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Two-Dimensional Solution and Analysis
of a Cylindrical Matrix Device with a

Circular Release Area

LAURENT SIMON1 AND JUAN OSPINA2

1Otto H. York Department of Chemical, Biological and
Pharmaceutical Engineering, New Jersey Institute of Technology,
Newark, New Jersey, USA
2Logic and Computation Group, Physics Engineering Program,
School of Sciences and Humanities, EAFIT University, Medellin,
Colombia

A cylindrical device was analyzed using a Laplace transform–based method. The
two-dimensional model represented a pharmaceutical agent uniformly distributed
in a polymeric matrix surrounded by an impermeable layer. Molecules could be
transferred only through a small hole centered at the top surface of the cylinder.
A closed-form solution was obtained to help study the effects of design parameters
and geometries on the cumulative amount of drug released. The latter variable
increased with the mass transfer and diffusion coefficients and decreased with any
increment in the device’s length. The delivery rate was described by an effective time
constant calculated from Laplace transforms. Reducing the orifice diameter or
fabricating a longer system would delay transport of the medication. Simplified
expressions for the release profile and the time constant were derived for special
design cases.

Keywords Controlled release; Diffusion; Drug delivery; Effective time constant;
Mathematical modeling; Simulation; Transport phenomena

Introduction

Controlled-release formulations are found in several applications. Transdermal
patches are manufactured to deliver nitroglycerin and provide relief against episodes
of angina (Wang et al., 1998). Opiods, such as buprenorphine and fentanyl, can be
administered through the skin for the treatment of chronic pain (Andresen et al.,
2011). The notion of releasing a desired rate of an active pharmaceutical ingredient
(API) in a controlled and virtually painless manner has attracted many researchers,
who are now finding novel uses for the technology. DentiPatch (Noven Pharma-
ceuticals) is a small patch that is placed against the gum line to deliver lidocaine
(Leopold et al., 2002). Actiq is a product that provides oral transmucosal delivery
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of fentanyl citrate (Mystakidou et al., 2007). Drug-eluting stents, composed of a
biodegradable polymer containing a drug, have been studied for long-term delivery
of paclitaxel and rapamycin in an effort to prevent restenosis (Alexis et al., 2004).
This condition is characterized by a re-blockage of the blood vessels after implanting
a stent.

The physical shape of the drug-delivery system is a critical factor that is deter-
mined, in part, by the intended location of the device and its ultimate application.
Flat membranes are affixed to the skin surface, while conical dissolving microneedles
are fabricated to penetrate the stratum corneum. Cylindrical matrices remain very
popular and are being used in technologies ranging from oral delivery (Rosca and
Vergnaud, 2008) to implants (Qian et al., 2001). Punctal plugs are designed for the
ophthalmic uptake of cyclosporine A to help patients with dry-eye syndrome (Gupta
and Chauhan, 2001). Compressed lipid implants have been studied for their potential
roles in releasing acid-labile drugs (Kreye et al., 2001). The shell protects the drug
from being released into the gastric fluid. A design, first proposed by Tojo and
Miyanami for prolonged drug release, is considered in this work (Tojo and
Miyanami, 1983; Tojo, 1984). A monolithic system is devised for the release of an
API (Figure 1). The product is coated so that there is no mass exchange with the
environment except for a small release hole pierced in the top of the cylinder. This
technology is of interest because several studies have proposed cylinder-with-opening
type designs to obtain a desired delivery rate (Ertan et al., 1997, 2005; Hsu et al.,

Figure 1. Diagram of the cylindrical controlled-release device (adapted from Figure 2 of Tojo
and Miyanami (1983) and Figure 1 in Tojo (1984)).
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1992). The approach adopted in this contribution may be applied to investigate such
devices and improve their performances.

A two-dimensional model was formulated by Tojo and Miyanami (1983). In the
original article, a numerical procedure was implemented to study the effects of design
specifications (e.g., height, diameters) on the cumulative amount of drug released.
An analytical solution was available only for cases when the diameter of the hole
was equal to that of the monolithic model. In addition, the derivation of a single
effective time constant to estimate the release rate was not presented. Such a para-
meter would allow drug manufacturers to fabricate delivery systems that meet a
specified dynamic performance criterion. The goal of this project is to develop an
evaluation platform to facilitate the analysis of drug release from cylindrical matrix
devices. Design considerations, such as dimensions of the system and properties of
the polymer, can be assessed with a minimum number of experiments.

This article is arranged as follow. An analytical solution is derived for the model
originally proposed by Tojo and Miyanami (1983). Laplace transform techniques,
with Bromwich integral and the residue theorem, are applied. Maple (Waterloo
Software Inc.) routines are coded to implement the methodology and generate the
simulations. A closed-form expression for the ratio M(t)=M(1) is developed, where
M(t) is the cumulative amount of the active agent released at time t and M(1) is the
mass initially loaded into the device. The rate at which M(t)=M(1) approaches 1 is
calculated using a method proposed in the literature (Simon, 2011). The effects of
the geometry and transport parameters on performance are given in the Results
and Discussions section. Comparisons with published results are presented.

Materials and Methods

Mathematical Modeling

The system studied is a cylindrical monolithic structure inside of which an active agent,
A, is dissolved or dispersed uniformly (Tojo and Miyanami, 1983). The matrix is
coated with an impermeable substance. The drug is released through a small circular
hole drilled in the center of the top surface (Figure 1). A balance on componentA gives

@

@t
CAðt; r; zÞ ¼

gA
@
@r CAðt; r; zÞ
� �

þ r @2

@r2
CAðt; r; zÞ

� �� �
r

þ gA
@2

@z2
CAðt; r; zÞ

� �
ð1Þ

where CA(t,r,z) denotes the concentration of A located at the point (r,z) and gA is the
drug diffusion coefficient in the matrix.

The initial condition for (1) is

CA 0; r; zð Þ ¼ cAS; 0 < r < R; 0 < z < H ð2Þ

where cAS is the saturated concentration of A in the matrix. The boundary con-
ditions are (Tojo and Miyanami, 1983)

@

@r
CA t; r; zð Þ

� �����
r¼R

¼ 0; t > 0; 0 < z < H ð3Þ
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@

@z
CA t; r; zð Þ

� �����
z¼0

¼ 0; t > 0; 0 < r < R ð4Þ

@

@z
CAðt; r; zÞ

� �����
z¼H

¼ � km CAðt;r;HÞ
gA

r � a0
0 a0 < r

�
ð5Þ

These boundary conditions, Equations (3)–(5), correspond to the previously
described situation where the drug is released only through the small circular hole
of radius a0 drilled at z¼H. The parameter km is a boundary-layer mass transfer
coefficient. A high km is indicative of a low mass transfer resistance due to factors,
such as vigorous mixing, that can reduce the thickness of the layer. Low km values
would decrease the rate at which drugs leave the small orifice.

Equations (1)–(5) can be written in the following dimensionless form (Tojo and
Miyanami, 1983):

@

@s
Cðs; q; fÞ ¼

@
@qCðs; q; fÞ

q
þ @2

@q2
Cðs; q; fÞ

� �
þ @2

@f2
Cðs; q; fÞ

� �
ð6Þ

C 0; q; fð Þ ¼ 1; 0 < q < 1; 0 < f <
H

R
ð7Þ

@

@q
C s; q; fð Þ

� �����
q¼1

¼ 0; s > 0; 0 < f <
H

R
ð8Þ

@

@f
C s; q; fð Þ

� �����
f¼0

¼ 0; s > 0; 0 < q < 1 ð9Þ

@2

@f2
Cðs; q; fÞ

� �����
f¼H

R

¼ �Sh C s; q; H
R

� �
q � a0

R
0 a0

R < q

�
ð10Þ

The dimensionless magnitudes appearing in Equation (6–10) are defined as
follows:

q ¼ r

R
; f ¼ z

R
; s ¼ t gA

R2
; C s; q; fð Þ ¼ CA s; q; fð Þ

cAS
; Sh ¼ R km

gA
ð11Þ

The Sherwood number Sh is a dimensionless number that represents the ratio of
convective to diffusive mass transfer. This parameter is directly proportional to km
and inversely proportional to gA.

Analytical Solution

The analytical solution to the dimensionless problem, Equations (6)–(10), can be
derived using the Laplace transform technique with the Bromwich integral and the
residue theorem. The procedure is implemented in Maple. Taking the Laplace
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transform of Equation (6) gives

sC s; q; fð Þ � 1 ¼
@C s;q;fð Þ

@q

q
þ @2

@q2
C s; q; fð Þ þ @2

@f2
C s; q; fð Þ ð12Þ

after using the initial condition. The general solution of Equation (12) is (using
Maple’s PDEtools package):

C s; q; fð Þ ¼ C1 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
þ C2 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
 �
C3J0

ffiffiffiffiffiffiffiffi�c1
p

qð Þ þ C4Y0
ffiffiffiffiffiffiffiffi�c1

p
qð Þ½ � þ 1

s
ð13Þ

where J0 and Y0 are Bessel functions of the first kind and second kind, respectively,
and C1, C2, C3, C4, and c1 are constants to be determined using the boundary con-
ditions. Because Y0(x) is singular at x¼ 0, the constant C4 should be zero for a finite
solution at q¼ 0. Equation (13) becomes

C s; q; fð Þ ¼ C1 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
þ C2 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
 �
C3J0

ffiffiffiffiffiffiffiffi�c1
p

qð Þ þ 1

s
ð14Þ

Without any lost of generality, C3 is set equal to 1, which yields

C s; q; fð Þ ¼ C1 sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
þ C2 cos

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
 �
J0

ffiffiffiffiffiffiffiffi�c1
p

qð Þ þ 1

s
ð15Þ

After applying Equation (9), Equation (15) gives J0ð
ffiffiffiffiffiffiffiffiffi�c1

p
qÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�sþ c1

p
C1 ¼ 0,

implying that C1¼ 0. As a result

C s; q; fð Þ ¼ C2 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
f

� �
J0

ffiffiffiffiffiffiffiffi�c1
p

qð Þ þ 1

s
ð16Þ

The use of Equation (8) leads to

�C2 cosð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�sþ c1

p
fÞ J1ð

ffiffiffiffiffiffiffiffi�c1
p Þ ffiffiffiffiffiffiffiffi�c1

p ¼ 0 ð17Þ

Consequently, J1ð
ffiffiffiffiffiffiffiffi�c1

p Þ ¼ 0, which admits an infinite number of real roots:ffiffiffiffiffiffiffiffi�c1
p ¼ a1; n or c1 ¼ �a21; n. Equation (16) becomes

C s; q; fð Þ ¼ C2 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
f

� �
J0 a1;nq
� �

þ 1

s
ð18Þ

where n is an integer from 0 to 1. Application of the superposition principle
results in

C s; q; fð Þ ¼
X1
n¼0

Fn cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
f

� �
J0 a1;nq
� �h i

þ 1

s
ð19Þ
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which can be rewritten as

C s; q; fð Þ ¼ F0 cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;0

q
f

� �
J0 a1;0q
� �

þ
X1
n¼1

Fn cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
f

� �
J0 a1;nq
� �h i

þ 1

s
ð20Þ

or

C s; q; fð Þ ¼ F0 cos
ffiffiffiffiffiffi
�s

p
f

� �
þ
X1
n¼1

Fn cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
f

� �
J0 a1;nq
� �h i

þ 1

s
ð21Þ

since a1,0¼ 0. Applying the boundary condition given by Equation (10) to
Equation (21), the following equality is obtained:

�F0
ffiffiffiffi�p
ssin

ffiffiffiffiffiffi
�s

p H

R

� �
þ
X1
n¼1

�Fn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s�a1;n2

q
sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s�a1;n2

q
H

R

� �
J0ða1;nqÞ

� 

¼

�Sh F0 cos
ffiffiffiffi�p
s
H

R

� �
þ
X1
n¼1

Fn cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s�a1;n2

q
H

R

� �
J0 a1;nq
� �� 


þ1

s

( )
; q�a0

R

0;
a0
R
<q

8>>><
>>>:

ð22Þ

Multiplying both sides of Equation (22) by q and integrating the results from 0
to 1 leads to

F0 ¼

Sh a0 2
P1
n¼1

Fn cos

ffiffiffiffiffiffiffiffiffiffi
�s�a2

1;n

p
H

R

� �
J1

a1; na0
Rð Þ

a1; n

0
BB@

1
CCAs Rþ a0

0
BB@

1
CCA

s sin
ffiffiffiffi
�s

p
H

R

� � ffiffiffiffiffiffi
�s

p
R2 � Sh cos

ffiffiffiffi
�s

p
H

R

� �
a20

� � ð23Þ

On the other hand, multiplying both sides of Equation (22) by qJ0(a1, pq) and
integrating the results from 0 to 1 lead to the following system composed of an
infinite number of equations:

� 1

2
Fp sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;p

q H

R

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;p

q
J0 a1;p
� �2¼

�
ShF0 cos

ffiffiffiffiffiffi
�s

p
H
R

� �
a0J1

a1;pa0
R

� �
a1;pR

þ
X1
n¼1

�ShFn cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q H

R

� �Z a0
R

0

J0 a1;nq
� �

qJ0 a1;pq
� �

dq

" #

�
Sha0J1

a1;pa0
R

� �
sa1;pR

ð24Þ
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which can be solved for Fn when Equation (23) is replaced in Equation (24). The sub-
script p is an integer that varies from 1 to 1. Expressions for F0 and the first M Fi

coefficients (i.e., i¼ 1, . . .M) can be replaced in Equation (21) to yield the transform

Cðs; q; fÞ. The parameterM is selected to achieve a desired degree of accuracy. A for-
mal expression for the dimensionless concentration in the time domain can be
derived by taking the inverse Laplace transform of Cðs; q; fÞ using the Bromwich
integral and the residue theorem.

If Fn is replaced by the quotient Pn(s)=Qn(s), we have

Cðs; q; fÞ ¼

�

Sh a0 2
P1
n¼1

PnðsÞ cos

ffiffiffiffiffiffiffiffiffiffi
�s�a2

1;n

p
H

R

� �
J1

a1; n a0
Rð Þ

QnðsÞ a1; n

0
BB@

1
CCAs Rþ a0

0
BB@

1
CCA cosð

ffiffiffiffiffiffi
�s

p
fÞ

s � sin
ffiffiffiffi
�s

p
H

R

� � ffiffiffiffiffiffi
�s

p
R2 � Sh cos

ffiffiffiffi
�s

p
H

R

� �
a20

� �

þ
X1
n¼1

J0ða1; n qÞPnðsÞ cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21; n

q
f

QnðsÞ

0
@

1
Aþ 1

s

ð25Þ

which can be rewritten as

C s; q; fð Þ ¼ �

2a0 Sh
P1
n¼1

Pn sð Þ cos

ffiffiffiffiffiffiffiffiffiffi
�s�a2

1;n

p
H

R

� �
J1

a1;na0
Rð Þ

Qn sð Þa1;n

2
664

3
775

8>><
>>:

9>>=
>>;R cos

ffiffiffiffiffiffi
�s

p
fð Þ

� sin
ffiffiffiffi
�s

p
H

R

� � ffiffiffiffiffiffi
�s

p
R2 þ Sh cos

ffiffiffiffi
�s

p
H

R

� �
a20

� a20Sh cos
ffiffiffiffiffiffi
�s

p
fð Þ

s � sin
ffiffiffiffi
�s

p
H

R

� � ffiffiffiffiffiffi
�s

p
R2 þ Sh cos

ffiffiffiffi
�s

p
H

R

� �
a20

h i

þ
X1
n¼1

J0 a1;nq
� �

Pn sð Þ cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
1

� �
Qn sð Þ

2
4

3
5

8<
:

9=
;þ 1

s

ð26Þ

The inverse Laplace transform of Equation (26) is given by

Cðs; q; fÞ ¼ C1ðs; q; fÞ þ C2ðs; q; fÞ þ C3ðs; q; fÞ þ C4ðs; q; fÞ ð27Þ

where

C1 s; q; fð Þ ¼
X1
p¼1

� 4Sh2a3
0
R3 cos

bpRf

H

� �
e

�
b2pR

2s

H2

� �
bp

sin bpð Þ R3HSha2
0
þb2pR

6þSh2H2a4
0ð Þ�

P1
n¼1

Pn �
b2pR

2

H2

� �
cosh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2
1;n

H2�b2pR
2

p
R

� �
J1

a1;na0
Rð Þ

Qn �
b2pR

2

H2

� �
a1;n

0
BBBBBBB@

1
CCCCCCCA

ð28Þ
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C2 s; q; fð Þ ¼
X1
q¼1

� 2a0ShR cos
ffiffiffiffi
�s

p
fð Þess

� sin
ffiffiffi
�s

p
H

R

� � ffiffiffiffi
�s

p
R2þSh cos

ffiffiffi
�s

p
H

R

� �
a2
0

�

P1
n¼1

Pn sð Þ cos

ffiffiffiffiffiffiffiffiffiffi
�s�a2

1;n

p
H

R

� �
J1

a1;na0
Rð Þ

dQn sð Þ
ds a1;n

2
664

3
775

0
BBBBBB@

1
CCCCCCA

������������
s¼Sq

ð29Þ

C3ðs; q; fÞ ¼
X1
p¼1

2Sh2 a40 cos
bpR f
H

� �
e

b2pR
2 s

H2

� �
H2

bp sinðbpÞðR3H Sh a20 þ b2pR
6 þ Sh2 H2 a40Þ

0
BBB@

1
CCCA ð30Þ

C4ðs; q; fÞ ¼
X1
n¼1

X1
q¼1

J0ða1; n qÞPnðsÞ cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
f

� �
eðssÞ

d
ds QnðsÞ

������
s¼Sq

0
B@

1
CA ð31Þ

The parameters bp are the solutions of the equation

cosðbpÞ ¼
sinðbpÞ bp R3

H Sh a20
ð32Þ

and Sq represent the roots of the equation Qn(s)¼ 0. Algorithms are coded in Maple
to simulate the drug concentration (Equation (27)).

Time Constant for the Cumulative Percentage of Drug Released

From the concentration CA(t, r, z), it is possible to derive the time it takes to release
the total amount of the active agent initially dissolved in the matrix. The method
proposed by Simon is applied (Simon, 2011). By definition, the cumulative amount
of the active agent released into the environment at time t, denoted M(t), is the dif-
ference between the amount of A initially dissolved in the polymeric matrix and the
amount of A remaining at time t (Tojo and Miyanami, 1983):

MðtÞ ¼ cAS pR
2 H � 2p

Z H

0

Z R

0

CAðt; r; zÞr dr dz ð33Þ

Equation (33) is rewritten, in terms of dimensionless variables, as

MðsÞ ¼ cAS pR
2 H � 2pR3 cAS

Z H
R

0

Z 1

0

C ðs; q; fÞq dq df ð34Þ

The normalized form of Equation (34) is

M sð Þ
M 1ð Þ ¼ 1� 2R

H

Z H
R

0

Z 1

0

C s; q; 1ð Þqdqd1
 !

ð35Þ
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where M(1)¼ cASpR
2H. The Laplace transform of Equation (35) is

M sð Þ
M 1ð Þ ¼

1

s
� 2R

H

Z H
R

0

Z 1

0

C s;q; 1ð Þqdqd1 ð36Þ

or

M sð Þ
M 1ð Þ ¼

1

s
� 2R

H

Z H
R

0

Z 1

0

F0 cos
ffiffiffiffiffiffi
�s

p
f

� �
þ
X1
n¼1

Fn cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s� a21;n

q
f

� �
J0 a1;nq
� �h i

þ 1

s

" #
qd qd1 ð37Þ

After computing the integrals in Equation (37), the following equation is
obtained:

MðsÞ
Mð1Þ ¼

F0s sin
ffiffiffiffi
�s

p
H

R

� �
R

Hð�sÞð3=2Þ
ð38Þ

and finally,

MðsÞ
Mð1Þ ¼ �

Sh a0 2
P1
n¼1

Fn cos

ffiffiffiffiffiffiffiffiffiffi
�s�a2

1;n

p
H
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According to the work by Simon (2011) and Collins (1980), the effective relax-
ation time is defined by

teff ¼
Z 1

0

tX tð Þdt ð40Þ

where the probability density function X(t) represents

X tð Þ ¼ wss � w tð Þð ÞR1
0 wss � w tð Þð Þdt

ð41Þ

Equation (40) can be written in terms of Laplace variables:

teff ¼ lim
s!0
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ds
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s
� �ww sð Þ

� �� 
�1

ð42Þ

wherewss is the steady-state value and �ww is the Laplace transform ofw.When Equation
(40) is applied to Equation (39) (i.e., w¼M(t)=M(1)), the effective time becomes
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Results and Discussions

When the Release Hole and the Device Have Equal Diameters (a0¼R)

When a0¼R, the analytical profiles are compared with the numerical results
reported by Tojo and Miyanami (1983). Equations (39) and (43) are reduced to
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and

seff ¼
H2ð15R2 þ 10H ShRþ 2Sh2 H2Þ

5R2 Sh ð3H Rþ ShH2Þ ð45Þ

respectively. The effective dimensional time is

teff ¼
1

5

Hð15 g2A þ 10H km gA þ 2 k2m H2Þ
kmð3 gA þ km HÞ gA

ð46Þ

Applying the inverse Laplace transform to Equation (44) gives
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where bq are the roots of the following equation:

bq tanðbqÞ ¼
H Sh

R
ð48Þ
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Equation (47) can be written, in terms of dimensionless variables, as

MðtÞ
Mð1Þ ¼ 1�
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2 e
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0
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The new dimensionless number is defined by

L ¼ km H

gA
ð50Þ

As a result, Equation (48) takes the form

bq tanðbqÞ ¼ L ð51Þ

Equations (49)–(51) coincide with Equations (14) and (15) derived by Tojo and
Miyanami (1983). Figure 2 describes the trends depicted in Figure 3 of the original
article. The cumulative amount of drug released increases with the mass transfer and
diffusion coefficients. As the resistance to mass transfer is lowered or Fickian trans-
port is promoted, an increasing amount of the API is delivered. A reduction in the
length of the cylinder is accompanied by a rise in M(t)=M(1).

In terms of the dimensionless parameter L, the effective time given by
Equation (26) is

teff ¼
1

5

H2ð15þ 10Lþ 2L2Þ
gA L ð3þ LÞ ð52Þ

Figure 2. Influences of the parameter L¼ kmH=gA on the cumulative amount of drug released.
The profiles agree with the results reported in Figure 3 of Tojo and Miyanami (1983).
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The variation of gAteff=H
2 as a function of L is shown in Figure 3. The rate

at which the drug is released increases with an increase in km. As the mass
transfer boundary layer resistance becomes smaller, the drug release rate, as
measured by teff, is enhanced. In particular, expressions for these limiting cases are
readily computed:

teff ðL ¼ 1Þ ¼ 2

5

H2

gA
ð53Þ

teff ðL ¼ 0Þ ¼ 1 ð54Þ

teff ðL ¼ 0:1Þ ¼ 10:33548387H2

gA
ð55Þ

teff ðL ¼ 0:5Þ ¼ 2:342857142H2

gA
ð56Þ

Using Equations (52) and (53), the following ratio is developed:

teff
teff ðL ¼ 1Þ ¼

15þ 10Lþ 2L2

2L ð3þ LÞ ð57Þ

Figure 3. Effects of L¼ kmH=gA on the effective time constant defined by Equation (52).
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Equation (57) is shown in Figure 4, which may be useful for design pur-
poses because it relates a normalized time constant to the parameter L. This
information provides product manufacturers great flexibility in meeting a desired
dynamic performance. Three factors, km, H, and gA, can be manipulated to reach
a target teff.

When the Release Hole is Slightly Smaller Than the Device (0.9R� a0�R)

When the radius of the release hole is slightly smaller than the radius of the device
(i.e., 0.9R� a0�R), Equation (39) becomes
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because only the first term of the series (i.e., n¼ 1) is required for sufficient accuracy
when a0¼R(1� e) and e< 0.1. As a result, F1 becomes

F1 ¼
f1ðsÞ
f2ðsÞ

ð59Þ

Figure 4. Impacts of L¼ kmH=gA on the normalized effective time constant defined by
Equation (57).
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after using Equations (23) and (24) where
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The dimensionless effective time is given by (see the Appendix)

seff ¼
P1

P2
ð60Þ

Although Equation (60) appears computationally intensive and involves tran-
scendental functions, it can be implemented using Maple. It is possible to study
the effects of geometry and the Sherwood number on the time constant for drug
delivery because the equation depends on three dimensionless parameters: Sh,
H=R, and a0=R. Assuming that Sh¼ 100, the time constant increases with H=R
(Figure 5). Similarly, when H=R¼ 2 and a0=R¼ 0.9, Figure 6 shows that seff
decreases with any increase in the Sherwood number. As the resistance to mass trans-
fer decreases (e.g., high mixing), the API is released at a faster rate. Poor mixing near
the target site may severely affect the performance of the product. This point was
also made in the case of an implant near a target tissue (Tojo and Miyanami, 1983).
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Figure 5. Effects of device geometry on the effective dimensionless time constant for Sh¼ 100.

Figure 6. Relationship between the Sherwood number and the effective dimensionless time
constant when H=R¼ 2 and a0=R¼ 0.9.
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General Case: The Release Hole is Smaller Than the Device Diameter (0< a0�R)

When 0< a0�R, Equation (39) is written as
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because two terms of the series (i.e., n¼ 2) are sufficient. As a result, F1 and F2 are
determined from Equations (23) and (24):
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It may be necessary to increase the number of terms in the series to achieve con-
vergence if the hole is very small relative to the device diameter. Equations (41)–(43)
can be analyzed using computer algebra software. The case when the Sherwood
number tends to infinity is considered. The following equations are obtained:
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The effective dimensionless time constant is not a function of a0. In addition, the
inverse Laplace transform for Equation (64) is
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where

v ¼ H

R
ð67Þ

Figure 7 is obtained using Equation (66) with different values of the aspect ratio v.
The effect of v on seff is better captured in Figure 8:

seff ¼
2 v2

5
ð68Þ

Note that for practical purposes, the following equation, obtained when q¼ 0, can be
used to estimate M(s)=M(1)as a first-order process:
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e
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seff � 1� 0:81e
� s
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Figure 9 shows how seff is affected by v for different values of a0=R, after using
Equations (43), (62) and (63), when the Sherwood number is large but finite (e.g.,
Sh¼ 100). The trend observed in Figure 5 is repeated: seff decreases with an increase
in the diameter and its value rises with an increase in H.

Figure 10 shows the release of benzoic acid through a small hole centered at the
top surface of three cylindrical devices coated with a sealed polymethyl methacrylate
(PMMA) layer (Tojo and Miyanami, 1983). The drug was saturated in 1% (w=w)
agar solution and diffusion occurred only through this solution and not through
the mold itself. All of the parameter values, including R, H, and a0, were obtained
from Tojo and Miyanami (1983). The radius and height of the designs were 0.4 cm

Figure 7. Effects of the aspect ratio v¼H=R on the cumulative amount of drug released when
0< a0�R and when the Sherwood number approaches infinity.
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and 1.6 cm, respectively. Differences were noted in the radius of the release hole,
which ranged from 0.1 to 0.4 cm. A 300mL beaker holding deionized water was used
for the experiments. Except when a0=R¼ 1, the analytical solution predicts the lab-
oratory data very well and is also in agreement with the numerical results presented

Figure 8. Effects of the aspect ratio v¼H=R on the effective dimensionless time constant
when 0< a0�R and when the Sherwood number approaches infinity.

Figure 9. Influences of a0=R and the aspect ratio v¼H=R on the effective dimensionless time
constant when 0< a0�R and when Sh¼ 100.
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in Tojo and Miyanami (1983) (profile not shown). The coefficients of determination
are 0.95, 0.96, and 0.72 for a0=R¼ 0.25, 0.5, and 1, respectively. The large deviation
observed when a0=R¼ 1 may be due to an initial burst release of the drug (Tojo,
1984). In addition, the time constant is reduced with an increase in a0. The following
data were used in the study: gA ¼ 8:1� 10�6cm2=s and km¼ 0.005 cm=s. Procedures
for estimating gA and km were outlined in Tojo (1984). The parameter gA was calcu-
lated based on the diffusivity of benzoic acid in pure water and the mass percentage
of anhydrous agar in the gel. The mass transfer coefficient was determined from the
dissolution of benzoic acid in water (Tojo, 1984).

The cases studied in this work have wide applications in controlled-released
technology and the approach can be extended to other cylindrical systems, as well.
The main differences would stem from the boundary conditions. The methodology
described can be combined with a pharmacokinetic model to investigate the time
required to reach a target drug concentration in the blood. Design specifications
are directly linked to the plasma profile of the API, and the therapeutic drug levels
can be managed with greater control and accuracy.

Conclusions

An analytical and computational study of a cylindrical system with a circular
release hole was conducted for controlled drug delivery. Expressions for the time
constant and the cumulative amount of drug released were provided for three cases
that differed by the dimension of a release hole relative to the product diameter.
The transient two-dimensional model was studied using Laplace transform techni-
ques, the Bromwich integral, and the residue theorem. When the release hole and
the cylinder were of equal diameters, the total amount of drug delivered was an

Figure 10. Predicted (—) and experimental cumulative amount of benzoic acid released for
various a0=R values. The time constants, calculated from Equation (43) and teff ¼ R2seff

gA
, are

shown.
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increasing function of the mass transfer and diffusion coefficient and a decreasing
function of the device length. The release rate increases with the mass transfer coef-
ficient. A similar conclusion was reached when the radius of the opening was mar-
ginally smaller than that of the system. However, the expressions obtained in this
case were computationally demanding when compared to the equal-radius design
specifications. The last case study showed that the methodology was well suited
for any size requirement but involved more elaborate calculations. A potential
application of the method is the prediction of the time it takes to reach a desired
plasma concentration.
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Appendix

Expression for seff in Equation (60): seff¼P1=P2
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