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ABSTRACT

In this paper, a new group of exact and asymptotic analytical solutions of the displacement equation in a
homogeneous elastic media, considering the most general solution of the Helmholtz equation, which have not been shown
in papers and standard texts, are presented. Moreover, the authors show from the ray theory point of view the meaning of
such solutions. These solutions could be helpful in future conceptual works about generation and emerging phenomena in
elastic waves such as scattering and diffraction, among others, specifically in the analysis of the boundary conditions. Here,
new kinds of P-S body waves that oscillate elliptically and propagate outward from sources in a full-space are found
where, as special cases, the grazing longitudinal (Py) and transversal (SVy) waves of the Goodier-Bishop type, the analytic
expressions for the Rayleigh wave and surface P waves, for which the amplitude decays from sources, are obtained. Also,
the standard expressions for the homogeneous plane wavefronts, surface P waves, and Rayleigh surface waves, are

achieved.

Keywords: elastic waves, seismic wave, displacement equation, analytical solutions, Goodier-Bishop waves, Helmholtz equation.

1. INTRODUCTION

In elastodynamics the exact solutions available
are limited; therefore it is necessary to either use different
approximate methods or to modify the problem in a way
that it can be described in terms of fundamental known
solutions. Such solutions are usually obtained from the
propagation of secondary horizontal (SH) waves on special
geometries [1-7]. Solving problems involving primary (P),
secondary vertical (SV) and surface waves is more difficult
due to the coupling of the field components either in the
displacement equation or in the boundary conditions. Lee
[8, 9] overcame that inconvenience with a hemispherical
valley and canyon expansion into spherical Bessel
functions and Legendre polynomials, resulting in a match
for all the boundary conditions; and Todorovska and Lee
[10] proposed a solution fora circular valley by Fourier-
Bessel series expansion.

In spite of the limitations regarding analytical
methods and advances in numerical approximations
applicable to arbitrary shapes and in homogeneities, the
analytical solutions are still essential to test the numerical
methods. Furthermore they allow for a physical
understanding when identifying dominating parameters in
the problems under observation. In fact, these are the main
reasons for seeking fundamental solutions to the
displacement equation.

This work presents P-SV elementary wavefronts
and their sources in order to conceptualize their behavior
in anisotropic, homogeneous and linear elastic medium.
These solutions could be helpful in future conceptual
works about diffraction, scattering and generation of
elastic waves; specifically when satisfying the boundary
conditions.

2. BASIC EQUATIONS

Equations governing linearized elastodynamics of
a homogeneous isotropic medium are briefly summarized
here. More details can be found in [11]. The theory begins
with the displacement equation in absence of body forces
for an isotropic, homogeneous and linear elastic medium:

(A+H)W-ﬁ+uvzﬁ=pﬁ’, 1)

Where 4 and ¥ are the Lamé parameters of the medium

and P is its mass density.

The direct solution of Equation (1) is difficult to
obtain due to the fact that the displacement components
are coupled. A more convenient way is to express the

displacement field in terms of a scalar potential ¥ and a
vector potential v

T=Vo+Vx|. )

It can be shown that the representation in (2)

satisfies (1), if ? and ¥ depend on the form e and
fulfill the Helmholtz equation:

Vip+kip=0

VA + k2 =0, @3)
V-y=0
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k,=w/c

being p and ks =®/C the wave numbers,

where @ s the angular frequency, ¢’ =@ +21/p gng

P

2 . .
" =H/P are the velocities of primary and secondary
waves in the medium, respectively. The time factors e*™*
will be omitted here and thereafter. Note that in later

. 1))
sections it should be taken et for fields with Hn "and

e'“" for fields with HrEZ) in order to correspond to sources
that radiate outward. Although the equations in (3) are
uncoupled, the potentials are coupled by means of the
boundary conditions which are the main difficulty
insolving elastodynamic problems.

3. FUNDAMENTAL SOLUTIONS

Taking ascalar function $(®) in polar
coordinates that fulfills the Helmholtz equation:

0% 10¢ 10%
ﬁ+;a+ﬁw+k€_o

: (4)

where K is the wavenumber; then using the classical
method  of  separation of  variables  where
$(r, @) = R(r)P(@) is substituted in equation (4), two
ordinary differential equations are obtained. Supposing
that $(7» ) # 0 in the work space and manipulating the
algebra:

2

e =0
a2 YT )
d2R+1dR+<1 "2>R
AR LAR () Mg
dA AdA A , (6)

with A =kr peing a complex number in general.
Equation (5) has solutions in the form:

Ayd + By for n = 0;
© = A, cosng + B, sinng
or forn #0
ing —in¢g
L Aye"® + B e )

and equation (6) is the well-known differential equation
satisfied by the Bessel functions [12]:

CyJy (M) + D, Y, (1)
R = or
&) @
C,H () + Dy HP ()

for all values of

(®)

(€9)]

4 are the Bessel functions and In = and

where Iy and

@)
Hy™ are the Hankel functions. The most general solution

for (4) can be represented by:

E(r, @) = [COHél)(kr) + DOHéZ)(kr)](AO(j) + By) + Z (C,7 H,;D(kr) + D, H,gz)(kr)) (A,, cosn¢ + B, sin ne)

n=+0

The functions that could be selected for (> @),
taking in mind(7) and (8),depend on the problem under

study. The separation constant ', and the constants Ao,
By, Co, Do, Ay By, Cy D, are determined from the
boundary conditions. For example, in [1, 2] can be seen
that? = 2n and 2n+1 in[3,4] M="and n+1 in[5]
M=n/V in[6,7,10] 7=n and in[8, 9] 1 =n+1/2
(spherical Bessel Functions); where n=0,1,2.. and
0<v<2m

It is important to notice that in the above works

and standard literature [14-16], the term Ao® s not
considered without any apparent justification. However, in

1,2
the following sections the terms H(g { [Ao¢ + Bo] are
studied from a mathematical, geometrical and physical
point of view; which could be essential in the development
of new analytical solutions to problems of P-S waves.

©)

4. LINE SOURCES AND HOMOGENEOUS AND
INHOMOGENEOUS CYLINDRICAL
WAVEFRONTS

Taking into account the description of the

displacement field in terms of potentials for primary (P)

and secondary (S) waves; the authors propose cylindrical

potentials, for 0 <@ <V and =0 yjth 0Sv <271
in the form:

1
¢¢ = —o—H;" (k,7)[Ad + B]
ik,

- 1

U =952 = ——Hg? (k) [Co + D]z
ik, ’ (10)

where 4, B, C D are in general complex constants and

O]

Hy™" s the Hankel function of second kind and zero order.

Note that if 4 and B, C and D are not simultaneously
c

zero; then [z and #° fulfill (3) exceptin 7 = 0 where are

singular. Then can be written more conveniently as:

V2 +kjp = 8(r) /T
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VAL + kg = 8(r)/r
Vge=0

Representing harmonic line sources located at 7 = 0,
Now, taking (2) in polar coordinates and

dH(z)(A) @)
an - W (11)

the next P and S fields are obtained

[FXAN 7
05 10055

TC — c
up _V(p oar r ¢

= THO ()0 + 2o H (kyr) = 25 B (1,73

1995,  0YPs =~
_ﬁr_ﬂq)

3¢ c
= X ]I[ =
Us v r 0¢ ar

THP (kgr)$ + 5[5 H (gt + 9H (k)] @

Furthermore, taking into  account the

approximation for large A in (12) [12]:
HEW) ~ HP @) )

it is obtained that

T~ T+ T
1

T~ T+ e

where

= BH ()t

U = DH® (k, N

g = AHP (k,7) [¢r+k—$]
(14)

W = CHP (k) [ ot ¢<T>]

(2)
If the following asymptotic expansion of Hy™ (M)

for large A is considered in (14) [12]:

2
(@) ~ in /4 ,—iA
H"(A) =
0 () rcAe € (15)

it is finally achieved that

? o (16)

where 4o, Bo, Co and Do are complex constants in general.

Observe inFigure-1, Figure-2 and Figure-3 that
the approximations (13) and (15) are not valid near the
origin and the negative real axis. In the particular case
where A = kr = x>1 (positive real number), there is an
agreement among functions as shown inFigure-4. In

2 (2
Figure-5 the behavior of HPW, iHP W  and
iv2/mhe™*e™™ along imaginary axis are also shown:
here, the approximation is in agreement for

A=kr=1y <—i (negative imaginary number). This
part is going to be useful afterwards.

arg(H*(A))
150
100

50

-50

-100

-150

X
(b)
Figure-1. Contour maps of (a) modulus and (b) phase of

) @) — .
the function H1~ (1), The argument A =X +1 jsa
complex number.
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[1HE*XA)|

NS

X
(b)
Figure-2. Contour maps of (a) modulus and (b) phase of
17(2)
the function Ho (M),

|,-\/1277T‘/‘\(,m4(. iA|

(@)

arg(i /2] eimlie=it)

(b)

Figure-3. Contour maps of (a) modulus and (b) phase of
the function iv'2/mAe™ *e~™ |

—— 1)

_____________ ,-HDKZ)(X)

Phase (*)
o

(b)

Figure-4. (a) Modulus and (b) phase of the functions

. 2 . .
1-11(2)(1\)7 lH(g )(A) and i 2/7TA e”‘“e‘“‘ ,where A=x
is a real argument.

| —— 1%y
. 2),
e i i)

R LA
w 25 iy

Modulu:

180

120+

60 /

Phase (*)

-60

Figure-5. (a) Modulus and (b) phase of the functions

. 2 . . .
H1(2)(A), iHg (1) and iv2/mhe™ *e7 i \yhere A = iy
is an imaginary argument.
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Results in (12), (14) and (16) can be understood
as body waves generated outward from line sources at

7 =0 |t can be seen that Ui is a homogeneous cylindrical

wave with € propagation velocity that oscillates

longitudinally (P or longitudinal wave); U7 s a
homogeneous cylindrical wave with ¢s propagation
velocity that oscillates transversally (SV or transversal
wave); 1’ s an inhomogeneous cylindrical wave with ©»
propagation velocity, that oscillates elliptically; Us‘is an

inhomogeneous cylindrical wave with ¢s propagation
velocity, that oscillates elliptically (see Figure-6).

.\\ T
h Sod 5(7‘)
— ——— i — = — . @ - - -
o' '~ .
y : .\'\'
0o —>X +
(@
4-I
B ;e
P
A ~.\"\5(T) 4

1
(d)
Figure-6. Diagrams of the displacement fields of (a) ﬁi,
(b) U7, (c) W', and (d) U for v = 2. The changes of
displacement fields with @ and r are sketched in figure.

Note that when either 7 — o or ¢ = 27, 1" and
US® tend to be longitudinal (L) and transversal (T) waves,
respectively; but at ® =0, Uy’ is transversal and Us° is
longitudinal, therefore, the radial component in U and
the azimuth in US® are not continuous, since their values

are differentat ® = 0 and ¢ — 27,

4.1. Particular cases: grazing longitudinal (Py) and
transversal (SVy) waves of the Goodier-Bishop
type

Here, the first approximation considers that @ is

small, hence the arc longitude S tendsto Y, r tends to X;

and the approximation for other parameters are shown in
Figure-7.
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6(r)

Figure-7. Approximations taken for waves in (16).

Returning to equation (16) and taking into
account the previous approximations, it is obtained:

S 5o e kg
JEkpx
D .
l_l)% ~ 0 e—lksxs\,
JEksx ,
. Ay
U5 ~ 72 ¢ e "Xk, y% + iy
(kpx) , 17)
Co .
7ce ~ —ikex[_i$ o
us Tex)2 e [—ix + ksyy].

The second approach supposes that we are far
away of the sources; therefore the amplitudes variation

with respect to X is so slow that can be neglected in (17),
obtaining finally:

! —ikyxo
W o~ = Bye thorg
L
=c —plane __ —ik.xa
uy =~ Uup = Dye™""s vy
—ce . _ —ik,x A N
Uy ~ Up, = Ape "™ [k,yx + ly], (18)

=ce o T3 _ —ikex A A
U™ = uSVy - COe s [_lX + ksyY],

—plane —plane

where Y. and Ur are typical longitudinal and

transverse plane waves propagating in X direction. Yry

and Ysvy also propagate in X direction, but they have
imaginary components and their amplitudes increase

lineally with Y. These kinds of waves are named Py and
SVy by Goodier and Bishop [13]; and Graff [14] where the
critical cases of grazing incidence of P-SV waves on a
half-space are studied.

5. ANSATZE SOLUTIONS: PLANE SOURCES AND
HOMOGENEOUS AND INHOMOGENEOUS
WAVEFRONTS

Taking into mind the previous ideas, the authors
propose the following potentials for primary (P) and
secondary (S) waves (the ansétze or educated guess), for
0S¢SVand T20W|th OS‘VSZTL’:

1
o = —IHéZ)(Ap)[an; +b]

mpl pl

e
I Wleg + a2 )

being Ap = Kp7 cos(@ L @) ang As = ksrcos(p £ Bo),
where a, b, ¢ d Qo and Bo are complex constants in

(2)
general; hence, the argument A of Hy” () can be
complex.

l
One can show that the Laplacians of ¢” and V5
are (see Appendix 1)

¢ <_7H(Z (A")> | 2ak, Sin¢d< ik, ”(Z)(Ap)>

V2P — kZlag + b] an? = an, J(Ap), (20)
d? ( HP (A, )) d ( HP (A, )>
vy~ kg + d— zek nd =804
2 T dn’ r dA, 7.

— l
observe that in & =0 and As = 0 o and 14 are
singular. If it takes into account the approximation (13) in
(11), it calculates

dZH(Z) (A)

aw =W

which is valid for large A (in this validity range
5(n,) =68 = 0y, and we replace in (20):

2ak, sin ¢
k

V2Pl + k2P + HP(A,) =0

l

HED () ~ 0

p

2ckg sin ¢

R

the conditions in (3) are asymptotically achieved if kris

large (far-field: analysis far from the sources), obtaining
finally

V2Pl + kZoPt ~ 0
V2 fl + k& lppl =~ 0 (21)
v =0,

1
It is worth noting that ®” and ¥% in (19) are

singular in & = 0and As = 0, thus, this generates Dirac
delta functions in (20) that represent sources, but these
function can represent, in fact, elastic wave in far-field due
to that satisfy asymptotically the equations in (3) (or (21))
far from the sources. Based on these ideas, we are going to
show the generation of elastic wave in far-field from the
sources in the next section, together to the study of the
particular cases of the Hankel function argument.

5.1. Particular cases
5.1.1. Homogeneous and inhomogeneous plane
wavefronts

First, when the argument A is real is analyzed.
Based on Figure-4 and in previous section, the
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approximations (13) and (21) are taken as valid for
positive real argument and far the origin, that is, when

Ay >0 and As > 0. This implies that must be taken
|A, | = k,rlcos(¢ + ap)| = AJ—”"0

|As| = kgricos(¢ £ By)| =
from the sources.

and
to cover all space far

A

Note that when & and As are real, ¢*' is

,:|

_37r
0 gng =7 F %

—Fa

singular in =20, ¢ = 2 ; and

T _ 3m _
l = — =
14 issingularinr=0,¢ 2 o ang @ 2+ﬂ°,

where Ay = 18] = 0. Then, the Dirac delta functions in
(20), for v = 2m, can be written as:

(D) = 22+ (¢-(g¢a0))+a<¢_(3;¢ao))}z,s(A;aO),
stned = (52 o (0= G ) o (8- (7)) = o(02)

which represent plane sources such as are shown in
Figure-8, where the Scase (SVor transversal wave) is

NS

sketched with positive real argument
As = ks'l"lCOS(d) i .30)|
s(al
(a.")
L]
% W
° .7
cos(¢p —By) <0 o..¢ :g+:30/.VEIS
I o] s
/D) o
AZJ*0
/'/‘ '.. I
RU Loy 3T e
TN w0
-, —>pl ..
Ug o
[ ]
(@)

-

kl -7 = k,rcos(¢p + B,) inregionI-S
lAg| =

k-7 = —k,r cos(¢p + 5,) inregionII-S,
d|cos(¢ + Bo)| _ —sin(¢ + By) inregionI-S

¢ sin(¢p *+ By) inregionII-S

cos(¢p + ) < 0 8 (A+B°)
I R

EII

T
ub RN ¢==—P
A
¢=7n_ﬁ0...0\.2.\,l?0 ﬁ?l

S o=

cos(¢p + B,) >0
(b)

Figure-8.Diagrams in far-field of the displacement field

Efl generated by plane sources. The two regions defined
by plane sources also are shown in figures and described
in (22).

In view of Figure-8, the following regions are
defined:
s m
Bo __< o] <,30 +_'f0T cos(¢ — o)

— — By, for cos(¢p + By)

Region I-5 = -
—5 =B <¢ < (22)

+ —, for cos(¢p — Bo)
T 3T
5_50 <¢ <7—[§0,for cos(¢p + Bo)

Bo + E <¢<pB
Region II-§ =

Likewise, it can be defined for P case:

T s
a0—5<(;b<a0 +E,for cos(¢ — ap)

Region I-P =

/s /i
——— = —ay,f
5~ % <¢ < ay, for cos(¢p + ay) 23)
3
a0+2<¢<a0+ JSfor cos(¢p — ay)
Region II-P =

3
——qy< ¢ <7—a0,for cos(¢p + ap)

2

Also from Figure-8, it can be observed that for
the case of this subsection

= kyr cos(¢ £ By) sgn(cos(¢ + )

: (24)

= —ssin(¢ + B,) sgn(cos(¢ + o))
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where s8(1) s the Sign Function and is defined as
1, inregion I-SV

sgn(cos(¢ * o)) =
—1, in region II-SV_

Now, the fields P-Sare derived bytaking into
account (19), (13) and (24) in equation (2), it is obtained
that

ai ~
i = VP ~ b +atl) =W [ag + b] + m11(§2)(|Ap Do

= L el L ple €l L@ z
=V X P ~duy +cdy =uy [cp +d] - Hy™ (|AgD
lIJ T ¢ ksT' 0 S ¢7 (25)

where

ﬁ’zl ~ Héz)(|Ap|)[|cos(¢ + ay) |t — sgn(cos(¢ + ay)) sin(¢p + ay) cT)],

'~ Hy (1A D[sgn(cos(@ + Bo))sin(d + fo) T+ lcos(@ + o) |B],

—>ple ~ ¢—>pl H(Z)(lA |)¢
(26)
W~ g - HP(AD?

kgr

If it is taking into account the asymptotic
expansion (15), it is achieved:

—pl

[T ! e~ [[|cos(¢p + ag)IF — sgn(cos(e + ay)) sin(e + ay) ]
J1n

W~ J%e-“ﬂs'[sgn@osw + o)) sin( + o) F + cos( + o)l ]

i QA |~
l_iple ~ ¢—>pl e_l|A1”|(1)
k,r |A |
P 1[ P
: (27)
a>ple ~ ¢—>pl l —ilAgla

ks 1A

Results in (26) and (27) can be interpreted as
body waves (in far-field) generated outward from plane

—=pl
sources. It can be seen that Y. is a homogeneous plane

C.

wave with “»  propagation velocity that oscillates

—pl
longitudinally (P or longitudinal wave); U s a

homogeneous plane wave with €< propagation velocity
—)ple
that oscillates transversally (SV or transversal wave)

is an inhomogeneous plane wave with ¢» propagation

velocity, that oscillates elliptically; ui’le is an
inhomogeneous plane wave with ¢< propagation velocity,
that oscillates elliptically (see Figure-9). Note also that the
decaying of amplitudes is given when we move away from
the plane sources.

(b)

Figure-9. Diagrams in far-fieldof the displacement fields

—ple —ple
of (a) Y and (b) Uy for v = 2m. The changes of
displacement fields with @ and  are shown in figures.

It is also important to note here that when either
ﬁ’ple —ple ; A
r—owor =2 " and Us tend to be longitudinal
(L) and transversal (T) waves, respectively; but at ¢ =0,
—ple —ple
Y s transversal and Ys s longitudinal, therefore, they
are not continuous, since their values are different at

¢ =0and ¢ =2m,

5.1.2. Homogeneous plane wave fronts

Another approximation that can be taken is to
suppose that we are far away of the plane sources,
therefore the amplitudes change so slowly with respect to

15| and 141, thus, they can be taken constants and the

terms < 1/kryIAl are neglected in (27). Here, the

regions 1 with €os(¢ —ap) >0 s taken; obtaining
finally the typical homogeneous plane waves in (28) that
are illustrated in Figure-10.
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ﬁfl ~ e~y s @=e0)[cos(¢p — ) F — sin(p — ag) P

W~ etk 050 sin( — o)  + cos(® — ) 3]

—ple ¢—>pl

Up U (28)
W~ g
y — T
_./'—'—
o. - —/' —>pl
[ ] — uL
° 2’% -
_____ —> (420
Oe - x
° ___/V’
—an\ ® ,-/V
6(Ap 0). _____ —
°
(@)
y =T
=T
° ___,/' —>ple
o i Up  _
° —>' - nd
.- il )ao
0 e > X
L] /'—‘—
—ap\® /V/"
6(Ap O)o_._
°
(b)

Figure-10.Diagrams in far-fieldof the displacement fields

—pl —pl
of (a) uy and (b) U7 . The changes of displacement fields
with @ and r are shown in figures.

5.1.3. Grazing longitudinal (Py) and transversal (SVy)
waves of the Goodier-Bishop type

First, it is taken @0 =0 and Bo =0 . Second, in
the same manner as in the section 4.1, it is considered that
® is small, hence cos(¢) > 1, sin(¢p) >0 S>>y
rox @=s/rxy/x &9 and T >R (see Figure-
7). Now, returning to equation (27) and taking into
account the previous approximations, it is obtained that

1 )
[T e~ tkpxg
k,x
p l
1
—pl 5
u); ~ e Lksxy
kx ’
1
=ple —ikyx
up 5z€ 7 [k,y% + i9]
(kpx)

: (29)

—ple _ —iksXx[_is &
U = (ksx)3/2 e [ X+ ks.VY] .

Finally, it is supposed that we are far away of the
sources; therefore, the amplitudes variation with respect to
X is so slow that can be neglected in (29), thus obtaining

i —pl —plane -pl__ —pl
the same result in (18): YW U, up oAU

—ple — —ple

uP =~ uPyl us =~ uSVy.

5.1.4. Surface P wave
Now, the case when A is complex is analyzed.

le

l P
Here, the expressions u; and "7 from (26) for region 1
defined in (23) are worked and shown in Figure-12 (see
also Figure-8 for identifying the region I):

ﬁfl = Héz)(Ap)[cos(qb + ay) t — sin(¢ + a;) Ef)] ,

—»ple —»pl
= ¢uy

H(z’(A )¢

Then, if an imaginary angle @ = Yo is taken,
with Yo positive real:

ﬁ’fl = Héz)(A;iyo)[cosw + iyo) T — sin(¢ + iyy) <’1\>],

—pl —pl L 2 Y0\ T
W = ¢t +—Hy (8,7)%
P ; (30)

+L}/ _
where A "=k rcos(¢+1y0)

following relations:

Considering  the

sin(¢p + iy,) = sin ¢ coshy, % i cos ¢ sinhy,

cos(¢ + iyy) = cos ¢ coshy, ¥ isin ¢ sinhy,. (31)

and transforming from Cylindrical to Cartesian system, it
is obtained:

ﬁfl = H(gZ) (A;-iyo)[cosh Yo X — isinhy, 5\7]’ (32)
e S @)y y o x
W = tan™! (x) (i +7kp = HP(A5) |- = R+ =5 ¥y
+iyo _ o .
where v = kpxcoshy, —ikyysinhyy  Note gt

x=0 and ¥ 20 for the problems shown in Figure-11

and Figure-12. Here can also be observed that the
argument A" =X+ iy = kyx coshyg — ik,y sinh y

(forx >0and ¥ >0 then, x>0 and Y < 0) move into
the validity range of approximations that are shown in
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section 4 (see Figure-1, 2, 3, 4 and 5), in other words, we
move in the fourth quadrant of the complex plane (x>0
and ¥ <0) to cover the half-space that is shown in
Figure-12.

Then, the Dirac delta functions in (20), for
v = 2w, can be written for this case as:

8(r) 3n _ 6

s057) =5 s (o= G o (0= (-00)) =5 (g

(@) Ativo
due to that o (AP ) (or o™ in equations (19)) is
+i .
singular when A" =k, cos(@ + iyo)
= k,x coshy, — ik,y sinhy, = 0’ and it can be
A+iy0 . .
observed that *» iszeroin r=0orx=0and ¥y =0
simultaneously. From another point of view, as ? s

5(0-G-m))

always real, then and
o(o-(G-m) "
—|—= -1y = — =]
2 ¢ are always zero, unless ¢ 2 o
3
¢ =——1iv

and 2 0, who could be interpreted as imaginary
plane sources, such as shown in Figure-13. Therefore,
there are line sources instead plane sources when ? is real
(see Figure-12).

Afterward, taking the asymptotic expansion (15)

in (30):
ol 1 _iativo . R ) . ~
i~ e [cos(¢ + iyo) £ — sin(¢p + iyo) P]
A+iyo
4 , (34)

+y,
_intro

i _iAtiro e
lAp

— e
+iyo +iy,
kpr A, kyr [, 70

Note that in (34), the amplitude decays from
source. Now it is supposed to be far away of the source,
+iyo
hence, the amplitude variation with respect to Ap is
very slow and it can be neglected, obtaining finally:

ople 4ol
Uy =~ ou; +

{kl,rd)[cos(d) + iyo) P sin(¢ + iyo) $] + @}

—pl —ipto VR i v ) E
u; =e 'y [cos(qb + iyy) T —sin(¢ + iy,) q>]
~ e—ykp sinh yo e—ixkpsurf [COSh Yo R — i sinh Yo 3\1] (35)

ﬁ'gle ~ e_m;iyo{kprqﬁ[cos(¢ + iyy) £ — sin(¢ + iyy) Ef)] + lEf)}

where kpsu‘rf = kp cosh Yo = w/cpsurf = w cosh VO/Cp

— =l

with Cpsurf = 6p/COShYo Uy jn (35) s atypical surface
gRef — pPt. . .

P waves (upe = b i Figure-11(b), where b is the

amplitude) that travels with psurf velocity and emerges in
the reflection process of a homogeneous plane SV wave

falling on a half-space (ﬁgff in Figure-11) below the

incidence critical angle Ber, as is shown by Graff [14] and
Anchenbach [11], that for case of the Figure-11(b) is
obtained:

siniyy = isinhy,
=iJK?cos? By, — 1
= iK./cos? By, — K72,
(36)
cos iy, = coshyy, = K cos Binc,

Cosurf = Cs/C0S Bine = Cp/COSh Yo,

with K = kg /k, = ¢, /cs.

Half-space

=inc
sv

(@)

Half-space

(b)

Figure-11. Reflection of an incident plane SV wave on a
half-space: (a) Falling above and (b) below the incidence
critical angle. In (b) is shown the generation of an
inhomogeneous Pwave (surface P wave), with an
imaginary angle, from a “Geometrical” point of view.

Finally, considering the approximations given in
section 4.1, it is obtained that

) . 1
=ple _ —yky,sinh yy ,—ixk surf {k [ h -~ ( . ),\]}
up =e’r e " y|coshyy R+ i|——sinhy, |§

where if Yo = 0 the Goodier-Bishop wave, Yy in (18), is
achieved.

In this section we have shown that (30), in fact,
are surface P waves and in the case of the Figure-11(b)
Yo = cosh™! (C—p cos ,80) % cos Bo>1
that Cs , Where ©s . In
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Figure-12 the “Geometrical” and “physical” point of view
of the inhomogeneous waves in (34) are shown.

Half-space
5(a,")

g
0= - >
~— ) a, = iy, x

ﬁpl ) ?--
~~~~~ L

O » p

\ -
\‘.~
(a)

(b)

Half-space

\%

(d)

Figure-12. Diagrams in far-field of surface P waves for
the half-space from: (a) and (c)a “Geometrical” point of
view, (b) and (d)a “Physical” point of view. Plane sources
(gray points) in (a) and (c) are imagined and we have
drawn it to try to visualize, from a geometrical point of
view, the origination of the inhomogeneous plane waves
emerging with imaginary angles, since the one real source
is a lineat the origin.

5(5")
K
—pl N, T
uy N ‘\ ¢ =5~Wo
;ﬂ\
3 \.\ .
¢=7n_iy0 0 'J.\l)/o _pl
'\.\ uL
kp

Figure-13. Diagrams in far-field of the displacement field
ﬁ’Ll generated by imaginary plane sources (gray points).

5.1.5 Rayleigh surface wave

In order to illustrate, the expressions in (26) for
region | defined in (22) and (23) are worked and shown in
Figure-14(a) (see also Figure-8 for identifying the region
1):

ﬁ”L’l = Héz)(Ap)[cos((l) + ay) T —sin(¢ + ay) EIS] ,
@' = HP (A)[sin(g + Bo) T + cos(¢ + By) ]
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—pl, — l 2
pe ¢ p H( )(Ap)q)
—ple _ ,—pl i ) ~
U = ¢uy ~ o (IR
Then, if imaginary angles @ =iYo and

Bo =10 are taken, being Yo and B0 positive real
numbers:

u)' = Hy?(8,")[cos(@ + ive) F — sin(¢ + ivo) B

W = HP (M) [sin(¢ + i6p) F + cos(¢ + i) ]

—>ple — ¢—>pl H(Z) (A+1yg)¢
p , (38)
l—igle — q.’n_i’;f _ _Héz) (A:iﬂo)?

ks
where AZ% = k,rcos(¢ +ivo) and A:ieo = k,rcos(¢ +i6p)
Considering the relations (31) and changing from

cylindrical system to Cartesian system, it is obtained:

= H(z)(AﬂyO) coshy, X — i sinhy, y]

W = H{P (AF)[i sinh 6, % + cosh 6, 9]

(39)
ﬁ’;le =tan~! (z) ﬁfl +ﬁ (2)( ;%)[ \/%yzﬁ-*\/%yzy
W = tan~! (3:) - . T: 757 (2)(/\“90) [ f—x2x+ 2 K+ \/xzy—.'.yzy]
where A;iyo = kpx coshyy — ik, ysinhy, and

A" = k;x cosh 6y — ik.y sinh 6y Note that * = 0 and
¥ 2 0 for the problem shown in Figure-14. Here can also

Afiro +i6) .
be observed that the arguments and As | as in the
previous subsection, move into the validity range of
approximations that are shown in section 4.
Then, Dirac delta functions in (20) for this case,
the same as in the previous subsection, are given by

0 (r)

5 A+l}/0 5 A+190 —
(A37) = 8(ar™) === )
here also there are line sources instead plane sources when

A is real (see Figure-14). Taking into account the
approximation (15) in (38), it is obtained:

1 Y0 —~
ﬁfl ~ —ihy [cos(¢ +iyy) T — sin(¢p + iyp) ¢]
A+L'y0
P
W~ [sin(¢ + i6p) T + cos(¢ + i6,) P]
A+i60

_t &
k,r /AHVO
p p (41)

—inyo
~ e—{k rqb[cos(d) + iyg) t — sin(¢ + iyg) d)] + u:])}
ke, A;Ly"
W gt -l
ker A:ieo
e—ind"
~ 7{]( r¢[sm(¢ +i0y) T+ cos(¢ + i6y) ¢] — if}

/ )
ksr Ajl 0

Note also that in (41), the amplitude decays from
sources. Finally, it is supposed to be far away from the
sources, hence, the amplitude variation with respect to A
is very slow and it can be neglected, obtaining finally:

_aTtivo
ﬁil ~e l/\p

[C05(¢ + iyo) T —sin(¢ + iy,) d3]

~ e Vkp sith Y0 o = kpsurf [cosh y, & — i sinh y, 9] ’

l_iz}l ~ eI [sin(¢ + i6,) T + cos(¢ + i6,) P] (42)

~ e Ykssinh 60 o~xkssurf [ sinh @, % + cosh 0, §]
L

—ple

e~ e_iA;WO{kpr(ﬁ[cos((j) + iyp) £ — sin(¢ + iyo) ] + id} ,

le _ +i6o
ﬁf ~ iAg

{ksro[sin(¢p + i6p) T + cos(p + i6y) b] — if”}_

where  Kpsurs = Ky coshyy = w/cpqrp = w coshy,/c,

and Kssurr = ks cosh 8y = W/ Cssurf = w cosh By /cg with
Cpsurf = Cp /COSh Yo and Cssurf = Cs/COSh 90_

Expressions in (42) are P and S surface waves that travel

C.

at velocities “psurf and Csswf | respectively. Then, it is

obtained that

c k
coshy, = —2— = 24/
Cpsurf kyp
c k
coshfy = —5— = =W/
Cssurf ks
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c2

sinhy, = |5 P__1

Cpsurf (43)

. c?

sinhf, = |- -1

Cssurf
If the waves
R = bt
-, —pl
u’f = du’; , (44)

and they are traveling in a free-traction half-space, the
condition kpsurf = kssurf = kR = Cpsurf = Csvsurf = CR
is obtained, where g is the Rayleigh wave velocity. Thus,

coshy, =Z—:=IZ—:,
cosh90=§—s=i—R,
R s
c2 k c2
sinh y =\/C—g—1=k—R\/1—c—§
R 14 P , (45)
c2 k c2
sinh 6, =JC—;—1=k—R\/1—C—§
R s s
and

kR —vk ]_—2 2 C2
- vir (1=c3/2 i lo R
iR ~b—|e R gmixien |g — ¢ 1-—=%
k c2
P P
)
KR\ —ykp [1-c3/c? c
N vkg cp/cs  _; . R A A
u};zd<—)e R/ ik | 1-S8+
kS CS

.(46)

Note that the sum of the expressions in (46),
Up = Uf +Uf , agrees with the expression for a Rayleigh
surface wave given by Pujol [16], where, in order to agree
with the amplitudes defined by him, A=b(kg/ky) and
B = d(kg/ks)

In this section, we have shown that the
expressions in (38) are surface waves. In Figure-14 the

“Geometrical” and “physical” point of view of the
inhomogeneous waves in (44) are shown, where

C C
¥o = cosh™! (—p) 6, = cosh™! (—S)

Cr and Cr with
¢/cr > 1 and ¢/ck > 1 respectively. Furthermore, it
can be observed that Yo > 6o .

Half-space

8(A5™)
y 0
0§ 2 N - >
> J‘-~.LL[30=190 X
e =R
\ao=i]’0 T~ \uT
Uz
@

Figure-14. Diagrams in far-field of a Rayleigh wave
generated from the sum of P and S inhomogeneous plane
waves for a free-traction half-space: (a) a “Geometrical”
point of view and (b) a “Physical” point of view. Plane
sources in (a) are imagined and we have drawn it to try to
visualize, from a geometrical point of view, the origination
of the inhomogeneous plane waves emerging with
imaginary angles, since the one real source is a line at the
origin.

Finally, considering again the approximations
given in section 4.1, it is obtained that

) . 1
T~ e Vkp Sinh ¥0 o ~ixkpsury {kpy [cosh YoR+i (ﬁ — sinh }/0) }”r]}
p ’
(47)
+ sinh 90) X + cosh 6, }7]}

_ , 1
ﬁ?le ~ e Ykssinh 09 p—ixksurf {ksy [i (—
ksy

—

where if Yo =60 =0 the Goodier-Bishop waves, “Py
and Ysvy in (18), are achieved.
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6. OTHER SOLUTIONS

In this section, the necessary conditions are
defined to obtain expressions that represent waves in terms
of the Hankel function. Then, it is defined:

GG, $) = F(r, IHD (D), (48)

where A is the argument of the Hankel function. Now, it is

necessary to know what conditions must fulfill fr,é) to
satisfy

ViG(r,¢) + k*G(r,¢) =0 (49)

First, when A = k7 is analyzed. Replacing (48)
in (49), taking into account (3), (11) and the vectorial

identity VA(@P) = VAW + WV20 +2VD - V¥ | jt s
obtained that

_ @ @O
V3G + k*G = Hy,” (M)V?f — 2kH;” (A) pr 0. (50)

Finally, considering the approximation (13), the
asymptotic condition for large k7 is given by:

of(r,¢) _ 0
or . (51)

V2f(r, ¢) — 2ik

Note that (50) and (51) are fulfilled for

f(r,¢) = constant  ang f(r,$) =& which is the
particular case (10).

Now, when A =krcos(¢ £70) is analyzed.
Therefore,

_ @ o ® of singofy
VG + k%G = Hy” (WVAf — 2kH” () (cosd)ar = ad’) = 0, (52)

and considering again (13), it is achieved that

of(r,¢) _sing of(r,¢)
or T a9

v g) —§<cos¢ ) ~
k? Tk . (53)

It can also be observed that
fr,¢)=1/N
fr.¢)=¢/N (54)

with / > 0 fulfill (51) and (53) for large A. Then,

1
§0r®) = 5 H W46 + 5] (55)

with A=kr or A=krcos(¢£n0) are asymptotic

solutions of (3), where 4 and B are complex constants in
general.

7. DISCUSSION AND CONCLUSIONS

In this paper some exact and asymptotic
analytical solutions of the displacement equation have
been studied, considering the most general solution of the
Helmholtz equation. These solutions are not shown in
papers and standard texts, for instance [11, 14, 15, 16].
Equations (12) and (18) are exact solutions of (1),which is
unexpected because (18) were obtained after applying a
series of approximations to (12), (26), (30) and (38).In
(18) the main disadvantage is that the waves do not regard
a generating origin (this is equivalent to consider plane
waves from infinity) and they are valid near to the half-
space surface, producing a local solution [13, 14], in
contrast with (12), (26), (30) and (38) that are valid
solutions for all space. It is also shown that (19) are
potentials that generate homogeneous (see (25) and (29))
and inhomogeneous plane waves (see (30), (36), (38) and
(43)). Moreover, the authors have tried to give a meaning
to all these expressions, from a geometrical point of view,
for a better conceptualization of these solutions.

The solutions presented in this work can be
combined with other known waves in order to satisfy
boundary conditions in P-S waves problems such as in
[11, 13, 14, 16] (see (18), (35) and (36), (45) and (46));
which is a good strategy for understanding complex
problems due to the fact that the solution is divided into
parts that can be manipulated and interpreted more easily,
and furthermore, used in other problems.

Conditions (49)-(52) permit to find either exact or

approximated solutions of fr. @) | therefore multiplying
it by the Hankel Function the equations in (3) are fulfilled.
This provides an alternative way to find solutions, which

could be helpful when f("®) s simple such as in (54).
We can also observe that (55) could be taken as ansatz
functions to develop approximate analytical solutions by
series expansions along with other known solutions,
particularly for matching boundary conditions. These
kinds of analysis are going to be reported in future works.
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APPENDIX 1
First, the next function is defined
Gl @) = P(N)[4¢ + B]

where A = krcos(p & 1) . Second, we use the vectorial
identity

Vi(2¥) = VIV + WV + 2V - VY
with # = 4@ + F | Third, the Laplacians and Gradients
in Polar coordinate of ¥(A) and # are calculated:

ViIP() = &* B‘L‘m‘.rm
an®
Vig =10 ’
Ta. EL}"{J"\] __ Aksing 8%\

an
Now, we replace in the previous vectorial identity

2w (n) _ 2.4.’{ sin g 3F(A)

Vg = VAEY) = g + Bl —o ——n

Finally, we reorganize

azw(n) ‘s Akesin g 8 (A) _

ViG— k*[Ag + Bl A

0
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