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Abstract This work is centered in the definition of a transition management sys-
tem for a small autonomous helicopter based on trajectory smoothing and a finite
state machine (FSM). A smooth flight schedule decreases transients originated by
direction changes and flight mode transitions (e.g., horizontal flight to hover mode).
Although previous works have presented trajectory generation and FSM oriented
controls, no previous studies have mixed these approaches in a single framework
together with speed transitions. The proposed methods are validated in simulation
with a realistic dynamic model of a small helicopter.
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1 Introduction

Guidance of an autonomous helicopter requires transforming a predefined flight
schedule, described as a series of discrete point locations and maneuvers, into a
continuous smooth three dimensional trajectory. A smooth flight schedule reduces
the control system error and decreases transients caused by directional and flight
mode changes [9, 11, 12, 22]. Helicopter flight, differently from fixed wing flight, must
be described by three dimensional position and flight mode changes (e.g., forward
flight to hover). Reduced transients depend on continuity of the planned trajectory,
speed transitions and adequate management of mode transfers.

Generation of a smooth trajectory can be done before flight by means of an
n-dimensional regression method such as spline functions [2]. Speed transitions
can also be parameterized creating progressive changes and controlling acceleration.
Mode transfers can be handled with known control techniques such as bumpless
transfer and gain scheduling. A small hobby helicopter and, in general, a helicopter
is a nonlinear dynamic system [8, 18], so a single linear control system may not be
effective for all flight modes [11, 13]. A mode-transition manager for this type of sys-
tem requires a combination of discrete asynchronous event logic with continuous
time sampled dynamics in a hybrid control scheme [3, 4, 28].

This paper is centered on the mathematical definition and testing in simulation of
a hybrid control system that combines spline functions and a finite state machine for
an autonomous small helicopter [25, 27]. An interesting approach to mix position and
speed smoothing in a single numerical method is also presented. While it is simple to
smooth position and speed independently, it is not simple to smooth 2D position and
speed simultaneously. If the two-dimensional position of a particle is described by
〈x, y〉 = f (t), its speed is implicitly declared by f ′ (t). If f (t) was designed to traverse
a set of points, it is harder at the same time to make it reach expected speeds at
these points.

The proposed method is two-dimensional (x, y) and considers altitude changes
(z) only during the takeoff sequence. Some of the methods here proposed can be
easily extended to three-dimensional space, but still, full 3D flight such as the one
in acrobatic maneuvers, requires a more detailed study of attitude changes, and is
beyond the purpose of this paper. This method also assumes that control of the
system is an independent problem and only deals with the effects of the improved
trajectory in the final state of the vehicle. The trajectory generation processes does
not produce an error by itself because it exactly passes through the set of data points.
The proposed methods are validated in simulation with the dynamic model of a small
helicopter using the control error as a benefit indicator. The system is also tested on
a real flight computer to verify it satisfies computational constraints.

In the remaining sections of this paper related work will be presented and the
helicopter simulation model and control strategy will be described. The smoothing
algorithms are then provided and the finite state machine is formally defined. Finally,
the benefits are measured, following with conclusions and proposed future work.

2 Related Work

Linear programming and mixed integer lineal programming are common used tech-
niques for path planning and route optimization [17, 20]. One clear disadvantage of
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linear programming is its computational expensiveness (even offline) which grows
with the number of waypoints.

The use of FSM and hybrid controllers for unmanned helicopters has also been
explored before [6, 7, 11, 24]. In [6] emphasis is made on the use of a state machine
for the mission control of a helicopter and the management of discrete events. The
automaton defined was designed specifically to fulfill a single static mission and
there is not a clear description of the flight modes or trajectory generation. In [7]
a distributed architecture for an unmanned helicopter UAV is discussed. The flight
modes of the state automaton are described but experimental results do not appear
in the paper. The specific use of a tool for the design of hybrid control systems with a
hybrid control architecture appears in [11] and [24]. The study is nevertheless focused
to the architecture and benefits from the framework, and not in its implementation.

The use of a FSM for an autonomous helicopter appears in [23], but this work is
limited to the landing problem. In [14] a formal method for the design of reactive
systems is described and applied to the flight control system of a helicopter. This
work is mostly design oriented and does not include smoothing.

The work in [22] describes a FSM for autonomous helicopter flight and provides
a detailed description of each state and its integration with the system architecture.
This work lacks description of the transitions or trajectory generation. In [9] a type
of Bezier splines is used for obstacle avoidance in simulation of a laser guided
helicopter. Some results are shown but individual state error data was not found.
Finally, the work in [12] describes a smoothing strategy based on Catmull–Rom
splines for helicopter flight. The work covers trajectory smoothing but not speed or
mode management.

3 Helicopter Model

Trajectory optimization and transition management methods presented in this work
were tested on the dynamic model of a Miniature Aircraft X-Cell Gas Graphite heli-
copter with rotor diameter of 155 cm. The dynamic model [25, 26] is an improved
implementation of the X-Cell model [8, 18], validated in real flight.

Helicopter flight is governed by four basic forces: lift, drag, thrust and weight. Lift
and drag rely on fuselage and blade shapes and interact mainly with external wind
conditions and flow produced by the main and tail rotors. Thrust and weight counter-
act to maintain the helicopter in flight and are related to interactions of the helicopter
blades and body. The model has nine inputs (including three wind disturbances)
and 12 state variables. State variables evolve in the vehicle frame of reference as
presented in Fig. 1. The dynamic model input vector is,

[
δcol, δlon, δlat, δped, δt, uw, vw, ww

]T

Where δ values represent collective, longitudinal, lateral, pedal and throttle input
confined to the interval [−1, 1] to represent saturation; and (uw, vw, ww) values
represent the wind speed vector in the body frame of reference.

State variables are,

[
u, v, w, p, q, r, ϕ, θ, ψ, a1, b1, �

]T
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Fig. 1 Helicopter body axes and forces

where (u, v, w) are the linear speeds in body frame reference; (p, q, r) are the angular
rates in body frame; (ϕ, θ , ψ) are roll, pitch and yaw Euler angles in reference frame
(fixed to Earth); (a1, b1) are the longitudinal and lateral flapping angles; and Ω is the
main rotor angular speed. Important model parameters include: mass (Ma), which
varies from Mf ull to Mempty as fuel is consumed, and moments of inertia (I) which
also vary linearly as fuel is consumed.

The combined Newton’s Second Law and Euler’s Equations for linear and angular
motion of a rigid body around its center of gravity, together with the flapping and
main rotor speed dynamics that model the vehicle, are presented in Eq. 1. In this
equation, (X, Y, Z ) represent forces and (L, M, N) moments around the x, y and z
axes. Sub- and super-scripts mr, tr, vf, ht and e refer respectively to main rotor, tail
rotor, vertical fin, horizontal stabilizer and engine. Parameter g is the gravity constant
and Qe is the engine torque.

u̇ = vr − wq − g sin θ + (Xmr + X f us
)/

Ma,

v̇ = pw − ru + g sin ϕ cos θ + (Ymr + Y f us + Ytr + Yv f
)/

Ma,

ẇ = uq − vp + g cos ϕ cos θ + (Zmr + Z f us + Zht
)/

Ma,

ṗ = qr
(
Iy − Iz

)/
Ix + (Lmr + Ltr + Lv f

)/
Ix,

q̇ = pr(Iz − Ix)
/

Iy + (Mmr + Mht)
/

Iy,

ṙ = pq
(
Ix − Iy

)/
Iz + (−Qe + Ntr + Nv f

)/
Iz,

φ̇ = p + q tan θ sin φ + r tan θ cos φ,

θ̇ = q cos φ − r sin φ,

ψ̇ = q
sin φ

cos θ
+ r

cos φ

cos θ
,

ȧ1 = fa1 (q, a1, u, w, �) ,

ḃ1 = fb1 (p, b1, v, �) ,

�̇ = f� (ṙ, Qe, Qmr, Qtr) .

(1)
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Equation 1 describes a non-linear time invariant system, where X, Y, Z , L, M, N and
Q are also non linear functions of other states. The equations for linear acceleration
(u̇, v̇, ẇ) rely on the components of acceleration determined by gravity, roll, pitch and
yaw angular velocities, and the effects of axial forces exerted by the main rotor, air
pressure on fuselage, stabilizers and tail. Equations for angular acceleration ( ṗ, q̇, ṙ)
in Eq. 1 are a simplification of the inertia tensor products implemented in the final
model. Angular accelerations depend on moments produced by the same forces in
linear acceleration plus the engine drive.

The four basic forces of flight: lift, drag, thrust and weight are represented in
Eq. 1 by forces (X, Y, Z ) and moments (L, M, N), and their magnitudes depend
on both internal properties and external effects acting upon the vehicle. Lift and
drag are mainly related to wind and aerodynamic characteristics of the helicopter
surfaces. Thrust and weight depend on the engine, rotor and helicopter mass. For
this model, it is assumed that the fuselage center of pressure coincides with the
center of gravity; therefore moments created by the fuselage aerodynamic forces
are neglected. Equations for forces related to the main rotor and engine and a
description of fuselage and tail forces and moments have their own expressions and
are detailed in [1, 8]. Higher-order effects (lateral and longitudinal tip-path-plane
flapping) are taken into account in equations for a1 and b1 to improve the rigid-body
model accuracy. The coupled rotor and stabilizer bar equations are lumped into one
first-order equation of motion. Further details about these equations can be found
in [8, 18].

4 Control Architecture

Complex systems typically possess a hierarchical structure, characterized by a mix-
ture of both continuous dynamics at the lower levels and logical decision-making at
the higher levels. An autonomous helicopter is hybrid because it exhibits continuous
and discrete dynamics in the form of events determined by internal and external
sources. A hybrid controller depends on discrete phenomena and each discrete state
may correspond to independent continuous states, dynamics and controllers. For the
problem of autonomous control of the helicopter, the entire system will be treated as
a finite automaton and the continuous state space will be partitioned in different
operation modes. The transitions are started when one continuous state satisfies
certain conditions as, for example, reaching a waypoint.

The control system architecture for the autonomous small helicopter is presented
in Fig. 2. Every flight of the autonomous vehicle starts from a mission assigned by
a human operator who indicates, to a computer mission planner, a route to follow
(X). The mission planner converts the waypoint-defined trajectory and actions into
a smooth description with a set of properties for each waypoint. The mission planner
provides the finite state machine (that runs in the flight computer) with a routine
to follow (P). The FSM will make decisions regarding the best way to execute
each routine, selecting continuous controllers and discrete time actions. The control
system carries out the tasks assigned by the FSM (x f sm), executing the final actions
(δ) based on the current Kalman-filter estimated state x̂ [21]. At any moment a safety
pilot can take control of the vehicle (δman) activating a switching signal (ma).
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Fig. 2 Control system architecture

5 Trajectory Smoothing

The helicopter flight plan is transformed into a smooth trajectory in order to reduce
direction and mode change transients. This trajectory is rendered in flight by a
finite state machine, able to infer flight mode changes and, in general, to manage
the autonomous flight. The trajectory is described as a sequence of points assigned
by a flight operator (Fig. 3). The series of flight waypoints (WP) is referred as the
vector sequence X = {x1, x2,. . ., xi. . ., xn+1}, where xi = 〈xi, yi, zi, vi〉 contains a three-
dimensional point and a speed value vi indicating speed at the WP. If two successive
WPs have the same speed values, the trajectory within those points is traversed at
constant speed. If two consecutive WPs have different speed values, the trajectory
smoothing algorithm and FSM must provide a speed transition to meet the specified
speeds from the starting to end WP. A hover WP is indicated as 〈xi, yi, zi, 0〉 and

Fig. 3 Waypoint and
trajectory notation
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a separate sequence Th = {th1, th2,. . ., thi. . ., th(n+1)} corresponding to the hover time
for each WP (zero if a speed waypoint) has to be specified. On this definition, two
successive waypoints cannot be zero. The zi component of xi is constant, except at
z1: the startup ground position.

A piecewise polynomial vector describing the smooth trajectory and speed on
segment i is denoted by pxi (u) = 〈pxi (u), pyi (u), pzi (u), pvi (u)

〉
, where any of the

elements is a cubic polynomial pxi (u) = aiu3 + biu2 + ciu + di. The entire set of
polynomial vectors is referred as:

P = {px1, px2, . . . , pxi, px(i+1), . . . , pxn}.
The length of arc segment i is denoted by li and the time to traverse it ti. The
fundamental sample time is denoted Ts.

A spline is a polynomial function defined by very simple disjoint subsets of its
domain but having the characteristic of globally being smooth [2]. Of particular
interests are the Catmull–Rom splines [5]: a subset of Cardinal splines and Hermite
splines. Hermite splines pass through all data points, something desired in the
helicopter route. Let pxi (u) = px (u)

∣∣ui+1
ui be a Cardinal spline (Fig. 4) with point

restrictions for ui and ui+1:

pxi (ui) = xi,

pxi (ui+1) = xi+1,

p′
xi (ui) = α (xi+1 − xi−1),

p′
xi (ui+1) = α (xi+2 − xi) .

(2)

Here α is a tension parameter, which determines how strained the curve will be. For
simplicity let ui = 0 and ui+1 = 1 (as it can be verified this does not affect the final
result). The restrictions of the segment are now,

pxi (0) = xi,

pxi (1) = xi+1,

p′
xi (0) = α (xi+1 − xi−1),

p′
xi (1) = α (xi+2 − xi) .

Fig. 4 Cardinal spline
notation
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Vector parameters ai, bi, ci, di can be found comparing the restrictions equation with
the general equation of a cubic curve:

pxi (0) = di,

pxi (1) = ai + bi + ci + di,

p′
xi (0) = ci,

p′
xi (1) = 3ai + 2bi + ci.

For the two dimensional case, as the tension parameter α approaches zero the ten-
sion in each knot is higher, and the spline becomes a polygon. Catmull–Rom splines
are those Cardinal splines where α = 1/2.

A particular property of the shape of pvi(u) is the behavior of the function near
zero. Near zero speed values imply discontinuities in the time calculation integral
described below. This problem was solved replacing zero speeds in the calculation
with a small value (vε = 0.01 m/s = 1 cm/s), improving the stability on the time
calculations and reducing unnecessarily long trajectory times. In the FSM, values
near vε are treated as zero in any state and in consequence zero speed maneuvers
(e.g. hover) do not accumulate error. A second property of pvi(u) is that it might not
necessary share the same smoothness of the trajectory. For example it was found in
simulation that a linear velocity transition (avi = bvi = 0) was enough in most cases.

Two important attributes of the smooth trajectory are its length and traversal
time. Length of the trajectory is required by the FSM to produce the final trajectory.
Knowing the traversal time guarantees the helicopter will not surpass the maximum
time allowed by fuel or battery constraints. The length o the two-dimensional trajec-
tory for segment i can be found with the arc length function for parametric curves:

li =
∫ 1

0

√
p′

xi (u)2 + p′
yi (u)2du. (3)

Integral of Eq. 3 is in general not solvable analytically for second order polynomials,
so the Gauss–Legendre integration method is suggested [10]. Gauss–Legendre inte-
gration is preferred due to its accuracy for polynomial functions and exactness for
up to (2Ngl − 1) degree polynomials, with Ngl the number of Gauss–Legendre points
[15]. The general Ngl-point Gauss–Legendre rule, which is exact for polynomials of
degree ≤ (2Ngl − 1), is:

FNgl ( f ) = w1 f (u1) + w2 f (u2) + · · · + wN f (uN)

Values uk and weights wk have been tabulated and are available in the literature. The
values of the eight-point method were used for a better approximation. Considering
that the Gauss–Legendre formula is defined for the interval [−1, 1], the mapping
u = (1 + uk)/2 is applied to convert the values to the interval [0, 1]. The length is
then found with the approximation:

li =
∫ 1

0

√
p′

x (u)2 + p′
y (u)2du

≈ 1

2

8∑

k=1

wk

√

p′
x

(
1 + uk

2

)2

+ p′
y

(
1 + uk

2

)2
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Table 1 Numerical results
of length for a waypoints
trajectory with 360 points

Algorithm Result

Gauss–Legendre 62.8318530735243
Numerical parallelogram 62.8318530622568
Real (l = 2πr) 62.8318530717959

Precision of li is fundamental for trajectory rendering as it reduces irregularities
near the knots. Numerical tests were made to the Gauss–Legendre method with a
circular trajectory of 10 m radius and 360 equally spaced points. Three different
integration methods were compared, with the results shown in Table 1. The Gauss–
Legendre formula reached excellent numerical precision with only eight iterations
compared to the parallelogram method with 200 iterations.

Estimated traversal time can be obtained from the trajectory length, the speed
function and the basic relation t = x/v. Intuitively one could argue that traversal time
depends on the trajectory shape given by polynomials px(u) and py(u); however, as
the speed vector is always tangent to the trajectory, the change in speed over the
curve is equivalent to a particle following a line of length li. Trajectory traversal time
is then estimated with:

ti =
li∫

0

1

pvi (u)
du. (4)

As continuity of 1/pvi(u) is an issue due to the initial and hover WPs, the constant
vε = 0.01 was used ensuring that always pvi (u) ≥ vε. The Gauss–Legendre method
was tested to calculate time but results were very inaccurate due to instability of the
algorithm at low speeds. A simple numerical parallelogram method was used instead
with excellent results (around 1 to 2 s of error for long trajectories of 15 min).

As described in the control architecture, a gain scheduler helps the FSM and
control system to move smoothly from a set of controller gains to another. This
feature was implemented in as an array of discrete time Proportional-Integral-
Derivative (PID) controllers with online tuning parameters (Kp, Ti, Td, Kd), where
Kd is a relaxation coefficient for the derivative action. Once the gain scheduler
detects a mode transition, values (Kp, Ti, Td, Kd) for each controller are smoothly
changed to new values, creating a new controller. The smoothing method used was a
Hermite spline with zero tangents, equivalent to a Cardinal spline with tension value
α = 0. This spline was chosen due to a fewer number of operations and flat shape at
the endpoints. Parameter transition needs to be performed for four parameters on
six controllers during flight (24 polynomials need to be found).

6 The Finite State Machine

The main function of the Finite State Machine is to render the trajectory produced by
the smoothing algorithm and to perform event driven actions during each operation
mode change. Event driven actions include default behavior once a waypoint is
reached, executing takeoff and landing maneuvers, maintaining hover for a defined
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time, and performing safety operations on mode changes such as autonomous to
manual transfer. The states of the FSM were deduced from observation of manned
flights and the autonomous helicopter flight modes proposed in [22]. The FSM was
implemented on Stateflow (http://www.mathworks.com/products/stateflow) and is
presented on Fig. 5. A Discrete Event System FSM [28] is a 9-tuple:

Md = 〈�, 
, S, δint, δext, λ, s0, �, ta〉 , (5)

with � the set of input values; 
 the set of output values; S the set of states; δint : S ×
� → S × � a function of internal transitions; δext : S × � × � → S × � a function of
external transitions; λ : S × � × � → 
 the output function (triggered after entering
any state); s0 the initial state; � the set of internal variables; and ta : S → R0,∞ the
time advance function. In any given moment the system is in a state of S × �. If an
external event (e.g. changing from autonomous to manual mode) does not occur,
the system will remain in the state s for time ta(s), s ∈ S. In this sense, ta(s) can be
interpreted as the time the system remains in a given state s if there are no external
events. When the waiting time finishes, that is, ta(s) reaches a predefined time Ta,
the system produces the output λ(s, γ ), γ ∈ � and proceeds to state δint(s, γ ). If an
external event σ ∈ � occurs before the expiration time, the system changes to state
δext(s, γ, σ ). This means that the external transition function determines the new state

Fig. 5 Finite State Machine implementation

http://www.mathworks.com/products/stateflow
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of the system when there is an external event. The sets for the FSM are formally
defined as:

� = { 〈
ma, pxi, n, li, thi

〉∣∣ma ∈ {0, 1} , pxi ∈ P, n ∈ Z1,K, li ∈ L, thi ∈ Th
}
,


 =
{ 〈

x f sm, v f sm, ψ, m0
〉∣∣ x f sm ∈ R

3, v f sm ∈ R
3
vε,vmax

ψ ∈ [−π, π ] , m0 ∈ {0, 1, . . . , 9}

}

,

S =

⎧
⎪⎨

⎪⎩
s| s ∈

⎧
⎪⎨

⎪⎩

Off, Ground, Runup, Takeoff, Hover,
WP_follow, WP_land,

Descent, Pilot_assist, End

⎫
⎪⎬

⎪⎭

⎫
⎪⎬

⎪⎭
,

� =
{ 〈i, l, th, u, v〉| i ∈ Z1,n, l ∈ R1,max L,

th ∈ R1,max Th , u ∈ [0, 1) , v ∈ Rvε,vmax

}
.

Input values on � are the structure produced by the smoothing algorithm and
notation corresponds exactly as it was specified on Section 5. Variable ma is the
manual/autonomous mode flag received from the pilot, n is the cardinality of P, L
is a set of arc lengths, and Th is a set of hover times. Variable ma is deactivated (0)
by the safe pilot of the helicopter in case he or she wanted to take control of the
vehicle. The subscript on the integers Z1,K indicates a finite subset of Z, in this case
n can be any integer from 1 to a finite number K. Output values in the set 
 are the
commanded control system position (x f sm = 〈x, y, z〉), 3D speed (v f sm = 〈vx, vy, vz〉),
orientation ψ , and an integer value m0 that informs the control system the current
operation mode.

Functions δ and λ are different for each state and will be presented in the next
section. Function ta is defined as ta (s) = Ts,∀s ∈ S, with Ts the constant sample time.
The only source of internal transitions is then the system clock, agreeing with the
continuous sampled nature of the system.

6.1 Off, Ground and Runup States

Off, Ground and Runup states are special initialization modes added to the machine
to perform start-up routines prior to flight. Only the transitions of these states will
be described. The Off state main goal is to reset the initial internal values of the
machine. The Off state also acts as the initial state:

s0 = Off.

Initial values are fundamental for initialization of the state estimation algorithm (i.e.
Kalman filter). The output function defined for the Off state is:

λ
(
Off, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) =
〈
px1 (0) , 0, arctan

(
dpy1 (u)/du
dpx1 (u)/du

∣
∣∣∣
0

)
, 0

〉
.

Here the arctan function produces the initial orientation from derivatives of the first
polynomial evaluated at the starting point. The Off state is a transitory state and is
immediately followed by the transition:

δint (Off, 〈i, l, th, u, v〉) = (Ground, 〈1, 0, 0, 0, 0〉) .
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The Ground state is intended to perform ground actions just after the helicopter
engine is started. This state does not change actual output, so the corresponding
function can be defined as:

λ
(
Ground, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) = 〈x f sm, v f sm, ψ, 1
〉
.

After Ground initialization, the following transition will take place,

δint (Ground, 〈i, l, th, u, v〉) = (Runup, 〈i, l, th, u, v〉),
unless the external pilot obtains control producing the state change,

δext
(
Ground, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) =
{ (

Pilot_assist, 〈i, l, th, u, v〉 ) ma = 0(
Ground, 〈i, l, th, u, v〉 ) ma �= 0

.

The Runup state main objective is to provide the necessary setup to allow the engine
to achieve takeoff RPMs. Its output function is defined as:

λ
(
Runup, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) = 〈x f sm, v f sm, ψ, 2
〉
,

and it is immediately followed by the Takeoff state:

δint
(
Runup, 〈i, l, th, u, v〉) = (Takeoff, 〈i, l, th, u, v〉 ),

unless

δext
(
Runup, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) =
{ (

Pilot_assist, 〈i, l, th, u, v〉) ma = 0(
Runup, 〈i, l, th, u, v〉) ma �= 0

.

6.2 Takeoff State

The Takeoff state main purpose is to lift the helicopter to a predefined flight altitude
whilst slowly transitioning from zero to takeoff speed and then back to zero. Takeoff
is the first state to actually produce a trajectory and to determine the control system
input at every sample time. Trajectory generation on Takeoff produces values on
the z axis and smoothly changes speed as specified by the smoothing algorithm. The
position described by pz1(u) and the speed described by pv1(u) are then rendered.
From traditional definition of position and speed functions, it is possible to expect
that time is the independent variable on pz1 and pv1, and that u is directly related to
time progression. This however will imply that speed is defined by p′

z1, ignoring pv1.
The unifying term is instead arc length l. Arc length is nicely related to speed with
the following relation:

l (u) =
∫ u

0
pvi (ω) dω.

So, u can be easily mapped from u = l/ li, with l ∈ [0, li) for segment i and segment
length li. As distance progresses in the curve, the position and orientation can
be obtained from 〈pxi (l/li), pyi (l/li)〉. Moreover, finding the current speed pvi(u)

requires u, that at the same time requires l, and l requires pvi(u) to be found. This
can be solved with the following iterative scheme in the discrete case:

l (uk+1) = l (uk) + Ts pv (uk) ,
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with

uk+1 = l (uk+1)

li

and knowing that always pv > 0.
The output function for the Takeoff state can then be defined as:

λ
(
Takeoff, 〈i, l, th, u, v〉 ,

〈
ma, pxi, n, li, thi

〉) = 〈xtakeof f (l, u, i) , vtakeof f (u, i) , ψ, 3
〉
.

With functions xtakeof f , vtakeof f defined as:

xtakeof f (l, u, i) = pxi

(
l + Ts pvi (u)

li

)
,

vtakeof f (u, i) = 〈0, 0, pvi (u)〉 .

Note that every time the state is reentered, λ is recalled and the trajectory keeps
being produced until the condition u ≥ 1 is met. After this occurs the δint function
exits the state. For takeoff, pxi is defined by the smoothing algorithm only as a z tra-
jectory, with x, y held constant. Variable ψ also remains constant during the takeoff.

Internal states on Takeoff are updated with the function,

δint
(
Takeoff, 〈i, l, th, u, v〉) =

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎝Takeoff,

〈 i, l + Ts pv (u), th,
l + Ts pv (u)

li
, pv (u)

〉⎞

⎠ u < 1

(
Hover, 〈i + 1, l, th, 0, v〉) u ≥ 1

Unless the external event occurs and δext is executed:

δext

(
Takeoff, 〈i, l, th, u, v〉,〈

ma, pxi, n, li, thi
〉

)
=
{(

Pilot_assist, 〈i, l, th, u, v〉) ma = 0
(
Takeoff, 〈i, l, th, u, v〉) ma �= 0

.

6.3 Hover State

Every time the Hover state is entered or re-entered the output produced is:

λ
(
Hover, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) = 〈pxi (0), 0, ψ, 4
〉
.

Meanwhile, internal states are updated and hovering time is counted,

δint
(
Hover, 〈i, l, th, u, v〉) =

⎧
⎪⎨

⎪⎩

(
Hover, 〈i, l, th + Ts, u, 0〉) th < thi
(

WP_follow,

〈i + 1, l, 0, u, 0〉
)

th ≥ thi
,

Unless it is interrupted,

δext
(
Hover, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) =
{(

Pilot_assist, 〈i, l, th, u, v〉) ma = 0
(
Hover, 〈i, l, th, u, v〉) ma �= 0

.
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6.4 WP_follow State

The WP_follow (waypoint follow) state progression is similar to the Takeoff state.
The main difference is that x f sm remains constant in z and changes in x, y. Each time
the state is entered or ta expires, output of WP_follow is determined by

λ

(
WP_follow, 〈i, l, th, u, v〉,〈

ma, pxi, n, li, thi
〉

)
= 〈x f lw (i, l, u) , v f lw

(
i, u, ψ f lw(i, u)

)
, ψ f lw (i, u) , 5

〉

With functions x f lw, v f lw, ψ f lw defined as

x f lw (i, l, u) = pxi (unew)

v f lw
(
i, u, ψ f

) = 〈
pvi (u) cos

(
ψ f
)
, pvi (u) sin

(
ψ f
)
, 0
〉

ψ f lw (i, u) = arctan

(
pyi (unew) − pyi (u)

pxi (unew) − pxi (u)

)

unew = l + Ts pvi (u)

li

After every wakeup, internal states are then updated with the following conditions,

δint
(
WP_follow, 〈i, l, th, u, v〉) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
Hover, 〈i + 1, l, th, 0, v〉)

If u ≥ 1 − Tsv
li

∧ v ≤ vε ∧ i �= n

(
End, 〈i + 1, l, th, 0, v〉)

If u ≥ 1 − Tsv
li

∧ v > vε ∧ i = n

(
WP_follow, 〈i + 1, l, th, 0, v〉)

If u ≥ 1 − Tsv
li

∧ v > vε ∧ i �= n

(
WP_follow,

〈
i, l + Ts pvi (u),

th, unew, pvi (u)

〉)

If u < 1 − Tsv
li

Note the term
(

1 − Tsv
li

)
is extremely important to a avoid discontinuities at the end

of the polynomial preventing u from leaving the interval [0, 1). The WP_follow state
can be interrupted if

δext
(
Hover, 〈i, l, th, u, v〉, 〈ma, pxi, n, li, thi

〉) =
{ (

Pilot_assist, 〈i, l, th, u, v〉) ma = 0
(
Hover, 〈i, l, th, u, v〉) ma �= 0

6.5 Pilot_assist, Waypoint_land, Descent and End States

The main function of the Pilot_assist mode is to include additional logic to the as-
sisted flight mode transition. Most requirements for this transition are implemented
in the control system PIDs as bumpless transfer. The helicopter autonomous landing



J Intell Robot Syst (2010) 58:69–94 83

process will not be described but is similar in principle to the Takeoff state. The
Descent state is required to perform special actions before landing, such as guidance
by an independent sensor (e.g. a sonar). The End state is a transitory state that
indicates the end of the trajectory.

7 Simulation Results

The methods proposed were implemented and tested in simulated flight. The main
goal of the simulation tests was to check if the trajectory generator worked as ex-
pected and the effect of transients was reduced. Various trajectories were generated
and multidimensional error comparisons across length, shape and speed were made.
Non smoothed versions of the trajectory position and speed were compared with
smoothed positions and semi-smoothed and smoothed speed schedules. All trajecto-
ries included mode transitions from takeoff to hover, hover to forward flight and in
some cases forward flight to hover. In all tests, a wind perturbation of 1 m/s in a ran-
domly changing direction was used. Overall, experimentation showed a major benefit
from using the proposed smoothing method and the FSM. Control error, and espe-
cially attitude control error, was reduced on the smoothed trajectories. An impor-
tant conclusion from simulation tests was that simpler speed transitions (not smooth
but just linearly progressive) resulted in less error in most cases.

Formally, the error was defined as follows. Let the helicopter state vector sampled
in the k-th instant be x(k) and let x f sm(k) be the expected state determined by the
smooth trajectory and FSM. The state error at moment k is the difference

ex (k) = ∣∣x (k) − x f sm (k)
∣
∣ . (6)

The entire trajectory average error is defined as

Ex =
m∑

k=1

ex (k)

m
. (7)

With m is the total number of samples in the entire flight.

7.1 Linear Trajectory and Baseline Error

A basic initial test involving takeoff, a short hover and a simple constant speed linear
trajectory was executed to obtain the baseline average control error. A constant
speed, straight trajectory was conceived as a good measure of base error because
it does not include any trajectory smoothing and just one speed change (from zero
to a constant speed value). The same simulation was executed for three different
speeds (1, 3 and 5 m/s) and five smoothing configurations. The five configurations
were: (1) a non smooth trajectory and a non smooth speed (nn) schedule; (2) a non
smooth trajectory and a ramp-like speed (nr) schedule; (3) a smooth trajectory and
a non smooth speed (sn) schedule; (4) a smooth trajectory and a ramp-like speed
(sr) schedule; and (5) a smooth trajectory and a smooth speed (ss) schedule. A “non
smooth trajectory” is simply a trajectory formed by lines connecting the waypoints
with no smoothing applied. In a non smooth speed schedule, once the vehicle reaches
a waypoint the control system speed reference is changed immediately. A ramp-like
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speed establishes a speed change that progresses from one speed value to another
linearly.

The control system commands (δcol , δlon, δlat, δ ped) were recorded and their
standard deviation and absolute maximum were calculated as an indicator of control
effort. The Kalman filter was disabled for this and subsequent tests to limit extrinsic
effects. Estimation was not necessary as the full state is known in simulation.

Figure 6 presents the average error obtained in the test for different speeds. For
further comparison and as a baseline error for the rest of plots, the average error
for the best (sr at 1 m/s) and worst (nn at 5 m/s) configuration is be kept as a
shadowed area. A value on the first row of graphics of Fig. 6 indicates the average
positional error and can be interpreted as: “during the entire trajectory, on average,
the helicopter was Ex meters away from its intended position”. The same applies for
the second and third row of graphics.

Figure 6 shows how, increasing speed affects control error. This effect was
expected as faster dynamics make it harder for to the control system to maintain

Fig. 6 Linear trajectory average error Ex on different smoothness configurations (nn, nr, sn, sr, ss)
and speeds (1, 3, 5 m/s) for position (x, y, x), attitude (ϕ, θ, ψ) and speed (vx, vy, vz)



J Intell Robot Syst (2010) 58:69–94 85

stable flight. Lower errors are obtained in ramp-like speed changes at slow speed
(recall, the only change performed in this case is from zero to 1, 3 or 5 m/s at the
beginning of flight). Results from the non-smooth trajectory/ramp-like speed (nr)
and smooth trajectory/ramp-like speed (sr) could be expected to be equal, as tra-
jectory smoothing is not necessary. That is, however, not the case and non smooth
trajectories exhibit lower errors (i.e. x, y, vx, vy). This effect was found to be caused
by the behavior of the smoothing algorithm on the first segment of the trajectory.
Note that although the trajectory

〈
pxi (u) , pyi (u)

〉
could parametrically produce a line,

it does not imply that alone pxi and pyi are lines. Producing the initial section on the
Catmull–Rom algorithm requires the vector [x1 x1 x2 x3], so a proper tangent is not
used but an approximation, producing a small curvature on the first segment.

Figure 7 displays the control system output standard deviation and absolute maxi-
mums. Larger deviations at the control system output represent more effort main-
taining the reference value. Again, higher speeds represent larger effort and more
extreme control values on the actuators. Similarly to the plot of average error, a gray
shaded area is used here to show the lowest (sr, 1 m/s) and highest results (nn, 5 m/s).

Fig. 7 Linear trajectory control output standard deviation (σ ) and absolute maximum values for
each vehicle input (δcol , δlon, δlat , δ ped)



86 J Intell Robot Syst (2010) 58:69–94

7.2 Rectangular and Circular Trajectories

Regular trajectories were used to measure benefits of trajectory smoothing in soft
to sharp direction changes with speed increments. For the rectangular trajectories,
squares of side 10, 30 and 50 m with speeds 0, 1, 2, 1 m/s at the vertices were used.
On the circular trajectories, 12 points chosen on a circle with speeds ranging from 0
to 3.5 m/s were assigned at the joints. Three of these trajectories were generated for
circles with radius 10, 30 and 50 m and the results compared.

Figure 8 presents the average control error for each state variable at the rec-
tangular trajectories. For all the cases, larger trajectories imply lower error. Larger
trajectories allow more space for speed transitions and, in consequence, the control
system preserves easier the reference value. Ramp-like speed changes again show
lower positional and speed errors. Smooth trajectories however reduce attitude error
in all instances. Non smooth trajectories cause large yaw errors of 10–20◦ even on
progressive speed changes, which is due to abrupt direction changes.

Fig. 8 Rectangular trajectory average error Ex on different smoothness configurations (nn, nr, sn,
sr, ss) and lengths (10 × 10, 30 × 30, 50 × 50 m) for position (x, y, x), attitude (ϕ, θ, ψ) and speed
(vx, vy, vz)
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The control effort plots presented on Fig. 9 show again larger variations and
impulses on the non smooth trajectories and speeds (nn, nr, sn). Figures 10, 11
and 12 compare the rendered and simulation trajectories for circles of radius 10, 30
and 50 m. Figure 13 shows the corresponding schedules for the smooth configurations
(sr, ss). It can be observed how the control system tries to preserve a smooth
trajectory on the polygon edges for the non smoothed trajectory (nn), but still fails
to meet many of the trajectory waypoints compared with the smooth case on 30 and
50 m. For the 10 m circle it is harder, even on the smooth trajectories, to reach each
waypoint. These effects are reflected on the error measure of Fig. 14.

An important effect observed in Fig. 14 is the importance of not just positional
smoothing but also its combination with progressive speed changes. This is observed
in the case where a smooth trajectory (sn) is not enough to alleviate the 0.5 m/s speed
changes (Refer also to Fig. 13). Control system deviation and maximum impulse
show reduced control effort on all the smooth trajectories (sn, sr, ss of Fig. 15) with
the exception of sn in δlon, which is related with the pitch setting and forward speed.

Fig. 9 Rectangular trajectory control standard deviation (σ ) and absolute maximum values for each
vehicle input (δcol , δlon, δlat , δ ped)



88 J Intell Robot Syst (2010) 58:69–94

Fig. 10 Ten meters circular trajectory on the non smooth and smooth cases

Fig. 11 Thirty meters circular trajectory section on the non smooth and smooth cases

Fig. 12 Fifty meters circular trajectory on the non smooth and smooth cases
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Fig. 13 Fifty meters circular trajectory schedule for the ramp-like (sr) and smooth speed (ss) cases

Fig. 14 Circular trajectory average error Ex on different smoothness configurations (nn, nr, sn,
sr, ss) and radii (10, 30, 50 m) for position (x, y, x), attitude (ϕ, θ , ψ) and speed (vx, vy, vz)
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Fig. 15 Circular trajectory control standard deviation (σ ) and absolute maximum values for each
vehicle input (δcol , δlon, δlat , δ ped)

7.3 Complex Trajectory

A complex trajectory with several hover waypoints and large speed transitions (from
0 to 4 m/s and 4 to 0 m/s) was tested in simulation (Fig. 16). On this trajectory
positional and speed error tests show better the influence of the ramp-like speed
changes on decreasing error (Fig. 17). In this trajectory the nr case showed lower
positional error. Note that this does not imply that the non smooth trajectories are
better (compare with the nn case) but that the ramp velocity improves the behavior
(order one speeds result in zero order accelerations). This still does not explain the
outperformance of the positional xy smoothing trajectories and further research is
required. Altitude and attitude errors and control effort (Fig. 18) are smaller for the
smooth trajectories and speeds.

Fig. 16 A complex trajectory
with hover points (*). Axis are
in meters
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Fig. 17 A complex trajectory average error Ex on different smoothness configurations (nn, nr, sn,
sr, ss) for position (x, y, x), attitude (ϕ, θ , ψ) and speed (vx, vy, vz)

Fig. 18 Complex trajectory control standard deviation (σ ) and absolute maximum for each vehicle
input in various smoothness configurations
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7.4 Computer Test

To verify feasibility of the proposed methods in real-time, the control system was
translated to C code with an automated code generation tool [16] and run on a
300 MHz flight computer (PC-104) using a real time operating system [19]. Individual
tests showed that the CPU usage of the FSM and control system never surpassed 1%
usage of CPU at sample rates of Ts = 0.02 s. The rest of the system time was used by
the Kalman filter (17%) and communication threads (50%), leaving more than 30%
of the processor free.

8 Conclusions and Future Work

A method to smooth the planned trajectory and manage mode transitions for a small
autonomous helicopter was presented. The smoothing methods were described and
combined with a FSM able to render the trajectory in real time. Simulation results
show that the smoothing proposed methods reduce transients, decreasing control
error and effort.

Numerical methods intended to extract length and time properties of the tra-
jectory were proposed. The Gauss–Legendre method was successfully applied to
obtain length of two-dimensional Catmull–Rom curves. A numerical method able
to combine a parametric smooth trajectory with a speed function was proposed and
formally defined for the FSM.

Simulations showed that a smooth trajectory combined with progressive linear
speed changes is able to reduce the effects of transients. Reduced error in first
order speed schedules compared to smooth third order speeds could be attributed to
resulting zero order accelerations. This influence needs to be clarified in the future.

Fig. 19 Actual smooth speed
schedule compared to the ideal
speed schedule shape
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To further reduce errors imposed at the joints of ramp speeds and reduce traversal
time, the speed transition curve of Fig. 19 is proposed. Compared to Catmull–Rom
smoothed speed, which has a slow start and overshot at the end, the ideal speed
shape is almost lineal, grows faster (reducing traversal time) and has no overshoot
(Catmull–Rom) or sharp bends (ramp). Such trajectory might be described by
Hermite curves with chosen tangents [2] and will be tested on the future.

Simulation tests also showed that smooth trajectories tend to improve the vehicle
attitude and control, more than smooth speeds. At the same time, progressive speeds
decrease positional error.

Better forms to produce the first segment of the Catmull–Rom algorithm are
suggested. The current algorithm repeats the first element on the vector [x1 x1 x2 x3]
creating an approximated tangent in the first point. Extrapolation methods could be
used to generate an auxiliar data point x−1. The implementation of an algorithm to
choose the tangents of the ideal speed shape (Fig. 19) could further reduce the errors
obtained in the smooth trajectory and ramp-like speed configuration.
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