hKZFlMDlElutiQspJIybS5TMfWd5bKr0GnUnWb9+q5ZazWKQ5ThBE7hHBy4hBbcQhtcYMDhGd7g3QqtJ+vFev2JlqzizzH8kfXxDZPOjCM=</latexit>

Z6

<latexit sha1_base64="J+MOsT/ArxQrf29LqPBQ9zTLDpI=">AAAB5nicbZDLTsJAFIZP8YZ4Q126mUhMXJGWEC87EjcuMbFAhIZMh1M6YXrJzNSENLyCroy684F8Ad/GAbtQ8F99c/5/kvMfPxVcadv+skpr6xubW+Xtys7u3v5B9fCoo5JMMnRZIhLZ86lCwWN0NdcCe6lEGvkCu/7kZu53H1EqnsT3epqiF9FxzAPOqDYj92GYX8yG1Zpdtxciq+AUUINC7WH1czBKWBZhrJmgSvUdO9VeTqXmTOCsMsgUppRN6Bj7BmMaofLyxbIzchYkkugQyeL9O5vTSKlp5JtMRHWolr358D+vn+ngyst5nGYaY2YixgsyQXRC5p3JiEtkWkwNUCa52ZKwkErKtLlMxdR3lsuuQqdRd5r167tmrdUoDlGGEziFc3DgElpwC21wgQGHZ3iDdyu0nqwX6/UnWrKKP8fwR9bHN5VNjCQ=</latexit>

Z7

<latexit sha1_base64="0QwwUJ28ItSzmyMaUGqp1G6H8M8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQoLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKW/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq48nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWb9+q5ZazeKQ5ThDM7hEhxoQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BpbMjCU=</latexit>

Z8

<latexit sha1_base64="Wx3IeeRDpnl4F7SQaMjz9guS5rg=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQiLuSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKW/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDpoeTmP00xjzEzEeEEmiE7IojMZc4lMi5kByiQ3WxIWUkmZNpepmPrOatl16DbqTrN+fdestRvFIcpwBudwCQ5cQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BphLjCY=</latexit>

Z9

<latexit sha1_base64="frGnM98wgaDkzHQpufsOMeWSQJc=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQqLsSNy4xMQCERoyHW7phOlPZqYmpOEVdGXUnQ/kC/g2DtiFgmf1zT1nknuunwqutG1/WaWNza3tnfJuZW//4PCoenzSVUkmGbosEYns+1Sh4DG6mmuB/VQijXyBPX96s/B7jygVT+J7PUvRi+gk5gFnVJuR+zDKW/NRtWbX7aXIOjgF1KBQZ1T9HI4TlkUYayaoUgPHTrWXU6k5EzivDDOFKWVTOsGBwZhGqLx8ueycXASJJDpEsnz/zuY0UmoW+SYTUR2qVW8x/M8bZDq49nIep5nGmJmI8YJMEJ2QRWcy5hKZFjMDlElutiQspJIybS5TMfWd1bLr0G3UnWa9ddestRvFIcpwBudwCQ5cQRtuoQMuMODwDG/wboXWk/Vivf5ES1bx5xT+yPr4BpnKjCc=</latexit>

Z10

<latexit sha1_base64="mKJ9zrIZVQ155pjaXFrRnRVTk5Y=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g89zZoFxxq+5CZBW8HCqQqzkof/aHMUslRoYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZzGiErWfLbadkbMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpSra+t1x2Fdq1qlevXt3WK41afoginMApnIMHF9CAG2hCCxg8wDO8wbvDnSfnxXn9iRac/M8x/JHz8Q377YxZ</latexit>

Z11

<latexit sha1_base64="KJmpuB9q+MC3WkM7+3VCArbYRLk=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g87zZoFxxq+5CZBW8HCqQqzkof/aHMUslRoYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZzGiErWfLbadkbMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpSra+t1x2Fdq1qlevXt3WK41afoginMApnIMHF9CAG2hCCxg8wDO8wbvDnSfnxXn9iRac/M8x/JHz8Q39bIxa</latexit>

Z12

<latexit sha1_base64="hQCMWmdm6TPSZY6d81rrujCtsGM=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0g82qzQbniVt2FyCp4OVQgV3NQ/uwPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz2JEJWo/W2w7I2dhrIgZI1m8f2czKrWeysBmJDVjvezNh/95vdSEl37GoyQ1GDEbsV6YCmJiMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xv+64xb</latexit>

Z13

<latexit sha1_base64="zU0Ck5n0QBh0fgLUy7gacQy1ka8=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZJFF3JG5cYiI/ESakU+5ApdOZtB0TMuEZdGXUne/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8PfPbj6g0j+WdmSToR3QoecgZNXbUuu9n3vm0Xyq7FXcusgxeDmXI1eiXPnuDmKURSsME1brruYnxM6oMZwKnxV6qMaFsTIfYtShphNrP5ttOyWkYK2JGSObv39mMRlpPosBmImpGetGbDf/zuqkJL/2MyyQ1KJmNWC9MBTExmZUmA66QGTGxQJnidkvCRlRRZuxpira+t1h2GVrVilerXN3WyvVqfogCHMMJnIEHF1CHG2hAExg8wDO8wbvDnSfnxXn9ia44+Z8j+CPn4xsAeYxc</latexit>

Z14

<latexit sha1_base64="2j+A8sr28tJRIeIH6Xf6KSNllr8=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKp3ppO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCorWWqGLaYFFJ1A6pR8BhbhhuB3UQhjQKBnWByPfc7j6g0l/GdmSboR3QU85AzauyofT/IvPpsUK64VXchsgpeDhXI1RyUP/tDydIIY8ME1brnuYnxM6oMZwJnpX6qMaFsQkfYsxjTCLWfLbadkbNQKmLGSBbv39mMRlpPo8BmImrGetmbD//zeqkJL/2Mx0lqMGY2Yr0wFcRIMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xsB+Ixd</latexit>

Z15

<latexit sha1_base64="iapVX2fDOcOmbWiepU036Eb/+zs=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmiEbdkbhxiYn8RJiQTrkDlU5n0nZMyIRn0JVRd76PL+DbWHAWCp7V13tOk3tukAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHss7M0nQj+hQ8pAzauyodd/PvPNpv1xxq+5cZBm8HCqQq9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa1HSCLWfzbedkpMwVsSMkMzfv7MZjbSeRIHNRNSM9KI3G/7ndVMTXvoZl0lqUDIbsV6YCmJiMitNBlwhM2JigTLF7ZaEjaiizNjTlGx9b7HsMrRqVe+senV7VqnX8kMU4QiO4RQ8uIA63EADmsDgAZ7hDd4d7jw5L87rT7Tg5H8O4Y+cj28Dd4xe</latexit>

Z16

<latexit sha1_base64="fBY5qPHwjKnwgd3NNH4wqlNLy/U=">AAAB53icbZDLTsJAFIZP8YZ4Q126mUhMXJGWGC87EjcuMZFLhIZMh1MYmU6bmakJaXgGXRl15/v4Ar6NA3ah4L/65vz/JOc/QSK4Nq775RRWVtfWN4qbpa3tnd298v5BS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj65nffkSleSzvzCRBP6JDyUPOqLGj1n0/886n/XLFrbpzkWXwcqhArka//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nt92Sk7CWBEzQjJ//85mNNJ6EgU2E1Ez0ovebPif101NeOlnXCapQclsxHphKoiJyaw0GXCFzIiJBcoUt1sSNqKKMmNPU7L1vcWyy9CqVb2z6tXtWaVeyw9RhCM4hlPw4ALqcAMNaAKDB3iGN3h3uPPkvDivP9GCk/85hD9yPr4BBPaMXw==</latexit>

Z17

<latexit sha1_base64="P6LUyCuRPP6zxSTCtQWDIaspjL0=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQoLuSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCSz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpira+t1x2FdrVilerXN3Wyo1qfogCnMIZXIAHdWjADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0GdYxg</latexit>

Z18

<latexit sha1_base64="VpZGDezMj0utPx6NAlzRAnnP+VY=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQiLuSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCup/xKEkNRsxGrBemgpiYzEuTIVfIjJhaoExxuyVhY6ooM/Y0RVvfWy67Cu1qxatVrm5r5UY1P0QBTuEMLsCDS2jADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0H9Ixh</latexit>

Z19

<latexit sha1_base64="TOfpK7yLal/0LcdX8SCyErCQyfY=">AAAB53icbZDNTgIxFIXv+Iv4h7p000hMXJEZQqLsSNy4xER+IkxIp9yBSjszaTsmZMIz6MqoO9/HF/BtLDgLBc/q6z2nyT03SATXxnW/nLX1jc2t7cJOcXdv/+CwdHTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkeu53HlFpHkd3ZpqgL+ko4iFn1NhR+36QefXZoFR2K+5CZBW8HMqQqzkoffaHMUslRoYJqnXPcxPjZ1QZzgTOiv1UY0LZhI6wZzGiErWfLbadkfMwVsSMkSzev7MZlVpPZWAzkpqxXvbmw/+8XmrCKz/jUZIajJiNWC9MBTExmZcmQ66QGTG1QJnidkvCxlRRZuxpira+t1x2FdrViler1G9r5UY1P0QBTuEMLsCDS2jADTShBQwe4Bne4N3hzpPz4rz+RNec/M8J/JHz8Q0Jc4xi</latexit>

Z20

<latexit sha1_base64="EL5lm8h1VUKdqPvJrd03+HATnXE=">AAAB53icbZDNTgIxFIXv4B/iH+rSTSMxcUVmCIm6I3HjEhP5iTAhnXIHKu3MpO2YkAnPoCuj7nwfX8C3seAsFDyrr/ecJvfcIBFcG9f9cgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqG1CNgkfYMtwI7CYKqQwEdoLJ9dzvPKLSPI7uzDRBX9JRxEPOqLGj9v0gq7mzQbniVt2FyCp4OVQgV3NQ/uwPY5ZKjAwTVOue5ybGz6gynAmclfqpxoSyCR1hz2JEJWo/W2w7I2dhrIgZI1m8f2czKrWeysBmJDVjvezNh/95vdSEl37GoyQ1GDEbsV6YCmJiMi9NhlwhM2JqgTLF7ZaEjamizNjTlGx9b7nsKrRrVa9evbqtVxq1/BBFOIFTOAcPLqABN9CEFjB4gGd4g3eHO0/Oi/P6Ey04+Z9j+CPn4xv9bYxa</latexit>

Transmission rate from human to mosquito,      �m

<latexit sha1_base64="0BUW9f94pbodAEdu14aTxRkUG3c=">AAAB6XicbZDNSsNAFIVv6l+tf1WXboJFcFUSEdRdwY3LCvYH2lAm05t26EwSZm6EUvoQuhJ15+v4Ar6Nk5qFtp7VN/ecgXtumEphyPO+nNLa+sbmVnm7srO7t39QPTxqmyTTHFs8kYnuhsygFDG2SJDEbqqRqVBiJ5zc5n7nEbURSfxA0xQDxUaxiARnZEfdfojEBqoyqNa8ureQuwp+ATUo1BxUP/vDhGcKY+KSGdPzvZSCGdMkuMR5pZ8ZTBmfsBH2LMZMoQlmi33n7lmUaJfG6C7ev7MzpoyZqtBmFKOxWfby4X9eL6PoOpiJOM0IY24j1osy6VLi5rXdodDISU4tMK6F3dLlY6YZJ3ucvL6/XHYV2hd1/7J+c39Za3jFIcpwAqdwDj5cQQPuoAkt4CDhGd7g3Zk4T86L8/oTLTnFn2P4I+fjG2NxjSc=</latexit>

Tr
an

sm
is

si
on

 ra
te

 fr
om

 m
os

qu
ito

 to
 h

um
an

,  
   � h<latexit sha1_base64="T0M+PBUOM3ZfGAFK76P2+KdEAno=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm2ARXJVEBHVXcOOygr1AG8pketIMnVyYORFK6EPoStSdr+ML+DZOahba+q++Of8/cP7jp1Jocpwvq7K2vrG5Vd2u7ezu7R/UD4+6OskUxw5PZKL6PtMoRYwdEiSxnypkkS+x509vC7/3iEqLJH6gWYpexCaxCARnZEb9oY/ERmFtVG84TWchexXcEhpQqj2qfw7HCc8ijIlLpvXAdVLycqZIcInz2jDTmDI+ZRMcGIxZhNrLF/vO7bMgUTaFaC/ev7M5i7SeRb7JRIxCvewVw/+8QUbBtZeLOM0IY24ixgsyaVNiF7XtsVDISc4MMK6E2dLmIVOMkzlOUd9dLrsK3Yume9m8ub9stJzyEFU4gVM4BxeuoAV30IYOcJDwDG/wbk2tJ+vFev2JVqzyzzH8kfXxDVv2jSI=</latexit>

(c)

Figure 5.1 – Figure 5.1(a) shows the initial region split into 20 sub-boxes and the

directions to explore. Figure 5.1(b) shows in green the boxes that satisfied all the

three filters in the first iteration, and in purple, the boxes discarded. Figure 5.1(c)

shows how the green boxes are split in the second iteration.
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Z20

<latexit sha1_base64="V/IMNPobEuAomdTTQrkHzACp4j4=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSlEJ1V3DjsoK9YBvKZHrSjp1cmJkIJfQddCXqzufxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1L0fpjV7XhqWK3bVXoisgpNDBXK1huXPwShiSYChZoIq1XfsWLsplZozgfPSIFEYUzalY+wbDGmAyk0X687JmR9JoidIFu/f2ZQGSs0Cz2QCqidq2cuG/3n9RPuXbsrDONEYMhMxnp8IoiOStSYjLpFpMTNAmeRmS8ImVFKmzW2y+s5y2VXo1KpOvXp1W680L/JDFOEETuEcHGhAE26gBW1gMIVneIN368F6sl6s159owcr/HMMfWR/fMZWMaA==</latexit>

Z19

<latexit sha1_base64="0EMVFYFCNEJkbvWLqWr7cmpxEeo=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKF2V3DjsoK9YBvKZHrSjp1cmJkIJfQddCXqzufxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1L0fpk5jXhqWK3bVXoisgpNDBXK1huXPwShiSYChZoIq1XfsWLsplZozgfPSIFEYUzalY+wbDGmAyk0X687JmR9JoidIFu/f2ZQGSs0Cz2QCqidq2cuG/3n9RPtXbsrDONEYMhMxnp8IoiOStSYjLpFpMTNAmeRmS8ImVFKmzW2y+s5y2VXoXFadWrVxW6s0L/JDFOEETuEcHKhDE26gBW1gMIVneIN368F6sl6s159owcr/HMMfWR/fPZSMcA==</latexit>

Z18

<latexit sha1_base64="qF3N18EJ3KbWbt5NePFUikIoSuo=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKF1V3DjsoK9YBvKZHrSjp1cmJkIJfQddCXqzufxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1L0fpk5jXhqWK3bVXoisgpNDBXK1huXPwShiSYChZoIq1XfsWLsplZozgfPSIFEYUzalY+wbDGmAyk0X687JmR9JoidIFu/f2ZQGSs0Cz2QCqidq2cuG/3n9RPsNN+VhnGgMmYkYz08E0RHJWpMRl8i0mBmgTHKzJWETKinT5jZZfWe57Cp0LqtOrXp1W6s0L/JDFOEETuEcHKhDE26gBW1gMIVneIN368F6sl6s159owcr/HMMfWR/fPBSMbw==</latexit>

Z17

<latexit sha1_base64="YcFZVJwkuMfMGnjw+54HqOoqS2Q=">AAAB6HicbZDLSsNAFIZP6q3WS6su3QwWwYWURArVXcGNywr2gm0ok+lJO3ZyYWYilNB30JWoO5/HF/BtnNQstPVffXP+f+D8x4sFV9q2v6zC2vrG5lZxu7Szu7dfrhwcdlSUSIZtFolI9jyqUPAQ25prgb1YIg08gV1vep353UeUikfhnZ7F6AZ0HHKfM6rNqHs/TJ3GvDSsVO2avRBZBSeHKuRqDSufg1HEkgBDzQRVqu/YsXZTKjVnAuelQaIwpmxKx9g3GNIAlZsu1p2TUz+SRE+QLN6/sykNlJoFnskEVE/UspcN//P6ifYv3ZSHcaIxZCZiPD8RREcka01GXCLTYmaAMsnNloRNqKRMm9tk9Z3lsqvQuag59drVbb3aPM8PUYRjOIEzcKABTbiBFrSBwRSe4Q3erQfryXqxXn+iBSv/cwR/ZH18AzqUjG4=</latexit>

Z16

<latexit sha1_base64="LaHdeucOhAvghV8o/ZRkONiHe0w=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKm6K7hxWcFesA1lMj1px04uzEyEEvoOuhJ15/P4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGoz6twPUqc+Kw3KFbtqz0WWwcmhArmag/JnfxixJMBQM0GV6jl2rN2USs2ZwFmpnyiMKZvQEfYMhjRA5abzdWfkxI8k0WMk8/fvbEoDpaaBZzIB1WO16GXD/7xeov1LN+VhnGgMmYkYz08E0RHJWpMhl8i0mBqgTHKzJWFjKinT5jZZfWex7DK0z6tOrXp1W6s0zvJDFOEIjuEUHLiABtxAE1rAYALP8Abv1oP1ZL1Yrz/RgpX/OYQ/sj6+ATkUjG0=</latexit>

Z15

<latexit sha1_base64="KK3AlgkGK++Wbd8vjmUFb3Rg1G8=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSIu6K7hxWcFesA1lMj1px04uzEyEEvoOuhJ15/P4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGoz6twPUqc+Kw3KFbtqz0WWwcmhArmag/JnfxixJMBQM0GV6jl2rN2USs2ZwFmpnyiMKZvQEfYMhjRA5abzdWfkxI8k0WMk8/fvbEoDpaaBZzIB1WO16GXD/7xeov1LN+VhnGgMmYkYz08E0RHJWpMhl8i0mBqgTHKzJWFjKinT5jZZfWex7DK0z6tOrXp1W6s0zvJDFOEIjuEUHLiABtxAE1rAYALP8Abv1oP1ZL1Yrz/RgpX/OYQ/sj6+ATeUjGw=</latexit>

Z14

<latexit sha1_base64="tDh2gupfVi8qw/QO64dhLFEm2wk=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEDdFdy4rGAv2IYymZ60YycXZiZCCX0HXYm683l8Ad/GSc1CW//VN+f/B85//ERwpW37yyqtrK6tb5Q3K1vbO7t71f2DtopTybDFYhHLrk8VCh5hS3MtsJtIpKEvsONPrnO/84hS8Ti609MEvZCOIh5wRrUZde4HmePOKoNqza7bc5FlcAqoQaHmoPrZH8YsDTHSTFCleo6daC+jUnMmcFbppwoTyiZ0hD2DEQ1Redl83Rk5CWJJ9BjJ/P07m9FQqWnom0xI9VgtevnwP6+X6uDSy3iUpBojZiLGC1JBdEzy1mTIJTItpgYok9xsSdiYSsq0uU1e31ksuwzt87rj1q9u3VrjrDhEGY7gGE7BgQtowA00oQUMJvAMb/BuPVhP1ov1+hMtWcWfQ/gj6+MbNhSMaw==</latexit>

Z13

<latexit sha1_base64="WD78bOowH+HWHGtXUkHKRV0m14A=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCS2IK6K7hxWcFesA1lMj1px04uzEyEEvoOuhJ15/P4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGoz6twPUqc2Kw3KFbtqz0WWwcmhArmag/JnfxixJMBQM0GV6jl2rN2USs2ZwFmpnyiMKZvQEfYMhjRA5abzdWfkxI8k0WMk8/fvbEoDpaaBZzIB1WO16GXD/7xeov1LN+VhnGgMmYkYz08E0RHJWpMhl8i0mBqgTHKzJWFjKinT5jZZfWex7DK0z6tOvXp1W680zvJDFOEIjuEUHLiABtxAE1rAYALP8Abv1oP1ZL1Yrz/RgpX/OYQ/sj6+ATSUjGo=</latexit>

Z12

<latexit sha1_base64="EESsMMjWFfiWh+t976tfTN1wx+E=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSlEJ1V3DjsoK9YBvKZHrSjp1cmJkIJfQddCXqzufxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1L0fpk5tXhqWK3bVXoisgpNDBXK1huXPwShiSYChZoIq1XfsWLsplZozgfPSIFEYUzalY+wbDGmAyk0X687JmR9JoidIFu/f2ZQGSs0Cz2QCqidq2cuG/3n9RPuXbsrDONEYMhMxnp8IoiOStSYjLpFpMTNAmeRmS8ImVFKmzW2y+s5y2VXo1KpOvXp1W680L/JDFOEETuEcHGhAE26gBW1gMIVneIN368F6sl6s159owcr/HMMfWR/fMxSMaQ==</latexit>

Z11

<latexit sha1_base64="nDvcXxKJCy151D5zyj65XMsYIF8=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGAv2IYymZ60YycXZiZCCXkHXYm683l8Ad/GSc1CW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNr3O/+4hS8Si807MY3YCOQ+5zRrUZde+HqeNklWG1ZtftucgyOAXUoFBrWP0cjCKWBBhqJqhSfceOtZtSqTkTmFUGicKYsikdY99gSANUbjpfNyMnfiSJniCZv39nUxooNQs8kwmonqhFLx/+5/UT7V+6KQ/jRGPITMR4fiKIjkjemoy4RKbFzABlkpstCZtQSZk2t8nrO4tll6FzXnca9avbRq15VhyiDEdwDKfgwAU04QZa0AYGU3iGN3i3Hqwn68V6/YmWrOLPIfyR9fENMZSMaA==</latexit>

Z10

<latexit sha1_base64="mDO8hzP9YARGY29V3XYx7or+qBA=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGAv2IYymZ60YycXZiZCCXkHXYm683l8Ad/GSc1CW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNr3O/+4hS8Si807MY3YCOQ+5zRrUZde+HqWNnlWG1ZtftucgyOAXUoFBrWP0cjCKWBBhqJqhSfceOtZtSqTkTmFUGicKYsikdY99gSANUbjpfNyMnfiSJniCZv39nUxooNQs8kwmonqhFLx/+5/UT7V+6KQ/jRGPITMR4fiKIjkjemoy4RKbFzABlkpstCZtQSZk2t8nrO4tll6FzXnca9avbRq15VhyiDEdwDKfgwAU04QZa0AYGU3iGN3i3Hqwn68V6/YmWrOLPIfyR9fENMBSMZw==</latexit>

Z9

<latexit sha1_base64="x0vOxN3fy0c2Qr0Hr3KvlF0ExGA=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKF2V3DjsoK9YBvKZHrSjp1cmJkIJfQZdCXqzvfxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1Lkfpo15aViu2FV7IbIKTg4VyNUalj8Ho4glAYaaCapU37Fj7aZUas4EzkuDRGFM2ZSOsW8wpAEqN11sOydnfiSJniBZvH9nUxooNQs8kwmonqhlLxv+5/UT7V+5KQ/jRGPITMR4fiKIjkhWmoy4RKbFzABlkpstCZtQSZk2p8nqO8tlV6FzWXVq1cZtrdK8yA9RhBM4hXNwoA5NuIEWtIHBAzzDG7xb3HqyXqzXn2jByv8cwx9ZH9/NuIw1</latexit>

Z8

<latexit sha1_base64="l6+qcub6In8FLIEqINblvSjvk70=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKF1V3DjsoK9YBvKZHrSjp1cmJkIJfQZdCXqzvfxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1Lkfpo15aViu2FV7IbIKTg4VyNUalj8Ho4glAYaaCapU37Fj7aZUas4EzkuDRGFM2ZSOsW8wpAEqN11sOydnfiSJniBZvH9nUxooNQs8kwmonqhlLxv+5/UT7TfclIdxojFkJmI8PxFERyQrTUZcItNiZoAyyc2WhE2opEyb02T1neWyq9C5rDq16tVtrdK8yA9RhBM4hXNwoA5NuIEWtIHBAzzDG7xb3HqyXqzXn2jByv8cwx9ZH9/MOIw0</latexit>

Z7

<latexit sha1_base64="QS2AVWjvYJffuKgQdkWcKEZsZQ4=">AAAB53icbZDLSsNAFIZP6q3WS6su3QwWwYWURArVXcGNywr2gm0ok+lJO3ZyYWYilNBn0JWoO9/HF/BtnNQstPVffXP+f+D8x4sFV9q2v6zC2vrG5lZxu7Szu7dfrhwcdlSUSIZtFolI9jyqUPAQ25prgb1YIg08gV1vep353UeUikfhnZ7F6AZ0HHKfM6rNqHM/TBvz0rBStWv2QmQVnByqkKs1rHwORhFLAgw1E1SpvmPH2k2p1JwJnJcGicKYsikdY99gSANUbrrYdk5O/UgSPUGyeP/OpjRQahZ4JhNQPVHLXjb8z+sn2r90Ux7GicaQmYjx/EQQHZGsNBlxiUyLmQHKJDdbEjahkjJtTpPVd5bLrkLnoubUa1e39WrzPD9EEY7hBM7AgQY04QZa0AYGD/AMb/BucevJerFef6IFK/9zBH9kfXwDyriMMw==</latexit>

Z6

<latexit sha1_base64="y4IiRK/N/cdTIfwEIQDhHSyjTLQ=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKm6K7hxWcFesA1lMj1px04uzEyEEvoMuhJ15/v4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGozat8P0vqsNChX7Ko9F1kGJ4cK5GoOyp/9YcSSAEPNBFWq59ixdlMqNWcCZ6V+ojCmbEJH2DMY0gCVm863nZETP5JEj5HM37+zKQ2UmgaeyQRUj9Wilw3/83qJ9i/dlIdxojFkJmI8PxFERyQrTYZcItNiaoAyyc2WhI2ppEyb02T1ncWyy9A+rzq16tVtrdI4yw9RhCM4hlNw4AIacANNaAGDB3iGN3i3uPVkvVivP9GClf85hD+yPr4ByTiMMg==</latexit>

Z5

<latexit sha1_base64="OZHMhKWrKYOZ5qzZ6Blm3lLSHa8=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSIu6K7hxWcFesA1lMj1px04uzEyEEvoMuhJ15/v4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGozat8P0vqsNChX7Ko9F1kGJ4cK5GoOyp/9YcSSAEPNBFWq59ixdlMqNWcCZ6V+ojCmbEJH2DMY0gCVm863nZETP5JEj5HM37+zKQ2UmgaeyQRUj9Wilw3/83qJ9i/dlIdxojFkJmI8PxFERyQrTYZcItNiaoAyyc2WhI2ppEyb02T1ncWyy9A+rzq16tVtrdI4yw9RhCM4hlNw4AIacANNaAGDB3iGN3i3uPVkvVivP9GClf85hD+yPr4Bx7iMMQ==</latexit>

Z4

<latexit sha1_base64="874aVRogja40YIcxYFUUnozeDBA=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEDdFdy4rGAv2IYymZ60YycXZiZCCX0GXYm68318Ad/GSc1CW//VN+f/B85//ERwpW37yyqtrK6tb5Q3K1vbO7t71f2DtopTybDFYhHLrk8VCh5hS3MtsJtIpKEvsONPrnO/84hS8Ti609MEvZCOIh5wRrUZte8HmTurDKo1u27PRZbBKaAGhZqD6md/GLM0xEgzQZXqOXaivYxKzZnAWaWfKkwom9AR9gxGNETlZfNtZ+QkiCXRYyTz9+9sRkOlpqFvMiHVY7Xo5cP/vF6qg0sv41GSaoyYiRgvSAXRMclLkyGXyLSYGqBMcrMlYWMqKdPmNHl9Z7HsMrTP645bv7p1a42z4hBlOIJjOAUHLqABN9CEFjB4gGd4g3eLW0/Wi/X6Ey1ZxZ9D+CPr4xvGOIww</latexit>

Z3

<latexit sha1_base64="nEBdPRQowa6ZazRQ6vvw9mGixSw=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCS2IK6K7hxWcFesA1lMj1px04uzEyEEvoMuhJ15/v4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGozat8P0tqsNChX7Ko9F1kGJ4cK5GoOyp/9YcSSAEPNBFWq59ixdlMqNWcCZ6V+ojCmbEJH2DMY0gCVm863nZETP5JEj5HM37+zKQ2UmgaeyQRUj9Wilw3/83qJ9i/dlIdxojFkJmI8PxFERyQrTYZcItNiaoAyyc2WhI2ppEyb02T1ncWyy9A+rzr16tVtvdI4yw9RhCM4hlNw4AIacANNaAGDB3iGN3i3uPVkvVivP9GClf85hD+yPr4BxLiMLw==</latexit>

Z2

<latexit sha1_base64="+6kPI/iM/NvbXm8M7QRd+ZzQiVc=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSlEJ1V3DjsoK9YBvKZHrSjp1cmJkIJfQZdCXqzvfxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1LkfprV5aViu2FV7IbIKTg4VyNUalj8Ho4glAYaaCapU37Fj7aZUas4EzkuDRGFM2ZSOsW8wpAEqN11sOydnfiSJniBZvH9nUxooNQs8kwmonqhlLxv+5/UT7V+6KQ/jRGPITMR4fiKIjkhWmoy4RKbFzABlkpstCZtQSZk2p8nqO8tlV6FTqzr16tVtvdK8yA9RhBM4hXNwoAFNuIEWtIHBAzzDG7xb3HqyXqzXn2jByv8cwx9ZH9/DOIwu</latexit>

Z1

<latexit sha1_base64="NF/mCezJkoigueZQLV6Y7TLe7sM=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGAv2IYymZ60YycXZiZCCXkGXYm68318Ad/GSc1CW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNr3O/+4hS8Si807MY3YCOQ+5zRrUZde6HqZNVhtWaXbfnIsvgFFCDQq1h9XMwilgSYKiZoEr1HTvWbkql5kxgVhkkCmPKpnSMfYMhDVC56XzbjJz4kSR6gmT+/p1NaaDULPBMJqB6oha9fPif10+0f+mmPIwTjSEzEeP5iSA6InlpMuISmRYzA5RJbrYkbEIlZdqcJq/vLJZdhs553WnUr24bteZZcYgyHMExnIIDF9CEG2hBGxg8wDO8wbvFrSfrxXr9iZas4s8h/JH18Q3BuIwt</latexit>

Z

<latexit sha1_base64="Y8RefMjKfPzoeq0Ke38HpPlFD+o=">AAAB43icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGIv2IYymZ60QycXZiZCCX0CXYm68418Ad/GScxCW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNrzO/+4hS8Si817MY3YCOQ+5zRrUZ3T1UhtWaXbdzkWVwCqhBodaw+jkYRSwJMNRMUKX6jh1rN6VScyZwXhkkCmPKpnSMfYMhDVC5ab7pnJz4kSR6giR//86mNFBqFngmE1A9UYteNvzP6yfav3RTHsaJxpCZiPH8RBAdkawwGXGJTIuZAcokN1sSNqGSMm3OktV3FssuQ+e87jTqV7eNWvOsOEQZjuAYTsGBC2jCDbSgDQx8eIY3eLfQerJerNefaMkq/hzCH1kf39/bin0=</latexit>

(a)

Z

<latexit sha1_base64="Y8RefMjKfPzoeq0Ke38HpPlFD+o=">AAAB43icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGIv2IYymZ60QycXZiZCCX0CXYm68418Ad/GScxCW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNrzO/+4hS8Si817MY3YCOQ+5zRrUZ3T1UhtWaXbdzkWVwCqhBodaw+jkYRSwJMNRMUKX6jh1rN6VScyZwXhkkCmPKpnSMfYMhDVC5ab7pnJz4kSR6giR//86mNFBqFngmE1A9UYteNvzP6yfav3RTHsaJxpCZiPH8RBAdkawwGXGJTIuZAcokN1sSNqGSMm3OktV3FssuQ+e87jTqV7eNWvOsOEQZjuAYTsGBC2jCDbSgDQx8eIY3eLfQerJerNefaMkq/hzCH1kf39/bin0=</latexit>

Z7

<latexit sha1_base64="QS2AVWjvYJffuKgQdkWcKEZsZQ4=">AAAB53icbZDLSsNAFIZP6q3WS6su3QwWwYWURArVXcGNywr2gm0ok+lJO3ZyYWYilNBn0JWoO9/HF/BtnNQstPVffXP+f+D8x4sFV9q2v6zC2vrG5lZxu7Szu7dfrhwcdlSUSIZtFolI9jyqUPAQ25prgb1YIg08gV1vep353UeUikfhnZ7F6AZ0HHKfM6rNqHM/TBvz0rBStWv2QmQVnByqkKs1rHwORhFLAgw1E1SpvmPH2k2p1JwJnJcGicKYsikdY99gSANUbrrYdk5O/UgSPUGyeP/OpjRQahZ4JhNQPVHLXjb8z+sn2r90Ux7GicaQmYjx/EQQHZGsNBlxiUyLmQHKJDdbEjahkjJtTpPVd5bLrkLnoubUa1e39WrzPD9EEY7hBM7AgQY04QZa0AYGD/AMb/BucevJerFef6IFK/9zBH9kfXwDyriMMw==</latexit>

Z8

<latexit sha1_base64="l6+qcub6In8FLIEqINblvSjvk70=">AAAB53icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSKF1V3DjsoK9YBvKZHrSjp1cmJkIJfQZdCXqzvfxBXwbJzULbf1X35z/Hzj/8WLBlbbtL6uwtr6xuVXcLu3s7u0flA+POipKJMM2i0Qkex5VKHiIbc21wF4skQaewK43vc787iNKxaPwTs9idAM6DrnPGdVm1Lkfpo15aViu2FV7IbIKTg4VyNUalj8Ho4glAYaaCapU37Fj7aZUas4EzkuDRGFM2ZSOsW8wpAEqN11sOydnfiSJniBZvH9nUxooNQs8kwmonqhlLxv+5/UT7TfclIdxojFkJmI8PxFERyQrTUZcItNiZoAyyc2WhE2opEyb02T1neWyq9C5rDq16tVtrdK8yA9RhBM4hXNwoA5NuIEWtIHBAzzDG7xb3HqyXqzXn2jByv8cwx9ZH9/MOIw0</latexit>

Z10

<latexit sha1_base64="mDO8hzP9YARGY29V3XYx7or+qBA=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGAv2IYymZ60YycXZiZCCXkHXYm683l8Ad/GSc1CW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNr3O/+4hS8Si807MY3YCOQ+5zRrUZde+HqWNnlWG1ZtftucgyOAXUoFBrWP0cjCKWBBhqJqhSfceOtZtSqTkTmFUGicKYsikdY99gSANUbjpfNyMnfiSJniCZv39nUxooNQs8kwmonqhFLx/+5/UT7V+6KQ/jRGPITMR4fiKIjkjemoy4RKbFzABlkpstCZtQSZk2t8nrO4tll6FzXnca9avbRq15VhyiDEdwDKfgwAU04QZa0AYGU3iGN3i3Hqwn68V6/YmWrOLPIfyR9fENMBSMZw==</latexit>

Z11

<latexit sha1_base64="nDvcXxKJCy151D5zyj65XMsYIF8=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGAv2IYymZ60YycXZiZCCXkHXYm683l8Ad/GSc1CW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNr3O/+4hS8Si807MY3YCOQ+5zRrUZde+HqeNklWG1ZtftucgyOAXUoFBrWP0cjCKWBBhqJqhSfceOtZtSqTkTmFUGicKYsikdY99gSANUbjpfNyMnfiSJniCZv39nUxooNQs8kwmonqhFLx/+5/UT7V+6KQ/jRGPITMR4fiKIjkjemoy4RKbFzABlkpstCZtQSZk2t8nrO4tll6FzXnca9avbRq15VhyiDEdwDKfgwAU04QZa0AYGU3iGN3i3Hqwn68V6/YmWrOLPIfyR9fENMZSMaA==</latexit>

Z13

<latexit sha1_base64="WD78bOowH+HWHGtXUkHKRV0m14A=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCS2IK6K7hxWcFesA1lMj1px04uzEyEEvoOuhJ15/P4Ar6Nk5qFtv6rb87/D5z/eLHgStv2l1VYWV1b3yhulra2d3b3yvsHbRUlkmGLRSKSXY8qFDzEluZaYDeWSANPYMebXGd+5xGl4lF4p6cxugEdhdznjGoz6twPUqc2Kw3KFbtqz0WWwcmhArmag/JnfxixJMBQM0GV6jl2rN2USs2ZwFmpnyiMKZvQEfYMhjRA5abzdWfkxI8k0WMk8/fvbEoDpaaBZzIB1WO16GXD/7xeov1LN+VhnGgMmYkYz08E0RHJWpMhl8i0mBqgTHKzJWFjKinT5jZZfWex7DK0z6tOvXp1W680zvJDFOEIjuEUHLiABtxAE1rAYALP8Abv1oP1ZL1Yrz/RgpX/OYQ/sj6+ATSUjGo=</latexit>

Z14

<latexit sha1_base64="tDh2gupfVi8qw/QO64dhLFEm2wk=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEDdFdy4rGAv2IYymZ60YycXZiZCCX0HXYm683l8Ad/GSc1CW//VN+f/B85//ERwpW37yyqtrK6tb5Q3K1vbO7t71f2DtopTybDFYhHLrk8VCh5hS3MtsJtIpKEvsONPrnO/84hS8Ti609MEvZCOIh5wRrUZde4HmePOKoNqza7bc5FlcAqoQaHmoPrZH8YsDTHSTFCleo6daC+jUnMmcFbppwoTyiZ0hD2DEQ1Redl83Rk5CWJJ9BjJ/P07m9FQqWnom0xI9VgtevnwP6+X6uDSy3iUpBojZiLGC1JBdEzy1mTIJTItpgYok9xsSdiYSsq0uU1e31ksuwzt87rj1q9u3VrjrDhEGY7gGE7BgQtowA00oQUMJvAMb/BuPVhP1ov1+hMtWcWfQ/gj6+MbNhSMaw==</latexit>

Z17

<latexit sha1_base64="YcFZVJwkuMfMGnjw+54HqOoqS2Q=">AAAB6HicbZDLSsNAFIZP6q3WS6su3QwWwYWURArVXcGNywr2gm0ok+lJO3ZyYWYilNB30JWoO5/HF/BtnNQstPVffXP+f+D8x4sFV9q2v6zC2vrG5lZxu7Szu7dfrhwcdlSUSIZtFolI9jyqUPAQ25prgb1YIg08gV1vep353UeUikfhnZ7F6AZ0HHKfM6rNqHs/TJ3GvDSsVO2avRBZBSeHKuRqDSufg1HEkgBDzQRVqu/YsXZTKjVnAuelQaIwpmxKx9g3GNIAlZsu1p2TUz+SRE+QLN6/sykNlJoFnskEVE/UspcN//P6ifYv3ZSHcaIxZCZiPD8RREcka01GXCLTYmaAMsnNloRNqKRMm9tk9Z3lsqvQuag59drVbb3aPM8PUYRjOIEzcKABTbiBFrSBwRSe4Q3erQfryXqxXn+iBSv/cwR/ZH18AzqUjG4=</latexit>

(b)

Z

<latexit sha1_base64="Y8RefMjKfPzoeq0Ke38HpPlFD+o=">AAAB43icbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSEHdFdy4rGIv2IYymZ60QycXZiZCCX0CXYm68418Ad/GScxCW//VN+f/B85/vFhwpW37yyqtrK6tb5Q3K1vbO7t71f2DjooSybDNIhHJnkcVCh5iW3MtsBdLpIEnsOtNrzO/+4hS8Si817MY3YCOQ+5zRrUZ3T1UhtWaXbdzkWVwCqhBodaw+jkYRSwJMNRMUKX6jh1rN6VScyZwXhkkCmPKpnSMfYMhDVC5ab7pnJz4kSR6giR//86mNFBqFngmE1A9UYteNvzP6yfav3RTHsaJxpCZiPH8RBAdkawwGXGJTIuZAcokN1sSNqGSMm3OktV3FssuQ+e87jTqV7eNWvOsOEQZjuAYTsGBC2jCDbSgDQx8eIY3eLfQerJerNefaMkq/hzCH1kf39/bin0=</latexit>

Z17
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(c)

Figure 5.2 – The figure shows the first, second, and third iteration of the algo-

rithm’s graph for Model 3.3 when we consider uncertainty in two parameters,

βm and βh. The green edges correspond to the boxes that the algorithm will split

in the following iteration. The purple edges correspond to the boxes discarded

by the algorithm in the current iteration.

verified.

5.4.4 Compatibility between parameters, initial conditions, and

interval data

According to [96], intuitively, we can understand the compatibility between

parameters and data as passaging a curve through all the corridors of uncertainty

data for the output variable.

The idea here is to evaluate how much uncertainty in the data can explain

the interval solutions found using the VSPODE when including uncertainty first

in the parameters and then in the initial conditions. For this, we introduced the

definitions and results needed to establish compatibility between parameters

and uncertain data. These are mainly taken from [96], where were formulated

in the context of solving the data fitting problem for a linear function under
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Table 5.1 – Table shows the best-fitted parameter enclosures results in each

iteration for Model 3.3 considering as uncertain parameters, βm and βh.

Iter Obf. function Parameter vector
value βm βh

1 2387.5855 [0.116399,0.147600] [2.729999,2.980000]
2 1532.6969 [0.178800,0.210000] [2.230000,2.313333]
3 1286.0055 [0.178800,0.210000] [2.257778,2.285555]
4 734.2488 [0.189200,0.199600] [2.257778,2.285555]
5 614.0078 [0.189199,0.199600] [2.276296,2.285555]
6 424.7480 [0.192667,0.196133] [2.276296,2.28555]
7 388.1020 [0.192667,0.196133] [2.282469,2.28555]
8 324.3913 [0.194978,0.196133] [2.276296,2.279382]
9 315.4371 [0.194978,0.196133] [2.276296,2.27325]

10 294.2311 [0.195363,0.195748] [2.276296,2.277325]
11 291.2613 [0.195363,0.195748] [2.276296,2.276639]
12 284.2207 [0.195491,0.19562] [2.276296,2.276639]
13 283.1019 [0.195363,0.195491] [2.276525,2.276639]
14 280.7129 [0.195448,0.195491] [2.276525,2.276639]
15 280.3869 [0.195448,0.195491] [2.276525,2.276563]
16 279.5394 [0.195448,0.195462] [2.276525,2.276563]

interval data uncertainty. We adapt them according to our case study.

Below are some variables we used to introduce new definitions.

• Let Z = (Y0,Θ) ∈ IRp be a p−dimensional vector, where its first m coordi-

nates correspond to the interval initial conditions and its last p −m coor-

dinates correspond to interval parameters of the model in Equation (4.1),

respectively.

• The vector Xi = (Xi1 ,Xi2 , . . . ,Xik ) is the interval experimental data regard-

ing Equation (4.1), where n is the number of variables, 1 ≤ i ≤ n, and the

number of measurements at different times is denoted by k.

• The vector Yi = (Yi1 ,Yi2 , . . . ,Yik ) is the enclosure of the system solution

in Equation (4.1) for the variable i at the time tk.

Definition 5.4.1. The vector Z is compatible with an interval experimental

data Xi1 ,Xi2 , . . . ,Xik , if for each measurement k, there are representatives xi1 ∈
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Figure 5.3 – The figure shows how the enclosures obtained solving the sys-

tem Model 3.3 for the cumulative number of infected humans are reduced in

each iteration.

Xi1 , . . . ,xik ∈ Xik such that xi1 ∈ Yi1 , . . . ,xik ∈ Yik .

This set of vectors is called the united solution set of Equation (4.1).

Eunit(X,Y) = {Z ∈ IRp | there exist x ∈ X such that x ∈ Y }

where, X and Y are interval matrices, and x is a real matrix. All these matrices

have the same dimension, k ×n.

Definition 5.4.2. The vector Z is strongly compatible with the interval experimen-

tal data Xi1 ,Xi2 , . . . ,Xik if for each measurement k, and for any representatives

xi1 ∈ Xi1 , . . . ,xik ∈ Xik there holds that xi1 ∈ Yi1 , . . . ,xik ∈ Yik .
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The set composed of Z vectors that satisfies the previous definition is called

the tolerable solution set of the Eq. (4.1).

Etol(X,Y) = {Z ∈ IRp | for any x ∈ X, x ∈ Y } (5.4)

From Definition 5.4.1 and Definition 5.4.2, it follows that the tolerable solution

set is always a subset of the united solution set, i.e. if there is strong compatibility

between the vector of parameters, the vector of initial conditions and the data,

then the usual compatibility takes place naturally.

Etol(X,Y) ⊆ Eunit(X,Y).

Example 5.4.2. Consider the sir model normalized, i.e. 0 ≤ s ≤ 1, 0 ≤ i ≤ 1, and

0 ≤ r ≤ 1:

ṡ = µ− βsi −µs

i̇ = βsi − (µ+γ)i

ṙ = γi −µr

where, µ, β, and γ represent the mortality rate, the transmission probability and

the recovery rate, respectively. Also the population is constant, s+ i + r = 1. We

can reduce this system to the first two equations

ṡ = µ− βsi −µs

i̇ = βsi − (µ+γ)i.
(5.5)

To illustrate the definition of compatibility and strong compatibility with the sys-

tem Equation (5.5), we consider just one uncertain parameter, the transmission

probability β. The mortality rate and the recovery rate are given by µ = 0.5 and

γ = 0.1, respectively. The initial conditions are s(0) = 0.97 and i(0) = 0.03.
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Figure 5.4 – in Figures 5.4(a) and 5.4(d) we consider β = [0.68, 0.72]. These

figures show that just one part of the interval data belongs to the enclosure

obtained to solve Equation (5.5). For Figures 5.4(b) and 5.4(e) we consider β =

[0.71 , 0.74]. These figures show the enclosure obtained to solve Equation (5.5) is

a subset of the interval data for each measure. Finally, for Figures 5.4(c) and 5.4(f)

we consider β = [0.68 , 0.81]. These figures show how the interval data is a subset

of the enclosure obtained to solve Equation (5.5) for each measure and each

variable. In this way, Figures 5.4(a), 5.4(b), 5.4(d) and 5.4(e) show compatibility

between the vector of parameters and initial conditions of Equation (5.5) and

interval measurement data. Meanwhile, Figures 5.4(c) and 5.4(f) show strongly

compatibility between parameters and initial conditions, and interval data.
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Another case that may arise is when the interval data and the enclosure

obtained to solve Equation (4.1) do not have any common point. In this case, we

say that the interval data and the vector of parameters and initial conditions are

incompatible.

To settle the compatibility type between the vector of parameters and initial

conditions and the interval data, we introduce a quantitative measure of compat-

ibility. For this, let’s consider a vector Z. To know if Z belongs to the tolerable

solution set we have to check that Xi1 ⊆ Yi1 ,Xi2 ⊆ Yi2 , . . . ,Xik ⊆ Yik for each variable

i. Doing so, we consider Xij = [Xij , Xij ] and Yij = [Yij , Yij ], where j = 1, . . . k. We

say Xij is subset of Yij if and only if

min
1≤i≤n

min
1≤j≤k

{ (Xij −Yij ) , (Yij −Xij ) } ≥ 0 (5.6)

or equivalently if

min
1≤i≤n

min
1≤j≤k

{rad Yij − radXij − |midXij −mid Yij | } ≥ 0 (5.7)

where, X = [X , X] =midX + [−radX , radX ].

Now, we can state the following result as

Theorem 5.4.1. Let X and Y be n× k interval matrices, where n corresponds to the

number of variables of the system Equation (4.1) and k corresponds to the number of

measurements for each variable. The expression

Tol(Z,X,Y) = min
1≤i≤n

min
1≤j≤k

{rad Yij − radXij − |midXij −mid Yij | } (5.8)

determines the mapping Tol : IRp × IRn×k × IRn×k→ R such that the membership of

a point Z ∈ IRp in the tolerable solution set, Etol(X,Y) of the system given by Equa-
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tion (4.1) is equivalent to non-negativity of the mapping Tol in the point Z, i. e.

Z ∈ Etol(X,Y) ⇐⇒ Tol(Z,X,Y) ≥ 0.

We call the function given in Equation (5.8), compatibility measure.

Example 5.4.3. Let’s consider again the model given by Equation (5.5) and Ex-

ample 5.4.2. We have two variables; the proportion of susceptible, s and the

proportion of infected, i. Additionally, we have forty measures for each variable.

• For Figures 5.4(a) and 5.4(d) the value of Equation (5.7) is given by:

min
1≤i≤2

{−0.0974893, −0.0243558} = −0.0974893 ≤ 0

• For Figures 5.4(b) and 5.4(e) the value of Equation (5.7) is given by:

min
1≤i≤2

{−0.0733967, −0.0186444} = −0.0733967 ≤ 0

• For Figures 5.4(c) and 5.4(f) the value of Equation (5.7) is given by:

min
1≤i≤2

{0.000414505, 0.000336667} = 0.000336667 ≥ 0

These values correspond to the minimum when we consider the interval-data

and the enclosure for the proportion of susceptible and for the proportion of

infected, respectively.

From the compatibility measure values in these three scenarios we conclude

that the only vector Z of initial conditions and parameters which belongs to Etol

correspond to Figures 5.4(c) and 5.4(f).
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5.5 Results of model fitting and parameter estima-

tion

We fitted Model 3.3 to the cumulative reported dengue cases for each municipal-

ity. For this, as in [54], we added a new state variable, Hc = θhHe that describes

the number of cumulative dengue cases without considering the recovered. We

decided to proceed in this way as the available information regarding the new

number of reported dengue cases is gathered per week. Hence, it was also not

possible to knew the average recovery period was for each population before-

hand. Thus, we did not know how many infected humans were for a given

time.

In addition, in the Filter-3, we define η = 0.5, i.e. we accept an error level

up to 50% in the optimal value found in each iteration.

5.5.1 Itagüí

The resulting region from the local method for Itagüí was

Z = Bβm ×Bβh ×Bµm ×Bγh

= [0.05,0.25]× [1.3,2.3]× [0.16,0.26]× [1.45,1.75]
(5.9)

where, w(Bβm) = 0.2, w(Bβh) = 1, w(Bµm) = 0.1, and w(Bγh) = 0.3. To compute

mathematically and computationally guaranteed upper and lower bounds for

the trajectories of cumulative infected humans, we split Bβm ,Bβh ,Bµm , and Bγh

in 40,20,40, and 30 subintervals. So, in total we split Z in 960000 sub-boxes.

The values used for the other parameters and initial conditions for Itagüí were

H = 248036, µh = 0.00023, θm = 0.6, θh = 1.3, Λ = 2500, Ms(0) = 1800000,

Me(0) = 50, Mi(0) = 20, Hs(0) = 223000, He(0) = 21, Hi(0) = Hc(0) = 10, and

Hr(0) = 25005.
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Table 5.2 – Best fitted results for each iteration from Algorithm 2 for Itagüí

considering uncertainty in βm, βh, µm, and γh.

Iter Obj. function Parameter vector
value βm βh µm γh

1 10213.7 [0.1350,0.1400] [2.0500,2.1000] [0.2150,0.2175] [1.7400,1.7500]
2 7748.63 [0.1750,0.1800] [1.7666,1.7834] [0.2250,0.2275] [1.7000,1.7100]
3 6873.96 [0.1750,0.1800] [1.7722,1.7778] [0.2250,0.2275] [1.7000,1.7100]
4 6505.94 [0.1750,0.1800] [1.7722,1.7778] [0.2250,0.2275] [1.7033,1.7067]
5 6210.98 [0.1750,0.1800] [1.7759,1.7778] [0.2250,0.2275] [1.7066,1.7100]
6 4400.80 [0.1766,0.1784] [1.7759,1.7778] [0.2250,0.2275] [1.7066,1.7100]
7 4282.48 [0.1766,0.1784] [1.7759,1.7778] [0.2250,0.2275] [1.7077,1.7089]
8 3445.23 [0.1766,0.1784] [1.7759,1.7778] [0.2258,0.2267] [1.7077,1.7089]
9 3351.44 [0.1766,0.1784] [1.7771,1.7778] [0.2258,0.2267] [1.7077,1.7089]

10 2757.75 [0.1772,0.1778] [1.7771,1.7778] [0.2258,0.2267] [1.7077,1.7089]
11 2718.50 [0.1772,0.1778] [1.7771,1.7778] [0.2258,0.2267] [1.7077,1.7082]
12 2441.93 [0.1772,0.1778] [1.7771,1.7778] [0.2261,0.2264] [1.7077,1.7082]
13 2411.34 [0.1772,0.1778] [1.7773,1.7776] [0.2261,0.2264] [1.7077,1.7082]
14 2214.38 [0.1774,0.1776] [1.7773,1.7776] [0.2261,0.2264] [1.7077,1.7082]
15 2201.27 [0.1774,0.1776] [1.7773,1.7776] [0.2261,0.2264] [1.7077,1.7079]
16 2109.08 [0.1774,0.1776] [1.7773,1.7776] [0.2262,0.2263] [1.7077,1.7079]
17 2098.68 [0.1774,0.1776] [1.7775,1.7776] [0.2262,0.2263] [1.7077,1.7079]
18 2032.76 [0.1774,0.1775] [1.7775,1.7776] [0.2262,0.2263] [1.7077,1.7079]
19 2028.53 [0.1774,0.1775] [1.7775,1.7776] [0.2262,0.2263] [1.7078,1.7079]

Table 5.2 shows the best-fitted parameter enclosures results in each iteration

for Itagüí. In total, we performed 24 iterations for Itagüí. However, from

iteration 20 to 24, the width of each interval of each parameter decreases slightly.

For this reason, we define the stopped criterion considering the width of each

interval as smaller or equal to 0.0001.

5.5.2 Neiva

The resulting region from the local method for Neiva was

Z = Bβm ×Bβh ×Bµm ×Bγh

= [0.054,0.21]× [2.23,3.23]× [0.37,0.45]× [1.05,1.75]
(5.10)

where, w(Bβm) = 0.156, w(Bβh) = 1, w(Bµm) = 0.08, and w(Bγh) = 0.7. To compute

mathematically and computationally guaranteed upper and lower bounds for

the trajectories of cumulative infected humans, we had to split Bβm ,Bβh ,Bµm , and
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Figure 5.5 – The horizontal axis corresponds to the number of epidemiological

weeks, while the vertical axis corresponds to the cumulative number of dengue

cases. The Figure shows the enclosures obtained to solve Model 3.3 for Itagüí in

various iterations. We see how the enclosure’s width decreases by reducing the

width of the interval parameter.
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Bγh in 8,5,8, and 7 subintervals. Thus, we split Z in 2240 sub-boxes. The values

used for the other parameters and initial conditions for Neiva were as follows

H = 324466, µh = 0.00011, θm = 0.8, θh = 1.3, Λ = 24000, Ms(0) = 3500000,

Me(0) = 80, Mi(0) = 25, Hs(0) = 315952, He(0) = 27, Hi(0) = Hc(0) = 16, and

Hr(0) = 8471.

Table 5.3 shows the best-fitted parameter enclosures results in each iteration

for Neiva. In total, we performed 25 iterations for Neiva. We define the stopped

criterion considering the width of each interval as smaller or equal to 0.0002.

Table 5.3 – Best fitted results for each iteration from Algorithm 2 for Neiva

considering uncertainty in βm, βh, µm, and γh.

Iter Obj. function Parameter vector
value βm βh µm γh

1 2267.9390 [0.1515,0.1710] [2.4300,2.6300] [0.4400,0.4500] [1.6500,1.7500]
2 1663.6236 [0.1515,0.1710] [2.4966,2.5634] [0.4400,0.4500] [1.6500,1.7500]
3 1453.3555 [0.1515,0.1710] [2.4966,2.5634] [0.4400,0.4500] [1.6833,1.7167]
4 1273.7758 [0.1515,0.1710] [2.5411,2.5634] [0.4400,0.4500] [1.7167,1.7500]
5 1209.2094 [0.1515,0.1710] [2.5411,2.5634] [0.4400,0.4500] [1.7277,1.7389]
6 1150.2161 [0.1515,0.1710] [2.5337,2.5412] [0.4400,0.4500] [1.7055,1.7167]
7 739.1561 [0.1580,0.1645] [2.5262,2.5338] [0.4400,0.4500] [1.6944,1.7056]
8 718.7904 [0.1580,0.1645] [2.5262,2.5338] [0.4400,0.4500] [1.6981,1.7019]
9 606.0115 [0.1580,0.1645] [2.5262,2.5338] [0.4433,0.4467] [1.6981,1.7019]

10 587.9288 [0.1580,0.1645] [2.5287,2.5313] [0.4433,0.4467] [1.6981,1.7019]
11 453.9854 [0.1601,0.1624] [2.5287,2.5313] [0.4433,0.4467] [1.6981,1.7019]
12 446.8474 [0.1601,0.1624] [2.5287,2.5313] [0.4433,0.4467] [1.6981,1.6994]
13 409.9975 [0.1601,0.1624] [2.5287,2.5313] [0.4444,0.4456] [1.6981,1.6994]
14 403.9465 [0.1601,0.1624] [2.5304,2.5313] [0.4444,0.4456] [1.6981,1.6994]
15 359.4694 [0.1608,0.1617] [2.5304,2.5313] [0.4444,0.4456] [1.6981,1.6994]
16 357.3291 [0.1608,0.1617] [2.5304,2.5313] [0.4444,0.4456] [1.6985,1.6990]
17 345.0918 [0.1608,0.1617] [2.5304,2.5313] [0.4448,0.4452] [1.6985,1.6990]
18 343.1475 [0.1608,0.1617] [2.5306,2.5310] [0.4448,0.4452] [1.6985,1.6990]
19 328.3344 [0.1611,0.1614] [2.5306,2.5310] [0.4448,0.4452] [1.6985,1.6990]
20 327.6251 [0.1611,0.1614] [2.5306,2.5310] [0.4448,0.4452] [1.6986,1.6989]
21 323.4286 [0.1611,0.1614] [2.5306,2.5310] [0.4448,0.4450] [1.6988,1.6990]
22 322.7318 [0.1611,0.1614] [2.5306,2.5308] [0.4448,0.4450] [1.6988,1.6990]
23 317.7128 [0.1611,0.1613] [2.5306,2.5308] [0.4448,0.4450] [1.6986,1.6989]
24 317.4508 [0.1611,0.1613] [2.5306,2.5308] [0.4448,0.4450] [1.6986,1.6988]
25 316.0426 [0.1611,0.1613] [2.5306,2.5308] [0.4448,0.4449] [1.6987,1.6989]
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Figure 5.6 – The horizontal axis corresponds to the number of epidemiological

weeks, while the vertical axis corresponds to the cumulative number of dengue

cases. The Figure shows the enclosures obtained to solve Model 3.3 for Neiva in

various iterations. We see how the enclosure’s width decreases by reducing the

width of the interval parameter.
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5.6 Results of compatibility

As we mentioned before, for Model 3.3 we have measurements for one of the

variables, Hc. Hence, we calculate the compatibility measure given by Equa-

tion (5.8) between the vector Z and the interval data only in two scenarios. First,

considering Z = [βm,βh,µm,γh]; and second, considering Z as the vector of initial

conditions.

To add noise to the data, we assume that the error follows a uniform dis-

tribution ε = U [a,b]. Then we generate synthetic data to evaluate how much

the parameter estimation can explain a different number of dengue cases. We

consider this a validated scenario since the number of reported cases is not 100%

accurate.

5.6.1 Itagüí

For Itagüí, the errors considered were εi = U [−4,4i], with i = 1, . . . ,8, since the

minimum number of reported dengue cases in one epidemiological week during

the outbreak that occurred in 2016 was four (see Figure 5.7).

When Z = [βm,βh,µm,γh], where βm = [0.1774,0.1824], βh = [1.7775,1.8275],

µm = [0.2233,0.2263], and γh = [1.6979,1.7079]. The values used for the other

parameters and initial conditions are: H = 248036, µh = 0.00023, θm = 0.6,

θh = 1.3, Λ = 2500, Ms(0) = 1800000, Me(0) = 50, Mi(0) = 20, Hs(0) = 223000,

He(0) = 21, Hi(0) = Hc(0) = 10, and Hr(0) = 25005. Figure 5.8 shows that with

our Z, it is possible to explain up to an increase of between 25% and 30% in

the number of dengue cases reported in each epidemiological week. This is

reflected in the fact that by increasing the number of cases by adding noise in the

data, the resulting interval-data is almost contained in the computed enclosure.

Additionally, as this enclosure is mathematically and computationally verified,

it allowed us to evaluate uncertainty in parameters that have the primary role in
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Figure 5.7 – Noise in the reported dengue cases for Itagüí. The horizontal axis

corresponds to the number of epidemiological weeks, while the vertical axis

corresponds to the cumulative number of dengue cases. The black line in Fig-

ure 5.7(a) represents the number of reported dengue cases by the official entities

per epidemiological week, while the red points represent eight different noise

levels following a uniform distribution U [−4,4i], where i = 1, . . . ,8. Figure 5.7(b)

shows the cumulative number of dengue cases per epidemiological week. The

black line corresponds to the reported by official entities, while each line of red

points corresponds to each noise level.

producing new outbreaks.

On the other hand, when Z = [Ms0 ,Me0 ,Mi0 ,Hs0 ,He0 ,Hi0 ,Hr0 ,Hc0], where

Ms0 = [1800000,1850000], Me0 = [50,60], Mi0 = [40,50], Hs0 = [223000,235634],

He0 = [21,42], Hi0 = [10,20], Hr0 = [12340,25005], and Hc0 = [10,20]. The values

used for the other parameters and initial conditions are: H = 248036, µh =

0.00023, θm = 0.6, θh = 1.3, Λ = 2500, βm = 0.1775, βh = 1.7776, µm = 0.2262,

and γh = 1.7078. Figure 5.9 shows that when Z is established as above, it is

possible to explain an increase of between 35% and 40% in the number of

dengue cases reported per epidemiological week. This suggests that considering

uncertainty in initial conditions through interval arithmetic is a good way to

determine how an outbreak would be in the presence of larger populations.
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Figure 5.8 – The horizontal axis corresponds to the number of epidemiological

weeks, while the vertical axis corresponds to the cumulative number of dengue

cases. The figure shows different noise levels adding to data and the enclosure

obtained to solve Model 3.3 for Itagüí considering Z = (βm,βh,µm,γh). These

noise levels follow a uniform distribution U [−4,4i], where i = 1, . . . ,9. The values

below each figure were calculated using the strong compatibility measure given

by Equation (5.8).
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Figure 5.9 – The horizontal axis corresponds to the number of epidemiological

weeks, while the vertical axis corresponds to the cumulative number of dengue

cases. The figure shows different noise levels adding to data and the enclosure

obtained to solve Model 3.3 for Itagüí considering Z as the vector of initial con-

ditions. These noise levels follow a uniform distribution U [−4,4(2i + 1)], where

i = 0, . . . ,8. The values below each figure were calculated using the compatibility

measure given by Equation (5.8).
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5.6.2 Neiva

For Neiva, the errors considered were εi = U [−5,5i], with i = 1, . . . ,8, since

the minimum number of reported dengue cases in one epidemiological week

during the outbreak that occurred in 2016 was five (see Figure 5.10). When
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Figure 5.10 – Noise in the reported dengue cases for Neiva. The horizontal

axis corresponds to the number of epidemiological weeks, while the vertical

axis corresponds to the cumulative number of dengue cases. The black line

in Figure 5.10(a) represents the number of reported dengue cases by the official

entities per epidemiological week, while the red points represent eight different

noise levels following a uniform distribution U [−5, i], where i = 5,10, . . . ,40. Fig-

ure 5.10(b) shows the cumulative number of dengue cases per epidemiological

week. The black line corresponds to the reported by official entities, while each

line of red points corresponds to each noise level.

Z = [βm,βh,µm,γh], where βm = [0.16,0.18], βh = [2.53,2.63], µm = [0.44,0.45],

γh = [1.6,1.7]. The values used for the other parameters and initial conditions

for Neiva are: H = 324466, µh = 0.00011, θm = 0.8, θh = 1.3, Λ = 24000, Ms(0) =

3500000, Me(0) = 80, Mi(0) = 25, Hs(0) = 315952, He(0) = 27, Hi(0) =Hc(0) = 16,

and Hr(0) = 8471. Figure 5.11 shows that when Z is established as above, the

interval-data obtained after adding some noise levels is almost included in the

computed enclosure. The noise-level that satisfied this condition allows us to
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explain an increase of between 25% and 30% in the number of dengue cases

reported per epidemiological week.
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Figure 5.11 – The horizontal axis corresponds to the number of epidemiological

weeks, while the vertical axis corresponds to the cumulative number of dengue

cases. The figure shows different noise levels adding to data and the enclosure

obtained to solve Model 3.3 for Neiva considering Z = (βm,βh,µm,γh). These

noise levels follow a uniform distribution U [−5,5i], where i = 1, . . . ,6. The

values below each figure were calculated using the compatibility measure given

by Equation (5.8).

On the other hand, when Z = [Ms0 ,Me0 ,Mi0 ,Hs0 ,He0 ,Hi0 ,Hr0 ,Hc0], where

Ms0 = [3500000,4000000],Me0 = [80,160],Mi0 = [25,50],Hs0 = [315952,324380],

He0 = [27,54], Hi0 = [16,32], Hr0 = [0,8471], and Hc0 = [16,32]. The values used

for the other parameters are: H = 324466, µh = 0.00011, θm = 0.8, θh = 1.3,

Λ = 24000, βm = 0.18, βh = 2.63, µm = 0.45, and γh = 1.7. Figure 5.9 shows that

when Z is set as above, it is possible to explain an increase of between 40%

and 45% in the number of reported dengue cases per epidemiological week in

Neiva. This suggests that considering uncertainty in initial conditions through

interval arithmetic is an effective way to evaluate how an outbreak would be in



5.7. Discussion and conclusions 142

the presence of larger populations.
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Figure 5.12 – The horizontal axis corresponds to the number of epidemiological

weeks, while the vertical axis corresponds to the cumulative number of dengue

cases. The figure shows different noise levels adding to data and the enclosure

obtained to solve Model 3.3 for Neiva considering Z as the vector of initial con-

ditions. These noise levels follow a uniform distribution U [−5,5(2i + 1)], where

i = 0, . . . ,5. The values below each figure were calculated using the compatibility

measure given by Equation (5.8).

5.7 Discussion and conclusions

This chapter introduced the algorithm PISA (Parameter Interval Search Algo-

rithm) to solve the guaranteed parameter estimation problem given by Equa-

tion (5.1) when the model parameters are real closed intervals. Additionally,

to consider uncertainty in the number of reported dengue cases, we provided

an original method to determine the compatibility or the strong compatibility

between the data and the vector of uncertain quantities.

Previous studies have resolved the guaranteed parameter estimation prob-



5.7. Discussion and conclusions 143

lem mainly through two strategies: bounded-error and optimal estimation. In

bounded error estimation, the purpose is to find all the parameter vectors com-

patible with the data, which satisfied an error established by the modeler. In

optimal estimation, the purpose is to find all the parameter vectors that mini-

mize a cost function that measures the error between the data and the model

output [47].

In this thesis, we focused on optimal estimation. In this direction, the

most widely used scheme of interval-based global optimization methods is

the branch–and–bound (B&B) technique [75]. Usually these algorithms assume

that it is possible to construct and then evaluate an inclusion function of the cost

function and its gradient [39]. This strategy is easy to follow when a closed-form

expression for the model output is available. However, for our case study, such a

closed form does not exist; this makes particularly challenging to obtain those

inclusion functions. Under this condition, previous studies have exploited the

features of the dynamical system. For instance, in [107], those authors propose

a strategy for cooperative dynamical models, while in [47] applied the Müller

theorem to bound the solutions for more general dynamical systems. Others

proposed to extend the state-space model by considering the first-order sensi-

tivity equations [51]. Then, to obtain the enclosure for the gradient, one has to

use one of the guaranteed ODE solvers provided by Interval Analysis, e.g., AWA,

COSY, VNODE, or VSPODE [52, 72]. However, increasing the dimensionality

of the state-variables space is not recommendable since the guaranteed solvers’

performance depends heavily on the number of variables [71].

Model 3.3 is not cooperative, and considering the sensitivity equations dupli-

cate the state variable space dimension for one uncertain parameter. So, we took

advantage of our dynamic system’s mathematical and epidemiological features.

The definition of filters, directions, and elimination criterion reflected the un-

derstanding of the case study. We implemented the algorithm in Mathematica
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software, and it was necessary to construct a connection between the VSPODE,

which is in C++, and Mathematica to make it simpler to use.

The interval parameters estimated by PISA produce for both Itagüí and Neiva

an R0 value less than one. As we show in the next chapter, for this R0 value,

there is only an equilibrium point for the model, the diseases-free point, which

is globally asymptotic stable. Nevertheless, the diseases-free point may emerge

in three situations: (i) when R0M < 1 and R0H < 1; (ii) when R0M > 1 and R0H < 1;

and (iii) when R0M < 1 and R0H > 1, since R0 is a geometric mean between the

secondary infections in humans and mosquitoes. However, as the reported

dengue cases in humans exhibit an exponential behavior in the early weeks,

we assume that R0H ≥ 1. In this way, to discard non-informative regions, we

computed the value of R0H . Moreover, since we cannot calculate the gradient

of our system as a monotonicity criterion to explore the parameter space, we

considered the direction in which the most sensitive parameters increase the R0

values (see Algorithm 1).

Finally, the stability of the disease-free point ensures us that admitted un-

certainty in the initial conditions does not change the asymptotic behavior of

the model solutions. In this way, we were able to estimate robust solutions

for Model 3.3 that simulated dengue transmission disease in different regions of

Colombia.
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6.1 Abstract

This chapter presents the necessary theory and a methodology to construct

polynomial Lyapunov functions. It is known the existence of these kinds of

functions for exponentially stable systems on bounded regions. The local and

global stability of equilibrium points will be shown by proving that two matrices

are positive definite.
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To illustrate how this approach works, we consider Model 3.3, which has two

equilibrium states, the disease-free point and the endemic point. The presence

and stability conditions of each of these depend on the R0 value. In this research,

it is relevant to perform the stability analysis of each point to establish the

uncertainty levels that may be included in parameters and initial conditions.

Thus, the local, global, and asymptotic behavior of the model solutions do not

change.

Additionally, to explicitly consider the dependence among the Lyapunov

functions’ coefficients and the model parameter values, we computed these

functions for Itagüí and Neiva. To do so, first we considering values in the

interval parameters estimated with PISA (see Chapter 5). Second, we examine

the estimated region considering the R0 values. This analysis allows us to

conclude that for Itagüí and Neiva exists a unique equilibrium point in the

estimated region, the disease-free point. Moreover, the Lyapunov function

proved the global stability of this point in such a region.

6.2 Problem statement

The vector field of the epidemiological model given by Model 3.3 is polynomial

up to degree two or rational functions when populations change with time.

Moreover, the R0 value gives us information about which equilibrium point is

present, the diseases-free point, or the endemic point.

We want to prove the stability of these points by constructing a Lyapunov

function (see Theorem 1.5.1). We will also evaluate the behavior of this function

for the interval parameters, which allows us to simulate the outbreaks in 2016

for Itagüí and Neiva.

However, there is no clear strategy for constructing such functions. In this

direction, several authors have proposed different strategies considering the



6.2. Problem statement 148

aspects of the system. For instance, in mathematical epidemiology, the most

traditional Lyapunov functions are the common quadratic and Volterra-type

functions

• V (x1,x2, · · · ,xn) =
n∑
i=1
ci(xi − x∗i )

2

• V (x1,x2, · · · ,xn) = c
[
n∑
i=1

(xi − x∗i )
]2

• V (x1,x2, · · · ,xn) =
n∑
i=1
ci(xi − x∗i − x

∗
i ln xi

x∗i
).

The quadratic functions are used to prove the disease-free point’s global stability

while the Volterra-type functions are used to prove the global stability of the

endemic point [37, 36, 105, 48]. Meanwhile, in [97] the authors use a method

based on graph theory to construct Lyapunov functions to prove the global

stability of the endemic point. Nevertheless, one of the biggest obstacles to

construct these functions is to find the coefficients ci in a systematic way. For

instance, to avoid calculating these coefficients in [50] the matrix theory of

Volterra-Lyapunov is applied to carry out the stability analysis of models of

order three and four.

On the other hand, over the past decades, different techniques to construct

systematically and efficiently polynomial Lyapunov functions for certain kinds

of systems in the convex optimization framework have been proposed [34]. From

these approaches, it is natural to examine what conditions must satisfy the ODEs

to guarantee the existence of a polynomial Lyapunov function. In this direction,

in [85], the author proves the existence of a polynomial Lyapunov function for

bounded and exponentially stable systems. From this result, we can reduce the

search space of Lyapunov functions to polynomial functions.

Next, we had to figure out a criterion to determine if a polynomial function is

non-negative. This is a NP-Hard problem even for four-degree polynomials [83].

However, to make this problem treatable, in [84], the author proposes to search
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polynomial Lyapunov functions that can be decomposed as a sum of squares.

Here, we follow the above mentioned strategy.

6.3 Materials and methods

We considered a polynomial system of differential equations ẋ = f (x) where the

equilibrium point is x∗ = 0. If x∗ , 0, we define the transformation y = x − x∗ and

work with the system ẏ = g(y) = f (y + x∗), which has equilibrium point at the

origin.

6.3.1 Framework to construct polynomial Lyapunov function

The main result of [85] guarantees the existence of Lyapunov polynomial func-

tions for polynomial systems that are exponentially stable on bounded regions.

In particular, for polynomial systems, the exponentially stable vector field in

each equilibrium point is satisfied if it is n+ 2-times continuously differentiable.

We first proved that Model 3.3 is exponentially stable. To do this, we proved

that the linearization of this model around each equilibrium point is a Hurwitz

matrix1.

Now, we can begin the search of a polynomial Lyapunov function for Model 3.3.

For these functions, the conditions of the Lyapunov’s theorem are reduced to

prove if a polynomial is non-negative. This is an NP-Hard problem even for poly-

nomials of degree four [83]. However, to make this problem computationally

tractable, the author in [84] proposes to look for Lyapunov functions that can be

decomposed as a sum of squares.

This approach is followed here. To do this, we introduce the definitions and

results needed, mainly from [83, 84].

Definition 6.3.1. A multivariate polynomial p(x) := p(x1, . . . ,xn) is a sum of

1A matrix A is Hurwitz if all its eigenvalues have real part smaller than zero, Re(λ) < 0.
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squares, if there exist polynomials q1(x), . . . , qm(x) such that

p(x) =
m∑
i=1

q2
i (x) (6.1)

Theorem 6.3.1. [83, 84] A multivariate polynomial p(x) in n variables, and of degree

2d is a sum of squares if and only if there exists a positive semi-definite matrix Q

such that

p(x) = zTQz, with, z = [1,x1,x2, . . . ,xn,x1x2, . . . ,x
d
n] (6.2)

where z is the vector of monomials of degree up to d.

The search of the matrix Q can be seen as a semi-definite program without

objective function, i.e. a feasible problem that must satisfy the conditions given

by the previous theorem.

In summary, to construct a polynomial Lyapunov function as a sum of

squares, we follow the below mentioned steps

1. We define the even degree of the polynomial Lyapunov function (2d).

2. We propose a vector of monomials z, of degree up to d. This z depends on

the state variables of the model.

3. We express the Lyapunov function and its orbital derivative as quadratic

forms, V (x) = zT P z and V̇ (x) = −wTQw, respectively. To verify that V is a

Lyapunov function, we have to prove that P and Q are definite positive

matrices.

To check that P and Q are definite positive matrices, we apply the Sylvester’s

criterion2, consider the biological region defined for each municipality (see Ta-

ble 3.1), and the R2
0 value.

2A real-symmetric matrix Q is positive definite if and only if all the leading principal minors
of Q are positive.
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6.4 Results

To analyze the local and global stability of Model 3.3, we first reduce the number

of equations and parameters, and normalize the populations of mosquitoes and

humans

ms =
µm
Λ
Ms, me =

µm
Λ
Me, mi =

µm
Λ
Mi, hs =

Hs
H
, hi =

Hi
H
, and hr =

Hr
H

Moreover, we consider that ms = 1 −me −mi , i.e. the mosquito population is

constant in an equilibrium state, and hr = 1− hs − he − hi . Then, the system given

in Model 3.3 is equivalent to a non-linear system of five differential equations

dme
dt

= βmhi(1−me −mi)− (θm +µm)me

dmi
dt

= θmme −µmmi
dhs
dt

= µh − βhmihs −µhhs
dhe
dt

= βhmihs − (θh +µh)he

dhi
dt

= θhhe − (γh +µh)hi

(6.3)

The equilibrium points of Equation (6.3) are the disease-free states P0 = (0,0,1,0,0),

in which there is no population of exposed or infected mosquitoes and the en-

tire human population is considered susceptible, and the endemic equilibrium

P1 = (m̂e, m̂i , ĥs, ĥe, ĥi), where

m̂e =
βmµmĥi

(θm +µm)(βmĥi +µm)

m̂i =
βmθmĥi

(βmĥi +µm)µm(θm +µm)

ĥs =
µh(θm +µm)(µm + βmĥi)

βhβmθmĥi +µh(θm +µm)(µm + βmĥi)

ĥe =
(γh +µh)
θh

ĥi

(6.4)
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where

ĥi =
µhµm(θm +µm)

βmβhθm +µhβm(θm +µm)
(R2

0 − 1)

with R0 given by Equation (3.11).

Theorem 6.4.1. The Jacobian matrix around each equilibrium point of the polynomial

system in Equation (6.3) is a Hurwitz matrix.

Proof. The Jacobian matrix at any point P = (me,mi ,hs,he,hi) is given by

J =



−βmhi − (θm +µm) −βmhi 0 0 βm(1−me −mi)

θm −µm 0 0 0

0 −βhhs −βhmi −µh 0 0

0 βhhs βhmi −(θh +µh) 0

0 0 0 0 θh −(γh +µh)


At P0 = (0,0,1,0,0), the characteristic equation is p0(λ) = −(λ+µh)q0(λ), where

q0(λ) = λ4 + a3λ
3 + a2λ

2 + a1λ+ a0, with

a3 = (γh +µh) + (θh +µh) + (θm +µm) +µm

a2 = (γh +µh)(θh +µh) + ((γh +µh) + (θh +µh))((θm +µm) +µm) + (θm +µm)µm)

a1 = (γh +µh)(θh +µh)((θm +µm) +µm) + ((γh +µh) + (θh +µh))(θm +µm)µm

a0 = (γh +µh)(θh +µh)(θm +µm)µm[1−R2
0]

The condition in which the real parts of the eigenvalues are negative is equivalent

to that in which the coefficients of q0 satisfy the Routh-Hurwitz criterion for

a polynomial of degree four, namely, a3 > 0, a1 > 0, a0 > 0, and a1a2a3 > a
2
1 +

a0a
2
3 [24]. After several calculations, we can see that these conditions are fulfilled

for R2
0 < 1. Hence, the matrix J(P0) is Hurwitz.

At P1 = (m̂e, m̂i , ĥs, ĥe, ĥi), the characteristic equation p1(λ) = −λ5 − b4λ
4 −
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b3λ
3 − b2λ

2 − b1λ− b0, with

b4 = βmĥi +θm + 2µm +w1

b3 = (θm +µm)(βmĥi +µm) +w1(βmĥi +θm + 2µm) +w2

b2 = w1(θm +µm)(βmĥi +µm) +w2(βmĥi +θm + 2µm) +w3

b1 = w2(θm +µm)(βmĥi +µm) +w3(βmĥi +θm + 2µm) + βmβhθmθh(1− m̂e − m̂i)ĥs

b0 = (θm +µm)(βmĥi +µm) + βmβhθmθhµh(1− m̂e − m̂i)ĥs

where

w1 = βhm̂i +µh + (θh +µh) + (γh +µh)

w2 = (βhm̂i +µh)((θh +µh) + (γh +µh)) + (θh +µh)(γh +µh)

w3 = (βhm̂i +µh)(θh +µh)(γh +µh)

In this case, we apply the Routh-Hurwitz criterion for a polynomial of degree

five. After several calculations, we prove that these conditions are fulfilled for

R2
0 > 1. Hence, the matrix J(P1) is Hurwitz.

Theorem 6.4.2. When R0 ≤ 1, the diseases free-point P0 = (0,0,1,0,0) is globally

asymptotically stable.

Proof. We move the disease-free point P0 to the origin. The system in Equa-

tion (6.3) becomes

dx1

dt
= βmx5 − βmx1x5 − βmx2x5 − (θm +µm)x1

dx2

dt
= θmx1 −µmx2

dx3

dt
= −βhx2 − βhx2x3 −µhx3

dx4

dt
= βhx2x3 + βhx2 − (θh +µh)x4

dx5

dt
= θhx4 − (γh +µh)x5

(6.5)
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where x1 =me, x2 =mi , x3 = hs−1, x4 = he, and x5 = hi . With 0 ≤ x1,x2,x4,x5 ≤

1 and −1 ≤ x3 ≤ 0. To look for a Lyapunov function V , we will use the general

expression of a polynomial in x1, x2, x3, x4 and x5 of degree two with no constant

or linear terms (because V (0) = 0, and V has to be positive definite). We use a

matrix representation for clarity.

V (x) =



x1

x2

x3

x4

x5



T 

p11 p12 p13 p14 p15

p12 p22 p23 p24 p25

p13 p23 p33 p34 p35

p14 p24 p34 p44 p45

p15 p25 p35 p45 p55





x1

x2

x3

x4

x5


(6.6)

For the orbital derivative V̇ = 〈∇V , ẋ〉, from Equations (6.5) and (6.6) we have

V̇ (x) = −2[(p11(θm +µm) + p12θm)x2
1

+ (p12((θm +µm) +µm) + p13βh − p14βh − p22θm)x1x2

+ (p13((θm +µm) +µh)− p23θm)x1x3

+ (p14((θm +µm) + (θh +µh))− p15θh− p24θm)x1x4

+ (p15((θm +µm) + (γh +µh))− p11βm − p25θm)x1x5

+ (p23βh − p24βh + p22µm)x2
2 + p33µhx

2
3

+ (p33βh − p34βh + p23(µm +µh))x2x3 + p15βmx1x
2
5

+ (p24((θh +µh) +µm) + p34βh − p44βh)x2x4

+ (p25((γh +µh) +µm)− p12βm + p35βh − p45βh)x2x5

+ (p34((θh +µh) +µh)− p35θh)x3x4 + p15βmx2x
2
5

+ (p35((γh +µh) +µh)− p13βm)x3x5 + p13βmx1x3x5

+ (p44(θh +µh)− p45θh)x
2
4 + (p13βh − p14βh)x1x2x3

+ (p45((θh +µh) + (γh +µh))− p14βm − p55θh)x4x5
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+ (p55(γh +µh)− p15βm)x2
5 + p11βmx

2
1x5 + p12βmx

2
2x5

+ (p11βm + p12βm)x1x2x5 + p14βmx1x4x5 + p14βmx2x4x5

+ (p13βm + p35βh − p45βh)x2x3x5 + (p34βh + p44βh)x2x3x4

+ (p33βh − p34βh)x2x
2
3 + (p23βh − p24βh)x

2
2x3]

We obtain after some algebra that V̇ = −wTQw, where

wT = [x1 x2 x3 x4 x5 x1x5 x2x3 x2x5],

and Q as in Equation (6.7).

Theorem 6.4.3. When R0 > 1, the endemic point E1 = (m̂e, m̂i , ĥs, ĥe, ĥi) is globally

asymptotically stable.

Proof. To prove this, first we move the endemic equilibrium point P1 to the origin

so that the system in Equation (6.3) becomes

dx1

dt
= −(βmĥi + (θm +µm))x1 − βmx1x5 − βmx2x5 − βmĥix2

+ βm(1− m̂e − m̂i)x5

dx2

dt
= θmx1 −µmx2

dx3

dt
= −βhĥsx2 − βhx2x3 − (βhm̂i +µh)x3

dx4

dt
= βhx2x3 + βhĥsx2 + βhm̂ix3 − (θh +µh)x4

dx5

dt
= θhx4 − (γh +µh)x5

(6.8)

where x1 = me − m̂e, x2 = mi − m̂i , x3 = hs − ĥs, x4 = he − ĥe, and x5 = hi − ĥi .

Similarly, to look for a Lyapunov function, we will use the general expression

in Equation (6.6). In this case the orbital derivative is given by:

V̇ (x) =− 2[(p11(βmĥi + (θm +µm))− p12θm)x2
1
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+ (p11βmĥi + p12((θm +µm) +µm + βmĥi) + βhĥs(p13 − p14)− p22θm)x1x2

+ (p13((θm +µm) + βmĥi + βmm̂i +µh)− p14βhm̂i − p23θm)x1x3

+ (p14((θm +µm) + (θh +µh) + βhĥi)− p15θh − p24θm)x1x4

+ (p15((θm +µm) + (γh +µh) + βmĥi)− p11βm(1− m̂e − m̂i)− p25θm)x1x5

+ (p12βmĥi + p23βhĥs + p22µm − p24βhĥs)x
2
2

+ (p13βmĥi + p23(βmm̂i +µh +µm)− p24βhm̂i + p33βhĥs − p34βhĥs)x2x3

+ (p14βmĥi + p24((θh +µh) +µm)− p25θh + βhĥs(p34 − p44))x2x4

+ (p15βmĥi − p12βm(1− m̂e − m̂i) + p25((γh +µh) +µm)

+ (p33(βmm̂i +µh)− p34βhm̂i)x
2
3 + (p35 − p45)βhĥs)x2x5

+ (p34(βmm̂i + (θh +µh) +µh)− p35θh − p44βhm̂i)x3x4

+ (p35((γh +µh) + βmm̂i +µh)− p45βhm̂i − p13βm(1− m̂e − m̂i))x3x5

+ (p44(θh +µh)− p45θh)x
2
4

+ (p45((θh +µh) + (γh +µh))− p14βm(1− m̂e − m̂i)− p55θh)x4x5

+ (p55(γh +µh)− p15βm(1− m̂e − m̂i))x2
5

+ ((p13 − p14)βh)x1x2x3 + ((p11 + p12)βm)x1x2x5 + p14βmx2x4x5

+ p13βmx1x3x5 + p14βmx1x4x5 + ((p34 + p44)βh)x2x3x4

+ ((p35 − p45)βh + p13βm)x2x3x5 + p15βmx1x
2
5 + ((p23 − p24)βh)x

2
2x3

+ ((p33 − p34)βh)x2x
2
3 + p11βmx

2
1x5 + p12βmx

2
2x5 + p15βmx2x

2
5]

In this case the matrix, Q of the orbital derivative is given by Equation (6.9).

Remark. To identify whether one should consider the system given by Equa-

tion (6.5) or Equation (6.8), we must know the R0’s value. Figure 6.1 shows the

regions in which each equilibrium point emerges according to the values of R0M

and R0H .

Figures 6.2 and 6.3 present the regions defined by the ranges of the param-
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Figure 6.1 – In Figure 6.1 we plot R0 = 1. P0 corresponds to the steady-state

regarding the disease-free point. P1 corresponds to the steady-state regarding

the endemic point. The superscripts s and u stand for, respectively, stable and

unstable.

eters given in Table 3.1 and the region obtained after discarding incompatible

regions with the reported data (see Equations (5.9) and (5.10)). Then we consider

the values for R0M and R0H in each region for Neiva and Itagüí, respectively.

The biological region defined by the parameters values in Table 3.1 is the same

for both municipalities. Figure 6.2 shows that for Itagüí the input region, Z

for Algorithm 2 consider values for both R0M and R0H greater and less than

one. While Figure 6.3 shows that for Neiva the input region, Z for Algorithm 2

consider only parameters values such that R0M < 1 and R0H > 1.

Example 6.4.1. Consider the system given by Equation (6.5). For Itagüí, we

consider the parameters values θm = 0.6, θh = 1.3, µh = 0.00023, βm = 0.18, βh =

1.78, µm = 0.23, and γh = 1.71. For these values, R0 = 0.77, R0H = 1.02, and R0M =

0.75. After replacing these values in the matrices P and Q in Theorem 6.4.2, we
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Figure 6.2 – In Figure 6.2(a), the horizontal axis corresponds to βm range, while

the vertical axis corresponds to θm range. In Figure 6.2(b), the horizontal axis

corresponds to βh range, while the vertical axis corresponds to θh range. The

small rectangle correspond to the input region, Z for Algorithm 2. These regions

correspond to parameter values for Itagüí municipality.
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Figure 6.3 – In Figure 6.3(a), the horizontal axis corresponds to βm range, while

the vertical axis corresponds to θm range. In Figure 6.3(b), the horizontal axis

corresponds to βh range, while the vertical axis corresponds to θh range. The

small rectangle correspond to the input region, Z for Algorithm 2. These regions

correspond to parameter values for Neiva municipality.
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apply Sylvester’s criterion to find the Lyapunov function

V (x) = 30.4448[x2
1 + 0.992037x1x2 + 1.25254x1x3 + 0.856998x1x4

+ 0.600645x1x5 + 0.855158x2
2 + 0.833685x2x3 + 0.560394x2x4

+ 0.447515x2x5 + 0.885896x2
3 + 1.30045x3x4 + 0.69718x3x5

+ 0.539584x2
4 + 0.562744x4x5 + 0.36002x2

5]

For Neiva the Lyapunov function is given by

V (x) = 30.2278[x2
1 + 1.14689x1x2 + 1.2623x1x3 + 0.951502x1x4

+ 0.688759x1x5 + 1.03729x2
2 + 0.907342x2x3 + 0.688296x2x4

+ 0.563226x2x5 + 0.986879x2
3 + 1.58359x3x4 + 0.850995x3x5

+ 0.694854x2
4 + 0.720839x4x5 + 0.466534x2

5]

when parameters values are θm = 0.8, θh = 1.3, µh = 0.00011, βm = 0.17, βh = 2.6,

µm = 0.44, and γh = 1.65. For these values, R0 = 0.63, R0H = 1.26, and R0M = 0.5.

On the other hand, to illustrate the case when R0 > 1 we define the parameters

values as θm = 0.8, θh = 1.3, µh = 0.000011, βm = 0.3, βh = 2, µm = 0.23, and

γh = 1.65. For these values, R0 = 1.11, R0H = 1.1, and R0M = 1.01. In this case, we

have to consider the system given by Equation (6.8) and the equilibrium point

in Equation (6.4). Then, the Lyapunov function is

V (x) = 28.0968[x2
1 + 1.14173x1x2 + 1.3848x1x3 + 0.965742x1x4

+ 0.737869x1x5 + 0.88792x2
2 + 0.962711x2x3 + 0.663323x2x4

+ 0.553299x2x5 + 1.0006x2
3 + 1.48918x3x4 + 0.828466x3x5

+ 0.625036x2
4 + 0.698833x4x5 + 0.432214x2

5]
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6.5 Discussion and conclusion

This chapter presented a strategy to construct new Lyapunov functions in addi-

tion to the classical functions used in mathematical epidemiology. To apply it,

first, we must verify that the system is polynomial and exponentially stable. As

an example of using this approach, we considered Model 3.3.

In [35], the author proposed to perform a preliminary transformation to

the space of state variables to construct Lyapunov functions for population

models. This transformation should map the positive orthant into the whole

space (Rn). Thus, the Lyapunov function would be biologically meaningful. This

strategy has also been applied to epidemiological models [105, 48]. In contrast

to this approach, in this work, we exploit the fact that the system is bounded to

construct and prove that the matrices are positive definite.

As we computed in Chapter 3, Model 3.3 has two equilibrium points, the

disease-free point, and the endemic point. The R0 value tells us which equi-

librium point emerges. For Itagüí and Neiva, we calculated the regions where

R0H and R0M are greater than or equal to one (See Fig 1 and 2). Additionally,

Figure 6.1 shows the regions where each equilibrium point emerged according

to the R0 value. As for the interval parameters estimated by PISA, R0 is less than

one, and there exists a unique equilibrium point for Model 3.3, the disease-free

point, which is globally stable.

Nevertheless, it is important to note again that the value of R0 depends on the

strategy followed to calculate it, as explained by [99]. For instance, in [54], the

authors show that in some cities where dengue outbreaks occur, the parameter

values that fit the data well can produce a R0 value less than one. However, in

our case study, there are always intervals where R0H is greater than one, and this

parameter is the one that finally reflects the transmission in humans.

It is worth mentioning that the stability analysis is critical because it permits
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us to define the stability region of each equilibrium point. In this way, it is

confident that the model trajectories will have the same behavior when consid-

ering initial conditions in this region. This fact is valuable when one considers

uncertain initial conditions.
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Conclusions and future work

The purpose of the current research was to apply the theory of interval analysis

to include uncertainty in the ODEs that simulate dengue transmission. As a case

study, we considered two outbreaks of different magnitudes that occurred in

2016 in two endemic municipalities of Colombia, Itagüí and Neiva.

In the formulation of dengue transmission models, we focused on the fitting

data problem. To do so, the limited available information was (i) the number

of reported dengue cases per epidemiological week; (ii) the results from exper-

imental assays with mosquito population; and (iii) the information from the

WHO to define the ranges of parameters that simulate the transition between

infectious states and recovery states in humans (θm, θh, and γh).

The main difference between the proposed models is how we included the

vector’s development stages to explain its entry into the adult population and

the beginning of the dengue transmission cycle. Thus, the complexity in terms

of the number of parameters and state variables is different between the models.

Before estimating the parameter’s models, we calculated the elasticity of

the basic reproductive number (R0) for each parameter and we performed the

structural identifiability analysis to each model. These analyses allowed us to

identify which parameters influenced more new dengue cases and if it is possible

to estimate them uniquely when we assumed noise-free data. The elasticity’s

results of R0 depend on the parameter values, except for the elasticity concerning

the transmission probabilities (βm and βh) that are constant (see Table 3.3).
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However, as the R0 is the same for the three models, elasticities do not change

between models. On the other hand, Table 3.5 showed that our proposed models

are unidentifiable. Moreover, it is important to notice that the unidentifiable

parameters are precisely those that simulate the transitions and mortality in the

vector’s developmental stages. The unidentifiable initial conditions correspond

to all the vector’s initial conditions. The previous observation suggests that

we need more information about the mosquito population to have structural

identifiable models.

In the posterior analysis, we only consider Model 3.3. This model is the

only one that does not consider the vector’s development stages. Therefore, we

only have to fix the value of one unidentifiable parameter to make it locally

structural identifiable. Furthermore, Model 3.3 has a lower dimension and fewer

parameters propagating error in intermediate integration steps than the other

models; hence it is computationally faster.

We proposed a method to include uncertainty in parameters and initial

conditions through the application of interval analysis. Later on, we formulated

an algorithm to estimate interval parameters. Then, we detected how much

noise in the data could explain this estimation from a compatibility measure.

To select the uncertain parameters and initial conditions that we included

in the formulation of the interval systems, we used the elasticity and structural

identifiability analysis results. We did that because of the high number of

parameters and the high dimensions of the system.

To estimate parameters, we have to solve the direct problem, i.e. we need to

solve the formulated model for each given parameter and initial condition. For

the models proposed here, these solutions are obtained numerically.

This study was interested in obtaining mathematically and computationally

verified solutions when considered uncertainty in parameter and initial condi-

tions. After reviewing the algorithms and software available to solve interval
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ODEs, we found that the VSPODE software (Validating Solver for Parametric

ODEs) was the most suitable tool that fulfilled our needs. As far as we know,

VSPODE is the only software in which parameters can be defined as real closed

intervals without increasing the dimension of the ODEs. Furthermore, VSPODE

has been applied to obtain rigorous enclosures for psychological, ecological, and

epidemiological models that compare its results against Monte Carlo simulations

exhibiting a better performance, see [26, 27, 25].

With VSPODE as our chosen tool for solving interval systems, we addressed

our primary concern, the fitting data problem. To achieve this goal, we for-

mulated a novel algorithm based on modifying the best-first search algorithm

jointly constraining our case study to delete sub-boxes where we do not find

reasonable solutions systematically. Algorithm 2 allows us to compute narrow

enclosures. Here, we established the width of the boxes as one of the stopping

criteria for the algorithm. Moreover, an interesting result of our approach is that

depending on the number of nodes allowed for further refinements; it is possible

to find disconnected regions where the objective function value does not differ

significantly in each region. It would be up to the modeller to decide which

estimation they use. This characteristic is beneficial in biological applications,

where there are certain multiple minima.

To evaluate the error level that can explain the estimations obtained, we

added noise to the data that follows a uniform distribution, and then we calculate

the strong compatibility measure. Next, we consider two scenarios. In the first

scenario, we obtained that the four parameters’ estimated can explain up to 30%

of the under-reporting in reported cases of dengue. While in the second scenario,

we obtained that the uncertain initial conditions can explain up to 40% of the

under-reporting. However, neither the estimated parameters nor the estimated

initial conditions belong to the tolerable set.

The method proposed here contributes to the modeling uncertainty in epi-
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demiological models without making any additional assumptions about the

available information. Here, we exploited the characteristics and knowledge that

we have about our case study to define criteria that allow the algorithm to con-

verge to coherent biological solutions. The aforementioned method highlights

the potential usefulness of interval analysis theory to obtain rigorous solutions

in epidemiological models using real data.

Further research might explore solutions to the parameter estimation prob-

lem for other types of models through interval uncertainty for parameters and

initial conditions for other types of models. For instance, discrete models or

models based on systems of differential algebraic equations (DAEs) with index3

greater than one. This future work implies the developing an interval solver for

this kind of systems with equiparable quality of existing interval ODE solvers, as

pointed out by Nedialkov for DAE solvers in [71]. Also, future studies should try

to weaken the requirement for differentiability and continuity in the vector field

to permit the application of interval arithmetic algorithms to a larger number of

systems.

From the mathematical epidemiology perspective, as ODEs simulate many

phenomena, it can be useful to design solvers for specific model characteristics.

In this way, it is possible to exploit those characteristics to design better strate-

gies that reduce the dependency problem and the wrapping effect, making the

corresponding algorithm more efficient and capable of managing at the same

time more uncertainty parameters and initial conditions for longer integration

periods.

3The index is the minimum number of differentation steps required to transform a DAE into
an ODE.
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