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Abstract
Printing with inkjet technology has found new forms of application in the industry and in this article we study this technology 
focused on printing on non-flat surfaces. Since there is no print history over distances greater than 1 mm due to the rupture 
phenomenon, an initial quality standard is defined to measure achievements in a relative manner. An interactive method is 
used that requires the user to approach the machine in multiple analyzes of different types. The first approach is a mathemati-
cal model this model was constructed to predict the drop distance of the drop in the non-planar substrate with respect to the 
planned one in the flat substrate, taking into account that most of the drops fall to different heights presenting a greater or 
lesser state of development the phenomena present in the flight. The results allow to initiate a process of compensation that 
avoids the distortion of the figure to improve the printing resolution. The results are validated using a relative quality through 
industrial ink-jet printer with heads capable of injecting functional fluids. The initial result indicates that in standard surface 
printing with print relative quality already defined, it can be used only for low resolution formats with thick lines, and the 
result can be improved when the original figure is treated by compensating the distance between the numerical prediction 
and the initial objective.
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1  Introduction

Ink-jet printing has emerged as a promissory technology in 
fields such as a manufacturer of sensing devices [1, 2], the 
printing of living cells [3, 4], tissues [5], ceramic dental 
teeth [6], UV inks on cylindrical surfaces [7], and surface 
coatings [8], among other fields [9]. Ink-jet technology is 
classified in two categories according to the type of the print 
head: Continuous ink-jet (CIJ) [10] and drop-on-demand 
(DoD).

The advantage of ink-jet printing is the ability to operate 
in a drop on demand mode. This improves the flexibility of 
the process and contributes to a substantial saving in the 
costs of the inks [11]. Drop on demand ink-jet technology 
have a higher compatibility with various functional materi-
als and their ability to reliably deposit them onto a substrate 
[12]. The main challenges of ink-jet printing include high 
resolution printing and precision in new application fields.

Drop-on-demand print heads are predominant in the 
industry [13]. Tiny droplets (6–150 pL) are expelled through 
the nozzles of the print head, wich has a piezoelectric actua-
tor and, when given an applied voltage the resulting defor-
mation ejects the droplets onto the substrate [14].

The inks implemented in ink-jet technology are gener-
ally composed by a solvent and pigments particles, and are 
usually used for decorative purposes. The use of the ink-jet 
as additive manufacturing technology (AM) [15, 16] has 
allowed the development of functional fluids (FF), which 
are a mixture of solvent and solid particles made of silver, 
polymers, gold, living cells, etc. The difference between inks 
and functional fluids is not well established in the literature 
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and, in the majority of the cases the term “ink” for AM 
purposes is still used.

Ink-jet applications tend to print 2D patterns onto flat sub-
strates, but several times, non-flat substrates are presented in 
fields such as tissues [17], electrical devices [18] and poly-
mer substrates [19]. Other application recently introduced 
in the market is the printing over cylindrical containers [7]. 
The print heads have rows of nozzles on a flat distribution, 
which makes it difficult to print patterns onto a non-flat sub-
strate since the print head nozzles are not equidistant from 
the substrate and this tends to distort the original pattern. 
To achieve good quality printing onto non-flat substrates, 
the droplets must be positioned onto the substrate with great 
precision, taking the substrate curvature into account. As a 
consequence, the study of ink-jet technology with non-flat 
substrates is important in the progress and versatility of this 
technology.

Another issue with ink-jet printing onto flat and non-flat 
substrates is the trajectory of the flying drop, which, when 
given a print head velocity, takes a parabolic trajectory. This 
trajectory must be taken into account in order to predict the 
position of the drop onto the substrate, and consequently, 
correct the error produced by this movement. Jin et al [20] 
studied the compensation of the movement of the print head 
path taking the trajectory of the ink-jet droplets. This study 
is centered on flat substrates and had not taken neither the 
droplet aerodynamics into account, nor the spreading fac-
tor at the moment of drop impact onto the substrate and 
the influence of the FF properties on the aerodynamics and 
stability of the drops.

The presence of particles in the functional fluids affect 
properties such as surface tension, viscosity and density 
[21]. The system in the printer are also special when works 
with nano and micro fluids [22]. Several authors have car-
ried out studies about these properties such as Krieger and 
Dougherty [23] and Poletto and Joseph [24]. A group of 
dimensionless numbers can be used to quantify some char-
acteristics of the FF such as printability, stability and flow 
behaviour. The most common dimensionless numbers used 
in ink-jet technology are: Weber (We), Reynolds (Re), Ohne-
sorge (Oh) and Bond (Bo). Some numbers can be expressed 
as a function of other dimensionless numbers such as the 
Capillary number (Ca = We/Re), and printability (Z = Re/
We1/2).

The aerodynamics of the droplet in ink-jet technology is 
still a field to study [25]. Some studies have been carried 
out about the type of flow in the gap between the print head 
and the substrate, and its influence over the droplets [26, 
27]. Link et al. [28] had concluded that there is a significant 
shift in the trajectory of the droplets when the velocity of 
the substrate is about 8–10 m/s. The stability of the flying 
droplet must be taken into account. The energy drag must be 
less than the surface energy of the droplet in order to avoid 

the pinch-off of the flying droplets. Some authors, such as 
Pilch, Erdman [29] and Theofanous [30], had researched 
this phenomenom.

Functional fluids are not considered monofluids, because 
they are composed of different solutions that directly affect 
their properties, such as surfactants, pigments, functional 
elements, binders, humectants, etc. For this reason, its physi-
cal and rheological properties are unique.

The machines that work in conjunction with a computer, 
which are made up of mechanical hardware and software, 
that work on complex physical systems; they require multi-
ple software tools for their design, manufacture and opera-
tion. Therefore, a methodology to work with these is the 
interactive design that allows to maximize the use of differ-
ent applications in which the user receives information that 
evaluates, modifies and reintroduces in the following. An 
example of this method is the investigation of Barone [31].

The present paper aims to analyze the final position of a 
single droplet onto the substrate using mathematical models, 
taking into account the print head velocity, aerodynamics, 
spreading factor and functional fluids properties. The predic-
tion of the position of the droplet onto non-flat substrates is 
presented together with an algorithm to correct the relative 
distance between droplets in order not to deform the image.

2 � Methodology

In this research an interactive approach method is used 
because there are multiple tools, knowledge and methods 
that should be used to achieve the end, and in the devel-
opment of this approach is made to the machine in which 
partial results are obtained that the user evaluates, modifies, 
validates and reintroduces in the machine.

In the development of the mathematical model, math-
ematical editors are used, who first individually describe 
partial phenomena such as: parabolic flight, aerodynamic 
resistance, fluid mechanics, step by step, a mathematical def-
inition is being built integrating these areas, which by means 
of the use of simulators describes the difference between the 
drop of a real drop and a theoretical drop, with this infor-
mation a compensation system can be made that must be 
introduced in the file that processes the RIP of the machine, 
achieving the compensation of the drop of all the drops.

The mathematical model is presented in the next sec-
tion, which is based on an energy balance. With a deduc-
tive method, an algorithm is developed to predict where a 
drop will impact the non-flat substrate, and then compensate 
the distance between the head print and the substrate. This 
algorithm is validated in an inkjet printing machine with 
industrial print heads. After analyzing the results, an induc-
tive method is applied to optimize the solution.
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The experiments to validate the mathematical model are 
presented in Fig. 1. Experiments a and b, in which the move-
ment of the print head is parallel to the x-axis shows the 
effect of the trajectory of the flying drops, due to the fact that 
the distance between the print head and the substrate is the 
same for each line, producing parallel lines. Experiments c 
and d, in which the movement of the print head is parallel to 
the y-axis, emphasizes the effect of the distance between the 
substrate and print head, this characteristic produces curved 
lines.

The equipment test includes: Projecta® Evo/plotter 
dg1400-700, print head Xaar® 1001 GS12 of 12–84 pico-
liter per drop with 7 gray scale sizes and 360 nozzles per 
inch. The machine was adjusted in binary mode, which 
implies a train of drops of 7 × 12 pL. The solid size is a 
length of 90–100 mm and has a height of 30–40 mm. The 
printing process was performed in two orientations, sepa-
rated by 90° separated. The figure to be printed had parallel 
lines separated by 5 mm.

The characteristics of the printing fluids selected were: 
viscosity of 12–20 cP and surface tension of 3250 m N m−1. 
Density of 1200 kg/m3 at 40 °C. The functional fluids used 
for conventional printers are composed of water, oil, func-
tional elements and UV protection properties. The functional 
fluids selected were, black (Endeka®) at 1300 kg/m3, red 
TEP13301 at 1270 kg/m3 and brown TEB16617 at 1350 kg/

m3 (Colorobbia®) These functional fluids will be used for 
functional printing on tiles that will be cooked at 1000 °C. 
Bond graph paper at 80 g/m2 was used as a substrate. Tests 
were conducted in a place with an altitude of 1530 m, 0.84 
atmospheres and the functional fluid temperature of 40–42 °C.

A different quality from the standard for industrial inkjet 
printing is defined. The best relative impression is that 
obtained in an inkjet printer (300 dpi non grayscale) making 
lines at a distance head-substrate of 2 mm, the quality of rela-
tive impression is established in qualitative terms expressed as 
a percentage for any distance greater than the standard quality. 
The level of quality indices are referring to the dispersion and 
distortion of the drops outside the line. In [12], satellite drops 
are the drops that are formed when the main drop undergoes 
the drop breakup effect.

2.1 � Mathematical model

The FF properties affect several factors of the droplets such as: 
drop formation, traveling distance and spread on the substrate. 
Some dimensionless numbers are common in ink-jet indus-
try, and are used to establish some characteristics of the FF. 
Reynolds number shows the relation between inertial forces 
and viscous forces, and as consequence, it is useful to control 
the drop breakup. The Reynolds number is given by Eq. (1).

where ρ is the density of the fluid, D is the diameter of 
the drop, V is the velocity of the drop (or fluid) assuming 
media velocity zero, and η is the dynamic viscosity. The 
main parameter to establish droplet breakup is the Weber 
Number (We). This dimensionless number shows the rela-
tion between inertial forces and capillary forces. This num-
ber is used to establish the stability of a flying droplet and 
is represented in Eq. (2). The Ohnesorge number (Oh) is a 
combination of the We and Re numbers (See Eq. 3). The 
interval at which the Ohnesorge number should be when 
analyzed in the inkjet printing process, is 1 < Oh > 0.1. In 
values greater than 1, the viscosity does not allow the fluid 
separation and drop formation. At values below 0.1 the gen-
eration of satellite drops is high. The symbol σ in Eqs. (2) 
and (3) is the surface tension.

Once the droplet leaves the print head, there is a combina-
tion of energies on the droplet. The total energy with which 
the droplet leaves the print head (E0) is shown in Eq. (4).

(1)Re =
�DV

�

(2)We =
�DV2

�

(3)Oh =
�√
��DFig. 1   Relative movement between the printhead and the substrate, a 

perpendicular to the spine of the triangular prism with movement on 
the “x” axis, b perpendicular to the spine of the truncated cylinder 
with movement on the “x” axis, c perpendicular to the spine of the 
triangular prism with movement in the “y” axis, d perpendicular to 
the spine of the truncated cylinder with movement in the “y” axis
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where Ek0 is the kinetic energy, initially Es0 is the surface 
tension energy and Ep0 is the potential energy. According to 
Wu et al. [32], the drop is not completely spherical, having 
an increase in the deformation when it is close to the sub-
strate. But initially purposes of speed calculation, the shape 
is assumed to be spherical. Potential energy is often negli-
gible, but, since the surface of the substrate has a variation 
in its distance, the path of the drop will also vary. Therefore 
the potential energy must be taken into account. Rewriting 
Eq. (4), the total initial energy is:

where ρf is the density of the fluid, D0 is the diameter of 
the droplet, V0 is the initial velocity of the drop, m is the 
mass and Z0 is the distance between the nozzle plate and the 
substrate. As the drop travels, its velocity decreases, due to 
non-conservative forces such as the drag force. Considering 
a state of energy just before the impact of the droplet onto 
the substrate, Eq. (6) shows the balance of energy between 
the two states. The potential energy when the drop lands on 
the substrate is 0 and the surface tension energy is constant, 
so the sum of energy is:

where Ek1 is the kinetic energy of the droplet just before 
the impact on the substrate and ED is the drag energy. The 
drag force determines the drop deformation and the diam-
eter change, therefore at a high deformation value the drop 
breakup phenomenon is generated and the drops turn into 
satellite-type drops. The drag coefficient (CD) is necessary 
in order to calculate drag energy. The expression to find this 
coefficient is shown in Eq. (7).

The energy drag is given by Eq. (8). Where ρa is the den-
sity of the media (air to this case), V is the instantaneous 
speed and dz is the differential of distance between the print 
head and the substrate.

To calculate the energy consumed by the drag effect, the 
velocity in each moment of travel is required. This is given 
that the drag coefficient is the function of the Reynolds num-
ber, and the Reynolds number is the function of the velocity. 
Finding the instantaneous velocity is a necessary iterative 
method. Equation (9) is applied to find the instantaneous 
velocity.

(4)E0 = Ek0 + Es0 + Ep0
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1
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This equation gives the result of the vertical displacement 
with the respective velocity and time of flight; also, the hori-
zontal displacement calculation should be included and will 
be discussed later.

The effect of drop breakup, is a phenomenon that is pre-
sent in drops of different volume, but is caused by other fluid 
properties such as surface tension, density, and viscosity, is 
also affected by the initial speed at which the drop is expelled. 
As mentioned at the beginning of the chapter, these properties 
are related to the number of Reynolds, Weber and Ohnersorge. 
The number We and Oh are used to conclude the behavior of 
the drop while making the trip from the head to the substrate. 
In [33] five different types of drop breakup are presented and 
are shown in Fig. 2. In [34] the different types of drop breakup 
are relationed with the Weber number as shown in the Table 1. 
Then to get a printable fluid, the components are balanced so 
that not only does it fulfill the function, but it should have a 
Weber number below 15.

When the bubble has been jetting at large distances from the 
free surface the droplet may experience a secondary breakup, 
which is not desirable with regard to the inkjet printers where 
satellite-free droplet formation is of high importance from the 
viewpoint of printing efficiency [35].

When the droplet hits the substrate, a spreading of the fluid 
occurs on the surface. This spreading can be expressed with a 
factor βmax, that depends on several factors such as: physical 
characteristics of the fluid, initial energy and the energy of the 
substrate [36, 37, 38].

The deformation ratio of the droplet is given by Eq. (10).

The energy of the surface tension can be expressed as 
Eq. (11).

At the moment of impact and maximum deformation EK2 
kinetic energy can be considered zero. Considering a model in 
which the droplet will be a truncated sphere after the impact 
with a constant volume [39], is as follows:

where fs =
2(1−cos �)
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.
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2.2 � CAD method

The distance of the print head to any desired point of the 
substrate is an important parameter in order to find the 
energy losses of the droplet, and the correction of the print 
error as well. There are several methods in which this dis-
tance can be found. For the test, a truncated cylinder and 
a triangular prism were selected. These solids present less 
correlated information and shown in Fig. 1. Some of these 
are: (a) Geometric relationships between the print and the 
solid (substrate). (b) The profile of the surface in the plane 
X–Y, whichhas analytic equations of lines representing the 

profile. (c) A CAD model of the substrate. The method 
used inthis investigation is the CAD method.

The CAD method consists of a file with the threedi-
mensional model of the substrate. It is an interactive pro-
cess since each one that wants to perform a new job, must 
access several computer applications. For this, a model 
is obtained by CAD software, and is used when the sub-
strate is going to be manufactured or by 3D scans when 
the substrate has been manufactured and there is no previ-
ous CAD file or technical drawings. Once the CAD file 
is obtained, it is necessary to process the surface of the 
substrate, and export it into a generic file. For this investi-
gation, STL files are used. STL is a generic file developed 
for stereo lithography and has recently been used in 3D 
printing.

The STL format describes the surface of a solid as if it 
were composed by triangles. Each information pack starts 
with the text “facet normal”, and then there are three numeri-
cal values corresponding to the orientation of the normal 
vector to the surface of one triangle. Next, the text “outer 
loop”, the information of the three vertexes and the text “end 
loop”. Next, the text “end loop”. The package is closed by 
the text “end facet”.

In [40], it is shown that the STL format is a set of facet 
descriptions in the ASCII format that contains its normal 
unit vector and 3D coordinates of three vertices. The content 
of an STL file text is readable, and its file size is so large that 
it is generally used as a test tool. The structure of the STL 
format is as follows:

The algorithm in Fig. 3 presents the procedure to obtain 
the “Zt” distance between the print head and the curved sub-
strate. The algorithm uses the points of the vertices found 
in the STL file of substrate in which the printing was made, 
takes the data as a string and performs the match pattern 
action to be able to extract the alphabetic characters and 
only use the numeric characters. After obtaining the numeric 
characters, it is necessary to make comparisons between 
points “Xini” and “Yini” and store the points closest to these 

Fig. 2   Newtonian drop breakup morphology. a The vibrational 
behavior of the droplets of a fluid exerts this behavior when it is in 
the Weber interval between 0 < We < 11. b The bag-like behavior 
of the droplets of a fluid exerts this behavior when it is in the Weber 
interval between 11 < We < 35. c The multimode behavior of the 
droplets of a fluid exerts this behavior when it is in the Weber interval 
between 35 < We < 80. d The Sheet-thinning behavior of the droplets 
of a fluid exerts this behavior when it is in the Weber interval between 
80 < We < 350. e The Catastrophic behavior of the drops of a fluid 
exerts this behavior when Weber is superior to 350

Table 1   Transition We for Newtonian drops with Oh < 1

Vibrational 0 < We < ~ 11
Bag ~ 11 < We < ~ 35
Multimode ~ 35 < We < ~ 80
Sheet-thinning ~ 80 < We < ~ 350
Catastrophic We > ~ 350
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in a matrix, and finally use these points to find points “X”, 
“Y” and “Z” that correspond to the vertex in which the 

distance of “Zt” is located, which is the distance between 
the substrate and the print head.

2.2.1 � Error correction of 2D pattern to 3D

As a consequence of a pattern printing onto non-flat sub-
strates, two errors are presented: the error given the conver-
sion of 2D pattern to 3D, and the error due to the parabolic 
movement of the droplet. The mathematical models of the 
two errors is presented.

Given a 2D print pattern, the projection of the print pat-
tern onto the curved substrate tends to deform the origi-
nal pattern due to the distance between points. As Fig. 4 
exposes, the projection of the 2D pattern on the curved sur-
face tends to present errors in the proportion of the pattern. 
The released drops on the substrate will produce a distorted 
pattern at the borders since the drops which were ejected 
have a greater spacing (∆s > ∆x). As the print head advances 
to where the curvature is less pronounced, the distortion is 
less because the substrate is almost flat (∆s ≈ ∆x). Figure 4 is 
a general tool for evaluating any substrate and analyzing the 
possible implications in the compensation process to analyze 
the ratio of distance between two close points of 2D to a 3D 
surface according to the angle of the 3D surface. To achieve 
good quality printing (including the pattern proportions), it 
is necessary to adjust the 2D pattern to constantly keep the 
pattern onto the 3D surface. As Fig. 4 shows, the distance of 
∆x0 has to be modified to keep ∆s0 constant. The compensa-
tion has to be in x as the direction of the printhead and y is 
the substrate depth. The surface of the substrate is divided 
by straight lines. As a consequence, the surface of the sub-
strate is represented as a sequence of straight lines. As Fig. 5 
exposes, the value of√ ∆s is calculated by the Pythago-
ras equation (∆s =(∆x2 + ∆z2)1/2). Doing a mathematical 

Fig. 3   Algorithm with the function of finding the distance from the 
highest point of the solid in which the printing will be made, to the 
nozzles of the head. This distance is defined as “Zt”

Fig. 4   The ratio in distance of two nearby points in a 2D plane 
changes once they are adjusted for the 3D substrate
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procedure, it can be found that the next point in x direction 
(Xn) is given by Eq. (13) and is shown in Fig. 6.

where f0(x, y) is the derivative of the function of the sub-
strate surface. It also corresponds to the slope in the X-axis 
direction of the normal vector to the triangle of the STL 
file, as in the method of the CAD file. This procedure can 
be applied to the Y-axis direction as well.

The point found Xn+1 has a large (maximum 12%) error 
because the slope was obtained with the point of origin. To 
improve the prediction, the polygon method is added to the 
above process which uses the midpoint of the initial result 
and there the derivative is taken which gives a result with a 
maximum error of less than 0.001%.

The method is iterative and accumulative. Any new point 
depends on the previous case, which has just been modified. 
Assuming m is one of the py lines, parallel to the X axis, n a 
point of the total px of each line, the vector Xm is:

(13)
Xn+1 =

Δs√
1 +

[
f �(x, y)

]2 + Xn

The complete matrix is exposed in Eq. (15).

The compensation matrix in both directions is given by

The second compensation is performed on the travelling 
droplet, influenced by the speed and movement of the print 
head. In scanning machines, the print head movement is in 
the direction of the one axis. Most printers have the option 
of printing in both directions of the machine. On a single 
pass machine, the substrate moves, at a constant horizon-
tal relative velocity between the drops and substrate. As 
a consequence, there is no parabolic trajectory, but there 
is a distortion due to the difference in the vertical trip 
between drops. The movement of the drop leaving the head 
is parabolic as shown in Fig. 1. The compensation method 
predicts the point where the print head should launch the 
drop; as a consequence, an independent travel is placed at 
the corresponding point. This procedure is added to P(x,y) 
points of the first compensation and execute the algorithm 
presented in the Fig. 4. The initial velocity of the drop Vx 
is equal to the print head velocity. Also, the drop veloc-
ity is affected by the collision with the air molecules of 
oxygen and nitrogen, therefore, the droplet velocity in X 
direction is given by Eq. (16).

The different parts of the substrate should be observed 
the possible measures that can be considered to achieve an 
adjustment between the substrate and the print head. These 
measurements are shown in Fig. 7. After taking these 
measurements for the location of the head into account, it 
must be achieved that the final conditions of the horizontal 
travel are limited by the variable Z, until the drop reaches 
the substrate or Z = Zt.

(14)[X]m = V
n=px

n=1

⎛
⎜⎜⎜⎝
Xn+1 =

Δs�
1 +

�
f �(x, y)

�2 + Xn

⎞
⎟⎟⎟⎠

(15)[M]x = M
m=py

m=1
[X]m

Mpx,py
x,y

=
[
X(n,m), Y(n,m)

]
.

(16)ΔX00 =

Z=Zt
X
(
Vx + ΔVx

)
Δ

Z=0

t

(17)P00
x,y

= P0
x,y

− ΔX00

Fig. 5   Comparison of the angle change, when the transition is made 
between a flat substrate to an on-flat substrate

Fig. 6   Iterative approximation to the substrate and Pythagoras math-
ematical procedure
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3 � Results and discussion

In this section different theoretical and practical tests are 
shown. These tests were performed with a Xaar® 1001 
printhead; as a substrate, a triangular prism and a trun-
cated cylinder were used, in which parameters must be 

taken into account to define the relative quality of printing, 
which in this case is argued by non-flat substrates.

3.1 � Theoretical tests

In Sect. 3, the impact of kinetic energy is analyzed on the 
final speed of the drop. This energy is influenced by the 
volume of the drop. In Fig. 8, the relationship between 
volume and speed is evidenced. e.g. after 4 ms, the speed 
loss for a drop with a volume of 150 pL is 32%, while a 
drop of 6 pL has a loss of 94% and after 12 ms, the gravity 
is the only factor influencing its velocity until it impacts 
the substrate. Due to the long movement an expected result 
was the influence of the gravity in the change of speed of 
the drop. The difference in the data, taking into account 
the gravity or eliminating it, is no higher than 1–2%.

The distance covered in two axes is influenced by the 
volume of the drop as well; Fig. 9 shows the distance 
traveled by different sizes of drops with the same initial 
speed and horizontal print head carriage speed. If the ver-
tical distance is 20 mm, the travel proportion of two drops 
in the X direction is 3/1 when the volume is 150 and 15 
pL. Drops of 6 pL stop the horizontal flight at 12.3 mm of 
the vertical movement. The results indicate there is a direct 
relation between the volume of the drop and the maximum 
vertical movement to avoid drops stopping the horizontal 
flight before the travel has finished. (For each initial speeds 
in Z and X of drops).

The altitude of city where the printing is done also 
influences the horizontal flight of the drops. In Fig. 10 the 
theoretical results of seven prints made in environments 
from 0.745 to 1.0 atmosphere is presented. E.g. for a verti-
cal travel of 20 mm and with a speed print head carriage 
of 15 m/min the horizontal flight is duplicated between 
values of 0.745 and 1.0 atm.

Now the influence of the ink density in the results of 
the horizontal flight of drops is shown. Figure 11 shows 

Fig. 7   Different measurements taken into account to carry out the 
printing process and how the solid cutting is done, which is being 
reconstructed in the engineering software

Fig. 8   The relationship between volume and speed

Fig. 9   Horizontal flight X and vertical journey or movement Z of 
drops with 6 m/s initial speed and initial horizontal print head speed 
of 15 m/min
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the theoretical result of nine prints with densities from 640 
to 1340 kg/m3 and parameters: 42 pL, 6 m/s initial drop 
speed, 9 m/min substrate speed, 25 mm vertical movement, 
0.84 atmosphere and a temperature of 24–26 centigrades, 
type case c) Fig. 1. Inks with low density rapidly lost their 
vertical speed and became similar to a shower of disor-
derly drops which is difficult to predict where they will 
fall. If the initial drop speed is reduced, the shower effect 
moves to the left reducing the reach of the drops.

3.2 � Validation experiments

Experiments were conducted with print head type Xaar® 
1001 GS12 over truncated cylindrical and wedge substrates 
covered with graph paper as it is observed in Fig. 12. This 
printer has a mobile bed in which the substrate is fas-
tened and the print head carriage moves in the other Car-
tesian direction to change the swath to print. Due to this 

characteristic, the horizontal flight of the drops and its asso-
ciated friction with air do not exist. Vertical travel and its 
associated friction with air should be considered.

To define the best quality print and from it determine 
the quality changes, is used the result when the print head 
is nearest the substrate. This event is given when the long 
side of the print-head is over or co-lineal with spine of the 
substrate, and is shown in the Fig. 13.

The relative quality is reflected in all the experiments, 
where as defined above, the impression of the spine is con-
sidered, with 100% quality, and it decreases as the spindle is 
farther from the substrate, this decrease in quality is condi-
tioned directly with the drop breakup phenomenon.

Parameters for non-flat surfaces were taken into account 
to define the best relative quality. The distance between the 
head and the spine of the solids must be less than 2 mm, with 
this distance the best quality is obtained on the solid, which 
means that it complies with 100% of the defined relative 
quality. As the head moves away from the back of the solid 
the height grows linearly (triangular prism) and non-linear 
for the other solid (truncated cylinder).

The direction of printing is taken account because it 
allows to evaluate different influences in the final impres-
sion, for example, when printing in the direction of the spine 
of the solid, it is essential the speed of the head relative to 

Fig. 10   Influence of the altitude in the horizontal travel of a drop due 
to the air density. Parameters 15 pL, 1, 2 ink density, 15 m/min sub-
strate speed, 20 mm vertical travel

Fig. 11   Influence of ink density in the horizontal travel of a drop

Fig. 12   Test prints on a truncated wedge substrate base 118 × 91 mm, 
height 41 mm

Fig. 13   Reduction of quality, in front of the change of height of the 
print head to the substrate and the data is shown in Table 2
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the substrate, but when prints in a direction perpendicular 
to the spine of the solid the phenomena of distance between 
the head and the substrate are those that prevail.

In Fig. 14, a practical test of a print of a group of parallel 
lines separated by 5 mm is presented. The case of impres-
sion corresponds to case a) in Fig. 2. The speed of the print 
head carriage is slow (1 m/min) to minimize the influence 
of the drop flight and to maximize the influence of 2D–3D 
presented in the Fig. 5. Now the distance between lines mul-
tiplied by 1.32 gives 6.6 which correspond to the distance 
between the parallel lines and validates the 2D to 3D com-
pensation. It is also observed that the quality is decreas-
ing when the printhead moves away from the substrate, 
when “S” is the top of the susbtrate and “8” is the bottom 
(Table 2).

In Fig. 15, the result of the same test but with a truncate 
cylinder as the substrate is presented in, case b) in Fig. 1. In 
this case, the slope is variable as it is presented in Table 3. 

The swaths formed by the lines from the center of the spine 
have an average slope in degrees, and each slope has a cor-
responding ratio that is multiplied by the distance between 
lines giving the distance in the substrate.

Four tests were conducted with the result presented in 
Fig. 15 and graph of Fig. 16. The theoretical (black) and the 
practical tests do not overlap, but they show the same pat-
tern and indicate that there are some details missing which 
must be researched.

The main test was conducted maximizing the effect of 
the speed of the print head carriage and the distance from 
print head to substrate. In this case, the initial drop speed 
was 5.5 m/s, the print head carriage speed was 1, 5, 10, 
15, 20 and 24 m/min, 84 pL train drops and brown refer-
ence TEB-16617 Colorobbia R ink with 1358 kg/l density 
and 14.5 cP viscosity. The impression was over a truncated 
wedge in the same direction of the spine as in case c) of 
Fig. 1. The results show that the distance between lines tends 
to keep a constant, but the shape of the line changes to a 
curve. In Fig. 17, from the spine, moving right, the distance 
print head-substrate is higher and the drops fall later on. The 
direction of the substrate movement is from top to bottom 
of Fig. 17.

It is also observed that from 30–40 mm of the spine, 
which correspond to heights Zt of 27–36 mm, the drops start 
to separate from the main line forming satellite drops. Even 
so, it is possible to graph the practical result and to compare 
with various theoretical curves.

For each point of a curve, 8 measurements were taken. 
After the average was registered and using fitting func-
tion, the equation of the test was constructed. Experimental 
four order polynomial equations are listed in Table 4. The 
experimental results are presented in the graph Fig. 18. The 
curves in this graph present an inflection at the end that is 
not presented in the theoretical tests. The reason is that the 
mathematical model does not include the atomization phe-
nomenon which changes the dynamics of the results.

Figure 19 shows a test with slow print head carriage 
speed (1 m/min). In this, the line preserves its linearity until 

Fig. 14   Unfolded substrate of printed figure constituted by parallel 
lines in a print case a) of Fig. 1

Table 2   Data to define the relative quality of printing

Printed line Height (mm) Relative 
quality 
(%)

S 2 100
1 5 80
2 12 60
3 18 40
4 24 20
5 31 10
6 38 0

Fig. 15   Unfolded substrate of printed figure constituted by parallel 
lines in a print case b) of Fig. 1
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30 mm from the spine of the substrate which is good news, 
but the productivity would be low. The lines also gain thick-
ness due to the lack of accuracy of the drop with time of 
flight.

In Fig. 20, the result of a print using three ink color is 
presented. The density of each ink is: black 1.3 kg/l, red 
1.27 kg/l and brown 1.35 kg/l, print head carriage 9 m/min, 
84 pL train drops, 0.84 atmosphere, 40°–42° in temperature, 
case c Fig. 1. The lines of different color are overlapping in 

the original figure. The lines in the substrate do not appear to 
be overlapping. The reason is the difference in the physical 
properties of the inks; those differences being the density 
and mainly surface tension. For density, heavier drops in a 
sphere of less frontal area lose less dynamic energy in the 
movement, and resulting therefrom, the flight in a horizontal 
direction is shorter. For superficial tension, the Weber num-
ber gives indications of the length of the movement before 
the drop breakup.

In Fig. 20, after 15 mm from the spine of the truncated 
solid (equivalent to a vertical drop of 15.08 mm), the black 
drops breakup and become smaller, and as a consequence, 
suffer stronger deceleration because of falling in different 
places. The effect of the superficial tension is not equal 
for the inks; the black ink (Endeka® 1,3k/l), despite hav-
ing higher density than red ink, has a shorter trip before 

Table 3   Theoretical variables 
to be compared with practical 
results

Position 1 2 3 4 5 6 7

Distance 2.5 7.5 12.5 17.5 22.5 27.5 32.5
Zt 2.06 2.56 3.58 5.16 7.34 10.2 14.0
Angle 2.86 8.62 14.4 20.05 26.7 33.4 40.5
Ratio 1.001 1.01 1.03 1.07 1.12 1.19 1.31
3D distance 50 50 52 53 56 60 66

Fig. 16   Graph with the comparison between the theoretical (black) 
and practical results

Fig. 17   Printing on wedge substrate, 15  m/min print head carriage 
speed, with print head movement co-linear to the spine (case c Fig. 1)

Table 4   Coefficients of experimental curves

Speed X0 X1 X2 X3 X4

Curve (m/min)
 24 6.95E−3 1.65E−2 4.56E−3 1.70E−4 2.21E−6
 20 − 1.79E−2 5.01E−2 − 8.57E−4 2.98E−5 − 2.91E−8
 15 1.98E−3 6.90E−3 2.56E−3 − 7.5E−5 9.91E−7
 10 0 1.45E−2 1.1E−3 − 4E−5 7E−7
 5 − 3.85E−3 4.04E−2 − 1.81E−3 5.40E−5 − 4.54E−7
 1 1.31E−3 5.58E−3 7.83E−4 − 3.69E−5 4.95E−7

Fig. 18   Experimental results using different print head carriage 
speeds
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breakup. The tension of the inks tested is around 10–20 cP 
and the print head of the printer can works 7–30 cP, which 
gives range to increase the superficial tension and preserving 
the Ohnesorge number in range and to achieve a higher ink 
movement without atomization.

Print head tested are constituted by two rows of nozzles 
separated by some micron and most of the print head have 
two or more rows. The control does an electronic count of 
the print head carriage displacement to guarantee two drops 
in different rows fall on the same line. When vertical dis-
tance is high and there is air turbulence or low print head 
carriage speed, both rows of drops fall in a different position 
forming capricious curves as showed in Fig. 21.

Due to the fact that the print head is more distant to the 
substrate, the precision of the mechanical part of the printer 
will be greater because the distance becomes a multiplier of 
mechanical errors. In Fig. 22, discontinuities are observed 
in the lines due to an induced difference in the location of 
the print head carriage in two swaths and shows an example 
of the relative quality used in this test.

Figure 23 shows how a print without compensation, two 
swaths with different print direction suffer a distortion in dif-
ferent orientation. Another situation presenting a close result 
is when the print head carriage speed is too low.

4 � Conclusions

•	 In this investigation the results were obtained using an 
interactive method of multiple man-machine relations, 
which has a common structure, many engineering prob-
lems begin with mathematical models and end with the 

Fig. 19   Printed lines in a truncated cylinder, print head displacement 
parallel to the spine of substrate, case d) of Fig. 1, print head carriage 
speed of 1 m/min

Fig. 20   Printing with different ink colors in the same pattern showing 
no overlapping (case c Fig. 1)

Fig. 21   Printing defects due to air turbulence. Drop initial speed 
5.5 m/s, print head carriage 1 m/min. Case Fig. 1

Fig. 22   Printing defects due to the mechanical lack of repeatabil-
ity. Drop initial speed 5.5 m/s, print head carriage 9 m/min. Case a) 
Fig. 1

Fig. 23   Printing defects orientation due to the print direction. Drop 
initial speed 5.5 m/s, print head carriage 1 m/min. Case c) Fig. 1
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change of a physical equipment that is controlled by com-
puter.

•	 In this article, the final position of a drop expelled by a 
print head to a non-planar substrate was analyzed taking 
into account the physical, kinematic and dynamic prop-
erties affecting the trip of the drop. The range in which 
the results work is outside of the regular quality in the 
field of printing. As this is the first approach, it can not 
get inside the range of the standard quality; and for that 
reason it was used a relative quality that has as objective 
to evaluate the improvement with the proposed methods. 
The result can be used for low resolutions products

•	 The printed image of a print-file over a non-flat substrate 
has as result a deformed image. To process the informa-
tion so could be developed a method of correction, it was 
necessary to extract each print point information from 
the Raster Image Processor (RIP). Using mathematical 
models the points are relocated and printed as a distorted 
image that over non-flat substrate is seen correct. Each 
point coordinates is processed according to the height, 
the relative velocity between the substrate and print head, 
and the properties of the fluid. After each point is pro-
cessed a new coordinates become the compensates and 
the original figure now is seen distorted if it is printed 
distorted in the display or if it is printed in a flat surface.

•	 The droplet velocity is diminished by the drag force. 
Droplets with less volume relative to the front area lose 
speed more quickly. Drops of a gray-scale system form a 
train, then have more volume relative to the area exposed 
to the drag force.

•	 The drops in trips with two components of initial veloc-
ity, the velocity of exit of the print-head and the relative 
speed print-head-substrate, generate changes of location 
in the substrate having like main variable the volume of 
the drop, the relative speed printhead-substrate and the 
vertical travel distance.

•	 The atmospheric pressure modifies the density and pro-
portionally the drag force. Then, at higher altitudes, the 
speed loss is less. A height of 3000 meters above sea 
level only decreases about 10% of the pressure, then the 
change is not very representative.

•	 The experiments validate the mathematical formulation 
in relation to the change of the drop point as a function 
of the parameters and the height as the main variable. 
The drops according to the height have suffered once or 
several times from the drop breakup phenomenon.

•	 The density of the fluid influences the loss of velocity of 
the drop. With a head drop drop speed, the higher density 
the drop has higher initial energy. Inks with low densities 
lose 100% of their energy before reaching the substrate.

•	 The displacement of the head that moves the printheads 
produces air generating a pushing force that becomes an 

inconvenience for long distance trips where the drop has 
lost a high percentage of its kinetic energy.

•	 The drop breakup model was incorporated but was not 
positively validated because the drops traveled much 
longer trajectories than those predicted by different 
models of the phenomenon described in the literature. 
The possible cause and reason for future work may be 
the cylindrical shape due to the grayscale and the solid 
particles inside the fluid that act as pellets.

•	 The use of functional fluids is very limited, because the 
physico-chemical conditions force the number of Weber 
to be within a small range, to prevent the occurrence of 
the Drop Breakup phenomenon, making the trip to occur 
several anticipating that during the trip the vibrational 
phenomenon will occur several times throughout. To 
the future is need investigate the effect of the cylindrical 
drops, formed by grayscale in the theory establish for this 
field. Also the effect of big pieces of pigment that make 
part of the modern the functional fluids.
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