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Abstract Numerical optimization solve problems efficiently
where such efficiency is focused on the speed with which
the optimal x* is achieved, is open line of research and
strong work in the scientific community in order to achieve
control systems in dynamic processes with response times
of the order of milliseconds. A clear example of this,
is the implementation of optimal controller’s combustion
engines. For subsequent approach to the design and imple-
mentation of nonlinear model predictive control controllers,
it has made a comparison of yields algorithms quadratic
programming by active set with linearization restrictions,
and sequential quadratic programming with single shooting
technique to solve quadratic optimization problem formu-
lation referred to a dynamic internal combustion engine of
spark ignition, in embedded systems with real-time process-
ing.
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1 Preface

Internal combustion engines have allowed boost industrial
growth in the world with its development lead to the emer-
gence of the automobile and the airplane and private transport
industry took a significant place in the world occurred. Pas-
senger cars, especially demand the use of internal combustion
engines with spark ignition (SI), making them responsible
for a high percentage of pollutant emissions. The goal of
better and more efficient internal combustion engines SI is
justified by the above and the cost resulting from the use
of fossil fuels. Several lines of investigation were directed
on that route, some from the looks of new designs, and
others from the operation itself of the motor. As in this
report, part of the effort to find a more optimal operation
of SI combustion engines, it has been supported on modern
experimental schemes such as simulation hardware-in-the-
loop (HIL). This technique allows you to check the engine
control system without actually connecting the motor to its
controller, rather the controller is connected to a motor model
such that eliminates complexity, reduces costs experimenta-
tion, and security risks. Has been implemented scheme with
two embedded systems, one containing a model of the mean
value of the engine and the other as ECU, including in the
loop operation the actuators involved: ignition coils, injec-
tors and throttle valve, and an operator interface, monitoring
and parameter setting. The scheme then encompasses a sys-
tem that allows you to design electronic control units for
combustion engines SI, allowing interactively make changes
parameters, and evaluating destructive limits for the machine,
to design efficient control strategies. In [1] the results and
overall conclusions interactive simulation system are pre-
sented, in [41] an assessment of the control systems applied
NMPC strategies presented, in the current report the formu-
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lation of the optimization problem and solution strategies
applied in real time is presented.

2 The problem

In considering the optimal operation of the combustion
engine as part of the research process have been set up
three fronts of high interest and of use: an energy front, an
economic front and an environmental front. Every front is
susceptible to attacking many forms, as changes in the design
of the mechanisms of the engine, using alternative fuels,
implementing new catalyst systems, however, this work is
aims at improving the operation of an engine test bench as it
is, only managing resources and the operation itself with an
optimal policy. It is usual in combustion engines with spark
ignition, using an embedded processing system to regulate
the management of such resources. Then, the end is to use
an embedded processing system to find and implement the
optimal policy, and that policy contemplates the three fronts
of interest.

A concrete and apply optimal policy option is in the
implementation of numerical optimization algorithms. The
variables involved serve as indicators of optimality of engine
operation. To involve all three fronts of interest have been
selected variables and/or indicators that directly or indirectly
affect every front. For the energy front, the use of the maxi-
mum possible amount of energy, resulting in the maximum
torque available at the crankshaft. Torque is also responsi-
ble for the movement of the motor shaft, is who accelerated
or maintained at a reference speed Refn, the speed n of
the motor shaft, then it can be used as indicator of energy
front. As shown in expression 1, the torque produced by the
machine, is dependent apart from the constructive aspects of
the machine, the amount of fuel that reacts ,:

Hyn(t — 1) .11y
I,

(1) = ey

Other terms are related to the heat capacity of the fuel, the
inertia of the machine and an experimental function energy
efficiency, these parameters have been expanded in an earlier
report [1]. The term immediate and influential selection is
the fuel 7, that somehow relates to the fuel injected m;y,,
since increasing the fuel injected under usual conditions, the
torque produced increases. However this would punish the
front of economic optimization, and there are also restrictions
on the amount of fuel to be injected, so that does not involve
a drowning from the ignition in the chamber by excess fuel,
ie limits the amount of mass needed for combustion [2].
Clearly the economic front is related to the expenditure
of resources, and resources related to the operation of the
engine are air and fuel, and perhaps very low electric power
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as the ignition spark. It becomes clear that this indicator
is against the injected fuel, and as in the previous case, an
immediate solution as arbitrarily decrease the injected flow
is not applicable, it must be noted that the injected fuel is not
directly reactive fuel, a relationship with the inlet air flow,
which in turn depends on atmospheric pressure and tempera-
ture, and further there are minimum values of fuel to keep the
machine in operation (Idle speed around 750 rpm [3]). Also,
change the operating point of the machine, defined by the
speed reference, necessarily require change in the minimum
fuel injection, according to expression 1.

When referring to a front environmental optimization
it is done in the operation of combustion engines, mainly
points to index toxic emissions combustion products to the
environment. As a mechanism to comply with environmen-
tal regulations [4] combustion engines are equipped with a
device called a catalytic converter installed in the path of
evacuation of combustion gases, and dissolved oxygen sen-
sor. Inside the converter, or catalyst three reactions occur,
reduce nitrogen oxides to nitrogen and oxygen, oxidizing
carbon monoxide to carbon dioxide and oxidizes unburned
hydrocarbons to carbon dioxide and water [2], these products
result innocuous for environmental environment. The qual-
ity of the reactions depend on the relationship between the
amounts of fuel and air react in the cylinders, the aim is that
the combustion is complete, consuming all the fuel. For this,
theoretically air/fuel ratio (air-fuel ratio AFR) is required to
be 14.7 (called stoichiometric ratio), or normalized \ = 1,
determined by measuring the ratio AFR, and stoichiometric.
Thus, the deviation to this reference constitutes an appropri-
ate parameter for the front of environmental optimization.
The variable measurement is taken by the oxygen sensor,
commonly named lambda ). sensor, and it can be regulated
by the amounts injected fuel and air flow estimated entering
the cylinder according to the ratio 2.

Mo AFR
AFR= — — A=
mg AFR,

@

Figure 1 represents the efficiency of the chemical process cat-
alyst. Only when the normalized stoichiometric ratio is in a
neighborhood about 1, maximum efficiency of the converter
is presented in the three reactions simultaneously. Although
the efficiency of conversion of carbon monoxide and hydro-
carbons improve as the ratio air/fuel increases, the conversion
of nitrous oxide is lost drastically negatively affecting the
environmental front, and the opposite is also true. A narrow
window of )\ variable related to environmental regulations
applied, can define constraints decision variable environmen-
tal front.

As mentioned, the objectives can come into conflict con-
templating the three fronts, although it is usual to find a
compromise and look multi-objective systems [5]. Another
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Fig. 1 Working window of the catalytic converter

way might be to switch the objectives according to the
dynamic changes of operation of the machine, for example, in
the transitional enable optimization that seeks the maximum
power delivered, temporarily sacrificing produced minimiz-
ing harmful gases and fuel consumption. Both schemes can
be implemented with relative ease optimization considering
structures proposed by the optimal control theory, address-
ing the control of the machine as a dynamic optimization
problem solved at each control period.

3 Materials and methods
3.1 Dynamic optimization problem

Engineering, most running processes and the machines are
susceptible of improvement, many schemes to find the
optimum point of operation have been established in the
literature, and a good overview is given in [6]. The motor
optimization problem is tackled in this paper as a problem of
non-linear programming (NLP), especially due to the nonlin-
ear behavior of the plant described in [7]. From the viewpoint
of NLP, in an optimization problem distinguish three ele-
ments: a function of the decision variables that maps to a
scalar whose value is to be maximized or minimized, this
expression is typically called objective function; a predictive
model that describes the behavior of the system to optimize,
consists of a set of equations that define equality and inequal-
ity constraints, in case the model is formed by the equations
of state and the limits on state variables and input; and a
set of decision variables which form a subspace of the state
variables appear constraints and the objective function and,

usually in control processes, are the manipulated variables
or inputs to the plant. A general formulation of the problem
of non-linear programming is presented in 3.

min f(x)

xeRn?

s.a. (3)
h(x) =0

gix) <0

f(x), is the objective function, while & (x), relates the set
of equality constraints, particularly formed by the equations
of dynamics model, and g(x) represents a set of inequality
constraints that delimit the feasible solution region. Under
steady-state engine operation can be conducted under for-
mulation 3 and their methods of solution [6,8], TPS and
miny get to the desired operating point, and use compen-
sators for dealing with disturbances. Furthermore, with NLP
can reformulate the optimization problem such that dynamic
considerations involved, facing disturbances and transients
from the solution itself. Specifically, this reformulation and
solution methods relate to problems of dynamic optimiza-
tion and within the optimal control theory. The formulation
of the problem of nonlinear programming for a dynamic sys-
tem described by a set DAE (differential-algebraic equations)
usually made in a general way as in [9]:

min f(x (1), u(t),t)

dx
@ = fx@), y(@), u(r), t); x(to) = xo @
gr(x(0), y(®),u(t),t) <0
gE(x(1), y(®),u(t),t) =0

The performance index is then a function of the state of
the excitation or inputs to the system and time. In turn, the
dynamics of state equality constraints introduced the feasible
set of solutions to an initial value determined, and g; and gg
represent the set of expressions with equality constraint and
additional inequality may have. Problems arising in optimal
control, the objective function or performance index involves
the final time the problem is observed, and an integral of a
functional over time [8]:

.
minJ = S(x(tf), 17) + / ! V(x (), u(t), t)dt 5)

fo

The first term of the expression is called the terminal or final
cost and the term involving the integral is a functional that
can measure the optimal time, minimum cost and minimum
energy required to bring the dynamic system from an ini-
tial state x(#p) to a final state x(¢y). It is usual in modern
control problems [10] that the dynamic system under control
reaches a constant reference or follow a path to an exit or
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state variable chosen, and speaking of optimization should
be kept to a minimum resource and energy used for that pur-
pose. Minimize energy expenditure with a k rate of resource
consumption in the control time it can be established by:

f
minJ = / ku(t)’dt (6)

0]

Generally speaking, in state variables,

tf
min J = / u’ Ru(t)dt 7

0]

In this case u, represents the set of inputs to the dynamic
system and R, is a weighting matrix defining the influence of
each input on the result of the objective function. Similarly,
you can establish a performance index punishing the integral
of error for a final reference and/or for a given path, such that
5 is redefined as:

153

[xd 0T Qxa(t) + uT(t)Ru(t)] dt
(®)

With x,4(t7), defined as x4(t7) = Refy —x(ty) and x4(¢) =
Ref,(t) — x(t). Refy is the final position for the state vari-
able, while Ref () denotes the path in the control range.
Similarly, matrices are elements weighing deviations from
the state variables against the given references.

With the decision variables n and A, then the performance
index is defined by the error to the desired speed reference
and the standard deviation of stoichiometric A, which is 1.
The speed reference Refn, is an unknown continuous func-
tion, usually set by the operator of the machine within the
allowable limits. The input variables are defined by the fuel
flow injected m;,y and opening the butterfly 7" P S that relates
to the air mass in the combustion, then 8 can be specified as:

minJ:[Refn—n 1 —k][}gl FO :|[Relfn;n:|
22 -

’f B B 011 O Refn—n
+/ [Refn—n 1 x][ 0 sz][1—,\ ]

fo

R 0 TPS
+ [TPS miny] |: (;1 R22i| |:miny:|dt

min J = x4(t7)T Fxq(ts) +/

fo

(€))

The elements of F, O and R have meaning adjustment trend
forward desired optimization, albeit it is particularly relevant
for the performance of optimal control loop, for evaluation
of algorithms, it is sufficient to comply with and be properly
defined, this for the convergence of the algorithms. In [1]
they settled considerations regarding the performance of the
control.

@ Springer

With the performance index defined by 9, and the equality
constraints by model, only it needs to define the bounds for
the state variables, outputs and control signals. The previous
report of this project [1] the definitions of the dimensions
are taken up again: in the experiment obtained in [7] to val-
idate the model, the minimum speed that keeps the engine
operation is 0.6 krpm, and the maximum is obtained from
the technical manual for engine operation is 6 krpm. The
maximum opening angle set for the butterfly valve is 90°
geometry, and the minimum to maintain the operation defined
by the minimum possible engine idling opening 16° geom-
etry. The coordinates for injection flows are taken from the
experimental data atidle speed and 6 krpm, but because these
experiments are not free response (original ECU has an esti-
mator according injection manifold pressure, besides being
regulated by measuring the oxygen sensor) have been tested
by extending the range of variation by 15 %, then the flow rate
is 0.00015-0.005 kg/ms. Referencing literature AFR control
[11], allowable excursions is estimated 10 % of the stoichio-
metric ratio. The usual, for this window is &+ 3 % [12], in this
range trips to rich and/or lean not considered harmful. How-
ever the permissiveness that is determined in this aspect can
extend freedom in action control for tracking the speed refer-
ence and no borders and toxic emissions limits. The bounds
for the signal )\ are given from 0.90 to 1.1. The remaining
state variables temperature 7,, and manifold pressure P,
(MAP) are naturally bounded in engine operation, depen-
dent as described by the model, ambient temperature, TPS
and atmospheric pressure, so no bounds for finding the solu-
tion are added. These restrictions are grouped in the set of
expressions 10.

0.00015 < mj,, < 0.003
16 <TPS <90
06 <n<6
09<xr<1.1

(10)

The full optimization problem with the objective function,
the mathematical model that introduces equality constraints
and dimensions to the decision variables is established in
11. Equality constraints, or set of differential equations are
defined for all ¢ in the time interval [fy f7] with an initial
value, which in practice is taken by a set of measurements.
The relationships of the variables are treated in detail in [1,7].

R Y e
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dP':;it) (%) — titgy (8) Ty — 1itp (1) Ty = 0
dT,  RT,
dt Py V
d—n — lH,,r],(Pm.n Mmy(t — Atg) — ll’/ =0
dr I P I

My =My + M

[ma(KTamb = Tn) —mp(k — 1)Tm] =0
(112)

iy = (1= X)riny

d . . .
P (T (=myp + Xmy) =0

0.00015 < m;y,, < 0.003
16 <o (TPS) <90
06<n<6
09 <xr<1.1

(11.3)

In the following possible solutions 11 are explored, that
applies or are coupled to a control scheme in real time.

3.2 Solution of the problem of optimization

Methods to solve 11 have been analyzed in the literature
[6,13] first as problems not restricted, and from there they
have made modifications to implement the methods devel-
oped solutions restricted space. The optimum point of J may
be out of feasible solutions due to the siege imposed by the
restrictions, though not restricted optimal provides a path in
which optimal path is restricted. J Function can have a global
optimum and several local optima. If the optimum is a mini-
mum, any local minimum is larger than the global optimum.
Algorithms for finding global optima are commonly higher
complexity than focus on finding local optima and the latter
with a wide applicability in engineering [6]. Also pointing to
the operation of the combustion engine, find the global opti-
mum does not correspond to a practical stage. If the search is
to minimize input signals (air and fuel), in [1] show that the
overall engine leads to a point of minimum speed operation or
idling, and if it is to maximize power/speed shown us that the
result is the upper speed limit, fuel flow with the highest pos-
sible. The practical thing is to determine an operating point
of the engine defined by a speed reference and in the vicinity
of this range to find the optimum solution, what constitutes
a local solution. The neighborhood would be determined by
the points on the surface conforming to the contour of each
operating speed, even if the tracking reference points that
curve neighbors relaxes also part of the feasible solutions.
To find local optima, have been developed stochastic
methods, such as random search adaptive conjugated address,
genetic algorithms [14,15], and deterministic methods where
the optimum convergence can be estimated. These latter
methods are made convenient for applicability control sys-
tems, so allowing the solution of the optimization problem in
a certain period of sampling. Deterministic are reclassified
into direct and indirect methods: direct methods like sim-

plex and complex using a general search pattern [16,17]; and
indirect methods which are supported in the calculation of
derivatives, so requires that the objective function is smooth
with at least three continuous derivatives. For reasons which
includes the less calculation times of the objective function
and that converge faster, besides allowing applicability given
problem develops latter type of methods for the optimization
problem of engine operation.

Conveniently, the target 11.1 function is a smooth func-
tion, if m;,y, and A had a smooth behavior. Now if the
formulation of the optimization problem is such that the
objective function is quadratic form and linear constraints as
shown in 12 [13], then we have a problem of quadratic pro-
gramming with specific methods to solve it. In fact quadratic
forms are beginning the analysis to the search algorithms
used in this work.

1
min f(x) = ExTBx —xTp

xeR?

s.a. (12)
Alx =c
Arx <o

In Eq. 12, A; and A, are matrices formed by the coeffi-
cients of the variables in the constraints whose dimensions
are based on the number of decision variables and the num-
ber of restrictions, and B, is called the Hessian matrix, which
if positive semidefinite then the quadratic problem is called
a convex QP problem. 11 can be made, or the original prob-
lem being treated, it can be reformulated as a problem of
quadratic programming if the set of Eq. 11.2 is linear, and
this implies linearize the model describing the engine. If once
linearized model, the control zone is operating close to the
point where the model is linearized, solving the quadratic
problem corresponds to say optimum operating point [10].
As stated in other sections, this is one of the techniques
evaluated in the current report. It will continue to develop
computational methods for optimal for a quadratic program-
ming problem, and then in the process of linearization of
the model, not without first making the formalization of the
characterization of the optimal points on indirect methods of
optimization.

3.2.1 Fundamentals

In the iterative methods, problem solving non-constrained
optimization, seeking optimal vector x*, such that the objec-
tive function evaluated at said vector is less than any other
neighbor vector x of the decision variables f(x*) < f(x).
Starting from an initial value for said vector x, each iteration
of the algorithm updates the new vector in the generalized
form xx+1 = xr + pr. The term pj; corresponds to an
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address search function. In indirect deterministic methods
that address calculation it is made using the information of the
gradient and the Hessian of the objective function, seeking
convergence within a given level of precision, ensuring that
is solution according to the verification of the optimality con-
ditions. Optimality conditions verify that an extreme point is
alocal optimum, Using the information yielded by the deriv-
atives in the space R", specifically gradient and Hessian. In
the literature [6,8, 13], the optimality conditions are derived
from the Taylor expansion of f(x) around the optimal point
x*, thus:

f) = fEH+VEEHT (x —x*)
+%<x — TV () (= xF) - (13)

In the local x* optimum, verified that f(x) — f(x*) > 0,
and with the expansion of the first order with a neighbor-
hood close enough, when f(x) — f(x*) then V f(x*) = 0.
However this condition can also be a saddle point, which is
not optimal. To fully characterize the optimal information
can be used curvature of f(x*). Using the condition of gra-
dient and the expansion of second order Taylor, is obtained
V2 f(x*) > 0.

Hence the conditions for unrestricted Local optimality
happen, as set out in [6]:

e If f(x) is twice continuously differentiable and there
exists a point x*, which is a local minimum, then the
gradient at that point is zero, and its Hessian matrix is
positive semidefinite. Necessary condition.

Vi) =0y V2 f@x*)y >0 (14)

e If f(x) is twice continuously differentiable and there
exists a point x*, where the gradient at that point is zero,
and its Hessian matrix is positive definite, then that point
is a local minimum strictly isolated. With y defined as
the vector of eigenvalues of the Hessian.

Optimality conditions define the optimal and quadratic pro-
gramming methods used to find are based on Newton’s
method. Such method is an iterative search to find the zeros
of the first derivative of f(x) using a convergence value to
terminate the iterations. How local method, the initial value
has great impact on the convergence of the algorithm. Ateach
step, called step Newton, f (x) is linearized and the new point
corresponds to the linear function equal to zero. Developing
f(x) in Taylor series, at a point x and p direction, we have:

1
fx+p) = f(x)+Vf(x)Tp+§pTV2f(x)p+ odlplP).
(15)

@ Springer

Differentiating with respect to the p direction:

Vi +p) =V @) +Vif@p+ odplP). (16)

With V f(x + p) = 0 and || p|| small, the third term is neg-
ligible and obtain the vector p direction as follows:

0=Vfx)+Vfx)p=p=—(VF)'VIx) A7)

For the convergence of the method to the local solution it is
important that the Newton step is a downward step, that is to
say verification that V f (x)” p < 0, such that the evaluation
of the objective function at each new point decreases [6].
Basic steps Newton algorithm is then:

1. Select a start point xg.

2. Select the limits of convergence €1y €, for direction and
gradient.

3. While || pill > €1y IV f(xi) || > €2

a. Evaluate V f (xz) and V2 f (xz). If V2 f (xy) is singu-
lar, then stop cycle.

b. Solve the linear system: V2f(xk)pk = —V f(xx).

c. Update to the next iteration xxy+; = x; + pr and
k=k+1.

It can be shown that the rate of convergence for x; and
V f(xr) is quadratic. However, problems can arise when
the objective function is not smooth enough, as each New-
ton step requires first and second derivatives and, to keep
bounded Lipschitz continuity is required in the second deriv-
atives. Furthermore, if the step does not generate a downward
direction then it means that the Hessian is positive definite or
singular. And in general, initial point too far, and problems of
high dimension, resulting in algorithms that do not converge.

The quadratic function within 11 is soft enough, three
times derivable, if the restrictions are linearized. With non-
linear constraints, SQP method can be used, as it develops
further. The discussion of the starting point, is faced with
the problem under analysis, using information from its solu-
tion optimization problem in an earlier event. That is, in the
context of optimal control of the motor at each instant con-
trol algorithm solves an optimization problem, the solution of
the problem of the current time can use initial values contain-
ing information from the solution of the previous moment.
Besides the size of the problem is considered low because
the number of decision variables are two, facing equality
constraints 5 and 4 inequality constraints. They considered
problems of high dimension when you have more than 100
decision variables [6]. Finally, addressing the shortcomings
of the basic method of Newton, the Hessian matrix can be
modified to ensure you have a limited number of defined con-
dition and remain positive, or avoid using calculation of the
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Hessian of the objective function differences in successive
iterations.

If the second derivatives of the objective function are avail-
able the modified Hessian can be constructed as:

By = V2 f(xi) + Ex (18)

The Bj matrix is then modified Hessian, which is used in step
b the basic Newton algorithm. The term Ej is the Hessian
correction element, which can be determined by any of the
methods described in [13], as modified Cholesky factoriza-
tion. An alternative unused second derivatives to calculate the
matrix By, using gradient information calculated in previous
steps, make up the so-called quasi-Newtonian methods. The
concept emerges secant relationship given by:

Brtis =y
y =V f(xrt1) — Vfxe) (19)
s = (Xg+1 — Xk)

With :

And a simple way to update B is:

(y — Bes)(y — Bes)T
(y — Bis)T's

Biy1 = Bi + (20)

This formula is developed postulating an update of rank
1, hence is referenced as SR1 (symetric Rank 1). An
improvement over this, is updated using a range 2, which
has been known as formula BFGS (Broyden—Fletcher—
Goldfarb—Shanno) [18-21]:

T T
yy Byss” Bk
Bk+1=Bk+ﬂ—m (21)

In addition, to address the problem of optimizing the internal
combustion engine, should be restricted to use optimality
conditions, and consider significant changes to the optimal
search methods, since restrictions imposed modifications in
realizing the gradient and Hessian. In what follows this is
considered.

In the general problem 3, the vector x*, must satisfy the
relations denoted by % (x) and g(x), this can compress defin-
ing the feasible region as F = {x|g(x) < 0, h(x) = 0} such
that the point x* is a local minimum if f(x*) < f(x) for
all x € N(x*) N F with N(x*) = ||x — x*|| < €,¢ > 0.
The optimum point can no longer be given the minimum
possible value of f(x) unrestricted, the feasible region can
not include that point, but still will be directed towards that
point V f(x*). For example with x € R?, inequality con-
straints define a possible area on the surface of f(x), and
equality constraints, a line. The optimum point must satisfy
the surface f(x), the area set by the set g(x) < 0, and lines

g(x),

h(x)

optimal
restricted

Fig. 2 Outlining restricted optimality

h(x) = 0 (See Fig. 2). Still, the narrow sweet spot, a point
addressed by the curvature of f(x).

The conditions that characterize the restricted optimal
pointis setin restricted named optimality conditions Karush—
Kuhn-Tucker (KKT) [22], as follows:

e Defining the function Lagrangian L(x, u,v) = f(x) +
g(x)Tu + h(x)Tv with u and v defined as weighting
elements or multipliers of the inequality constraints and
equity respectively, in solution, in the restricted optimal
point is satisfied that:

VeL(x*, u*, v*) = V(") + Vg™ u
+Vh(xHTv* =0 (22)

e The restrictions are satisfied: g(x*) < 0 and 2(x*) = 0.

e Inequality constraints must be strictly satisfied or active
g(x™) = 0, can also be inactive g(x*) < 0, and in this
case the restriction is irrelevant to the solution and the
associated multiplier must be zero: g(x*)” u* = 0 and
u* > 0. This is known as complementary slackness con-
dition.

e Restrictions must be qualified so as to ensure that the
gradients are sufficient to characterize the local optimum.
A typical qualification among several, is that the gradients
of the active constraints in x*are linearly independent
[23].

e The condition of positive curvature is necessary for all the
feasible region. So the addresses of curvature p, differ-
ent from zero determine the conditions necessary second
order:

pTV2L(x*, u*,v*)p > 0 Para todo p # 0 (23)
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Fig. 3 Active set algorithm
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3.2.2 Active set algorithm

The solution of the problem 11 linearizing the dynamic model
around an operating point, can be approached by two dif-
ferent algorithms Newtonian type: methods of active set and
interior point methods. The latter have been developed focus-
ing on large problems, while the former are widely used and
with an effectiveness verified in problems of medium and
small scale [13], then suitable to the problem of optimization
of the combustion engine.

The active set method under consideration is defined for
the convex only case. In the case of the objective func-
tion quadratic programming problem, it is almost defined
by explicitly defining the weighting matrix or gains (matrix
B in 12), this must be positive definite or positive semidefi-
nite. The method divides the constraints into a set of active
constraints and a set of inactive for a current constraints x
point. A restriction is activated when evaluating xy, in restrict-
ing equality holds, and is inactive when the inequality holds.
The set of active constraints is called Wy assembly work.
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Starting from an initial set V) and a feasible initial value x,
an iterative process continuously solves a QP sub-problem
whose decision variable is a vector of p; step towards the
optimum and a set of equality constraints given by the active
constraints in x;. This sub-problem can be solved directly or
by some method of factorization [24]. In solving py if a new
search direction is not found, it is possible that the current
point is optimal, then the conditions of restricted optimality
are checked, the Lagrange multipliers associated with active
constraints are obtained, and if all are this indicates positive
Xy is optimal. If it is determined that the current point is not
optimal then the set of W, work is modified by removing the
restriction with the most negative Lagrangian and forming a
new sub-QP problem. If an address search is found down-
ward, then you should calculate a vector length for this step
and execute step updating the current position xy, if another
restriction is then activated to the active set of work W it
is added. Figure 3 shows the flowchart of the algorithm, and
follow it with some details.



Int J Interact Des Manuf (2018) 12:297-318

305

When the process starts with k = 0 as iteration variable,
in process 1 the search starting point is set and thus the first
active working set. A good selection of that point implies
convergence to the optimum, as mentioned in developing
methods generally Newtonian. To address a correct selection
of xp, it has to rely on the arbitrariness of a random selection
or find a systematic method according to the nature of the
problem. It is usual in MPC strategies, problem solving using
QP of previous sampling instant problem solving QP of the
current moment. Specifically, since the solution space of the
problem is determined by proximity to point of operation,
as discussed earlier, the steady state obtained from a free
response of the system, is a good starting point to search for
the optimal.

The process 2 determines whether there is a downward
direction p; objective function for solving a sub-problem
of equality constrained QP in which the restrictions corre-
spond to the set Wk are treated as equalities and the rest
are neglected. To do this based on the objective function of
the problem 12 defining variable direction generally p as
p = X — xi, the linear term associated gx = Bx; + b, and
by substituting f (x) are:

. 1
min f(xx +p) = ~p' Bp— (g)' p (24)
xeRn 2

In the above substitution, has been eliminated a term depend-
ing on xy, independent of p, which may be omitted in the
solution process [13] to the eliminate x; variable. Then the
sub-problem to solve for the search direction p, is

. _1 T . T
min f(p) = =p" Bp — (g)" p
p 2
S.a. (25)
Alp = O

aiTp=O,i€Wk

With Aj; in 12, denoted here as components a; the sub-
script number i as restriction, such that the active set is
Wi = {ila;(xx) = 0}. Formulation 25 is a quadratic problem
with equality constraints, which in general can be established
written as:

min f(x) = leBx —xTp
xeRn 2

s.a. (26)

Ax =c

Then, to solve 26 the KKT optimality conditions apply and
the resulting linear system is solved. The conditions of the
first order states that for x* be the solution, there is a Lagrange
multiplier vector A* satisfies the following linear system:

B —AT [ x* —b
4o -] @
For reasons of computational solution 27 is usually done in
a change of variables so [13]:

x*=x+p—>p=x*—x h=Ax—c g=b+ Bx
(28)
B A"1[-p g
4 LD <29>
To solve the system 29 there are several methods, from direct
solution of the system, and other LU factorization and iter-
ative methods. Is selected for the problem, the method of
null space, because suitable for reported problems with few
degrees of freedom. Reproduced here, the development of
Nocedal [13] of the method.

Assuming that A has full row rank, a subset of m columns
of A is linearly independent such that it can build the sub-
matrix H € R™  a submatrix N with the remaining
columns, and a permutation matrix P, to position H in the
first columns, such that AP = [H|N]. The corresponding
vector of variables as x i part and x y whereby H :| =PTx

XN
and restrictions equation is rewritten as:

c=Ax = AP(PTx) = Hxpg + Nxy
XH = H_lc— H_lNXN

In addition, any feasible point can be written as:

Z is such that AZ = 0, this constitutes to Z as a basis for
the null space of A. Now returning to 29, p is split into two
components p = Ypy + Zpz, with Z again as the null space
of A with dimensions n x (n — m), and Y is formed, such
that [Y|Z] is nonsingular. Y py, then a particular solution
of Ax = ¢ system, and Zp is a displacement along restric-
tions. Reformulation replacing the previous pin A(—p) = h
(second equation 29), resulting in:

Al=(Ypy + Zpz)] = h
AYpy + AZpz = —h,AZ =0
(AY)py = —h
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And doing such, in the first equation of 29, we have:

—BYpy —BZpz; + AT\ =g
(—=BYpy — BZpz + ATA* = g)xzT
(Zz"BZ)py; = Z"BYpy — 2T g

From the above expressions, you can get Py, Pz and com-
ponents. To Pz, the term Z T B7, called the reduced Hessian
must be positive definite, and can be applied Cholesky factor-
ization for the solution. In general this is true if B is strictly
positive definite. Once the solution of the p direction, we
obtain the Lagrangian vector:

(B(—p) + AT2* = g)xvT
(ATA* =g+ Bp)xy”
ATYTx* =yT (g + Bp)

Once obtained the current search address py, there are two
possibilities on the route algorithm, shown in decision block
3:if px # 0 means that there is a downward direction which
further reduces the objective function of the original problem,
if py = 0, there is a possibility that the current point is a local
optimum, which for a convex QP problem is proved to be a
global minimum [6].

In the process 4 after determining the search direction
is necessary to determine both the length of o step for-
ward in that direction, that is, such that the new point is
Xk+1 = Xk + o px. This is necessary because in such move-
ment should be calculated maximum path length that does
not involve a violation of any restrictions that may affect their
active or inactive caracter, so the upper limit of this length
is the distance to the nearest restriction on pj address. The
maximum length is 1, the next point to take the minimum of
the objective function within a space equal to the null space
of A, or step may be to the nearest constraint is less than
unity. To check if a length of step 1 violate the restrictions,
then the evaluation of al.T pr product is negative, otherwise
step is feasible in the active set. In case you find a limitation
in step due to a restriction, then the distance to the restriction
is such that:

T
a; (Xk + ik pr) = ¢
ci — al.Txk

T
a; Dk

Uik =

Various restrictions that limit the advance may exist, or may
not be some, then the length of oy step taken, it will corre-
spond to the lowest, this is set as follows:
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| min {aik}siaiTxk <0, i¢W
- lsiiaiTxk >0, i¢W

In block 5, the decision to update the set of VW, work is taken.
If no blocking restrictions, then the nearest restriction, which
was defined for oy, becomes part of the working set Wk,
otherwise the current working set Wiy1 = W remains. It
continues to minimize f (x), in the new space or the current
space as appropriate.

The process 7 runs when found a working set and such a
point that has a downward direction py = 0. Then optimality
conditions for problems with inequality constraints in the
active set, we have:

Bx*+b— Z air; =0

4%
aiTx*:ci, ieW*
T .
x>, e \WF
AF>0, ielnW*

From 12 and p =0, in process 7 we have:

AT = Z airi = Bxi + b (30)
ieWy

Since all the points x; are always feasible on all restric-
tions, restrictions remain equal and inequality that are not
in the active set also. From 30, the Lagrange multipliers cor-
responding to the active constraints are calculated, and zero
for the corresponding multiplier is done not active. From this
criterion it is determined whether the current point is optimal
according to the optimality conditions, if all Lagrangian are
not negative, then the current point is a local optimum for
the original problem x; = x™*. If one or more of the multi-
plier is negative, the latter condition is not maintained and
the objective function may decrease by changing the work-
ing set. Usual then remove the W, corresponding to more
negative multiplier restriction, because it demonstrates that
the rate of decrease when a restriction is removed is propor-
tional to its Lagrange multiplier [13], and again is computed
by a new py.

3.2.3 Linearization

The method of active set exhibited in the previous section
then solves a QP problem involving the set of constraints
are linear functions of the decision variables. To solve the
problem of optimization of the operation of the combustion
engine with said algorithm, the linearization of the model
for the current operating point is posed and establish a QP
problem at each operating point.
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The process of linearization model of a nonlinear dynam-
ical system [10,25], arises from the use of Taylor series to
approximate a nonlinear function. So, if f (x1, x2, x3, ... x,)
is a nonlinear function of n variables state, an approximation
of f,to an equilibrium point xg it is:

1 d%f
Sx + = —
o 2! dx?

df 5
fxo+6x) = f(xo) + —— dx> +---
dx

X0

Now considering the overall dynamic system described by:

x(t) = f(x(0),u®)), x(to) = xo
() = h(x (1))

Integrating the model has:
t
x() = xo +/ fx(@), u(r))dt
to
t
y@) =nh |:x0 +/ Jx(@), u(t))dt}
0]

Defining an operating point in the form of x(fp) =
X, u(tg) = U,y(ty) = h(X) = Y and setting that is a
point of steady state operation, thenX, U and Y are constant.
Faced with disturbances §x and du, x(f9) = X + 8xo and
u(t) = U + du(t). These disturbances affect the model as
follows:

t
x(t) = X +8x0 [ F(X 4 8x0(t), U + du(t))dt

]

y(t) = h(X +dx0(1))

The disturbance model is obtained with §x(t) = x(t) — X
and 8y(¢) = y(t) — Y:

t
8x(t) = 8xo +/ F(X + 8x0(t), U + Su(r))dt
10

§y(t) = h(X + dxo(t)) — h(X)

Applying a Taylor series approximation for the operating
point X, U is obtained:

fX+6x(@),U+du) = f(X,U)+ g Sx(t)
dx X.U
+ % Su(r)
ou X.U
oh
h(X +dx0(t)) = h(X)+ —| 8x(¢)
x|y

Replacing on the model of the disturbance:

af
Sx() + o

Su(t) | dt
Ulxu

X,U

1
3x(t) :8xo+/ |:%
| 0x

oh
Sy(t) = —
y() o

Sx (1)
X

Terms are omitted upper and equal to 2 order, because
only interested in the event the linear terms. Renaming A =
%b{,(], B = %lx,u and C = %b{ then we can rewrite the
previous system, thus:

1
Sx(t) = dxg —|—/ [Aéx(t) + Béu(t)]dt
fo

Sy(t) = C8x(t)

Differentiating the perturbed state:

8x(t) = Adx(t) + Bdu(r)dt, x(ty) = Sxo
Sy(t) = Cox(1) (3D

Then the operating point determining and evaluating A, B
and C, called the Jacobian matrices, at said point of operation,
we find an equivalent linear system 31 which is shown in
state variables. From here then the relevant restrictions are
replaced in the formulation of the optimization problem.

3.2.4 Sequential quadratic programming

The other scheme assessed in the problem of optimal control
of combustion engine, is part of a set of widely applica-
ble methods [9,26,27] to solve problems NLP. The basic
method is commonly referenced with the SQP (Sequential
Quadratic Program) acronym, and resembles the scheme out-
lined above, which is an iterative method in each iteration
solves a QP sub-problem defined by a linearization of the
restrictions. The minimum of the problem is used to construct
the QP of the next iteration whose solution is a better approx-
imation to the optimal, such that the x;, k = 0,1,2,... ¢
sequence converge to the optimum. Each QP sub-problem is
constructed with a quadratic approximation of the objective
function and restrictions on xj local affine approximations.
Some SQP schemes, as set forth herein, are supported on
Newton’s method, and apply the conditions and theorems
developed for it, such that the objective function and con-
straints should be soft (three times differentiable), also can
be considered techniques solution as the active set.

To continue and outline the SQP algorithm, we return to
the general formulation for NLP:

min f(x)
xeR”?

s.a. h(x)=0 (32)
g(x) <0
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The goal is to formulate a QP problem, approximately 32 in
each iteration given x. Direct option is to apply an approxi-
mation using Taylor series and taking up the quadratic term
for f(x) and up to the linear term 4 (x) and g(x):

1
f@)~ f) + V) —x) + E(x —x)" V2 f () (x — xp)
h(x) = h(xk) + Vh(x) (x — xg)
g(x) ~ g(xx) + Vg (x) (x — xx) (33)

However, the shape of f(x) function in Eq. 33, the objec-
tive function does not take into account nonlinearity of
constraints, and is shown in Boggs and Tolle [28] that the
quadratic program algorithm failure to a simple problem.
On the other hand, applying the KKT optimality conditions
restricted to the problem 34, we note that the solution of 32
is also a local minimum of problem 34, and then there is an
equivalence of both problems in their solution. Also, using
the Lagrangian objective function involves restrictions within
the problem, then valid as presented at 34, to develop the SQP
algorithm.

mxin L(x,u*,v*)
s.a. h(x)=0 (34)
gx) <0

Recalling the definition of the Lagrangian L(x, u, v) =
F)+h(x)Tv+g(x)Tu, again seeks a quadratic approxima-
tion of the objective function and linear approximation of the
restrictions, the quadratic approximation of the Lagrangian
Taylor in a given iteration xy is:

1
L(xg, ug, i) + VL (g, uge, vi) T pe + EPZVZL(Xk, Uk, Vk) Px

Px = (x — xx)

By taking up the quadratic term and neglecting the constant
term, rebuild 33 with a new objective function equivalent:

. 1
rr[1?1n VL (g, ug, vi) ! py + EP){VZL(XIC, Uk, Vk) Px

S.a
h(xi) + Vh(x) pe =0

g(xk) + Ve pe <0
(35)

The p, term of 35 QP subproblem solution can be found
with the method of the active set, and is used to formulate
the following QP subproblem. Explicitly, the py is the direc-
tion vector to generate the new x4 step. The estimation of
the direction for the Lagrange multipliers using the optimal
values of the current solution results in p, and p, such that
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pu = u* — ug and p, = v* — vg. The evaluation of the
convergence parameters, determines the end QP subproblem
and therefore the relationship between p, solution, and the
solution of 32. Nevertheless, considerations regarding the
conditioning of each subproblem QP and the convergence of
the algorithm in general should be highlighted as any prob-
lems QP.

Each QP subproblem formed, must have a solution, then
you must ensure that the system is consistent linearized con-
straints and the objective function is bounded on the feasible
set; It must also drive the convergence of the sequence of solu-
tions. These considerations can be addressed by assuming a
local SQP, ie the condition of consistency can be guaranteed
when x is in a neighborhood of x*, and the convergence of
the method of Newton is ensured when the initial iteration xg
is sufficiently close the solution x* [28]. To maintain the con-
dition number of the Hessian of bounded Langrangiano a By
approximation is used, as it outlined in paragraph substanti-
ation, whether or SR1 using the BFGS method and an initial
approximation to the Hessian By optimal Lagrangian. Using
an approximation, the QP subproblem 35 is reformulated as:

. T 1 T
min VL(xk, ug, vi)” px + 3Px B px
s.a (36)
h(xe) + Vi) pe =0

g(xk) + Vg pr <0

Itis common to find in the literature the linear term V f (xi) px
instead of the Lagrangian gradient [13] and assume equiv-
alence between two formulations if you have a problem
restricted equality. However in the original NLP problem,
they can rewrite the inequality constraints as adding slack
variables equal and limiting these variables, so replacement
is validated mentioned.

The other aspect to address is the definition of the correct
initial conditions to ensure optimum proximity to and then
maintaining the convergence properties of the same. The SQP
method has properties of linear, quadratic and higher conver-
gence with the By approximations properly. To do this, set to
Boggs and Tolle [28] the following conditions, assuming the
optimal Lagrangian Hessian is not unique: the By matrices
are uniformly positive definite in the null space of Vh(xy);
{Bx} sequence is uniformly bounded; and each By has uni-
formly bounded inverse. On the other hand, considering that
in proximity of the optimal QP sub-problem in x; has the
same set of active constraints in the NLP x*, and are known,
then the inactive constraints can be ignored and assume that
the sub-problem QP is a problem of restricted equity, with
associated multipliers, eliminated from the Lagrangian. The
application of the optimality conditions of first order this
leads to the following system:
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‘ Set: x, y BkI %{
*:

Approximation to
Hessian By,

‘ Find: £ (xy), h(xi), g (xi) A

2

Find: V£ (xx), Vh(xy), Vg(xi)

|

Solution QP

There is Current point is

1
Vf(xk)Tpx + prTkax

h(xi) + Vh(x) pe = 0

convergence? optimal x* = Xy
X1 = Xg + Dx End

Apply  Upt1 = Ug + Dy
Vk+1 = Vg t Dy 5

9(x) + Vg () "pe <0

A

Fig. 4 SQP algorithm

Bipx + Vh(x)v* = =V, f(xp)
Vh(xp)px = —h(xe)
v = v + py = Vg1

Which it is identical to the system obtained after applying
a step of Newton unitary system of equations obtained from
the first order conditions of the problem NLP:

[V,%L(xk, vk) Vh(xk):| [p] _ [VXL(xk, Uk):|
Vh(x)T 0 Po| h(xx)

Consequently iterations for vector variables and equalities
multipliers are the same. Under these considerations, it can
be set upon a correct initial parameter estimation, a sequence
of solutions formed by unit steps in directions whose solution
addresses the problem of restricted equality, if ||xo — x*|| is
sufficiently small, the sequence of iterations is well defined

and quadratically converges to the optimum, ie there is a
positive constant & such that:

k41 — 2% < &l — x™|

However, finding a starting point is not a trivial task, and
hence the local SQP method can lose practical interest. To
globalizar the method, the step length to the next sub-QP
problem is modified as the algorithm in the active set by a
parameter o which is determined in each iteration using merit
functions. The treatment is far from so simple, and despite the

difficulty in finding correct starting points sufficiently close
to the solution, the specific study of the problem can allow to
find them find proper strategies. In this work we have built
experimental functions to define appropriate near points of
operation of the combustion engine, which in the next section
will specify initial solutions. In Fig. 4 SQP algorithm based
on the reports presented Boggs and Tolle.

In process 1, an estimate of the initial solution is defined
as just mentioned, experimental functions or using a previ-
ous result of the algorithm and further assessing the Hessian
approximation to set the initial estimate. Steps 2 and 3 are
simply evaluations of the original objective function and
constraints in the current step xx, and calculating gradients
for the Lagrangian approximations and restrictions used to
formulate the QP sub-problem. Step 4 solves the problem
formulated in a QP solver, in this case, an active set algo-
rithm. In step 5, the solution of the problem and the result
of optimal Lagrange multipliers are used to define the next
iteration xj 1, with the new estimates for multipliers. In step
6, the convergence is analyzed to determine if it has reached
the optimum, as in the basic formulation of Newton, to stop
the algorithm parameters are used as standard Euclidean step
in k such that || p, || < €; and the gradient of the Lagrangian
IVL(xg, ur, vi)|l < €z. The values are based €] > numer-
ical experimentation and possibly the accuracy required in
the solution. By accepting the current solution it will then
x* NLP. Otherwise it is then calculated approximation to the
Hessian of the Lagrangian, denoted by By, using the BFGS
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formula, and as an alternative the SR1, which were mentioned
in the general development of Newton method.

4 Implementations, results and analysis

Both algorithms “Active Set” and “Sequential Quadratic
Programing SQP” have been evaluated and executed in
embedded processing systems for real-time solutions, specif-
ically used the NI cRIO-9075 National Instruments running
VxWorks operating system with real-time processor of
400 Mhz and integrating a 2M gate array Spartan-6 LX25
[29]. These elements are an alternative available on the mar-
ket that is well suited as a replacement to the electronic
control unit ECU in a motor factor y [30,31]. Functions as
“Quadratic Programming.vi”, “Constrained Nonlinear Opti-
mization.vi” and “SIM Linearized.vi” is a unit of software
encoded in LabVIEW and National Instruments proprietary
tests used for solving the optimization problem engine oper-
ation and other programming tools and solvers of differential
equations.

4.1 Linearization and active set

As described, a possibility that is evaluated in this report to
address the problem of optimal control of motor operation is
the linearization of the model at the point of actual operation
and use of the algorithm “Active Set” to solve the problem
quadratic programming made with the proposed objective
function and linear equations of the model. They are to be
considered especially those times used to linearize the model
equations and the time taken by the algorithm to find the
optimal in order to determine the feasibility of their use in
the times required by engine operation.

To solve a problem linearized formulation through the
active set has been used “Quadratic Programming.vi” func-
tion in your choice “Active Set”. This function takes as input
arguments the Q matrix and weight matrix for the decision
variables x, and ¢ vector for the linear term [32] such that
the objective function minimizes %xTQx + cx, similar to
the quadratic changing the literal formulation 12. Also the
matrix A and vector b to establish the equality constraints
Ax = b, and elements for the inequality constraints D, Imin
and /max such that Imin < Dx < Imax and other ter-
mination criteria, starting point, and output arguments as
minimum, minimum value of the objective and multipliers
active LaGrange function. Additionally address the problem
of dynamic optimization involves rethinking the problem of
infinite dimension in a finite-dimensional problem by rewrit-
ing the problem for some points in time. To do this based on
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the general optimization problem with a quadratic function
and a linearized or linear dynamic system:

t
min J =xq(t,) T Fxq(ty)+ / ! [xd(I)TQxd(t)-‘ruT(t)Ru(t)} dt
1o

s.a. x(tyg) = xp,
x(t) = Ax(t) + Bu(r)
y() = Cx(1)
x=<x() =X
u=u()=<u
y=yn=y
(37)

As In 8, x4(t7) it is defined as x4(t7) = Refy — x(ty) and
xq(t) = Refy (t) — x(t), x,, denotes initial conditions linear
model described by the matrices A, B, C. x and x denote the
bounds for the state variables and literals in such a way to bar
the input variables and output. Time [#p — ¢ 7] is subdivided
into N, ranges, implying a loss of degrees of freedom, but
greatly simplifies the solution by direct methods as the active
set. This loss does not affect the performance of control sys-
tems in practice. The subdivision transforms the problem into
an optimization problem of discrete time, with a discrete pre-
diction horizon T'p = {ko, ..., ko + N, — 1} whose task is
to find a sequence of entries as a piecewise constant function.
Rewriting the problem 37 in discrete form are:

ko+Np—1
min J = kaka + Z kaka + u,{Ruk
k=ko
5.a. Xgy = Xm
Xk+1 = Axg + Buy (33)
yk = Cxg
X <X <X VkeT,
U=up=u
Y= =Y

For this formulation the matrices A, B and C are the dis-
crete equivalent of the original, depending on the sampling
period chosen for the discretization problem, the discretiza-
tion process is well documented in [33]. To this report they are
assuming sampling periods small sufficiently for an reliable
representation of the continuous dynamic process, however
the numerical values of these matrices are irrelevant at this
time because the current interest is to evaluate the ability of
solvers for solve the problem in a sampling period. In addi-
tion to the discretization it is necessary to reformulate the
dynamic optimization problem specifically a QP problem as
in 12, so it can be solved by the algorithm. For this, two for-
mulations have sufficient maturity reported in the literature:
the formulation is not condensed and condensed formulation.
Proper formulation has a large impact on the size and struc-
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ture of the problem; processing requirements and memory;
and bad numerical conditioning [34].

The condensed formulation makes use of the dynamics of
the plant to eliminate the states of the decision variables,
expressing them as an explicit function of measuring the
current status and estimated inputs control, this leads to a
compact and dense problem. To develop this formulation,
the problem is rewritten QP, according to the above, chang-
ing the decision variables generalized by the input variables
or as decision variables of the problem QP. Besides eliminat-
ing the states involves removing explicit restrictions equality,
then we have:

1
min J = EuTQu — qu(xm)

(39)

s.a.

8(xpy) < Du < g(x,)

The formulation is based on future states of the measurement
process instantly k_0 can be expressed in terms of the initial
state and the sequence of entries uy,, .. ., Ukg+N,—1 [35], as
follows:

Xkg+1 = Axgy + Bug,

Xko+2 = A(Axyy + Buky) + Buugy11

Xkg+3 = A(A(Axy, + Buky) + Bugy+1) + Bugy+2

Xko+4 = A(A(A(Axyy + Bugy) + Bugyr1) + Bugy12) + Bugg 43

All state equations to xj,+y, can be compacted in matrix
form and obtain an increased matrix system with the follow-
ing sets:

Xko Uk
Xko+1 ”ko +1
X = . u= )
L Xko+N) | R
- - - 0 _
A B
A? AB B
A= B =
ANp~1 ANr—2B AB B
| AN ] | AN»=1B AN»=1B ... AB B |

According to the augmented system, weight matrices of the
objective function are also increased, as the horizon N:

In the case of this report matrix C is the identity matrix indi-
cating that the state variables are the outputs of the system
directly. On the other hand, the inequality constraints can
be increased by writing the restrictions of each variable in
matrix form: x < Mx < x andu < Nu < u. M and N are
matrices containing the coefficients in the linear inequality
equations, and can be combined, increasing them, so:

M:[S}N:[%}:Lfo—i—Nufl_

[ denotes vectors levels of state variables and inputs con-
veniently attached | = [xu],! = [X u]. Now with
increased state vector the matrices of inequality constraints
are increased again N, for:

M @) N

M= ] N = ) l

o~ I~ I~ |~
~i
~1 o~~~

M O N
The problem 38 is written in augmented form:

1
minJ = ExTQx +u’ Ru

s.a.
Xy = Xm (40)
X = Axy, + Bu

LSMx—}-NuSl_

Then remove the states of this formulation replaces the initial
state and the equation comprising all states in the objective
function and constraints equation:

1
min J = EuT(BTQB +Ru+ul (BT QA)x,
(41

s.a.

| — MAx, < (MB+ N)u <[ — MAx,

As shown, 41 is the proposed form 39 with the linear term
as a function of the measured x,,, state as well as the limits
of the decision variables, which are only inputs to the sys-
tem, and renaming weight matrices and coefficients, with the
relationships shown in augmented matrices. In the objective
function is constant terms have been eliminated, and restric-
tions have been organized the boundaries after the algebraic
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manipulations, the continuity with the convexity of the prob-
lem remains [35]. The formulation does not condensed or
spread 42, maintains the states of the plant as decision vari-
ables along with the inputs, and considers the dynamics of
the system implicitly imposing it as equality constraints, this
leads to a larger problem but banded matrices, which solver
can take advantage [36,37]:

. I 7
minJ = -z" Qz
z 2

s.a. Hz = f(xy) 42)

l<Dz<I

Note that the decision variables are the vector z = [x u],
formed by the state variables and inputs, the linear term does
not appear in the formulation, and the equality constraints
depend on the measured state, however levels remain. Such
a formulation condensed solution to the horizon dynamics
Np, can be written in matrix form:

Xko
M7 ] Uk, X ]
—A—-B 1 Xk 0
—A —B Ul 0
1 X, —1 0
L —A—=BI || by, , L 0 |
L Xkn,

The above equation is the equality constraints of this coeffi-
cient matrix H is defined and the decision variable vector z is
obtained. The objective function is written uniting pesos Q
and R matrices and increasing this union in N,. The weight
of the terminal cost, the augmented matrix is added:

— - T — -

Xko Y T Xko

Uko R Uko

Xk, 0 Xy

1 Uk, R Uk,

min J = 3 . .
Xknp-1 0 Xknp-1
Uky,—1 R Uky,—1
P
L Ykn, 1 b 4L Xkn,

The inequality constraints are kept in the combined form
[ < Mx+Nu < l,making= [MN],l =[x u]and! = [x u],
increased N, times:

@ Springer
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Both formulations have been evaluated with the active
set algorithm for solving an optimization problem, not-
ing the number of iterations, time spent processing and
analysis of the solution at different points of operation to
determine usability in an MPC controller implemented in
embedded hardware, and find areas for optimum initial val-
ues.

Figure 5 shows the first element of analysis: the process-
ing time for linearization used in each operating point.
This graph shows a histogram processing times used 350
different points of operation, the variability is due, the
algorithm should seek stable operating point for the given
inputs and simulation model used for this. Some operat-
ing points are more stable than others and therefore are
found more quickly. However, one can predict with 80 %
certainty that the time linearization will be in a range of
225-300 ms. This process is more demanding and blocking,
especially with horizons of short prediction when the sam-
pling period is very small compared with the response time
of the plant, then the sequential execution linearization—
formulation—solver QP is not practicable, and it is conve-
nient to parallelize the process of linearization, beginning
execution from monitoring mechanisms of the operation of
the engine.

Tables 1 and 2 show the processing times used by the
embedded to solve the problem with different prediction hori-
zons system. Have been applied bounds on the variables of
speed, throttle opening and injection flow. Experimenting
with a stabilization problem, ie references to the outputs
are zero, this does not lead to changes in the formula-
tion and solution of the problem [35]. Weighing only the
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Table 1 Experimenting with scattered formulation

Np Time CPU (ms) Iterations Variables Equality constraints
0 1 1 7 7
1 3 14 14
2 5 21 21
3 19 8 28 28
4 39 6 35 35
5 180 50 42 42
6 4302 1405 49 49

Table 2 Experimentation with condensed formulation

Np Time CPU (ms) Iterations Variables Inequality constraints
1 2 2 4
2 5 4 10
3 14 4 6 16
4 24 4 8 20
5 91 5 10 24
6 165 8 12 30
7 328 8 14 34
8 342 10 16 40
9 154 8 18 44
10 192 3 20 50
15 384 3 30 88

speed and the injected flow for the decision variables for
both Boltza as part of Mayer in the objective function.
As will be shown below, not all operating points, have
the same difficulty of solution, so it is necessary to clar-
ify that the operation speed for data tables is n = 0.8345
and n = 2.2540 respectively. The structure formed in the
condensed formulation N, = 0 is not solvable, so that’s
why the results are presented from N, = 1 in Table 2.
The tables show the possible experiments within a range
of less than 200 ms, ie solutions within this range. The
spread formulation shows that it is possible to solve the
optimization problem of the engine, even for a prediction
horizon equal to 5 sampling periods, to a higher horizon the
time taken for the CPU to solve the problem is more than
4s.

Compared with condensed formulation required less than
200 ms for problems with prediction horizons up to 10
sampling periods, however due to the non-deterministic char-
acteristic of the method, some experimental tests used 200 ms
processing to solve the problem. Note also that the complex-
ity of the problem involves at first sight the need for more
processing, unless the QP solver exploits the structural fea-
tures of the big emerging banded linear systems that use
COTS software is not always available. For example, the
formulation spread a prediction horizon of 5 sampling peri-

ods generates 42 decision variables, 42 equality constraints
forming a system of equations large compared with the com-
plexity of the basic system, while the condensed formulation
are generated only 10 variables with 24 inequalities.

The literature shows that there is a cubic growth of com-
puting requirements, such as floating point operations and
memory storage, with respect to increased N, in the con-
densed formulation contrasts with the linear growth of the
spread formulation [34], this if a suitable algorithm for
banded matrices which arise in the spread formulation, sug-
gesting its use when it is necessary to work with large
prediction horizons. Although not directly comparable ele-
ments, Tables 1 and 2 show exponential growth in both
formulations, observing the processing time and average
number of iterations needed to find the solution, but as other
advantageous element, it is that the exponential trend show-
ing condensed formulation is less pronounced than the spread
formulation (remember that the QP algorithm used is stan-
dard). In fact, the number of iterations required to solve the
problem regarding the prediction horizon, you can guess the
slope of this trend is low and not clearly exponential, com-
pare the number of iterations to NV, equal to 9 and 10 about
6,7 and 8.

Regarding the validity of the solution, it is plotted the pre-
diction made by the solution found for both formulations with
ahorizon of 5 and 7 sampling periods respectively. In Figs. 6
and 7 show such solutions. The solution formulation spread
shows the prediction error variable speed state, with a ten-
dency to stabilize at zero, even with the horizon set to 5 does
not accurately predict that convergence. On the other hand,
predictions respect the boundaries, but show wide variability
of solutions of the input variables and therefore the state, in
each sampling period, it shows a zigzag convergence behav-
ior of the algorithm. The solution of condensed formulation,
does not present output variable, because it is removed or hid-

Speed Throttle angle Fuel injected

7.5
5-
2,5
0-]
-2,5-]

krpm

6 -t
50-]
40-
30-]
20-]

0003

0,0015-]
0,001
0,0005-

kg/ms

Np

Fig. 6 Scattered solution formulation, with Np = 5
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Fig. 7 Condensed solution formulation, with Np = 7

den in the formulation, so the figure on the right shows the
solution to a horizon of seven periods corresponding to the
input sampling. It can be inferred from on their behavior that
the predicted output converges rapidly towards stabilization,
even posing a lower horizon. The last aspect to be explored in
this report, is the behavior of the active set algorithm for the
QP problem formulated through the complete map of possi-
ble operating points. This allows to determine regions with
curvature characteristics that facilitate the calculation of gra-
dients and Hessians, and then use them as desirable regions
to work optimal controller. It has made a sweep through the
engine operating map, obtaining the linearized model and
solving the optimization problem for some prediction hori-
zons with both formulations. Level graphics show the results
of these experiments.

In Fig. 8, the left side, corresponding to a horizon of three
samples shows that above 45° opening in a few points resolve
the problem in less than 200 ms. The remaining region,
shown with better prospects. Remember to Fig. 1, isovelocity
lines are almost parallel to the axis of the throttle opening,
then it is possible to find areas of operation for any possible
system operating speed range of the engine where the prob-

90+
85:
80+
751
70:
65
60:
55
50
452
401
351

-200

Throttle opening (°)

g
(sunndo awiy

Injected flow (kg/ms)

lem is resolved efficiently. With lines parallel to the axis of
the injected flow, located below 45° can be determine the
best initial values for an operating range given, which is the
same as saying that can maintain a fixed opening and find a
relationship between the operating speed and flow injected
to define the starting points of the algorithm. Right side cor-
responds to a prediction horizon of 5 sampling periods. It is
observed that in a few operating points solution in less than
200 ms is achieved.

The map of condensed formulation Fig. 9 shows darker
indicating that they are points whose processing time was
even less than 100 ms. With the prediction horizon 3 sampling
periods, a strong dark band is observed between correspond-
ing parallel lines at 18° to 30° of throttle opening, and a
region with low processing times demarcated by an opening
of 45° up and 0.0015 kg/ms left. It can be concluded qual-
itatively better performance of this condensed formulation.
Similarly, the right image shows that for experiments with
horizons equal to 5 are obtained, best performing regions
that spread the formulation.

As a qualitative comparison has been made a map of
processing times for both formulations removing restrictions
on the parameters, ie relaxing the bounds on the decision vari-
ables that are required for the function used COTS “Quadratic
Programing.vi”. The results are shown in Fig. 10, note that
they are representing the levels from zero to 5 ms for the
sparse formulation, and up to 2 ms for condensed formu-
lation. The map on the left shows that there is a tendency
to improve processing times in zone of relatively low open-
ing of the throttle valve, reiterating the option of keeping
the throttle opening lower and varying the flow injected to
reach any point of operation. However map condensed for-
mulation, it shows that through the entire area of operation,
the algorithm is able to solve the problem in an average
of 1 ms, except a region between 30° and 35° of open-

ing.
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Fig. 8 Operating zones with shorter than 200 ms solution (Formulation spread with Np = 3 left and right Np = 5)
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Fig. 10 Unconstrained processing tests for both formulations: scattered left and right condensed

4.2 Sequential quadratic programming

As another alternative to solve the problem 11 by an embed-
ded system, is the treatment of the constraints imposed by
the model in its general form, ie assuming model non-
linearities. As outlined in this report, an alternative for
nonlinear optimization algorithm is SQP. In case has been
used “Constrained Nonlinear Optimization.vi” function that
implements the algorithm SQP in generic form. The doc-
umentation of the function is referred to in [38]. As main
arguments work, the function expects a continuous-time for-
mulation of the objective function and constraints, limits
on the decision variables and values of initial estimation,
both in the decision variables and the state of the algo-
rithm (Hessian and Lagrange multipliers). Besides the SQP
algorithm, facing the formulation of optimal control prob-
lem involves solving the set of equations of the model, and
evaluating the solution for the quadratic performance index
[39,40]. The model solution to an initial value x,,, taken from
the sensor readings can be found from a differential equa-
tion solver. So it required, cooperation mechanisms between

two software: SQP optimizer and EDO solver to solve the
problem. There is an inherent discretization when the ODE
solver is used, although the model is described in continuous
time. In the use of the cooperation of the two mechanisms
have been proposed in the literature [6] two possibilities:
single shooting and multiple shooting. The second segments
the prediction horizon problem and adds several restrictions
continuity between them, the first solves a problem only
considering the entire prediction horizon. In the case that
concerns at this time, it has evaluated only the possibility
of single shooting, because multiple shooting is especially
recommended for unstable systems.

The interaction between the optimizer SQP, and the solver
ODE, in Fig. 11, can be summed up in that for each step of the
algorithm SQP, the solver is used to evaluate the prediction
horizon and the objective function, using the data obtained
the simulation model and then convergence is evaluated. The
method used for integration into the solver is Runge—Kutta,
and the simulation time defines the prediction horizon, unlike
defined for the quadratic programming, here will be treated in
units of continuous time (s). Tests were carried algorithm to
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Table 3 SQP algorithm testing

Refn Np=20s Np=10s Np=5s
Time CPU Calls ODE Time CPU Calls ODE Time CPU Calls ODE
0.7 105 24 67 24 58 29
1 148 24 102 29 64 29
1.2 174 24 100 24 79 29
1.4 197 29 134 29 79 29
1.6 227 24 147 29 93 29
1.8 256 24 164 29 101 29
2 284 24 190 29 115 29
2.5 390 29 240 29 137 29
3 396 29 307 29 178 29
35 608 29 443 34 204 29
4 709 29 902 49 335 29
P Fuelinjected [/\/] ~ Throttle angle
ug,J 3,3876E-3- 30
3,0000E-3-  28- /,
w
| NP Solver £ 2 s000e.3- 26
(sap) £ B 24 /
v = 20000E-3- £
7y ] 3 ©
2 o 22 /
. & 1,5000E-3- 2
Sensitivity £ 2 204 /
Calculations § T0000E3" F 4 /
Uy A 5,0000E-4~ 16
A 4 8,1433E-5- 14
Xr Xier Yk ‘ ‘ ' ‘ ‘ ‘ ‘ '
<k ODE solver 05 1 15 2 25 3 35 4
Speed reference (krpm)

Fig. 11 Single shooting

a variation range of speeds, to different prediction horizons,
analyzing the execution time of the algorithm and the number
of simulations taken. The speed variation was imposed Refn
reference, and the results are summarized in Table 3.

As a first observation, it should be noted that it has been
experienced with longer horizons, to the settling time of the
plant under the control of the ECU factory, as reported in
[71, this would necessarily imply improvements of stability
within an MPC framework [39]. Furthermore a horizon of
5 s is comparatively quite long compared to free response
times of engine operation, however lower prediction hori-
zons, resulted in greater than 0.1 % of the variable speed
errors. The times shown in the table given in milliseconds,
are taken by the processor RT to find the optimal running
the diagram of Fig. 11, the number of cycles shown in col-
umn Calls ODE. The solution of the problem formulation 11
with prediction horizons 5 s, take, from 58 ms to low speed
references, and up to 335 ms for high speed references. For
relatively very long horizons, 20 s, it varies between 105 and
709 ms. however the times taken in references higher speed,
can be improved upon if the model is implemented using
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Fig. 12 Experimental mathematical functions to search initial values

adaptive initial conditions, such that it is close to the condi-
tions of the plant to a given operating speed. This is easily
solved considering the repeated operation of the algorithm
in a control system closed loop. The speed and convergence
Local SQP algorithm, also rely heavily the initial values,
for it has been built experimentally adjusted functions that
determine the initial values of search according to the given
reference:

Miny|,_g = 9.813 x 107708390Re/n

Ao = 14.33390-1718xRefn

Figure 12 shows the practical range of these functions.
The initial values of better performance of injected flow for
operating speeds below 3 krpm were near areas of low injec-
tion. For a change of reference within this range, the initial
values close always resulted in convergence of the algo-
rithm. For operating speeds above 3 krpm, the need for more
accurate initial values is evident. From there is deducted pos-
sible improvement in reducing convergence times obtained
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in Table 3, if accuracy is increased functions in the areas of
operation at high speeds.

5 Conclusions

Three elements have been evaluated in this review with the
subsequent aim of implementing optimal controllers for the
development of electronic control units for internal combus-
tion engines with spark ignition, detailed here: the type of
nonlinear algorithms used for solving the problem dynamic
optimization is formulated in each iteration of a loop opti-
mal control; COTS components to solve these algorithms;
and embedded hardware for executing the algorithms in real
time with interfaces for sensors and actuators. The choice of
hardware, which started the study of the application require-
ments, and is reported in [ 1] shows satisfactory results in their
ability to execute the proposed algorithms, and projected as
hardware control schemes NMPC proposed and evaluated in
the context of this investigation [41].

Detailing this general conclusion, we point some aspects
of the results displayed. In use of the component “Quadratic
Programming.vi” a linearization process required in each
operating point, which is determined by the “SIM Lin-
earized.vi” component. This process is shown to be the most
demanding and not predictive, taking up to 350 ms at times,
and regularly between 250 and 300 ms. For free engine
response is not optional run in sequence: a linearization
algorithm and then “Active set.vi” using as input the model
obtained in a sampling period. However the possible solu-
tion evaluated in this research is to implement alongside the
two COTS “Linearized.vi SIM” and “Quadratic Program-
ming.vi” components under schemes updated model, well
established [41]. “Quadratic Programming.vi” is made to
solve the formulation of a quadratic programming problem,
so the problem has become the engine dynamic optimization
of infinite dimension, a finite-dimensional problem for cer-
tain moments of time, and adapting as a QP problem by two
alternatives: sparse formulation and condensed formulation.
The execution of the condensed component formulation has
shown the best performance, considering that for horizons
of up to 10 sampling periods algorithm converges in 192 ms
and growth in CPU time is milder when the prediction hori-
zon increases. The algorithm finds the optimal, in times of
less than 200 ms CPU, hardware provided. An analysis of
CPU time across the map of engine operating points shows
that the delimitation of the throttle opening between 18° and
30° is an area of excellent performance of the algorithm, as
such may be selected to redefine feasibility area and/or the
initial search points. The operational interrelationship of the
components used to solve the problem posed by mediating
the method of sequential quadratic programming, resulting
in superior performance combined to the possibility of pre-

diction horizons longer than the free response of plant study,
which is desirable in terms of stability when the algorithm
is embedded in a control system. Horizons of up to 20 s the
algorithm converges in less than 100 ms, but this is strongly
dependent on initial search point algorithm, so the results
have deteriorated as the operating point increases. Building
more precise functions can improve the CPU times for the
entire operating range.
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