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S U M M A R Y
The scattering induced by surface topographies of arbitrary shapes, submitted to horizontally
polarized shear waves (SH) is studied analytically. In particular, we propose an analysis
technique based on a representation of the scattered field like the superposition of incident,
reflected and diffracted rays. The diffraction contribution is the result of the interaction of the
incident and reflected waves, with the geometric singularities present in the surface topography.
This splitting of the solution into different terms, makes the difference between our method and
alternative numerical/analytical approaches, where the complete field is described by a single
term. The contribution from the incident and reflected fields is considered using standard
techniques, while the diffracted field is obtained using the idea of a ray as was introduced
by the geometrical theory of diffraction. Our final solution however, is an approximation in
the sense that, surface-diffracted rays are neglected while we retain the contribution from
corner-diffracted rays and its further diffraction. These surface rays are only present when
the problem has smooth boundaries combined with shadow zones, which is far from being
the typical scenario in far-field earthquake engineering. The proposed technique was tested
in the study of a combined hill-canyon topography and the results were compared with those
of a boundary element algorithm. After considering only secondary sources of diffraction, a
difference of 0.09 per cent (with respect to the incident field amplitude) was observed. The
proposed analysis technique can be used in the interpretation of numerical and experimental
results and in the preliminary prediction of the response in complex topographies.
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1 I N T RO D U C T I O N

The scattering of elastic waves by irregularities of arbitrary shape is
important in different engineering fields, for example, oil and nat-
ural gas industry, rock mechanics and earthquake engineering. The
modifications experienced by an incident wave can be generated
by two mechanisms: a geometric effect, induced by the interaction
of the field with topographic discontinuities along the propagation
path, and a mechanical effect, resulting from impedance contrasts
in the propagation medium. This work focuses in the geometric
effect. Although currently available numerical methods are capable
of treating highly complex and realistic scenarios, analytic solu-
tions are important from a conceptual and a practical point of view.
Analytic solutions combined with experimental and/or numerical
results, represent a powerful analysis tool to understand and eluci-
date the physics behind complex wave propagation problems. Here
we study the scattering of horizontally polarized shear (SH) waves
in half-spaces, with surface topographies of arbitrary shape, using
an analytic approach. In the context of earthquake engineering, most

of the available closed-form solutions have been restrained to ide-
alized scenarios, with only a few contributions dealing with general
arbitrary cases but in terms of complex mathematical formalisms.
The main goal of this work is to describe a simple, physically based
analysis methodology that provides the analyst with the ability to
capture the most relevant features of the response of a complex
surface topography in terms of simple input parameters.

When dealing with the scattering by irregularities of arbitrary
shape, the main complexity lies in the determination of the diffracted
field. As discussed by Keller (1962) , simple methods based on
geometrical optics, fail to account for certain phenomena called
diffraction. The diffracted field appears after incident fronts hit
edges, corners or vertices of boundary surfaces. At the same time,
if the involved scattering boundaries are at least C2-continuous
and also fully illuminated by the incident rays, the solution can
be obtained based solely on geometrical methods. On the contrary,
if there are shadow zones or corner singularities, the geometric
solution by itself is discontinuous and it must be completed with
the diffracted field. It turns out that the diffraction contribution to the
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total displacement field, can be defined as that part of the solution
that cannot be predicted by the classical geometric theory of rays.
It is evident that a key aspect in the search for a general method to
conduct analytic studies in scatterers with geometries of arbitrary
shape is the ability to describe the diffracted field.

The physical aspects of diffraction have been studied in great
detail in the context of scattering problems of electromagnetic
waves. A landmark analytic contribution is identified in the work by
Sommerfeld (1896) who derived the solution for the diffraction in-
duced by a semi-infinite crack. The contribution by Sommerfeld
(1896) opened the door to a number of studies dealing with the
more general case of an infinite wedge, where the crack problem
is a particular solution. The scattering by an infinite wedge under
incident scalar and vector wavefields, involves precisely the case
of wave fronts hitting edges and other singularities along boundary
surfaces and it may be considered a fundamental or canonical source
of diffraction. MacDonald (1902) obtained a series expansion for
the total field in the wedge in terms of Bessel functions. Hudson
(1963) studied the wedge under a line source of harmonic SH waves
for combined Dirichlet and Neumann boundary conditions and ex-
pressed his solution in the form of an infinite integral. Forristal &
Ingram (1971) studied elastic wedges of arbitrary angles under dy-
namic surface tractions; they also expressed their solution in terms
of a singular integral. Abo-Zena & King (1973) solved the problem
of a wedge under a line source applied along its free surface. In
that solution the response was separated in terms of the incident,
reflected and diffracted fields, but the diffracted term was given as a
singular integral. Hong & Helmberger (1977) studied the case of a
dipping structure (i.e. a layer in the form of a wedge in a half-space),
with a line source embedded in the medium; the solution was ex-
pressed in terms of an infinite series. Hong & Helmberger (1978)
formulated the so-called glorified optics to study waves propagat-
ing in non-planar structures. Klem-Musatov & Aizenberg (1984)
also studied the infinite wedge and presented a separated solution
in terms of incident, reflected and edge effects. Sanchez-Sesma
(1985) reformulated the solution by MacDonald (1902), and solved
the problem of SH waves scattered by infinite wedges, including
diffraction effects. The solution was still given in terms of a single
series, complicating its application to arbitrary shapes. The same
approach was later used by Sanchez-Sesma & Velasquez (1987)
to address the dipping layer problem and by Sanchez-Sesma et al.
(1988) and Sanchez-Sesma (1990) to solve triangular alluvial val-
leys and infinite wedges in particular cases where diffraction was
absent.

Although the above set of solutions consider the diffraction ef-
fect, they are valid for particular configurations. In contrast, Keller
(1962) concentrated solely on the diffraction problem. He studied
the interaction of incident waves with straight edges, curved edges,
corners and surfaces. The relevance of that work lies in the fact that
different sources of diffraction were identified and treated in rela-
tively simple mathematical terms introducing the conceptual tool
of diffracted rays.This allows the determination of the amplitude
and phase at a point contributed by a diffracted ray, in terms of a
diffraction coefficient, pretty much in the same way in which the
contribution from a reflected or refracted ray is obtained using a
reflection/refraction coefficient applied to the incident front. This
theory of diffracted rays is known as the geometrical theory of
diffraction (GTD) and constitutes the basis of our method.

Excluding numerical approaches, only a few analytic solutions
have been proposed for general geometrical perturbations under the
incidence of mechanical waves, even for the simple SH case. The
majority of the available solutions are valid only in particular con-
figurations or so strongly tied to complex mathematical formalisms,

that its application to truly arbitrary geometries is a difficult task.
For instance, the two extreme problems of scattering of SH waves
by a canyon and a valley of semi-circular shape were solved by
Trifunac (1971, 1973),in terms of expansions of Hankel functions.
Todorovska & Lee (1990, 1991a,b) studied semi-spherical valleys
at low frequencies, under SH, SV and Rayleigh waves. Sanchez-
Sesma & Iturraran-Viveros (2001) addressed the problem of a finite
crack in a half-space, under SH waves over a wide range of frequen-
cies using as a fundamental block the Sommerfeld solution from
electromagnetics. Lee & Luo (2006) studied SH waves incident
against a semi-circular cylindrical hill using a series solution. Tsaur
(2010) solved the problem of a vertical crack in the free surface
of a half-space using separation of variables in elliptical coordi-
nates, while Tsaur et al. (2010) addressed a symmetrical V-shaped
canyon under incident SH waves. More recently, Tsaur (2011) stud-
ied the scattering and focusing of SH waves by a lower semi-elliptic
convex topography while Diankui & Feng (1991) concentrated on
cylindrical canyons of apparently arbitrary shapes over anisotropic
half-spaces. In this last contribution the actual reflection problem is
converted into a classical half-space reflection problem using con-
formal mapping. The required mathematical formalism is however
cumbersome to apply in arbitrary shapes. Fu (2005) used an inte-
gral representation of the scattered field generated by an arbitrary
shape under incident SH waves and approximated the kernels of the
integral equation.

In what follows we discuss the basic theoretical aspects needed to
construct the scattered field induced by an incident plane SH wave
impinging against a free surface of arbitrary shape. The method is
based on the superposition of incident, reflected and diffracted rays
and therefore we focus on the description of the procedure to obtain
the contribution from the diffracted field. This single term is ob-
tained after adapting a solution from Kouyoumjian & Pathak (1974)
for a generalized wedge, involving a corner singularity enclosed by
curved boundaries and corresponding to an improved version of the
geometric method proposed by Keller (1962). The superposition
technique results in a conceptual recipe to construct the scattered
field. This recipe is further detailed within the context of a general
scenario and then, specifically applied to a topography consisting
of a canyon–hill combination. The accuracy of the built solution
is tested against numerical results obtained with a direct boundary
element algorithm.

2 M AT H E M AT I C A L M O D E L A N D
O U T L I N E O F T H E M E T H O D

Consider the scatterer of Fig. 1 consisting of an isotropic linearly
elastic homogeneous half-space with a geometric perturbation of
arbitrary shape along its free surface, where β = wave propa-
gation velocity, ρ = mass density and ν = Poisson’s ratio. The
mathematical domain is defined by the volume V and its enclos-
ing surface SF ∪ S ∪ S∞, where S∞ is at infinity, and with radiation
boundary conditions imposed along this surface. In this scenario
the scatterer corresponds to the surface S and the total resulting
wave motion depends on the incident field and on the geometry
of the free surface. The system is then submitted to a plane, hor-
izontally polarized shear wave (antiplane problem), propagating
with direction n̂. The resulting antiplane motion is of the general

form w = Ŵ e−î(
−→
k ·−→x −ωt), where ŵ = Ŵ e−î

−→
k ·−→x = displacement

spectral amplitude, î = √−1,
−→
k ≡ n̂ω/β = wave vector, ω = cir-

cular frequency, −→x = position vector of an observation point and
t = time. In what follows we write w instead of ŵ. The scattering
problem consists in the determination of the total motions after the
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Figure 1. Mathematical domain corresponding to the half-space, the scat-
terer surface and the incident plane wave.

incident plane wave interacts with the free surface SF ∪ S. Because
of the free boundary condition existing along the surface SF ∪ S,
all the incident energy is reflected back into the half-space. If the
contributions from the incident and reflected motions at an arbitrary
point −→x = are properly added (i.e. simultaneously accounting for
amplitude and phase), it turns out that the resulting displacements
are discontinuous. Continuity however can be restored after the
addition of an extra term corresponding to the diffraction effects.

The idea behind our solution method is to achieve the continuity
in the displacements by completing the ray theory solution with
the consideration of the diffracted field associated with the scat-
tering surface S. The diffracted field is obtained after representing
the complex scatterer surface by a series of simple surfaces or su-
perposition of wedges. Each wedge contributes in the form of a
source of primary diffraction. Each diffracted ray can be further
reflected or diffracted as it interacts with the adjacent wedges. With
the diffracted contribution at hand, the complex and general scatter-
ing problem is simply reduced to a superposition problem, where
the displacement at a given point is constructed after considering
the contribution of the incident plane front w0, the reflected plane
front wR and the diffracted field wD like

w = w0 + wR + wD. (1)

In our construction method the contribution wD to the total field,
is adapted from the solution developed by Kouyoumjian & Pathak
(1974) and corresponding to the diffraction of an electromagnetic
wave obliquely incident on an edge, in an otherwise smooth curved
surface adapted from the GTD proposed by Keller (1962), that
is, a generalized wedge. As pointed out by Keller (1962), when-
ever there are curved surfaces and shadow zones, there are also
surface-diffracted rays. These rays are however neglected by the
Kouyoumjian & Pathak (1974) solution leaving only the diffraction
corresponding to the corner effect. That assumption yields accurate
results if the field point is sufficiently far removed from the surface
or if the surface itself is fully illuminated. When the surface is fully
illuminated, which is the typical case in earthquake engineering,
the surface-diffracted rays vanish and an approximation in terms of
polygonal shapes simplifies the computation of the reflected field
which is of little interest in this contribution.

Within the above simplifying assumptions the total field is com-
pleted after adding the contributions from the incident and reflected
fields. This solution to the generalized wedge problem is the basis of
this work. The methodology can be summarized as follows. The free
surface of the half-space, containing the topographic perturbation of

arbitrary shape is approximated by a superposition of finite wedges.
The approximation involved in the representation of the general
wedge, made up of curved boundaries, by a simple one composed of
straight edges, is important only when there are shadow zones in the
incident field. In such a case there are surface-diffracted rays being
neglected in the current approach. That particular scenario is how-
ever unlikely to occur in far-field earthquake engineering, where
the incidence can be assumed to be vertical thereby producing a
fully illuminated domain. Each resulting finite wedge contributes
with a reflected field plus three sources of primary diffraction: one
generated by the main wedge and two additional sources, corre-
sponding to the points where the infinite wedge is rendered finite
at corner singularities. Besides from properly accounting for the
primary diffracted field, the main challenge involved in the process
for constructing the solution is the fact that the primary diffracted
motions are further diffracted as they encounter other geometric
singularities. We have selected the term secondary or higher order
diffraction to refer to this additional contribution. The secondary
and higher order diffraction effects can be represented by an infi-
nite number of terms of continuously decreasing amplitude. In the
actual application of the method a threshold value is selected and
the higher order diffraction is stopped, once the desired accuracy is
achieved, resulting in a rational approximation to the final solution.
In contrast to available analytical solutions and to robust numer-
ical methods, where as a result of the analysis the total response
is obtained in a single term, in our solution method the response
function is constructed by adding separate terms, each one with a
different physical meaning. In this sense, and after having accounted
for the contribution of the incident and reflected rays, the solution
is completed after reiterated use of a fundamental case deriving in a
conceptual recipe to find the response of the system. In this way the
recipe, has the final potential to capture the response of a problem
with a complex geometry in relatively simple terms.

3 F U N DA M E N TA L S O LU T I O N : T H E
D I F F R A C T E D R AY S

The process of superposition of the fields is now explained with
reference to the general problem described in Fig. 2, where the
relevant illuminated and shadow domains and its corresponding
boundaries are detailed. Consider a plane SH wave incident against
the free surface of the wedge at an angle φ′. This angle is formed
between the propagation direction and the surface of the wedge.
The incident wave is described by the plane front, which in terms of
rays is equivalent to the group of infinite incident rays perpendicular
to the front. It is of interest to identify the incidence and reflection
boundaries corresponding to planes of discontinuity in the solution,
contributed by the incident and reflected fields. The diffracted field
generated by the corner singularity corresponds to a cylindrical
wave that penetrates into the shadow zone and restores continuity
along the reflection and incidence boundaries.

The contribution from the incident and reflected fields considered
must be completed by the diffracted part of the solution wD. This
addition renders continuous the motion calculated from the incident
and reflected rays and penetrates into the shadow zone, that is, the
term wD provides the proper transition between the illuminated and
the shadow zones. In the proposed methodology, the contribution
of the diffracted field is taken directly from the approximate solu-
tion proposed by Kouyoumjian & Pathak (1974) and corresponding
to a generalized infinite wedge submitted to an incident plane or
cylindrical wave. The case of a cylindrical diffraction front corre-
sponds to a previously diffracted field. The generalized solution for
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Figure 2. Plane SH wave incident against an infinite wedge. The region of existence of the incident rays corresponds to the illuminated zone. As the incident
front is reflected by the free surface a zone illuminated by the reflected rays develops. The superposition of these two fields is discontinuous, however continuity
is restored by the cylindrical diffracted field that penetrates into the shadow zone.

the diffracted field is given in (2) for a field point with coordinates
(φ, r) as follows:

wD (φ, r ) = A
−e(−î(kr+π/4))

2ν
√

2π
√

kr

[
cot

(
π+(φ − φ′)

2ν

)
F

(
kLa+ (

φ−φ′))

+ cot

(
π − (φ − φ′)

2ν

)
F

(
kLa− (

φ − φ′))

+ cot

(
π + (φ + φ′)

2ν

)
F

(
kLa+ (

φ + φ′))

+ cot

(
π − (φ + φ′)

2ν

)
F

(
kLa− (

φ + φ′))] ,

(2)

where r = radial coordinate to the field point measured from the
vertex of the wedge, φ = angular coordinate measured with respect
to the reflection boundary, φ′ = incidence angle measured with
respect to the reflection boundary, νπ = wedge angle, r′ = radius
of the incident cylindrical wave (for the diffraction of a cylindrical
front), k = wavenumber and β = velocity of wave propagation. The
remaining terms appearing in (2) are defined as

F (X ) = 2î
√

XeîX

∫ ∞
√

X
e−îτ2

dτ,

L = r for incident plane waves,

L = rr ′

r + r ′ for incident cylindrical waves,

a± (θ ) = 2 cos2

(
2νπ N± − θ

2

)
,

N+ =
{

0 if θ ≤ νπ − π

1 if θ > νπ − π
,

N− =
⎧⎨
⎩

−1 if θ < π − νπ

0 if π − νπ ≤ θ ≤ π + νπ

1 if θ > π + νπ.

From the solution described in (2) it is clear that the diffraction
yields a cylindrical front and that for values of φ corresponding to
points far removed from the incidence and reflection boundaries,
the amplitude decays with 1/

√
kr . On the other hand, right at the

incidence/reflection boundary the diffracted field is discontinuous.
This is a required condition that must be satisfied by the term wD to
match the corresponding discontinuity appearing in the superposi-
tion of the incident and reflected contributions.

4 E X T R E M E C A S E S

The following observations, corresponding to extreme cases of the
solution given by Kouyoumjian & Pathak (1974), and useful in the
application and conceptual understanding of the described tech-
nique (Kouyoumjian & Pathak 1974) are identified:

(i) Far-field behaviour: Fig. 3 describes the case when r → ∞
and 1 < ν < 2. In this case the diffracted field, just at the incidence
and reflection boundaries, approaches ±0.5e−îkr . This corresponds
to half the amplitude of the incident wave and where the + and
− signs represent the phase in the shadow and illuminated zones,
respectively. This result clearly restores the continuity of the dis-
placement contributed by the incident and reflected fields.

(ii) Semi-infinite crack: Fig. 4 corresponds to the case where r
→ 0 and ν = 2. In this case the diffracted field takes a value of
+1 in the shadow zone of the incident wave, a value of −1 in the
illuminated zone of the reflected wave and a value of 0 in the zone
located in-between the reflection and incidence boundaries. As the
wedge angular parameter ν decreases and the crack approaches a
wedge, the above results are slightly modified taking values greater
than +1 in the shadow zone of the incident wave and values greater
than −1 and smaller than 0 in the illuminated zone of the reflected
wave. In the intermediate zone, the field takes values that maintain
continuity of the total resulting solution.

(iii) Fig. 5 corresponds to the case r → 0 and π > φ′ > π (ν −
1), while 1 < ν < 2 (i.e. complete illumination by the incident ray):
two reflection boundaries joined together by a diffracted field (with
an amplitude smaller than +1.0 in the zone between the boundaries
and greater than −1.0 and smaller than 0.0 between the boundaries
and the wedge) are generated.

(iv) Half-space: If ν = 1.0 then the diffracted field wD → 0.0 and
the contribution from the incident and reflected rays is continuous.
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1136 J. Jaramillo et al.

Figure 3. Extreme case corresponding to the far-field behaviour.

Figure 4. Particular case when the generalized wedge becomes an infinite
crack.

(v) Fig. 6 corresponds to the case when r → 0.0 , ν → 1.0 and φ′

→ 0.0 (i.e. incident rays parallel to the free boundary of the wedge):
a small shadow zone develops where the diffracted field approaches
a value of +2.0 in the shadow zone, a value of +1.0 between the

reflection and incidence boundaries and 0.0 in the zone illuminated
by the reflected field. In the extreme case in which φ′ = 0 half the
amplitude is assigned to the incident ray and half the amplitude
to the reflected ray, to yield a diffracted field approaching +1.0 in
the shadow zone and 0.0 in the remaining part of the domain. For
intermediate values of kr the diffracted field takes values in between
the ones defined for r → 0.0 and r → ∞ . Depending on the location
of the field point with respect to the wedge, the wedge geometry and
the direction of the incident front, the amplitudes of the diffracted
rays oscillate between 0.0 and 2.0. The maximum value of 2.0 is
attained only at the wedge apex, for wedges with an angle close to
180◦ and when the incident ray is parallel to the free surface. As
we move away from the apex the diffracted field modifies the shape
of the pulse since there is a geometric attenuation effect inversely
proportional to

√
kr . This means that as we move further away from

the apex the high-frequency content is damped out and the pulse
appears smoother. In a practical application this behaviour may be
useful when trying to identify the specific part of the motion due to
diffraction.

(vi) Fig. 7 corresponds to the case when ν < 1.0 (i.e. propagation
inside an infinite wedge): the diffracted field reaches values which
are close to the amplitude of the incident wave. On the other hand,

Figure 5. Solution at the wedge boundary under full illumination.
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Figure 6. Particular case when the incident rays are parallel to the free boundary of the wedge.

Figure 7. Particular case when ν < 1 (i.e. propagation inside an infinite
wedge).

the reflected field, corresponding to rays, that are reflected back and
forth against the wedge boundaries. Depending on the number of
reflections the amplitude may reach values which are several times
the amplitude of the incident wave. In the particular case of a wedge
with ν = 1/2 it was shown by Sanchez-Sesma (1990) that at the
apex the amplification with respect to the incident motion takes
a value of 4.0. Moreover it was also shown that the amplification
factor (AF) in the general case can be obtained with the simple
expression AF = 2.0/ν.

5 A R E C I P E T O B U I L D T H E S O LU T I O N
T O T H E S C AT T E R I N G P RO B L E M

Consider the case of an arbitrary scatterer like the one represented
by the dashed line in Fig. 8. Let us assume that the original shape
is made up of surfaces with at least C2-continuity, except at the
transition points between the scatterer and the free surface of the
half-space SF (i.e. the points marked as B and E in the figure). If
the incident front illuminates the whole surface, diffraction effects
would take place only at the geometric singularities B, C, D and E.
At those locations, the corresponding diffracted field could be ex-
actly constructed using the solution for the generalized wedge from
Kouyoumjian & Pathak (1974), that is, for a wedge with a flat and a
curved boundary. The procedure to obtain the total solution reduces
to the calculation of the incident, reflected and the diffracted fields.
The contribution from the reflected field however, may be cumber-
some to obtain since it corresponds to the case of a plane front
incident against a smooth curved surface, and this implies comput-
ing the contribution from an infinite number of rays. Since the main
interest here is to capture the diffraction effects, this complexity is

Figure 8. Schematic representation of a topographic irregularity at the free
surface of a half-space. Reflection boundaries and diffraction sources are
generated at each geometric singularity (i.e. corner point) where each one
of the infinite wedges is truncated by a following continuing wedge.

avoided by considering domains conformed by flat segments only.
In the generalized schematic problem, the arbitrary scatterer shown
in thick dashed lines, is then represented by straight continuous seg-
ments defining the two semi-infinite boundaries A–B and E–F and
the three finite boundaries, B–C, C–D and D–E, respectively. The
resulting flat surfaces meet at corner geometric singularities, con-
figuring wedges with diffraction sources. Each diffraction source
gives rise to reflection boundaries (RB), dividing the domain into
subdomains, with and without reflected fronts. Accordingly, with
reference to Fig. 8, four diffraction sources corresponding to the
encircled points B, C, D and E can be identified. The thick light
grey lines show the reflected fronts propagating outwards. These
rays are obtained using the slopes of the boundaries and the an-
gle of the incident SH wave after using the classical reflection law.
In the schematic problem, the semi-infinite surfaces A–B and E–F
give rise to semi-infinite horizontal reflection fronts (propagating
downwards) while the finite surfaces B–C, C–D and D–E, generate
finite and perfectly bounded vertical reflection fronts (propagat-
ing outwards). The resulting subdomains enclosed by the reflection
boundaries and without reflected fronts, correspond to the diffrac-
tion zones where continuity of the field must be restored. This is
achieved with the fundamental wedge solution after adjusting the
corresponding phase angle.

Each time the contribution from a diffraction source is gen-
erated, the resulting diffracted field would experience further
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1138 J. Jaramillo et al.

Figure 9. Canyon–hill combined surface topography in a half-space and
definition of geometric parameters to be used in the application of (2).

(secondary) diffractions and reflections once it interacts with the
adjacent wedges. This is a secondary diffraction effect, which can
be obtained from the fundamental wedge solution in a recursive
manner, after applying the case of a cylindrical incident front with
a source at each wedge. The recursive algorithm is continued until
the amplitude of the resulting diffracted field reaches values below
a pre-selected threshold. Usually after considering a couple of itera-
tions accounting for third-order diffraction effects, the amplitude is
well below the one associated with the incident and reflected fields.
The steps involved in the construction process are: (i) define the
subdomain (or part of the domain) Vin illuminated by the incident
field, (ii) define j subdomains V R

j illuminated by k reflected fronts,
(iii) identify subdomains V 0

i of existence of an incoming field cor-
responding to the superposition of incident and reflected fronts and
satisfying the condition V in ∩ V R

j = V 0
i , (iv) consider the direct

diffracted field resulting from the interaction of each plane front
with associated geometric singularities and (v) consider the contri-
bution from the secondary diffraction using a recursive application
of the fundamental solution (2) for the case of incident cylindrical
fronts.

6 A P P L I C AT I O N T O T H E S C AT T E R I N G
B Y A G E O M E T R I C A L P E RT U R B AT I O N
T O T H E H A L F - S PA C E

The proposed analysis technique is now applied to the study of
the particular surface topography described in Fig. 9. The relevant
geometrical parameters are shown in the figure. For simplicity we
submit the model to a vertically incident SH wave in the form of a
Ricker pulse given by

R (t) = (
2 (π fcτ )2 − 1

)
e(−(π fcτ )2),

τ = t − 1 if 0 s ≤ t ≤ 4 s,

fc = 2.0 Hz, (3)

where fc = central frequency of the pulse and τ = time param-
eter used to define the start of the active phase. The medium
is characterized by a shear wave propagation velocity β =
1.0 km s−1. The characteristic dimensions of the surface topogra-
phy are A2 = 1.0 km, A1 = 2.0 km and H = 1.0 km with angles of
45◦. The solution is first calculated in the frequency domain in the
form of transfer functions relating the spectral displacement ampli-
tude of the response to the one in the incident front. The final time

domain response is obtained using the fast Fourier transform (FFT)
algorithm.

The diffracted field wD at a general point located inside the
triangular subdomain enclosed by the reflection boundaries (shown
in dashed lines) in Fig. 9 is given in (4)

wD = wD (θ1, r1)C + wD (θ2, r2)D + wD (θ2, r2, A2)C−D +
wD (θ1, r1, A2)D−C + wD (θ1, r1, A2)C−D−C

+ wD (θ2, r2, A2)D−C−D + wD
(
θ1, r1, H

√
2
)

B−C

+ wD (θ2, r2, A2)B−C−D + wD
(
θ2, r2, 2H

√
2
)

E−D

+ wD (θ1, r1, A2)E−D−C + wD
(
θ1, r1, H

√
2
)

C−B−C

+ wD
(
θ2, r2, 2H

√
2
)

D−E−D
+ . . . , (4)

where each term corresponds to an application of the fundamental
solution by Kouyoumjian & Pathak (1974) given in (2). In this
expression, each one of the double-argument terms accounts for the
primary diffraction of the incident plane front. For instance a term
like wD(θ , r)J refers to the diffraction of the incident plane front
by the corner singularity J. Similarly a triple-argument term, refers
to a higher order diffraction contribution. For instance the term
wD(θ , r1, r2)J − K refers to the diffraction by the corner singularity
K of the cylindrical front with source at J and resulting from the
diffraction of the incident plane front at this last corner singularity.
In this case the first argument r1 refers to the distance between
the field point and the secondary diffraction point (e.g. point K
in the current case), while the second argument r2 corresponds to
the distance between the primary and secondary diffraction source
(e.g. distance between J and K in the current case). Additional
diffraction contributions could be considered until the amplitude is
below some pre-defined threshold. On the other hand, the diffracted
field generated by the different sources may experience additional
reflections against the free surface. This contribution corresponds
to the case of a cylindrical front incident against a free surface and
its computation is straightforward. In this particular example we
have not explicitly included those secondary reflections since its
contribution is negligible as the numerical results will show.

To validate the accuracy of the constructed solution the problem
was also solved using a direct boundary element method (BEM)
algorithm. Figs 10 and 11 display snapshots of the propagation pat-
terns at different instants during the propagation history, obtained
with the superposition technique (left-hand column) and the BEM
(right-hand column). In Fig. 10 the primary diffraction of the in-
cident front generated by the corner singularities C and D appear
as the light low-intensity cylindrical fronts joining the intense flat
fronts generated upon reflection and corresponding to the terms
wD(θ1, r1)C and wD(θ2, r2)D in (4). On the other hand, the bottom
frame displays two diffracted sources: first the primary diffraction
of the incident front at the corner singularity B and the secondary
diffraction of the primary term wD(θ1, r1)C as it is diffracted at B.

This corresponds to the term wD
(
θ1, r1, H

√
2
)

C−B−C
in (4).

Fig. 11 shows the primary diffraction of the incident front by
the uppermost corner singularity at E, once again appearing like a
low-intensity cylindrical front. The remaining middle and bottom
frames correspond to secondary diffraction sources described by
terms like wD(θ2, r2, A2)B-C − D and wD(θ1, r1, A2)E-D − C in (4).

To evaluate the ability of the proposed technique in capturing the
diffraction field, snapshots of the propagation patterns for this single
displacement component were obtained using both, the analytical
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Figure 10. Snapshots of the propagation patterns for the surface topography shown in Fig. 8 obtained with the proposed technique (left-hand column) and the
boundary element method algorithm (right-hand column). The top frame displays the unmodified incident front which is first diffracted by the singularities at
C and D (middle frame) and then by the singularity at B.

approach and the numerical technique. The results are shown in Fig.
12. The maximum differences between both sets of results for this
single displacement field correspond to 1.48 per cent and 3.57 per
cent for the positive and negative values, respectively.

As a second validation, synthetic seismograms obtained with
both methods at different observation points along the topographic
irregularity were obtained. The corresponding results are displayed
in Fig. 13. The response at the diffraction points 1, 3 and 5 is dif-
ferent from the one at points 2 and 6, where it is close to the one
observed in a half-space with an amplitude of 2.0, but with some
distortion due to the diffraction effects. At the observation points 1,
3 and 5 the arrivals of the incident, reflected and primary diffraction
fields coincide. At point 3 a 1.0 s delayed arrival is observed. This
corresponds exactly to the primary diffraction from the singularity
at D. Later, exactly 2.4 s after the arrival of the incident wave, one

observes the arrival of the primary diffraction from the corner sin-
gularity at B. Similarly, 5.6 s after the arrival of the incident front
the arrival from the primary diffraction by the singularity at E is
observed. At point 2, the strong phase at 1.2 s after the incident
wave corresponds to the arrival from the primary diffraction gen-
erated at B. The same response is observed at point 6 at 2.4 s after
the arrival from the incident front. The secondary diffractions are
either too small or arrive in phase with some of the primary diffrac-
tions. For instance, the secondary diffraction at point 2, due to the
neighbourhood wedges at B and C must arrive at 1.6 s and 2.6 s
after the incident front, but these waves are not observed either with
the BEM simulation or the analytic technique. To properly weight
the effect of the diffraction field in the total solution, we compared
the maximum and minimum values in the synthetic seismograms at
the singularity point 5 in Fig. 9. Considering only up to third-order
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Figure 11. Snapshots of the propagation patterns for the surface topography shown in Fig. 8 obtained with the proposed technique (left-hand column) and the
boundary element method algorithm (right-hand column). Only secondary diffraction effects remain as the primary fields have already travelled outside of the
considered computational domain.

diffraction effects, that is a couple of iterations, we obtained the
following values in the displacement amplitude: Amax

BEM = 0.70769,
Amax

APP = 0.6981, Amin
BEM = −1.5643, Amin

APP = −1.5118 involving dif-
ferences of 0.0096 in the former case and of 0.0525 in the latter, with
an average difference in amplitudes of 0.0009. This average value
is equivalent to 0.09 per cent of the incident field. These differences
can be further reduced if fourth and higher order diffraction effects
are considered.

7 C O N C LU S I O N S A N D F U RT H E R W O R K

We have presented a conceptual analysis tool based on superposi-
tion ideas, useful to study the scattering of SH waves by surface

topographies of arbitrary shape resting in a half-space. The solution
technique consists in the superposition of incident and reflected rays
plus an additional contribution by a diffracted field. The diffracted
field is obtained after adapting a solution identified in the context
of diffraction of electromagnetic waves, and valid for a generalized
wedge, to the scattering of mechanical SH waves. The method is
approximated in the sense that it neglects surface-diffracted rays,
while it retains corner-diffracted rays. To apply the superposition
process, the arbitrary shape is represented by a finite series of con-
tinuous wedges. Over each one of the resulting wedges, the incident,
reflected and generalized diffracted fields are obtained. Every time
a wedge is rendered finite by its interception with a neighbourhood
wedge, a reflection front appears. The analytical tool is described
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Figure 12. Snapshots of the propagation patterns corresponding to the diffracted field for the surface topography shown in Fig. 9 obtained with the proposed
technique (left-hand column) and the boundary element method algorithm (right-hand column).

in terms of a recipe to undertake the superposition process. The
solution can be made as accurate as needed since it can capture
the diffraction of a diffracted field using the theory for an incident
cylindrical wave.

The proposed construction method has been validated against
results of numerical simulations using a BEM technique. The re-
sults obtained with the described methodology and in particular its
comparison with the ones from the BEM technique presented in this
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Figure 13. Time history of displacements at different observation points along the surface topography of Fig. 13 obtained with the analytic technique and the
boundary element numerical scheme.

paper, suggest that these ideas can be extended to the case of more
general problems. Moreover, the idea of separating the different
contributions to the total field, can become a useful conceptual tool
in the interpretation of numerical results in more realistic scenarios
like the case of in-plane and 3-D motions and the case of a scatterer
in the form of an elastic inclusion (or basin).
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