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A B S T R A C T

This paper presents the Green’s Functions Stiffness Method (GFSM) for solving linear elastic static problems in
arbitrary axially non-uniform Timoshenko beams and frames subjected to general external loads and bending
moments. The GFSM is a mesh reduction method that seamlessly integrates elements from the Stiffness
Method (SM), Finite Element Method (FEM), and Green’s Functions (GFs), resulting in a highly versatile
methodology for structural analysis. It incorporates fundamental concepts such as stiffness matrices, shape
functions, and fixed-end forces, in line with SM and FEM frameworks. Leveraging the capabilities of GFs, the
method facilitates the derivation of closed-form solutions, addressing a gap in existing methods for analyzing
non-uniform reticular structures which are typically limited to simple cases like single-span beams with specific
axial variations and loading scenarios. The effectiveness of the GFSM is demonstrated through three practical
examples, showcasing its applicability in analyzing non-uniform beams and plane frames, thereby broadening
the scope of closed-form solutions for axially non-uniform Timoshenko structures.
1. Introduction

The stress and strain fields experienced by structural elements ex-
hibit spatial variability, diminishing the effectiveness of uniform ele-
ments from a mechanical perspective, as their strength and stiffness
distribution do not adapt to those changing conditions. Non-uniform
structural elements, characterized by variations in cross-section and
material, are extensively employed to address these changing condi-
tions, offering optimization in strength and stiffness, and in weight
reduction [1,2]. In aerospace engineering, non-uniform elements find
application in wing and blade structures subjected to aerodynamic
loads. Similarly, in structural engineering, they are utilized in buildings
to accommodate varying internal forces distributions and architectural
requirements. In mechanical engineering, non-uniform elements are
employed in machine components such as shafts, and gears.

Among heterogeneous materials, Functionally Graded Materials
(FGMs) are notable for their gradual mechanical property changes [3–
5]. FGMs, as second-generation composites, are highly versatile for
applications in biomedical, aerospace, naval, mechanical, and civil
structures [6,7]. When mechanical properties vary exclusively along
the axial direction, they are classified as Axially Functionally Graded
(AFG) materials [8], while axially non-uniform elements encompass
both non-uniform cross-sections and AFGMs.

∗ Corresponding author.
E-mail address: jmolina2@eafit.edu.co (J.C. Molina-Villegas).

Due to the kinematic model used to describe them, non-uniform
elements of reticular structures are commonly idealized using beam [9]
or the plane stress models [10,11]. In particular, the Euler–Bernoulli
and Timoshenko beam models are the most widely used, being the main
difference between them that in the Timoshenko theory the plane cross-
section of the beam remains plane after the external loads are applied
but can rotate with respect to the beam centroidal-line, while in the
Euler–Bernoulli theory, the cross-section is always perpendicular to that
line [12].

In recent decades, various methods have been employed to ana-
lyze axially non-uniform static Euler–Bernoulli and Timoshenko beams
and frames. The Finite Element Method (FEM) has been widely used,
providing stiffness matrices and fixed-end forces for common axially
non-uniform elements and arbitrary non-uniform elements [13–20].
Alternative methods have also been explored, including the use of
generalized functions [21], Laplace transform [22], and the transfor-
mation of Differential Equations (DEs) of variable coefficients into DE
of constant coefficients [23,24]. Additionally, exact elastic solutions
for FGMs have been presented [25,26]. For Timoshenko beams, FEM
has been prevalent, offering various solutions ranging from simple
to complex models, with alternative approaches proposed by other
researchers [27–35].
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Numerous efforts have been undertaken to investigate the dynamic
response of non-uniform beams and frames, both in the time and
frequency domains. For the Euler–Bernoulli model, Gupta [36] com-
puted the stiffness and consistent mass matrices for linearly tapered
beams, while Banerjee [37] calculated the dynamic stiffness matrix.
Additionally, the free vibrations of such beams have been extensively
studied [38–41]. The response of these beams on elastic foundation has
also been explored [42]. In the case of the Timoshenko beam model, its
free vibration has been analyzed by [43], with an approximated model
proposed in [44], and an asymptotic model suggested in [45].

The Green’s Functions Stiffness Method (GFSM) presents an alter-
native approach for analyzing arbitrarily axially non-uniform beams
and frames, as demonstrated in [46] for Euler–Bernoulli beams and
frames. This is a novel mesh reduction method closely related to the
FEM and the Stiffness Method (SM), sharing with those the use of
shape functions, stiffness matrices, and fixed-end forces; all of them
being exact in the case of the GFSM. This makes its matrix formulation
equal to the Transcendental Finite Element Method (TFEM) [47,48],
with the key differentiator of the GFSM lying in the utilization of
Green’s Functions (GFs) of fixed elements. This characteristic enables
the derivation of closed-form solutions for reticular structures subjected
to arbitrary loads and moments.

The effectiveness of the GFSM has been demonstrated across var-
ious scenarios, including static analysis of Euler–Bernoulli beams and
frames [49], beams on elastic Winkler foundations [50,51], static Tim-
oshenko beams and frames [52,53]; as well as the dynamic analy-
sis of Euler–Bernoulli beams and frames [54,55]. These applications
highlight its efficiency and versatility in structural analysis.

While numerous methods have been developed, there exists a gap in
the literature concerning a readily implementable approach to derive
closed-form solutions for statically linearly elastic arbitrary axially non-
uniform Timoshenko beams and frames subjected to general external
loads and bending moments. To address this gap, this paper presents
the formulation of the GFSM for analyzing these structures.

The paper is structured into seven sections. Section 2 introduces the
decomposition of the axially non-uniform Timoshenko frame element
into axially non-uniform Timoshenko beam and rod elements. The
formulation for these individual elements is presented in Sections 3
and 4, respectively. In Section 5, the beam and rod formulations are
merged to present the GFSM for the axially non-uniform Timoshenko
frame element. Section 6 illustrates its applicability through three
examples, two for beams and another for a plane frame structure.
Finally, Section 7 summarizes the conclusions.

2. Decomposition of the Timoshenko frame element

The element to be studied is the axially non-uniform Timoshenko
frame element presented in Fig. 1. It has an axially non-uniform linear
elastic material with Young’s modulus 𝐸(𝑥), and shear modulus 𝐺(𝑥), a
variable cross-section with area 𝐴(𝑥), shear coefficient 𝜅(𝑥) [56], shear
area 𝐴𝑠(𝑥) = 𝜅(𝑥)𝐴(𝑥), and second moment of area about the 𝑧-axis 𝐼(𝑥).
The element is subjected to arbitrary external distributed axial load
𝑝(𝑥), transverse distributed load 𝑞𝑣(𝑥), and distributed bending moment
𝑞𝜃(𝑥).

The internal forces fields of the element include the axial force 𝑃 (𝑥),
the shear force 𝑉 (𝑥), and the bending moment about the 𝑧-axis 𝑀(𝑥),
all of which follow the positive sign convention depicted in Fig. 2.

Utilizing a first-order theory, the transverse and axial behaviors
of the axially non-uniform Timoshenko frame element are decoupled.
This enables its decomposition into an axially non-uniform Timoshenko
beam element (Fig. 3(a)) and an axially non-uniform rod element
2

(Fig. 3(b)). r
. Formulation of the GFSM for the axially non-uniform timo-
henko beam element

.1. Governing boundary value problem

The internal forces in the axially non-uniform Timoshenko beam
lement are caused by its deformation, expressed in terms of the
isplacement and cross-section rotation fields as [57]:

(𝑥) = 𝐸𝐼(𝑥)d𝜃
d𝑥 (𝑥) (1a)

𝑉 (𝑥) = 𝐴𝑠𝐺(𝑥)
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]

(1b)

here 𝐸𝐼(𝑥) = 𝐸(𝑥)𝐼(𝑥) and 𝐴𝑠𝐺(𝑥) = 𝐴𝑠(𝑥)𝐺(𝑥) are the element
lexural and shear rigidities, 𝑣(𝑥) is the transverse displacement field
positive in the 𝑦-axis direction), and 𝜃(𝑥) is the cross-section rotation
ield (positive about the 𝑧-axis direction, i.e., counter clockwise).

The vertical and rotational differential equilibrium equations for
ny beam element are:

d𝑉
d𝑥 (𝑥) = −𝑞𝑣(𝑥) (2a)

d𝑀
d𝑥 (𝑥) + 𝑉 (𝑥) = −𝑞𝜃(𝑥) (2b)

ubstituting Eqs. (1) into Eqs. (2), the coupled governing Differential
quations (DEs) for the axially non-uniform Timoshenko beam element
re obtained [35]:

d
d𝑥

{

𝐴𝑠𝐺(𝑥)
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]}

= −𝑞𝑣(𝑥) (3a)

d
d𝑥

[

𝐸𝐼(𝑥)d𝜃
d𝑥 (𝑥)

]

+ 𝐴𝑠𝐺(𝑥)
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]

= −𝑞𝜃(𝑥) (3b)

t is important to mention that an alternative to the coupled DEs (3)
s to combine those in a single fourth order differential equation with
ariable coefficients as proposed in [58]. Because the GFSM is based on
strong formulation, four Boundary Conditions (BCs) should be added

o the DEs (3), being the governing Boundary Value Problem (BVP)
efined as:

d
d𝑥

{

𝐴𝑠𝐺(𝑥)
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]}

= −𝑞𝑣(𝑥) (4a)

d
d𝑥

[

𝐸𝐼(𝑥)d𝜃
d𝑥 (𝑥)

]

+ 𝐴𝑠𝐺(𝑥)
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]

= −𝑞𝜃(𝑥) (4b)

𝑣(0) = 𝑣𝑖 (4c)

𝜃(0) = 𝜃𝑖 (4d)

𝑣(𝐿) = 𝑣𝑗 (4e)

𝜃(𝐿) = 𝜃𝑗 (4f)

here 𝑣𝑖 and 𝑣𝑗 are the 𝑦-axis displacement at 𝑥 = 0 and 𝑥 = 𝐿
espectively, whereas 𝜃𝑖 and 𝜃𝑗 are the rotations of the cross-section
t the same points.

To help solve the BVP presented in Eqs. (4), its solution is de-
omposed into a homogeneous (denoted using the subscript ℎ) and
particular or ‘‘fixed’’ (denoted using the subscript 𝑓 ) solutions (see

ig. 4). The transverse displacement, cross-section rotation, bending
oment, and shear force fields are defined, respectively, as:

𝑣(𝑥) = 𝑣ℎ(𝑥) + 𝑣𝑓 (𝑥) (5a)

𝜃(𝑥) = 𝜃ℎ(𝑥) + 𝜃𝑓 (𝑥) (5b)

(𝑥) =𝑀ℎ(𝑥) +𝑀𝑓 (𝑥) (5c)

𝑉 (𝑥) = 𝑉ℎ(𝑥) + 𝑉𝑓 (𝑥) (5d)

In Sections 3.2 and 3.3, the solutions of the homogeneous and fixed
esponses are presented.
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Fig. 1. Axially non-uniform Timoshenko frame element.
Fig. 2. Internal forces positive sign convention.

3.2. Homogeneous response

The governing BVP for the homogeneous response of the axially
non-uniform Timoshenko beam element is (see Fig. 4(a)):

d
d𝑥

{

𝐴𝑠𝐺(𝑥)
[d𝑣ℎ

d𝑥 (𝑥) − 𝜃ℎ(𝑥)
]}

= 0 (6a)

d
d𝑥

[

𝐸𝐼(𝑥)
d𝜃ℎ
d𝑥 (𝑥)

]

+ 𝐴𝑠𝐺(𝑥)
[d𝑣ℎ

d𝑥 (𝑥) − 𝜃(𝑥)
]

= 0 (6b)

𝑣ℎ(0) = 𝑣𝑖 (6c)

𝜃ℎ(0) = 𝜃𝑖 (6d)

𝑣ℎ(𝐿) = 𝑣𝑗 (6e)

𝜃ℎ(𝐿) = 𝜃𝑗 (6f)

An easy way to solve the BVP (6) is to start integrating both sides of
Eq. (6a) to obtain:

𝑉ℎ(𝑥) = 𝐴𝑠𝐺(𝑥)
[d𝑣ℎ

d𝑥 (𝑥) − 𝜃ℎ(𝑥)
]

= 𝐶1 (7)

By substituting Eq. (7) into Eq. (6b) and solving the resulting equation
for 𝜃ℎ(𝑥), gets as result:

𝜃ℎ(𝑥) = −𝐶1 ∫

𝑥

0

𝑠
𝐸𝐼(𝑠)

d𝑠 + 𝐶2 ∫

𝑥

0

1
𝐸𝐼(𝑠)

d𝑠 + 𝜃𝑖 (8)

where the Boundary Condition (BC) (6d) was used.
Substituting Eq. (8) into Eq. (7) and solving for 𝑣ℎ(𝑥), yield:

𝑣ℎ(𝑥) = 𝐶1 ∫

𝑥

0

1
𝐴𝑠𝐺(𝜒)

d𝜒 − 𝐶1 ∫

𝑥

0

[

∫

𝜒

0

𝑠
𝐸𝐼(𝑠)

d𝑠
]

d𝜒

+ 𝐶2 ∫

𝑥

0

[

∫

𝜒

0

1
𝐸𝐼(𝑠)

d𝑠
]

d𝜒 + 𝜃𝑖𝑥 + 𝑣𝑖 (9)

Where the BC (6c) was employed.
Evaluating Eqs. (8) and (9) at 𝑥 = 𝐿 and applying the boundary

conditions (6e) and (6f) yield the following system of two linear
equations:

𝜃𝑗 = −𝐶1 ⋅ 3(𝐿) + 𝐶2 ⋅ 4(𝐿) + 𝜃𝑖 (10a)

𝑣𝑗 = 𝐶1 ⋅ 5(𝐿) − 𝐶1 ⋅ 1(𝐿) + 𝐶2 ⋅ 2(𝐿) + 𝜃𝑖𝐿 + 𝑣𝑖 (10b)
3

where

1(𝑥) = ∫

𝑥

0

[

∫

𝜒

0

𝑠
𝐸𝐼(𝑠)

d𝑠
]

d𝜒 = ∫

𝑥

0
3(𝜒)d𝜒 (11a)

2(𝑥) = ∫

𝑥

0

[

∫

𝜒

0

1
𝐸𝐼(𝑠)

d𝑠
]

d𝜒 = ∫

𝑥

0
4(𝜒)d𝜒 (11b)

3(𝑥) = ∫

𝑥

0

𝑠
𝐸𝐼(𝑠)

d𝑠 (11c)

4(𝑥) = ∫

𝑥

0

1
𝐸𝐼(𝑠)

d𝑠 (11d)

5(𝑥) = ∫

𝑥

0

1
𝐴𝑠𝐺(𝑠)

d𝑠 (11e)

From the solution of Eqs. (10), the values of 𝐶1 and 𝐶2 are obtained:

𝐶1 =
4(𝐿) ⋅ 𝑣𝑖 +

[

4(𝐿) ⋅ 𝐿 − 2(𝐿)
]

𝜃𝑖 − 4(𝐿) ⋅ 𝑣𝑗 + 2(𝐿) ⋅ 𝜃𝑗
𝐷

(12a)

𝐶2 =
3(𝐿) ⋅ 𝑣𝑖 +

[

−1(𝐿) + 5(𝐿) + 3(𝐿) ⋅ 𝐿
]

𝜃𝑖 − 3(𝐿) ⋅ 𝑣𝑗 +
[

1(𝐿) − 5(𝐿)
]

𝜃𝑗
𝐷

(12b)

being

𝐷 = [1(𝐿) − 5(𝐿)] ⋅ 4(𝐿) − 2(𝐿) ⋅ 3(𝐿) (13)

By substituting Eqs. (12) into Eqs. (8) and (9), the following equations
are obtained:

𝑣ℎ(𝑥) = 𝜓𝑣2 (𝑥)𝑣𝑖 + 𝜓
𝑣
3 (𝑥)𝜃𝑖 + 𝜓

𝑣
5 (𝑥)𝑣𝑗 + 𝜓

𝑣
6 (𝑥)𝜃𝑗 (14a)

𝜃ℎ(𝑥) = 𝜓𝜃2 (𝑥)𝑣𝑖 + 𝜓
𝜃
3 (𝑥)𝜃𝑖 + 𝜓

𝜃
5 (𝑥)𝑣𝑗 + 𝜓

𝜃
6 (𝑥)𝜃𝑗 (14b)

where

𝜓𝑣2 (𝑥) = −
4(𝐿)
𝐷

[1(𝑥) − 5(𝑥)] +
3(𝐿)
𝐷

2(𝑥) + 1 (15a)

𝜓𝑣3 (𝑥) = −
3(𝐿)
𝐷

[1(𝑥) − 5(𝑥)] +
−1(𝐿) + 5(𝐿) + 3(𝐿) ⋅ 𝐿

𝐷
2(𝑥) + 𝑥

(15b)

𝜓𝑣5 (𝑥) =
4(𝐿)
𝐷

[1(𝑥) − 5(𝑥)] −
3(𝐿)
𝐷

2(𝑥) (15c)

𝜓𝑣6 (𝑥) = −
2(𝐿)
𝐷

[1(𝑥) − 5(𝑥)] +
1(𝐿) − 5(𝐿)

𝐷
2(𝑥) (15d)

and

𝜓𝜃2 (𝑥) = −
4(𝐿)
𝐷

3(𝑥) +
3(𝐿)
𝐷

4(𝑥) (16a)

𝜓𝜃3 (𝑥) = −
3(𝐿)
𝐷

3(𝑥) +
−1(𝐿) + 5(𝐿) + 3(𝐿) ⋅ 𝐿

𝐷
4(𝑥) + 1 (16b)

𝜓𝜃5 (𝑥) =
4(𝐿)
𝐷

3(𝑥) −
3(𝐿)
𝐷

4(𝑥) (16c)

𝜓𝜃6 (𝑥) = −
2(𝐿)
𝐷

3(𝑥) +
1(𝐿) − 5(𝐿)

𝐷
4(𝑥) (16d)

The functions 𝜓𝑣𝑛 (𝑥) and 𝜓𝜃𝑛 (𝑥) (𝑛 = 2, 3, 5, 6) are the analytical dis-
placement and rotation shape functions for the axially non-uniform
Timoshenko beam element, respectively, being the same used in the
TFEM [59].
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Fig. 3. Decomposition of the axially non-uniform Timoshenko frame element as an axially non-uniform Timoshenko beam and axially non-uniform rod elements.
Fig. 4. Decomposition of the response of axially non-uniform Timoshenko beam element.
Using Eqs. (1), the homogeneous internal forces fields can be readily
computed from the homogeneous transverse displacement and cross-
section rotation fields presented in Eqs. (15) and (16) respectively,
resulting in:

𝑀ℎ(𝑥) = 𝜓𝑀2 (𝑥)𝑣𝑖 + 𝜓𝑀3 (𝑥)𝜃𝑖 + 𝜓𝑀5 (𝑥)𝑣𝑗 + 𝜓𝑀6 (𝑥)𝜃𝑗 (17a)

𝑉ℎ(𝑥) = 𝜓𝑉2 (𝑥)𝑣𝑖 + 𝜓𝑉3 (𝑥)𝜃𝑖 + 𝜓𝑉5 (𝑥)𝑣𝑗 + 𝜓𝑉6 (𝑥)𝜃𝑗 (17b)

where

𝜓𝑀2 (𝑥) =
3(𝐿)
𝐷

−
4(𝐿)
𝐷

𝑥 (18a)

𝜓𝑀3 (𝑥) =
−1(𝐿) + 5(𝐿) + 3(𝐿) ⋅ 𝐿

𝐷
−

3(𝐿)
𝐷

𝑥 (18b)

𝜓𝑀5 (𝑥) = −
3(𝐿)
𝐷

+
4(𝐿)
𝐷

𝑥 (18c)

𝜓𝑀6 (𝑥) =
1(𝐿) − 5(𝐿)

𝐷
−

2(𝐿)
𝐷

𝑥 (18d)

and

𝜓𝑉2 (𝑥) =
4(𝐿)
𝐷

(19a)

𝜓𝑉3 (𝑥) =
3(𝐿)
𝐷

(19b)

𝜓𝑉5 (𝑥) = −
4(𝐿)
𝐷

(19c)

𝜓𝑉6 (𝑥) =
2(𝐿)
𝐷

(19d)

being the functions 𝜓𝑀𝑛 (𝑥) and 𝜓𝑉𝑛 (𝑥) (𝑛 = 2, 3, 5, 6) defined as the
bending moment and shear force shape functions, respectively.

From the evaluation of the homogeneous internal force fields at
𝑥 = 0 and 𝑥 = 𝐿, the relation between the generalized forces
and displacements at the ends of the element are obtained (compare
Fig. 2 with Fig. 4(a) to see the difference between the positive sign
conventions for the internal forces and the forces at the ends of the
elements):

⎧

⎪

⎪

⎨

⎪

⎪

𝐹𝑌 ℎ𝑖
𝑀ℎ

𝑖
𝐹𝑌 ℎ𝑗
𝑀ℎ

𝑗

⎫

⎪

⎪

⎬

⎪

⎪

=

⎧

⎪

⎪

⎨

⎪

⎪

−𝑉ℎ(0)
−𝑀ℎ(0)
𝑉ℎ(𝐿)
𝑀ℎ(𝐿)

⎫

⎪

⎪

⎬

⎪

⎪

=

⎡

⎢

⎢

⎢

⎢

⎣

𝑘22 𝑘23 𝑘25 𝑘26
𝑘32 𝑘33 𝑘35 𝑘36
𝑘52 𝑘53 𝑘55 𝑘56
𝑘62 𝑘63 𝑘65 𝑘66

⎤

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎨

⎪

⎪

𝑣𝑖
𝜃𝑖
𝑣𝑗
𝜃𝑗

⎫

⎪

⎪

⎬

⎪

⎪

(20)
4

⎩ ⎭ ⎩ ⎭ ⎩ ⎭
being

𝑘22 = 𝑘55 = −𝑘25 = −𝑘52 = −
4(𝐿)
𝐷

(21a)

𝑘23 = 𝑘32 = −𝑘35 = −𝑘53 = −
3(𝐿)
𝐷

(21b)

𝑘26 = 𝑘62 = −𝑘56 = −𝑘65 = −
2(𝐿)
𝐷

(21c)

𝑘33 =
1(𝐿) − 5(𝐿) − 3(𝐿) ⋅ 𝐿

𝐷
(21d)

𝑘36 = 𝑘63 = −
1(𝐿) − 5(𝐿)

𝐷
(21e)

𝑘66 =
1(𝐿) − 5(𝐿) − 2(𝐿) ⋅ 𝐿

𝐷
(21f)

where the following identity has been used:

2(𝑥) + 3(𝑥) = 4(𝑥) ⋅ 𝑥 (22)

The 4 × 4 matrix presented in Eq. (20) is the analytic stiffness matrix for
the axially non-uniform Timoshenko beam element, which is equivalent
the one used in the TFEM [16,19,28].

3.3. Fixed response

The governing BVP for the fixed response of the axially non-uniform
Timoshenko beam element is (see Fig. 4(b)):

d
d𝑥

{

𝐴𝑠𝐺(𝑥)
[d𝑣𝑓

d𝑥 (𝑥) − 𝜃𝑓 (𝑥)
]}

= −𝑞𝑣(𝑥) (23a)

d
d𝑥

[

𝐸𝐼(𝑥)
d𝜃𝑓
d𝑥 (𝑥)

]

+ 𝐴𝑠𝐺(𝑥)
[d𝑣𝑓

d𝑥 (𝑥) − 𝜃𝑓 (𝑥)
]

= −𝑞𝜃(𝑥) (23b)

𝑣𝑓 (0) = 0 (23c)

𝜃𝑓 (0) = 0 (23d)

𝑣𝑓 (𝐿) = 0 (23e)

𝜃𝑓 (𝐿) = 0 (23f)

To solve the BVP (23) the fixed response will be decomposed into
two parts, one caused by the arbitrary external load 𝑞𝑣(𝑥) (denoted
using the superscript 𝑣), and the other part caused by the arbitrary
external moments 𝑞 (𝑥) (denoted using the superscript 𝜃) as presented
𝜃
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Fig. 5. Decomposition of the fixed response of the axially non-uniform Timoshenko beam element.
in Fig. 5. Being the transverse displacement, cross-section rotation,
bending moment, and shear force fixed fields defined respectively, as:

𝑣𝑓 (𝑥) = 𝑣𝑣𝑓 (𝑥) + 𝑣
𝜃
𝑓 (𝑥) (24a)

𝜃𝑓 (𝑥) = 𝜃𝑣𝑓 (𝑥) + 𝜃
𝜃
𝑓 (𝑥) (24b)

𝑀𝑓 (𝑥) =𝑀𝑣
𝑓 (𝑥) +𝑀

𝜃
𝑓 (𝑥) (24c)

𝑉𝑓 (𝑥) = 𝑉 𝑣
𝑓 (𝑥) + 𝑉

𝜃
𝑓 (𝑥) (24d)

3.3.1. Fixed response due to 𝑞𝑣(𝑥)
The displacement Green’s function 𝐺𝑦𝑦(𝑥, 𝜉) associated with the

studied element is defined as the transverse displacement field when
it is fixed and subjected to a point unit transverse external load at 𝜉
(see Fig. 6). This function has two intervals and is defined as follows:

𝐺𝑦𝑦(𝑥, 𝜉) =

{

𝐺𝐼𝑦𝑦(𝑥, 𝜉) 0 < 𝑥 ≤ 𝜉
𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) 𝜉 ≤ 𝑥 < 𝐿

(25)

being

𝐺𝐼𝑦𝑦(𝑥, 𝜉) = 𝑊 𝑣
2 (𝑥)𝜓

𝑣
2 (𝜉) +𝑊

𝑣
3 (𝑥)𝜓

𝑣
3 (𝜉) (26a)

𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) = 𝑊 𝑣
5 (𝑥)𝜓

𝑣
5 (𝜉) +𝑊

𝑣
6 (𝑥)𝜓

𝑣
6 (𝜉) (26b)

where

𝑊 𝑣
2 (𝑥) = −1(𝑥) + 5(𝑥) (27a)

𝑊 𝑣
3 (𝑥) = 2(𝑥) (27b)

𝑊 𝑣
5 (𝑥) = −1(𝐿) + 5(𝐿) + 𝑥 ⋅ 2(𝐿) + 1(𝑥) − 5(𝑥) − 𝐿 ⋅ 2(𝑥) (27c)

𝑊 𝑣
6 (𝑥) = 𝑥 ⋅

[

4(𝐿) − 4(𝑥)
]

−
[

3(𝐿) − 3(𝑥)
]

(27d)

The cross-section rotation field associated with the displacement
Green’s function 𝐺𝑦𝑦(𝑥, 𝜉) is called the rotation Green’s function, which
is expressed as 𝐺𝜃𝑦(𝑥, 𝜉), established as:

𝐺𝐼𝜃𝑦(𝑥, 𝜉) = 𝑊 𝜃
2 (𝑥)𝜓

𝑣
2 (𝜉) +𝑊

𝜃
3 (𝑥)𝜓

𝑣
3 (𝜉) (28a)

𝐺𝐼𝐼𝜃𝑦 (𝑥, 𝜉) = 𝑊 𝜃
5 (𝑥)𝜓

𝑣
5 (𝜉) +𝑊

𝜃
6 (𝑥)𝜓

𝑣
6 (𝜉) (28b)

being

𝑊 𝜃
2 (𝑥) = −3(𝑥) (29a)

𝑊 𝜃
3 (𝑥) = 4(𝑥) (29b)

𝑊 𝜃
5 (𝑥) = 2(𝐿) − 2(𝑥) − (𝐿 − 𝑥) ⋅ 4(𝑥) (29c)

𝑊 𝜃
6 (𝑥) = 4(𝐿) − 4(𝑥) (29d)

Following [46], the fixed displacement field 𝑣𝑣𝑓 (𝑥) and the fixed cross-
section rotation field 𝜃𝑣𝑓 (𝑥) caused by the external load 𝑞𝑣(𝑥) are com-
puted as follows:

𝑣𝑣𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑦𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 (30a)

𝜃𝑣 (𝑥) =
𝑥
𝐺𝐼𝐼 (𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 +

𝐿
𝐺𝐼 (𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 (30b)
5

𝑓 ∫0 𝜃𝑦 ∫𝑥 𝜃𝑦
Substituting Eqs. (30) into Eqs. (1), the bending moment and shear
force fields are obtained:

𝑀𝑣
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 (31a)

𝑉 𝑣
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 (31b)

Being the functions 𝐺𝑀𝑦(𝑥, 𝜉) and 𝐺𝑉 𝑦(𝑥, 𝜉) the bending moment and
shear force Green’s functions associated with the element presented in
Fig. 6, i.e., the internal forces fields of the fixed axially non-uniform
Timoshenko beam element subjected to a transverse point unit load
located at 𝜉. Those functions also have two intervals and can be
computed from 𝐺𝑦𝑦(𝑥, 𝜉) and 𝐺𝜃𝑦(𝑥, 𝜉) using Eqs. (1), or using simple
statics based on the fact that their reactions are known (see Fig. 6):

𝐺𝐼𝑀𝑦(𝑥, 𝜉) = 𝑊𝑀
2 (𝑥)𝜓𝑣2 (𝜉) +𝑊

𝑀
3 (𝑥)𝜓𝑣3 (𝜉) (32a)

𝐺𝐼𝐼𝑀𝑦(𝑥, 𝜉) = 𝑊𝑀
5 (𝑥)𝜓𝑣5 (𝜉) +𝑊

𝑀
6 (𝑥)𝜓𝑣6 (𝜉) (32b)

and

𝐺𝐼𝑉 𝑦(𝑥, 𝜉) = 𝑊 𝑉
2 (𝑥)𝜓𝑣2 (𝜉) +𝑊

𝑉
3 (𝑥)𝜓𝑣3 (𝜉) (33a)

𝐺𝐼𝐼𝑉 𝑦(𝑥, 𝜉) = 𝑊 𝑉
5 (𝑥)𝜓𝑣5 (𝜉) +𝑊

𝑉
6 (𝑥)𝜓𝑣6 (𝜉) (33b)

where

𝑊𝑀
2 (𝑥) = −𝑥 (34a)

𝑊𝑀
3 (𝑥) = 1 (34b)

𝑊𝑀
5 (𝑥) = −𝐿 + 𝑥 (34c)

𝑊𝑀
6 (𝑥) = −1 (34d)

and

𝑊 𝑉
2 (𝑥) = 1 (35a)

𝑊 𝑉
3 (𝑥) = 0 (35b)

𝑊 𝑉
5 (𝑥) = −1 (35c)

𝑊 𝑉
6 (𝑥) = 0 (35d)

By evaluating Eqs. (31) at the ends of the fixed element, the fixed-
end forces (reactions) generated by the arbitrary external load 𝑞𝑣(𝑥) are
obtained:

𝐹𝑌 𝑣𝑓𝑖 = −𝑉 𝑣
𝑓 (0) = −∫

𝐿

0
𝜓𝑣2 (𝑥)𝑞𝑣(𝑥)d𝑥 (36a)

𝑀𝑣𝑓
𝑖 = −𝑀𝑣

𝑓 (0) = −∫

𝐿

0
𝜓𝑣3 (𝑥)𝑞𝑣(𝑥)d𝑥 (36b)

𝐹𝑌 𝑣𝑓𝑗 = 𝑉 𝑣
𝑓 (𝐿) = −∫

𝐿

0
𝜓𝑣5 (𝑥)𝑞𝑣(𝑥)d𝑥 (36c)

𝑀𝑣𝑓
𝑗 =𝑀𝑣

𝑓 (𝐿) = −∫

𝐿

0
𝜓𝑣6 (𝑥)𝑞𝑣(𝑥)d𝑥 (36d)

Being those equivalent to the ones used in the TFEM [19], and follow-
ing the general form used in the FEM [57,60].

To understand the meaning of Eqs. (36), note that the reactions
of the fixed beam presented in Fig. 6 are the negative of the shape
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Fig. 6. Fixed axially non-uniform Timoshenko beam element subjected to a external unit point load, and its reactions.
Fig. 7. Fixed axially non-uniform Timoshenko beam element subjected to a external unit bending moment, and its reactions.
functions 𝜓𝑣𝑛 (𝑥) (𝑛 = 2,3,5,6), i.e., the reactions generated by the unit
point load located at 𝑥 (for ease of the discussion 𝜉 has been changed to
𝑥). The term −𝜓𝑣𝑛 (𝑥)𝑞𝑣(𝑥)d𝑥 can be interpreted as the reactions gener-
ated by the differential load 𝑞𝑣(𝑥)d𝑥 located at 𝑥, and − ∫ 𝐿0 𝜓𝑣𝑛 (𝑥)𝑞𝑣(𝑥)d𝑥
is the superposition of the reactions generated by all the differential
external loads from 𝑥 = 0 to 𝑥 = 𝐿.

3.3.2. Fixed response due to 𝑞𝜃(𝑥)
To compute the response of the fixed axially non-uniform Timo-

shenko beam element subjected to the external bending moment 𝑞𝜃(𝑥)
(see Fig. 5(b)), a similar approach to the one used in the previous
section for the external load 𝑞𝑣(𝑥) will be followed. To do this, it is
necessary to use the response of a fixed element subjected to a unit
point bending moment as presented in Fig. 7.

This response includes the Green’s functions 𝐺𝑦𝜃(𝑥, 𝜉), 𝐺𝜃𝜃(𝑥, 𝜉),
𝐺𝑀𝜃(𝑥, 𝜉) and 𝐺𝑉 𝜃(𝑥, 𝜉), for the transverse displacement, rotation of
the cross-section, bending moment, and shear force fields, respectively.
Being those functions defined as:

𝐺𝐼𝑦𝜃(𝑥, 𝜉) = 𝑊 𝑣
2 (𝑥)𝜓

𝜃
2 (𝜉) +𝑊

𝑣
3 (𝑥)𝜓

𝜃
3 (𝜉) (37a)

𝐺𝐼𝐼𝑦𝜃 (𝑥, 𝜉) = 𝑊 𝑣
5 (𝑥)𝜓

𝜃
5 (𝜉) +𝑊

𝑣
6 (𝑥)𝜓

𝜃
6 (𝜉) (37b)

𝐺𝐼𝜃𝜃(𝑥, 𝜉) = 𝑊 𝜃
2 (𝑥)𝜓

𝜃
2 (𝜉) +𝑊

𝜃
3 (𝑥)𝜓

𝜃
3 (𝜉) (38a)

𝐺𝐼𝐼𝜃𝜃 (𝑥, 𝜉) = 𝑊 𝜃
5 (𝑥)𝜓

𝜃
5 (𝜉) +𝑊

𝜃
6 (𝑥)𝜓

𝜃
6 (𝜉) (38b)

𝐺𝐼𝑀𝜃(𝑥, 𝜉) = 𝑊𝑀
2 (𝑥)𝜓𝜃2 (𝜉) +𝑊

𝑀
3 (𝑥)𝜓𝜃3 (𝜉) (39a)

𝐺𝐼𝐼𝑀𝜃(𝑥, 𝜉) = 𝑊𝑀
5 (𝑥)𝜓𝜃5 (𝜉) +𝑊

𝑀
6 (𝑥)𝜓𝜃6 (𝜉) (39b)

and

𝐺𝐼𝑉 𝜃(𝑥, 𝜉) = 𝑊 𝑉
2 (𝑥)𝜓𝜃2 (𝜉) +𝑊

𝑉
3 (𝑥)𝜓𝜃3 (𝜉) (40a)

𝐺𝐼𝐼𝑉 𝜃(𝑥, 𝜉) = 𝑊 𝑉
5 (𝑥)𝜓𝜃5 (𝜉) +𝑊

𝑉
6 (𝑥)𝜓𝜃6 (𝜉) (40b)

From the comparison of the Green’s functions of the fixed element
subjected to the external transverse unit point load (Eqs. (26), (28),
(32) and (33)) with those generated by the external unit point bending
moment (Eqs. (37) to (40)), it is clear that the latter can be computed
from the former by simply replacing the shape functions 𝜓𝑣𝑛 (𝜉) by 𝜓𝜃𝑛 (𝜉)
(𝑛 = 2, 3, 5, 6).

Following the same principle used in Section 3.3.1, the fixed trans-
verse displacement, cross-section rotation, bending moment, and shear
6

force fields caused by the external bending moment 𝑞𝜃(𝑥), are respec-
tively:

𝑣𝜃𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑦𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑦𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 (41a)

𝜃𝜃𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝜃𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝜃𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 (41b)

𝑀𝜃
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 (41c)

𝑉 𝜃
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 (41d)

From the internal forces fields presented in Eqs. (41c) and (41d), the
fixed-end forces due to the external bending moment 𝑞𝜃(𝑥) are:

𝐹𝑌 𝜃𝑓𝑖 = −𝑉 𝜃
𝑓 (0) = −∫

𝐿

0
𝜓𝜃2 (𝑥)𝑞𝜃(𝑥)d𝑥 (42a)

𝑀𝜃𝑓
𝑖 = −𝑀𝜃

𝑓 (0) = −∫

𝐿

0
𝜓𝜃3 (𝑥)𝑞𝜃(𝑥)d𝑥 (42b)

𝐹𝑌 𝜃𝑓𝑗 = 𝑉 𝜃
𝑓 (𝐿) = −∫

𝐿

0
𝜓𝜃5 (𝑥)𝑞𝜃(𝑥)d𝑥 (42c)

𝑀𝜃𝑓
𝑗 =𝑀𝜃

𝑓 (𝐿) = −∫

𝐿

0
𝜓𝜃6 (𝑥)𝑞𝜃(𝑥)d𝑥 (42d)

4. Formulation of the GFSM for the axially non-uniform rod ele-
ment

A summary of the GFSM formulation for the axially non-uniform
rod element is presented in this section. A more detailed explanation is
presented in [46].

For this element, the axial force field is calculated from the axial
displacement field as:

𝑃 (𝑥) = 𝐴𝐸(𝑥) d𝑢
d𝑥 (𝑥) (43)

where 𝐴𝐸(𝑥) = 𝐴(𝑥)𝐸(𝑥) is the axial rigidity.
The axial displacement and axial force fields are decomposed into

their homogeneous and fixed parts, as follows:

𝑢(𝑥) = 𝑢ℎ(𝑥) + 𝑢𝑓 (𝑥) (44a)

𝑃 (𝑥) = 𝑃ℎ(𝑥) + 𝑃𝑓 (𝑥) (44b)

being 𝑢ℎ(𝑥) and 𝑢𝑓 (𝑥) the homogeneous and fixed axial displacement
fields, and 𝑃ℎ(𝑥) and 𝑃𝑓 (𝑥) the homogeneous and fixed axial force
fields, respectively.
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𝑃

W

a

𝜓

𝜓

E
b
e

B
e

c

𝑃

T
t
t
f
a
m
a
a

𝑢

𝑣

𝜃

𝑃

Homogeneous response
The homogeneous axial displacement and axial force fields are

computed as:

𝑢ℎ(𝑥) = 𝜓𝑢1 (𝑥)𝑢𝑖 + 𝜓
𝑢
4 (𝑥)𝑢𝑗 (45a)

ℎ(𝑥) = 𝜓𝑃1 (𝑥)𝑢𝑖 + 𝜓
𝑃
4 (𝑥)𝑢𝑗 (45b)

here 𝜓𝑢1 (𝑥) and 𝜓𝑢4 (𝑥) are the axial displacement shape functions,
whereas 𝜓𝑃1 (𝑥) and 𝜓𝑃4 (𝑥) are the axial force shape functions, defined
respectively as:

𝜓𝑢1 (𝑥) = 1 −
∫

𝑥

0

1
𝐴𝐸(𝜅)

d𝜅

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
(46a)

𝜓𝑢4 (𝑥) =
∫

𝑥

0

1
𝐴𝐸(𝜅)

d𝜅

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
(46b)

nd
𝑃
1 (𝑥) = − 1

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
(47a)

𝑃
4 (𝑥) =

1

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
(47b)

valuating Eq. (45b) at 𝑥 = 0 and 𝑥 = 𝐿 yields the exact relation
etween the homogeneous forces and displacements at the element
nds:
{

𝐹𝑋ℎ
𝑖

𝐹𝑋ℎ
𝑗

}

=

{

−𝑃ℎ(0)
𝑃ℎ(𝐿)

}

=

[

𝑘11 𝑘14
𝑘41 𝑘44

]{

𝑢𝑖
𝑢𝑗

}

(48)

where:

𝑘11 = 𝑘44 = −𝑘14 = −𝑘41 =
1

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
(49)

eing the analytic stiffness matrix of the axially non-uniform rod
lement, the 2 × 2 matrix presented in Eq. (48).
Fixed response
The fixed axial displacement and the fixed axial force fields are

omputed as follows:

𝑢𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑥𝑥 (𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑥𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 (50a)

𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 (50b)

Where 𝐺𝑥𝑥(𝑥, 𝜉) and 𝐺𝑃𝑥(𝑥, 𝜉) are the axial displacement and the axial
force Green’s functions, respectively, defined as (see Fig. 8):

𝐺𝑥𝑥(𝑥, 𝜉) =

{

𝐺𝐼𝑥𝑥(𝑥, 𝜉) = 𝑊 𝑢
1 (𝑥)𝜓

𝑢
1 (𝜉) 0 < 𝑥 ≤ 𝜉

𝐺𝐼𝐼𝑥𝑥 (𝑥, 𝜉) = 𝑊 𝑢
4 (𝑥)𝜓

𝑢
4 (𝜉) 𝜉 ≤ 𝑥 < 𝐿

(51)

being

𝑊 𝑢
1 (𝑥) =

[

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
]

𝜓𝑢4 (𝑥) (52a)

𝑊 𝑢
4 (𝑥) =

[

∫

𝐿

0

1
𝐴𝐸(𝑥)

d𝑥
]

𝜓𝑢1 (𝑥) (52b)

and

𝐺𝑃𝑥(𝑥, 𝜉) =

{

𝐺𝐼𝑃𝑥(𝑥, 𝜉) = 𝑊 𝑃
1 (𝑥)𝜓𝑢1 (𝜉) 0 < 𝑥 < 𝜉

𝐺𝐼𝐼𝑃𝑥(𝑥, 𝜉) = 𝑊 𝑃
4 (𝑥)𝜓𝑢4 (𝜉) 𝜉 < 𝑥 < 𝐿

(53)

where
7

𝑊 𝑃
1 (𝑥) = 1 (54a)

𝑊 𝑃
4 (𝑥) = −1 (54b)

The fixed-end forces are computed from Eq. (50b) as:
{

𝐹𝑋𝑓
𝑖

𝐹𝑋𝑓
𝑗

}

=
{

−𝑃𝑓 (0)
𝑃𝑓 (𝐿)

}

= −

{

∫ 𝐿0 𝜓1(𝑥)𝑝(𝑥)d𝑥
∫ 𝐿0 𝜓4(𝑥)𝑝(𝑥)d𝑥

}

(55)

5. Formulation of the GFSM for the axially non-uniform Timo-
shenko frame element

The formulation of the GFSM for the axially non-uniform Timo-
shenko frame element presented in Fig. 1 is obtained by superposing
the formulations of the axially non-uniform Timoshenko beam element
(Section 3) and the axially non-uniform rod element (Section 4). The
exact relation between forces and displacements at the frame element
ends is:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑋𝑖

𝐹𝑌𝑖
𝑀𝑖

𝐹𝑋𝑗

𝐹𝑌𝑗
𝑀𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑘11 0 0 𝑘14 0 0

0 𝑘22 𝑘23 0 𝑘25 𝑘26
0 𝑘32 𝑘33 0 𝑘35 𝑘36
𝑘41 0 0 𝑘44 0 0

0 𝑘52 𝑘53 0 𝑘55 𝑘56
0 𝑘62 𝑘63 0 𝑘65 𝑘66

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢𝑖
𝑣𝑖
𝜃𝑖
𝑢𝑗
𝑣𝑗
𝜃𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

−

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∫ 𝐿0 𝜓𝑢1 (𝑥)𝑝(𝑥)d𝑥
∫ 𝐿0

[

𝜓𝑣2 (𝑥)𝑞𝑣(𝑥) + 𝜓
𝜃
2 (𝑥)𝑞𝜃(𝑥)

]

d𝑥
∫ 𝐿0

[

𝜓𝑣3 (𝑥)𝑞𝑣(𝑥) + 𝜓
𝜃
3 (𝑥)𝑞𝜃(𝑥)

]

d𝑥
∫ 𝐿0 𝜓𝑢4 (𝑥)𝑝(𝑥)d𝑥

∫ 𝐿0
[

𝜓𝑣5 (𝑥)𝑞𝑣(𝑥) + 𝜓
𝜃
5 (𝑥)𝑞𝜃(𝑥)

]

d𝑥
∫ 𝐿0

[

𝜓𝑣6 (𝑥)𝑞𝑣(𝑥) + 𝜓
𝜃
6 (𝑥)𝑞𝜃(𝑥)

]

d𝑥

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(56)

he axial displacement, transverse displacement, and cross-section ro-
ation fields are obtained from Eqs. (57) to (59), respectively, while
he axial force, bending moment, and shear force fields are computed
rom Eqs. (60) to (62), respectively. It is evident that in the case of

FEM formulation employing analytic shape functions and stiffness
atrices, such as TFEM, the GFSM can be utilized to ‘‘fix’’ their results

s an additional post-processing step during the analysis, involving the
ddition of the fixed response for each element.

(𝑥) = 𝜓𝑢1 (𝑥)𝑢𝑖 +𝜓
𝑢
4 (𝑥)𝑢𝑗 + ∫

𝑥

0
𝐺𝐼𝐼𝑥𝑥 (𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑥𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 (57)

(𝑥) = 𝜓𝑣2 (𝑥)𝑣𝑖 + 𝜓
𝑣
3 (𝑥)𝜃𝑖 + 𝜓

𝑣
5 (𝑥)𝑣𝑗 + 𝜓

𝑣
6 (𝑥)𝜃𝑗

+ ∫

𝑥

0

[

𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝑦𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉

+∫

𝐿

𝑥

[

𝐺𝐼𝑦𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝑦𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 (58)

(𝑥) = 𝜓𝜃2 (𝑥)𝑣𝑖 + 𝜓
𝜃
3 (𝑥)𝜃𝑖 + 𝜓

𝜃
5 (𝑥)𝑣𝑗 + 𝜓

𝜃
6 (𝑥)𝜃𝑗

+ ∫

𝑥

0

[

𝐺𝐼𝐼𝜃𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝜃𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉

+∫

𝐿

𝑥

[

𝐺𝐼𝜃𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝜃𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 (59)

(𝑥) = 𝜓𝑃1 (𝑥)𝑢𝑖+𝜓
𝑃
4 (𝑥)𝑢𝑗+∫

𝑥

0
𝐺𝐼𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉+∫

𝐿

𝑥
𝐺𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 (60)
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Fig. 8. Fixed axially non-uniform rod element subjected to an external axial unit point load, and its reactions.
Fig. 9. Simple supported axially non-uniform Timoshenko beam.
𝑀(𝑥) = 𝜓𝑀2 (𝑥)𝑣𝑖 + 𝜓𝑀3 (𝑥)𝜃𝑖 + 𝜓𝑀5 (𝑥)𝑣𝑗 + 𝜓𝑀6 (𝑥)𝜃𝑗

+ ∫

𝑥

0

[

𝐺𝐼𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉

+∫

𝐿

𝑥

[

𝐺𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 (61)

𝑉 (𝑥) = 𝜓𝑉2 (𝑥)𝑣𝑖 + 𝜓𝑉3 (𝑥)𝜃𝑖 + 𝜓𝑉5 (𝑥)𝑣𝑗 + 𝜓𝑉6 (𝑥)𝜃𝑗

+ ∫

𝑥

0

[

𝐺𝐼𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉

+∫

𝐿

𝑥

[

𝐺𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 (62)

For interested readers, a step-by-step procedure for implementing the
GFSM is presented in [46], which has been omitted in this paper due
to its close relation with the FEM.

6. Examples

6.1. Example 1

Compute the response of the axially non-uniform Timoshenko beam
presented in Fig. 9, which has square cross-section with sides of 𝐿∕20,
linear elastic material with Poisson’s ratio of 0.2, and linearly varying
Young’s modulus define as 𝐸(𝑥) = 𝐸0

(

1 − 𝑥
2𝐿

)

.
Solution
The main mechanical and geometric properties of the beam are:

𝐺(𝑥) =
𝐸(𝑥)

2(1 + 𝜈)
= 5

12
𝐸0

(

1 − 𝑥
2𝐿

)

(63a)

𝜅 = 5 + 5𝜈
6 + 5𝜈

= 6
7

(63b)

𝐴 = 𝐿2

400
(63c)

𝐼 = 𝐿4

1920000
(63d)

Where the value of 𝜅 has been computed following [61,62].
The transverse displacement and cross-section rotation fields ob-

tained using the GFSM are presented in Eqs. (64) and (65), respectively,
with the former being the same as presented in Eq. (42) of [35].
8

𝑣(𝑥) = 𝑄
𝐸0

{

ln
(

1 − 𝑥
2𝐿

)(

−7683360 + 3840000 𝑥
𝐿

)

− [3843360 ln(2) + 1280000] 𝑥
𝐿

+ 960000
( 𝑥
𝐿

)2
+ 320000

( 𝑥
𝐿

)3
}

(64)

𝜃(𝑥) = 𝑄
𝐸0𝐿

{

3840000 ln
(

1 − 𝑥
2𝐿

)

+ 1920000 𝑥
𝐿

+ 960000
( 𝑥
𝐿

)2
− 3843360 ln(2) + 2562240

}

(65)

By substituting the transverse displacement and cross-section rotation
fields presented in Eqs. (64) and (65), respectively, into Eqs. (1), there
are obtained the internal forces fields:

𝑀(𝑥) = 𝑄𝐿2

2

[

𝑥
𝐿

−
( 𝑥
𝐿

)2
]

(66a)

𝑉 (𝑥) = 𝑄𝐿
(

−1
2
+ 𝑥
𝐿

)

(66b)

From the internal forces fields and employing the fundamental kine-
matic equations for Timoshenko beams, the fields of normal

(

𝜎𝑥𝑥
)

and
shear stresses

(

𝜏𝑥𝑦
)

can be computed as follows:

𝜎𝑥𝑥(𝑥, 𝑦) = −
𝑀(𝑥)𝑦
𝐼

= −960000
[

𝑥
𝐿

−
( 𝑥
𝐿

)2
]

𝑦
𝐿
𝑄
𝐿

(67a)

𝜏𝑥𝑦(𝑥) =
𝑉 (𝑥)
𝐴𝑠

= 700
3

(

−1 + 2 𝑥
𝐿

) 𝑄
𝐿

(67b)

In Fig. 10, the schematic representations of these stress fields are
presented.

Source file
From the following links can be downloaded the Python source file

used to solve this example: https://figshare.com/s/5a9f781626f433a9
057e, DOI http://dx.doi.org/10.6084/m9.figshare.24324505.

6.2. Example 2

Compute the response of the non-uniform Timoshenko beam pre-
sented in Fig. 11. The beam features a variable circular cross-section
with linearly varying radius from 𝐿∕40 at 𝑥 = 0 to 3𝐿∕80 at 𝑥 = 𝐿, and
has a homogeneous linear elastic material with a Poisson’s ratio of 0.2,
and Young’s modulus 𝐸.

https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
https://figshare.com/s/5a9f781626f433a9057e
http://dx.doi.org/10.6084/m9.figshare.24324505
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Fig. 10. Dimensionless normal and shear stress fields.
Fig. 11. Non-uniform Timoshenko beam.

Solution
The geometric and mechanical properties required for solving this

example are summarized in the following equations:

𝑟(𝑥) = 𝐿
40

(

1 + 𝑥
2𝐿

)

(68a)

𝐴(𝑥) = 𝜋𝐿2

1600

(

1 + 𝑥
2𝐿

)2
(68b)

𝐼(𝑥) =
𝜋𝐿4

(

1 + 𝑥
2𝐿

)4

10240000
(68c)

𝐺 = 𝐸
2(1 + 𝜈)

= 5
12
𝐸 (68d)

𝜅 = 6 + 12𝜈 + 6𝜈2

7 + 12𝜈 + 4𝜈2
= 216

239
(68e)

Where the value of 𝜅 has been computed following [61,62].

External load
The external load applied to the beam is defined as:

𝑞𝑣(𝑥) = −𝑄 0 < 𝑥 < 𝐿 (69)

To shorten the solution, all results will be presented in decimal format.
For exact values, refer to the Python source file.

Calculation of the generalized nodal displacements
From the fact that 𝑀2 = 0, using the formulation of the GFSM it is

obtained:

0 = 4.11447 × 10−6𝐸𝐿3𝜃2 − 0.11309𝑄𝐿2 ∴ 𝜃2 = 27485.92250 𝑄
𝐸𝐿

(70)

Calculation of the displacement fields
Using Eqs. (58) and (59), the transverse displacement and cross-

section rotation fields are computed:

𝑣(𝑥) = 𝑄
𝐸

⎡

⎢

⎢

⎢

⎣

26712312.6584 + 16930321.2296 𝑥
𝐿

(

1 + 𝑥
2𝐿

)2

+ 26081355.7295 ln
(

1 + 𝑥
2𝐿

)

− 26712312.6584 − 3259493.2345 𝑥
𝐿

]

(71)
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Fig. 12. Transverse displacement field using the GFSM with 1 element, and the FEM
with 5 and 30 uniform elements.

𝜃(𝑥) = 𝑄
𝐸𝐿

𝑥
𝐿

[

−407436.6543
( 𝑥
𝐿

)2
+ 814873.3086 𝑥

𝐿
− 314671.6659

]

0.125
( 𝑥
𝐿

)3
+ 0.75

( 𝑥
𝐿

)2
+ 1.5 𝑥

𝐿
+ 1

(72)

Fig. 12 compares the displacement field obtained using the GFSM with
a single element, and two FEM discretizations consisting of uniform ele-
ments using 5 and 30 elements employing the OpenSees software [63],
demonstrating excellent agreement between the GFSM and the denser
FEM mesh solutions.

Calculation of the internal forces fields
From the displacement and cross-section rotation fields, the internal

forces fields are computed using Eqs. (1):

𝑉 (𝑥) =
(

−0.59654 + 𝑥
𝐿

)

𝑄𝐿 (73a)

𝑀(𝑥) =
[

−0.09654 + 0.59654 𝑥
𝐿

− 0.5
( 𝑥
𝐿

)2
]

𝑄𝐿2 (73b)

The reactions are computed based on the internal forces fields as
follows:

𝐹𝑌1 = −𝑉 (0) = 0.59654𝑄𝐿 (74a)

𝑀1 = −𝑀(0) = 0.09654𝑄𝐿2 (74b)

𝐹𝑌2 = 𝑉 (𝐿) = 0.40346𝑄𝐿 (74c)



Composite Structures 337 (2024) 118078J.C. Molina-Villegas et al.
Fig. 13. Dimensionless normal and shear stress fields.
Calculation of the stress fields
The normal and shear stress fields are computed from the internal

forces fields as follows:

𝜎𝑥𝑥(𝑥, 𝑦) = −
𝑀(𝑥)𝑦
𝐼

=

[

314671.6659 − 1944418.2832 𝑥
𝐿

+ 1629746.6173
( 𝑥
𝐿

)2
]

𝑦
𝐿

1 + 2 𝑥
𝐿

+ 1.5
( 𝑥
𝐿

)2
+ 0.5

( 𝑥
𝐿

)3
+ 0.0625

( 𝑥
𝐿

)4
𝑄
𝐿

(75)

𝜏𝑥𝑦(𝑥, 𝑦) =
𝑉 (𝑥)
𝐴𝑠(𝑥)

=
−336.1661 + 563.5264 𝑥

𝐿

1 + 𝑥
𝐿

+ 0.25
( 𝑥
𝐿

)2
𝑄
𝐿

(76)

While their schematic representations are presented in Figs. 13.
Source file
From the following links can be downloaded the Python source file

used to solve this example: https://figshare.com/s/131a7c434112d89
1a241, DOI http://dx.doi.org/10.6084/m9.figshare.25175345.

6.3. Example 3

Compute the response of the axially non-uniform Timoshenko frame
presented in Fig. 14(a), which has 3 solid uniform elements with
circular cross-section of radius equal to 0.3 m, linear elastic material
with Poisson’s ratio of 0.2, and axially varying Young’s modulus defined
for each element as 𝐸𝐸 (𝑥′𝐸 ) = 𝐸0

𝐸 exp(𝛼𝐸𝑥′𝐸 ) (see Table 1 for the vales
of 𝐸0

𝐸 and 𝛼𝐸), being 𝑥′𝐸 the axial local axis of the element 𝐸 (see
Fig. 14(b)).

Table 1
Properties to define the Young’s modulus of each element.
Element 𝐸0

𝐸 = 𝐸𝐸 (0) 𝛼𝐸
𝐴 2 × 107 ln(3∕2)∕5
𝐵 3 × 107 ln(2∕3)∕4
𝐶 2 × 107 ln(3∕2)∕5
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Calculation of the generalized nodal displacements
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⎩
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0
0
0
0
0

⎫

⎪
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⎬
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⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

2797425 653353 31080 −2292851 0 0
653353 949892 79473 0 −64196 89804
31080 79473 350779 0 −102783 92195

−2292851 0 0 2797425 −653353 27156
0 −64196 −102783 −653353 949892 −69437
0 89804 92195 27156 −69437 287313

⎤

⎥
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⎥

⎥

⎦
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⎭
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⎧
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Being its solution:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑢2
𝑣2
𝜃2
𝑢3
𝑣3
𝜃3

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

2.64598 × 10−4 m
−2.93752 × 10−4 m
9.70044 × 10−6 rad
2.38833 × 10−4 m
1.08122 × 10−4 m
1.11248 × 10−4 rad

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(78)

Computation of the reactions
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⎪

⎨
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⎪

⎪

⎪

⎩

𝐹𝑋1

𝐹𝑌1
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𝐹𝑋4

𝐹𝑌4
𝑀4

⎫
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⎪

⎪

⎪

⎬
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⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−504574 −653353 −31080 0 0 0
−653353 −885696 23310 0 0 0
27156 −20367 59627 0 0 0
0 0 0 −504574 653353 −27156
0 0 0 653353 −885696 −20367
0 0 0 31080 23310 59627

⎤

⎥
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⎥
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⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢2
𝑣2
𝜃2
𝑢3
𝑣3
𝜃3

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

+

⎧

⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎩

0.962
8.932
5.941
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10.530
−3.479

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

59.075 kN
96.458 kN

19.687 kN m
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⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪
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Calculation of the displacement fields
Fig. 15 compares the deformed shapes of the structure obtained

using the GFSM with 3 elements, and the FEM with 45 and 360
elements using the OpenSees software [63], a scale factor of 3000 has
been used. It is clear that the two methods have an excellent agreement,
especially for the denser FEM mesh.

Calculation of the internal forces fields
Figs. 16 compares the internal forces fields computed with the GFSM
and the two previously mentioned FEM meshes.
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Fig. 14. Model and discretization of the axially non-uniform Timoshenko frame.

Fig. 15. Deformed shape of the structure with a scale factor of 3000, using the GFSM with 3 elements presented in Fig. 14(b), and two FEM discretizations using 45 and 360
FEs (15 and 120 FEs per structural member, respectively).

Fig. 16. Internal forces fields computed using the GFSM with 3 elements (dashed black line) and the FEM using 45 and 360 FEs (15 and 45 FEs by structural element, respectively).
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Again, the agreement between GFSM and the denser FEM mesh is
excellent.

Calculation of the stress fields
From the internal force fields, the normal and shear stresses can

be easily calculated as indicated in Eqs. (67). For this example, their
figures are not presented due to the high saturation of the colormap
and contour lines. However, it is clear that the normal stress exhibits
a linear variation with the local 𝑦′𝐸 axis of each element, following the
ame axial variation as the bending moment field 𝑀𝐸

(

𝑥𝐸
)

. Meanwhile,
he shear stress remains constant across the entire cross-section and
hares the same axial variation as the shear force field 𝑉𝐸

(

𝑥𝐸
)

.

ource file
From the following links can be downloaded the Python source file

sed to solve this example: https://figshare.com/s/c46641feafbcdcacd
49, DOI http://dx.doi.org/10.6084/m9.figshare.25176044.

. Conclusions

1. This paper presents the formulation of the GFSM for the static
analysis of arbitrary axially non-uniform Timoshenko beams
and frames subjected to general external loads and bending
moments, enabling the calculation of their closed-form solutions.

2. The GFSM is an analytic mesh-reduction method that is closely
related to the FEM and shares with it fundamental features such
as stiffness matrices, shape functions, and fixed-end forces. In the
case of a FEM formulation that uses analytic shape functions and
stiffness matrices, such as the TFEM, the GFSM can be used to
‘‘fix’’ the FEM results just as an additional post-processing step.

3. Because the formulation of the GFSM is based on the exact
solutions of the governing differential equations (strong formu-
lation), instead of an approximated weak formulation like in the
FEM, it always obtains 100% consistent solutions. This elimi-
nates common problems such as shear locking [64], sawtooth
behavior in the internal forces fields, or discrepancies between
the internal forces fields and the elements end forces, common
in FEM solutions.

4. To demonstrate the benefits of the GFSM for obtaining closed-
form solutions of axially non-uniform Timoshenko beams and
frames, three examples were presented. The first example com-
puted the response of a single-span, axially non-uniform Tim-
oshenko beam and compared it with the analytical solution
presented in [35]. The second example showed the solution of a
beam with a variable cross-section and compared it to the FEM
solution, while the third example calculated the response of a
axially non-uniform Timoshenko plane frame and compared it
to the FEM solution using very dense meshes.
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Nomenclature

Geometric parameters

𝜅(𝑥) Shear coefficient
𝐴(𝑥) Cross-sectional area
𝐴𝑠(𝑥) Cross-sectional shear area
𝐼(𝑥) Moment of inertia of the cross-section about the 𝑧-axis.
𝐿 Element length
𝑥, 𝑦, 𝑧 Element local axes in axial 𝑥, and transverse 𝑦, 𝑧

directions

Mechanical parameters

𝑛(𝑥) Integrals of the axial, flexural, and shear rigidity of the
element presented in Eqs. (11) (𝑛 = 1,… , 5)

𝜈(𝑥) Poisson’s ratio
𝐸(𝑥) Young’s modulus
𝐺(𝑥) Shear modulus

Displacement field parameters

𝜓𝑢𝑛 (𝑥) Axial displacement field shape functions (𝑛 = 1, 4)
𝜓𝑣𝑛 (𝑥) Transverse displacement field shape functions

(𝑛 = 2, 3, 5, 6)
𝜓𝜃𝑛 (𝑥) Cross-section rotation field shape functions

(𝑛 = 2, 3, 5, 6)
𝜃(𝑥) Cross-section rotation field
𝜃𝑓 (𝑥) Fixed cross-section rotation field
𝜃𝑣𝑓 (𝑥) Fixed cross-section rotation field generated by 𝑞𝑣(𝑥)
𝜃𝜃𝑓 (𝑥) Fixed cross-section rotation field generated by 𝑞𝜃(𝑥)
𝜃ℎ(𝑥) Homogeneous cross-section rotation field
𝜃𝑛 Cross-section rotation at the end of the element

connected with the joint 𝑛. In the general case, 𝑛 = 𝑖 for
the start of the element, and 𝑛 = 𝑗 for the end of the
element

𝑢(𝑥) Axial displacement field
𝑢𝑓 (𝑥) Fixed axial displacement field
𝑢ℎ(𝑥) Homogeneous axial displacement field
𝑢𝑛 Axial displacement at the end of the element connected

with the joint 𝑛. In the general case, 𝑛 = 𝑖 for the start
of the element, and 𝑛 = 𝑗 for the end of the element

𝑣(𝑥) Transverse displacement field
𝑣𝑓 (𝑥) Fixed transverse displacement field
𝑣𝑣𝑓 (𝑥) Fixed transverse displacement field generated by 𝑞𝑣(𝑥)
𝑣𝜃𝑓 (𝑥) Fixed transverse displacement field generated by 𝑞𝜃(𝑥)
𝑣ℎ(𝑥) Homogeneous transverse displacement field
𝑣𝑛 Transverse displacement at the end of the element

connected with the joint 𝑛. In the general case, 𝑛 = 𝑖 for
the start of the element, and 𝑛 = 𝑗 for the end of the
element

External loads and internal forces parameters

𝜎(𝑥, 𝑦) Normal stress field
𝜏(𝑥) Shear stress field
𝐹𝑌𝑛 Element end force in the 𝑦-axis direction, 𝑛 = 𝑖 for the

start and 𝑛 = 𝑗 for the end of the element
𝐹𝑌 𝑓𝑛 Fixed element end force in the 𝑦-axis direction, 𝑛 = 𝑖 for

the start and 𝑛 = 𝑗 for the end of the element
𝐹𝑌 ℎ𝑛 Homogeneous element end force in the 𝑦-axis direction,

𝑛 = 𝑖 for the start and 𝑛 = 𝑗 for the end of the element
𝐹𝑌 𝜃𝑓𝑛 Fixed element end force in the 𝑦-axis direction caused

by 𝑞𝜃(𝑥), 𝑛 = 𝑖 for the start and 𝑛 = 𝑗 for the end of the
element
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D

P
t

R
𝐹𝑌 𝑣𝑓𝑛 Fixed element end force in the 𝑦-axis direction caused
by 𝑞𝑣(𝑥), 𝑛 = 𝑖 for the start and 𝑛 = 𝑗 for the end of the
element

𝑀(𝑥) Bending moment field
𝑀𝑓 (𝑥) Fixed bending moment field
𝑀𝑣

𝑓 (𝑥) Fixed bending moment field caused by 𝑞𝑣(𝑥)
𝑀𝜃

𝑓 (𝑥) Fixed bending moment field caused by 𝑞𝜃(𝑥)
𝑀ℎ(𝑥) Homogeneous bending moment field
𝑀𝑛 Element end bending moment, 𝑛 = 𝑖 for the start and

𝑛 = 𝑗 for the end of the element
𝑀𝑓

𝑛 Fixed element end bending moment, 𝑛 = 𝑖 for the start
and 𝑛 = 𝑗 for the end of the element

𝑀ℎ
𝑛 Homogeneous element end bending moment, 𝑛 = 𝑖 for

the start and 𝑛 = 𝑗 for the end of the element
𝑀𝜃𝑓

𝑛 Fixed element end bending moment caused by 𝑞𝜃(𝑥),
𝑛 = 𝑖 for the start and 𝑛 = 𝑗 for the end of the element

𝑀𝑣𝑓
𝑛 Fixed element end bending caused by 𝑞𝑣(𝑥), 𝑛 = 𝑖 for

the start and 𝑛 = 𝑗 for the end of the element
𝑃 (𝑥) Axial force field
𝑝(𝑥) Axially external load field (positive in 𝑥-axis direction)
𝑃𝑓 (𝑥) Fixed axial force field
𝑃ℎ(𝑥) Homogeneous axial force field
𝑞𝑣(𝑥) Transverse external load field (positive in 𝑦-axis

direction)
𝑞𝜃(𝑥) External bending moment field (positive in 𝑧-axis

direction)
𝑉 (𝑥) Shear force field
𝑉𝑓 (𝑥) Fixed shear force field
𝑉 𝑣
𝑓 (𝑥) Fixed shear force field caused by 𝑞𝑣(𝑥)
𝑉 𝜃
𝑓 (𝑥) Fixed shear force field caused by 𝑞𝜃(𝑥)
𝑉ℎ(𝑥) Homogeneous shear force field

Green’s functions

𝐺𝑅𝜃(𝑥, 𝜉) Green’s function for the transverse displacement
(𝑅 = 𝑦), cross-section rotation (𝑅 = 𝜃), bending moment
(𝑅 =𝑀), and shear force (𝑅 = 𝑉 ) fields of a fixed
beam subjected to an external unit point bending
moment (see Fig. 7).

𝐺𝑅𝑥(𝑥, 𝜉) Green’s function for the axial displacement (𝑅 = 𝑥) and
the axial force (𝑅 = 𝑃 ) fields of a fixed beam subjected
to an external unit point longitudinal load (see Fig. 8).

𝐺𝑅𝑦(𝑥, 𝜉) Green’s function for the transverse displacement
(𝑅 = 𝑦), cross-section rotation (𝑅 = 𝜃), bending moment
(𝑅 =𝑀), and shear force (𝑅 = 𝑉 ) fields of a fixed
beam subjected to an external unit point transverse
load (see Fig. 6).

𝑊𝑀
𝑛 (𝑥) Functions used to compute the Green’s functions

𝐺𝑀𝑦(𝑥, 𝜉) and 𝐺𝑀𝜃(𝑥, 𝜉) (𝑛 = 2, 3, 5, 6)
𝑊 𝑃
𝑛 (𝑥) Functions used to compute the Green’s function

𝐺𝑃𝑥(𝑥, 𝜉) (𝑛 = 1, 4)
𝑊 𝑢
𝑛 (𝑥) Functions used to compute the Green’s function

𝐺𝑥𝑥(𝑥, 𝜉) (𝑛 = 1, 4)
𝑊 𝑉
𝑛 (𝑥) Functions used to compute the Green’s functions

𝐺𝑉 𝑦(𝑥, 𝜉) and 𝐺𝑉 𝜃(𝑥, 𝜉) (𝑛 = 2, 3, 5, 6)
𝑊 𝑣
𝑛 (𝑥) Functions used to compute the Green’s functions

𝐺𝑦𝑦(𝑥, 𝜉) and 𝐺𝑦𝜃(𝑥, 𝜉) (𝑛 = 2, 3, 5, 6)
𝑊 𝜃
𝑛 (𝑥) Functions used to compute the Green’s functions

𝐺𝜃𝑦(𝑥, 𝜉) and 𝐺𝜃𝜃(𝑥, 𝜉) (𝑛 = 2, 3, 5, 6)

ata availability

No data was used for the research described in the article. The
ython code used for the elaboration of both examples is presented at
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he end of each one.
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