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Most interactive scenarios are based on informal specifications, so that it is not possible to formally ver-
ify properties of such systems. We advocate the need for a general and formal model aiming at ensuring
safe executions of interactive multimedia scenarios. Interactive scores (1) is a formalism based on tem-
poral constraints to describe interactive scenarios. We propose new semantics for 1s based on timed event
structures (TES). With such a semantics, we can specify more properties of the system, in particular, prop-
erties about execution traces, which are difficult to specify as constraints. We also present an operational
semantics of IS based on the non-deterministic timed concurrent constraint calculus and we relate such a
semantics to the TES semantics. With the operational semantics, we can describe the behaviour of scores
whose timed object durations can be arbitrary integer intervals.

Keywords: event structures; ccp; temporal constraint programming; interaction; ntcc; concurrent
constraint programming; interactive music scores; concurrency; synchronization

CR Category Numbers: D.1.6; E.4; H.5.5;1.5

1. Introduction

Interactive multimedia deals with the design of scenarios where multimedia content and interac-
tive events can be handled by computer programs. Examples of such scenarios are multimedia
installations, interactive museum exhibitions and some Electroacoustic music pieces. Designers
usually create multimedia content for their scenarios, and then bind them to external interactive
events controlled by Max/msp programs (Puckette, Apel, and Zicarelli 1998). We advocate a
model that encompasses facilities (i) to design multimedia scenarios having complex temporal
relationships among components and (ii) to define effective mechanisms for synthesis control
based on human gestures.

Such a general model must have formal semantics, as required for automated verification of
properties of the scenario that are fundamental to its designers and users. As an example, to verify
that timed objects (TO) will be played as expected during performance. In general, we want to
prove some property of each execution trace; for instance, we want to prove that a music motive
with notes C-D-E appears in all the traces of execution (or at least in one). Such properties cannot
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be verified in applications based on informal specifications, as it is the case for most existing
scenarios with interactive controls. Limited reusability is also a problem caused by the lack of
formal semantics: A module made for one scenario might not work for another one because the
program may have dependencies on external parameters that are not stated explicitly.

Fortunately, there are formalisms to model interactive scenarios such as interactive scores (1S).
Is has been a subject of study since the beginning of the century (Desainte-Catherine and Brousse
2003). The first tool developed was Boxes (Allombert, Desainte-Catherine, and Assayag 2008).
Boxes was conceived for the composition of Electroacoustic music with temporal relations;
however, user interaction was not provided. A recent model of 1s (Allombert 2009), that signifi-
cantly improves user interaction, has inspired two applications: Iscore (Allombert, Assayag, and
Desainte-Catherine 2008) to compose and perform Electroacoustic music and Virage (Allombert
et al. 2010) to control live performances and interactive exhibitions.

Scenarios in 1S are represented by TOs, temporal relations and interactive objects. Examples
of TOs are sounds, videos and light controls. TOs can be triggered by interactive objects (usu-
ally launched by the user) and several TOs can be executed simultaneously. A TO may contain
other temporal objects: this hierarchy allows us to control the start or end of a TO by controlling
the start or end of its parent. Hierarchy is ever-present in all kinds of music: Music pieces are
often hierarchized by movements, parts, motives, measures, among other segmentations. More-
over, Vickery argues that, in interactive music, a hierarchy is convenient to control higher-order
parameters of the piece; for instance, to control the volume dynamics instead of the volume of
each note (Vickery 2004).

Temporal relations provide a partial order for the execution of the TOs; for instance, tempo-
ral relations can be used to express precedence between two objects. In 1s, it is also possible
to specify a variety of relations among TOs such as harmonic relations, global conditions and
conditional branching. In this paper, we take into account 1s limited to hierarchical relations
represented as a directed tree and point-to-point temporal relations without disjunction nor
inequality (#) (Gennari 1998). Gennari (1998) proved that point-to-point relations are equiv-
alent to interval-to-interval Allen’s relations without disjunction (Allen 1983) (e.g. a during b, a
overlaps b and a meets b). Allen’s relations were previously used in 1s by Allombert et al. (2006)
and Allombert, Assayag, and Desainte-Catherine (2008).

In Allombert et al.’s models of 1s, it was not precisely stated how to execute scores whose TO
durations are arbitrary integers intervals; for instance, a score in which object @ must be executed
between two and four time units after object b. These works handle flexible-time integer inter-
vals: {0} to express simultaneity, and {1,2...} and {0, 1 ...} for precedence. Allombert et al.’s
models also miss an abstract semantics.

Furthermore, representing the duration of a TO as a set of integers, and not necessarily as an
integer interval, allows us to model rhythmical patterns; for instance, that a music object should
be played at beats one, three or five (but not two nor four). Constraints of this form are found in
the improvization system presented by Rueda and Valencia (2004).

In Allombert et al.’s model (Allombert 2009), 1s are defined using recursive structural defini-
tions: A TO is a tuple that contains a set of temporal objects. Those definitions pose difficulties
as a formal semantics of 1s; for instance, awkward conditions would have to be added to those
definitions just to specify the hierarchy as a directed tree. For that reason, we model a TO as a
directed tree.

As mentioned before, in our model a TO comprises two points, called the starting and ending
points, together with a set of integers called the duration set of the object. Each value in this
set is a possible choice for the distance between the starting and ending points of the object.
In the implementation of a TO this distance is interpreted as a number of time units: each of the
values in the set represents thus one possible choice for the number of time units that must elapse
between the starting and ending of some activity associated with the object. In a TO the activity
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together with its starting-ending points and duration set is called a box. A TO can be thought as
a boxes-within-boxes hierarchy.

In our model, starting-ending points of TOs are mapped to points on a time line. This mapping
could be fully or partially determined. Temporal relations constrain the set of mapping possibili-
ties. A partial order among TOs is given by point-to-point relations; for instance, the start of a is
executed five time units before the end of b.

We provide an abstract semantics for 1s based on timed event structures (TES) (Baier, Katoen,
and Latella 1998). The purpose of such a semantics is (i) to provide an easy, declarative way, to
understand the behaviour of a score, and (ii) a simple theoretical background to specify proper-
ties of the system. In constraint programming, we can specify some properties of the scores such
as playability. We can also specify those properties in event structures; moreover, the notion
of trace, inherent in event structures, is more appropriate than temporal constraints for cer-
tain properties. As an example, to specify that a music motive appears in at least one trace of
execution.

This study led us to discover that there is no difference between interactive objects and the
other TOs in the event structures semantics: such a difference can only be observed in the oper-
ational semantics. That was the main reason to introduce an operational semantics based on
non-deterministic timed concurrent constraint (ntcc), along the lines of Rueda et al. concurrent
constraint model in Allombert et al. (2006).

In this paper, we extend the 1s formalism with an abstract semantics based on event structures
and an operational semantics specified in the ntcc calculus (Nielsen, Palamidessi, and Valencia
2002), providing (i) a new insight into the 1s model; (ii) more complex temporal relations to
bind objects, including arbitrary sets of integers in the event structures semantics and arbitrary
integer intervals in the operational semantics; and (iii) the possibility to verify properties over the
execution traces. In order to use arbitrary integer intervals in our operational semantics, we show
that several transformations to the event structures semantics are needed to define operational
semantics that can dispatch the TOs of the score in real-time.

We also chose event structures because it is a powerful formalism for concurrency that will
allow us to extend the 1s semantics with conditional branching and loops in a very precise and
declarative way. Conditional-branching timed 1s were introduced in Toro and Desainte-Catherine
(2010). Such an extension has operational semantics based on ntcc, but it misses an abstract
semantics to understand the conflicts among the TOs that take place when modelling conditions
and choices.

Ntcc is a process calculus that models concurrency, non-determinism and asynchrony. We
show an equivalence between the event structures semantics and the operational semantics. We
believe that we can run the ntcc model in Nfccrt, a real-time capable interpreter for ntcc (Toro
et al. 2009).

A similar approach to our ntcc model is proposed by Olarte et al. to change the hierarchy
of TOs during execution (Olarte and Rueda 2009). The spirit of this approach is different: it
focuses on changing the structure of the score during execution to allow the user to ‘improvise’
on a written piece, whereas we are interested in a simpler model that we can execute in real-time.
Another system dealing with a hierarchy of TOs is Magquettes of OpenMusic (Bresson, Agén, and
Assayag 2005). Nonetheless, OpenMusic is a software for composition and it is neither meant
for real-time interaction.

The remainder of this paper is structured as follows. In Section 2, we introduce 18. In Section 3,
we introduce event structures. In Section 4, we define the event structures semantics of 1s. In
Section 5, we formalize some properties of 1s. In Section 6, we introduce the intuitive semantics
of ntcc and we define the operational semantics of 1s. Finally, in Section 7, we give some
concluding remarks and we contrast our semantics with the models previously published by
Allombert et al.
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2. Interactive scores

18 are composed of temporal relations and TOs. Intuitively, a TO is a collection of boxes arranged
in a hierarchical structure. Each box represents some meaningful activity in a musical piece; for
instance, playing a note, triggering a synthesis process or waiting for a musician interaction. The
starting and ending of each box activity is identified by two points. The hierarchical structure
of a timed object can be seen as a tree in which the nodes are the boxes of the TO and the arcs
represent hierarchical relations: an arc between b; and b, means that the TO whose root box is
b; ‘contains’ the boxes in the subtree rooted by b,.

DEFINITION 2.1 (TO) Let P be a set of points. A TO (I, H) is a directed tree with nodes I and
arcs H C I x I. Elements of I, the boxes, are tuples (sp,ep, A, sa, ea), where sp,ep € P, are
called start and end points, respectively, A C Ny is a set of possible durations, and sa, ea € Act
are the start and end activities, respectively. A TO whose root box has A = {0} and has no

subtrees is called an interactive object. All points of the boxes in a TO are pairwise distinct. The
setof all TOs is T.

In musical applications, TOs are defined together with a function v : P — Ny mapping points
in boxes into a time line. For a point p € P, we call v(p) the time position of p. We thus think of
A above as a set of (non-negative integer) possible temporal distances between the starting and
ending time positions of points of a box. The set A thus can be seen to define a condition on the
temporal positions map. We are interested in providing ways to further constrain the map; for
instance, to define relations for the distance between the starting points of two different boxes.

For any t € Ny and A € Ny, we define r & A déf{t’|t’ =r+68,86€A}.Letv:P—> Nybea
time positions map. For any box (p, g, A, sa, ea) in a TO, v must satisfy v(q) € v(p) ® A The
collection of these constraints on maps for all boxes in a TO specify the set of potential time
positions for each point in them.

DEFINITION 2.2 (Temporal relation) A temporal relation is a tuple (p, A, q), where p,q € P and
A C Ny. The set of all temporal relations is R.

DEFINITION 2.3 (1S) An 1s is a TO equipped with a set of temporal relations: A tuple (o, R),
where o = (I,H) is a TO and R C R is the set of temporal relations that includes at least:

(1) Foreachi= (sp,ep, A) such thati € I, (sp, A,ep) € R
(2) For each (iy,iz) € H, (sp(i1),{0,1...},sp(i»)) € R and (ep(i»),{0,1...},ep(i})) € R

An 15 further constrains time positions of points in its temporal object. Let IS = (o, R) be an Is.
A time positions map v : P — Ny for IS is viable if, for every (p, A, q) € R, condition v(q) €
v(p) @ A holds. For simplicity and when no confusion arises, we replace & by + and write
n+ A, forn e Ny, A CNj

Figure 1 is an example of a score; its structural definition and temporal constraints are pre-
sented in Appendix 1. As a music example, consider that the object sound presented in Figure 1
is the one described in Figure 2.

starts | Red (r) |‘/en<_js\@ <e_”d_(3 )

®—™"| Lights () overlaps Green (g) |[*+—— ends
Scenario (c) starts Wcun u

Figure 1. Example of a score with hierarchy. For simplicity, we use Allen’s overlaps relation. This relation can be
easily encoded into point-to-point relations, as described in Figure 5.
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Figure 2. Example of the sound TO in Figure 1. Arrows represent temporal relations labelled by A = {0}. There is a
sequence of notes G,G,A,G,B,C accompanied by the chords G Major and C Major. The duration of the last note (C) is
determined by an interactive object 4 that controls the start of the note and by the interactive object e that controls the
end of object sound and, indirectly, the end of the note C. It is not possible that the interactive point is launched earlier
than expected because the temporal relations constrain the possible execution times for all the objects.

3. Timed event structures

Langerak’s TESs is a mathematical model to represent systems with non-determinism, real-time
and concurrency (Baier, Katoen, and Latella 1998). Henceforth, we call them event structures.

Event structures include a set of labelled events and a bundle delay relation (denoted +). The
bundle delay relation establishes which events must happen before some other occurs. Actions
can be associated to events. Events are unique, but two events may perform the same action.
Events can be defined to be ‘urgent’. An urgent event occurs as soon as it is enabled. In addition
to the bundle relation, event structures include a conflict relation establishing events that cannot
occur together. Conflict relations are useful, for instance, to model a choice between two parts of
a piece or that two parts of the piece are mutually exclusive. Events can also be given absolute
occurrence times. As an example of an event structure, see Figure 3.

In this paper we present simplified versions of the definitions from Baier, Katoen, and Latella
(1998). All events are urgent, there is no conflict relation and absolute occurrence times are in the
set {0, 1...}. We represent delays as subsets of Ny, as opposed to the original definition of TESs
where subsets of the reals is used. Properties of event structures we need in this work, namely
the existence of time-consistent event traces, can be easily proved to hold for delays in Ny. All
bundle delays are between two events, therefore, we will call them event delays. The causality
relation is implicitly represented in the event delay function.

DerINITION 3.1 (Event structure (TES)) An event structure ¢ is a tuple (E, [, R, Act) with

e FE, a set of events,
e [ : E — Act, the labelling total function,
e R:Ex E— P(Ny), the event delay function.

We denote by the functions E(¢),1(¢), and R(¢) the respective components of € and the set of
all TESs by £. A timed event trace is a sequence o = (e, 1y) ... (en, t,) where e; € E (all events
being pairwise distinct) and time point t; € Ny. For all 0 < i,j < n: e; ¢ =t € 5+ A

We denote an event delay R(e,e¢’) = Abye B ¢ or by e =2 ¢ and we omit {0, 1 ...} delays.
The labelling function for events assigns an element in the set Act to each event. The function
le : E — Act returns the label of an event. The set of all timed event traces of € is denoted by

c b [1,4]

a2 4
[0,9] g
O 20

Figure 3. Events b and ¢ happen between one and four time units after a. In addition, event d happens between 2 and
8 time units after a (the intersection between real-number intervals [1,4] + [1,4] and [0, 9]).
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Traces(e). Timed event traces comply with causality, but not necessarily the advance of time:
This means they can be well-caused but ill-timed. Nonetheless, for any ill-timed trace o there is
always a time-consistent event trace o’ that can be obtained from o (proved in Baier, Katoen,
and Latella 1998). As an example, o0 = (a, 1), (c,4), (b,3) is ill-timed because (c,4) appears
before (b, 3), and o’ = (a, 1), (b,3), (c,4) is an equivalent well-timed trace. We only consider
well-timed traces in the set Traces(¢).

4. Event structures semantics of 1s

We define the formal semantics of 1s in event structures. The events represent the start or end
points of a TO. An interactive object is represented by a single event. Temporal relations are
modelled with event delays. A TO a that is not interactive is represented by an event structure that
contains two events se, ee (start and end events resp.) together with all events in the translation
of the objects in the subtrees rooted by a. The labels of events are pairs (type, i), where type €
{startPoint, endPoint, interactiveObject}, and i is the box in the root of the TO giving rise to the
event. As an example of the encoding (Figure 4).

DEFINITION 4.1 (Encoding of a TO (eto)) The encoding of a TO a is a function eto : T — &.
Let i be the box in the root of a, the encoding of a is defined by

(1) ifi = (sp, ep, {0}) and a has no subtrees (i.e. a is an interactive object), then
eto(a) = ({se}, {(se, (interactivePoint,i))}, ?, Act)

(2) ifi = (sp,ep, A # {0}) (i.e. a is a static TO), then eto(a) = (E, [, D, Act), where

E = {se,ee} U U E(eto(x))

xesubtrees(a)

[ = {(se, (startPoint,i)), (ee, (endPoint,i))} U U I(eto(x)).

xesubtrees(a)

The above definition guarantees that there are unique start and end events in the translation of a
static TO, thus we know that each event is related to a single point.

DEFINITION 4.2 (Relation between points and events (pe)) Let o be a TO and P, the set of
points of boxes in o, bijective function pe, : P, — E(eto(0)) mapping a point p € P, to its
corresponding event in eto(0).

Lights (1) Al
- 2 20={0}

Figure 4. Encoding of a TO and its temporal relations of duration and hierarchy. There are two events for /, two for
r, two for g, and a single one for a. Simple arrows starting from s; and simple arrows arriving to e; represent the event
delays imposed by the hierarchy. Double line arrows are just a visual notation for the event delays that model the duration
of the TOs. Start event for an object o is named by s, and end event by e,. Interactive object events are named by letters
a,b,c...h.
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Figure 5. Encoding of the TOs r and g, and the Allen’s overlaps relation between them.

€y

Se Ac €c

Figure 6. Encoding of the score in Figure 1. Some redundant event delays are removed for simplicity.

DEerNITION 4.3 (Encoding of a temporal relation (etr)) Each point-to-point relation of an 1S
s = (0, R) is represented by an event delay function. The encoding of a temporal relation r is
given by the function etr : R — (E x E — P(Ny)). For each r = (p, A, q) € R, the encoding

etr(r) is defined by pe,(p) > pe,(q).

Figure 5 is the encoding of Allen’s relation r overlaps g. The encoding of a score is given by
adding the event delays from the encoding of the temporal relations to the encoding of the root
of the score. The encoding of Figure 1 is presented in Figure 6 and Appendix 2.

DEFINITION 4.4 (Encoding of an1S) The encoding of an 18 s = (o,R) is given by the func-
tion es : S — & that translates 1s into event structures. Let eto(o) = (E, 1,1, Act), then es(s) =
(E,1,\U,cgetr(r),Act).

We shall prove that the temporal constraints of the event structures semantics of a score
corresponds with the temporal constraints of the score.

DEFINITION 4.5 (Temporal constraint map of an event structure (tc,)) The temporal constraints

. . A
map of an event structure ¢ is a function tc, : E(¢) — Ng such that, for each e; — e; € R(¢)
constraint tc,(e;) € tcg(e;) ® A holds.

Given an event structure &, it is straightforward to prove that (e, ;) ... (e,, ,) is a valid trace
of ¢ iff the map {(e; — t1),..., (e, — t,)} is a temporal constraints map of ¢. Given two func-
tions f and g, we use the notation f o g for the function composition in which first f is applied
and then g.

ProposITION 4.6 (Equivalence of 1s constraints and its event traces) Let s = (0,R) be an 1s,
& = es(s) the encoding of the score, v : P, — Ny a map and pe, : P, — E the points to events
bijective map in the encoding es(s). The function v is a viable map of s iff (pe;1 o V) is a temporal
constraints map of .

Proof This proof is presented in detail in Appendix 3. |
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5. Properties

We insist that a motivation of defining an abstract semantics in event structures is to prove prop-
erties of the system execution; in particular, properties about the execution traces. The following
properties can be defined only with the definition of event structures, TESs and set of traces that
we have given in Section 4.

e Properties of the traces of the execution.

(i) There exists a trace o that contains a word w. As an example, this property can be used
to prove that the sequence of notes C-D-E is part of n traces of execution.

(ii) There exists n traces o that contain a word w, possibly with other events in
between; for instance, the sequence of notes C-D-E is contained in one trace o =
(ec,0), (ec, 1), (ep,2), (ec,3), (er,4), (eg, 6).

(iii)) The number of possible traces of execution for a score ¢ is card(Traces(e)).

(iv) If event e is launched before the time unit 7, the duration of object a is greater than m.
For all o € Traces(¢) and (e, n), (54, 1), (€4, 1j) € 0, it holds thatt; — #; > m.

(v) After event e is played, there are n traces where event f is launched before event g.

(vi) Between time units a to b, there is no more than n objects playing simultaneously.

e Playability of a score. This property states that all TOs will be played during execution; this
is desirable because a score can be over-constrained and therefore not playable. Formally, let
PE, = {e|(e, 1) € o} be the events played in trace o. We say that a score is playable iff for all
o € Traces(es(s)) it holds that that PE, = E(es(s)).

The playability of a score can be decided by solving a constraint satisfaction problem (CsP).
There exists a o € Traces(es(s)) such that PE, = E(es(s)) iff the following csp has at least
one solution: a variable x; for each event ¢; € E; the domain Ny for each variable, where Ny
is a finite subset of Ny; and the single constraint tc(e). This holds as a direct consequence of
Proposition 4.6.

e Minimum duration of a score. Let s be a score and &€ = es(s) the encoding of s, the trace whose
duration is minimum corresponds to a path from the start event of ¢ to the end event of & such
that the sum of the delays in the event delay relation is minimal among all paths connecting
start and end.

o Maximum and minimum number of simultaneous TOs. Let 0 = (ey, 1) ... (e, t,) be a trace
of ¢ = es(s), and maxS(o), minS(o) the maximum and minimum number of events executed
simultaneously in o, respectively. The maximum and minimum number of simultaneous TOs
of a score correspond, respectively, to the maximum and minimum value of maxS(o) and
minS(o) among all o € Traces(e).

6. Operational semantics of 1S

Hitherto, we presented event structures semantics of 1s; however, we need operational semantics
to model a behaviour that cannot be expressed in the event structures semantics. As an example,
we want to express how interactive events launch static events. We chose the ntcc calculus
to describe operational semantics because it can easily express discrete time, concurrency and
temporal constraints.

In Sections 3 and 4, we modelled the durations of the TOs as arbitrary sets of integers. We
could express such durations as disjunctions of constraints in ntcc; for instance, there is a music
improvization problem formalized in ntcc by Rueda and Valencia (2004) that uses disjunctions
of constraints. Nonetheless, we show in Appendix 4 that the Np-complete subset sum problem
(Martello and Toth 1990) can be easily translated into the problem of deciding the playability of a
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score whose TO durations are arbitrary sets of integers. We argue that the problem of dispatching
the events is also Np-complete.

The temporal constraints of an 1s can be represented as a simple temporal problem (STP) when
the durations (of the TOs and the durations between them) are intervals of integers (Dechter,
Meiri, and Pearl 1991). The satisfiability of an STP can be easily decided with an algorithm to
find all-pairs shortest-path of a graph, such as Floyd—Warshall (Cormen et al. 2001) which has
a polynomial time and space complexity.! An sTp can be preprocessed to be dispatched online
efficiently by relying only on local propagation: looking only to the neighbours of the event
launched, as proposed by Muscettola, Morris, and Tsamardinos (1998). In this section, we extend
Muscettola et al.’s approach to event structures: we preprocess the temporal constraints of the
event structures to be dispatched online efficiently.

In what follows, we introduce ntcc, we give an operational semantics of 1s based on ntcc,
and we prove that such a semantics respects the event structures semantics.

6.1. ntcc calculus

In concurrent constraint programming (ccp) (Saraswat 1992), a system is modelled as a
collection of concurrent processes whose interaction behaviour is based on the information (rep-
resented by constraints) contained in a global store. Formally, ccp is based on the idea of a
constraint system (Cs). A ¢s is composed of a set of (basic) constraints and an entailment relation-
specifying constraints that can be deduced from others. In this paper, we use a finite domain cs
providing arithmetic relations over natural numbers. As an example, using a finite domain cs, we
can deduce pitch # 60 from the constraints pitch > 40 and pitch < 59.

Ccp has a disadvantage: In ccp it is not possible to delete nor change information accumu-
lated in the store. For that reason, it is difficult to perceive a notion of discrete time, useful to
model reactive systems communicating with an external environment (e.g. sensors and speakers).

Ntcc (Nielsen, Palamidessi, and Valencia 2002) circumvents this limitation by introducing
the notion of discrete time as a sequence of time units. At each time unit, a ccp computation
takes place, starting with an empty store (or one that has been given some information by the
environment). Concurrent constraints agents operate on this store as in the usual ccp model to
accumulate information into the store. As opposed to the ccp model, the agents can schedule
processes to be run in future time units. In addition, since at the beginning of each time unit, a
new store is created, information on the value of a variable can change (e.g. it can be forgotten)
from one unit to the next. As an example, process tell (pitch; = 52) || when 48 < pitch; < 59
do next tell (instrument = 1) adds to the store the constraint pitch; = 52 and postpones one time
unit in the constraint instrument = 1. A description of ntcc processes can be found in Table 1.2
Denotation of processes are sequences of constraints output at each time unit under any possible
input.?

A simple form of recursion can be defined in terms of basic ntcc agents. Recursion can be
defined with the form g(x) &t P,, where g is the process name and P, is restricted to call g at most
once and such a call must be within the scope of a next (Valencia 2002, see). The reader should

. o . . L . def
not confuse a simple definition with a recursive definition; for instance, Before;j o = tell(P; +
A < Pj) is a simple definition where the values of 7, A and j are replaced ‘statically’, like a

macro in a programming language. On the contrary, a recursive definition such as Clock(v) &t
tell(clock = v)|lnext Clock(v + 1) is like a function in a programming language.

! There are algorithms to decide the consistency of an sTp more efficient than Floyd—Warshall.
2 The agent for asynchrony (*) provided by ntcc is omitted in this paper for simplicity.
3 Operational and denotation semantics are explained in Appendices 7 and 8.
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Table 1. Intuitive semantics of the ntcc agents.

Agent Meaning

tell (¢) Adds c to the current store
when (¢) do A If ¢ holds now, run A now
local (x) in P Runs P with local variable x
A| B Parallel composition

next A Runs A at the next time unit
unless (¢) next A Unless ¢ holds now, next run A
> ic; When (¢;) do P; Chooses P; such that (c;) holds
P Executes P each time unit

€
s s ¢
A byl
< SgrSu _—»0
Se €c

Figure 7. Normal form of the score in Figure 1. Some redundant delays are removed for simplicity.

N
\

a A b
4 {0}\ norm N -
La Ly LoUL

Figure 8. Normalization rule (B2 C & x &). If there is a zero-duration event delay a —0 p, == removes such a

delay, combines the labels of a and b, and connects a’s predecessors and successors to b.

6.2. A normal form of the event structures semantics of a score

An event structure is in normal form if it has no zero-duration event delays. As an example,
Figure 7 is the normal form of Figure 1. The normal form collapses simultaneous events into
a single event. The normal form simplifies the definition of the operational semantics because
we do not have to synchronize two processes to launch two events at the same time. If static
and interactive events must happen at the same time and each one is represented as a separated
concurrent process, synchronization is difficult because the continuation of an unless process
must always happen in the next time unit.

To calculate the normal form, we remove sequentially each event delay with zero duration.
To remove such a delay, we proceed as shown in Figure 8. To combine labels, we represent
the labels of an event structure as sets using function Is : (E X Act) — (E x P(Act)) defined as
Is() = {(e, {label})|(e, label) € [}. We denote £* an event structure whose labels are sets.

DEFINITION 6.1 (Normal Form of the encoding of a score) Let ¢ = (E,l, R, Act) be the encod-
ing of a score, ¢* = (E,1s(l), R, Act) an event structure whose labels are sets and the relation

=XC & x & defined in Figure 8. The normal form is obtained by applying == until there are
%
no zero-duration delays in the event structure: £* == normal(e*)=-.*

The normal form and the encoding of a score do not necessarily have the same event traces;
however, they have the same label traces. Label traces are similar to time traces, but they relate

¥
4 Syntax = means that the == rule is applied zero or more times sequentially.
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a

initial [0710 [1,1] Execute ain t=5 initial [5 5 C)\A 1 1]
ot o SIIE o<, 5
b

Figure 9. The problem with local propagation. The graph at the left is the constraint graph of an event structure after
the initial event was executed at ¢ = 0 (i.e. the first time unit). At = 5, it seams coherent to execute event a by regarding
only the neighbours of a. Such an execution leads to an incoherence because b should have been executed at 1 = 4 to
maintain a consistent graph. The solution is to add an event delay labelled by [1, 1] from b to a, which is obtained by
transforming into a DES.

each time point to the set of labels that appear in such a time point. Appendix 5 formally defines
label traces and shows the correctness of the normal form based on such a definition.

6.3. Dispatchable event structures

The normal form does not guarantee that the consistency of the constraints will be maintained
during an execution with an algorithm that relies only on local propagation with no search
involved. The reader may see this problem in Figure 9. Local propagation is critical for real-
time interaction, thus the encoding of the score must be transformed into a dispatchable event
structure (DES), using an all-pairs shortest-path algorithm such as Floyd—Warshall. This only
applies when the duration of the event delays are intervals.

PrROPOSITION 6.2 (Correctness of the DESS)  Let € be an event structure and des(g) its DES form.
Both event structures have equivalent constraints, and in the constraint graph of des(¢), local
propagation simulates full propagation.

Proof This holds by previous results on STPs (see Appendix 6). |

6.4. Ntcc model of a score

In what follows, we give an ntcc model of an 1s. We start from the dispatchable normal form
of the event structure semantics of the score, namely ¢* = (E, [*, R, Act). We associate a finite
domain variable p; (event i) with each ¢; € E and we represent every e; ej € Rby aconstraint
p; € pi + A. The value oo, potentially present in some A, is considered as a fixed number of the
model (denoted n.,): a given ‘big’ value in the finite domain cs. We define an ntcc process
Delaysy, posting the above constraints persistently®:

Delay,d A = .tell(p, + A = pJ) DelaysR dif l_[ DelaYiJ,A-
((:’,',A,Ej)ER

We have two type of events: interactive (iEvent) and static events (sEvent). Process Launch;
adds the constraint launch; in the current time unit, and persistently assigns p; with the current
value of the clock and launched; to true. User action ac; is the user event associated with event i:
it represents a user interaction. Process Score is parametrized by a function Pr : P — P(P) that
returns the set of events that are predecessors of a given event, aset S C E, aset/ C E and R.

e Function predecessors Pr is defined by Pr(i) = {j|(e;, e;, A) € R}.

5 Agent [ 1 represents a generalized parallel composition of processes.
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e Set I represents the events of interactive objects,

I = {ele € E A (InteractiveObject, a) € le(e)}.
e Set S represents the events of non-interactive objects,

S = {e|e € E A (InteractiveObject, a) ¢ le(e)}.

e Process x <y o > veior..n. When v =y do !tell (x =y) assigns persistently the current

e

P at some time unit within the interval {0, 1, .. .n}.
Launch; &t tell(launch;) || p; < clock ||'tell (launched;) || next ! tell (—launch;)

iEvent; p; oo when /\ launched; do (
JEPr(i)
when clock + 1 > p; do unless launched; next Launch;
|lunless clock + 1 < p; next when ev; do Launch;)
|lunless launched; next iEvent; p;

sEvent; p; & when /\ launched; do (when clock + 1 < p; do next sEvent; p;
jePr(i)
|| unless clock + 1 < p; V launched; next
Launch;)
|lunless launched; next sEvent; p;

def .
Events jspr = || e 11Event;pe || I o s SEventp
e Process User chooses between launching or not a user action. Clock ticks forever. Process

Score is parametrized by I, S,Pr and R. Score adds a constraint 0 < p; < ny to allow that
clock + 1 < p; be eventually deduced even when an object’s duration is said to be infinite.

User; & (H(Eventually{o,lmnx]tell(aci)) + Skip)

e;el
Clock (k) &' When k < Neo — 1 do (tell (clock = k)|nextClock(k + 1))

Scorer s prr & Events 1.s.pel|Delaysg||User||Clock (0) || 1—[ Itell(0 < p; < ny).
ieSUl

We shall prove that the ntcc model is correct with respect to the dispatchable normal form
of the event structures semantics of a score; therefore, any possible output of ntcc respects the
temporal constraints of the event structures semantics of the score.

PROPOSITION 6.3  Let s be a score, ¢* = des(normal(es(s))) = (E, [*, R, Act) its event structures
semantics, tc(e*) its temporal constraints, P = Scorespcg the ntcc process that represents
the score, [[P]] the denotation of the ntcc process, and T; is the set of indexes j such that
[Pllj+1 entails launch;. It holds for all sequences in [[P]|, n = card(E), that Ty x T, --- x T, C
Solutions(tc(e*)).

Proof Proof is presented in detail in Appendix 9. |
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7. Conclusions and future work

Most scenarios and musical pieces with interactive controls have no formal semantics. IS is
a formalism to describe interactive scenarios based on temporal constraints. In this paper, we
introduced an event structures semantics of 1S, we formalized some properties, and we proved
that the event structures semantics complies with the temporal constraints of the score. With the
event structures semantics, we expressed several properties about the traces of execution that are
difficult to express and prove using constraints.

We introduced the DESs: event structures whose TO durations and temporal distances among
objects are integer intervals. DESs can be dispatched online by relying only on local propagation.
This is achieved by transforming the constraint graph into an all-pairs shortest-path graph; how-
ever, that drastically increases the number of arcs. In the future, we propose to minimize such
networks as proposed by Muscettola, Morris, and Tsamardinos (1998).

Although event structures provide a theoretical background to specify properties and under-
stand the system, there is no difference between interactive objects and non-interactive TOs in
the event structures semantics: such a difference can only be expressed in the operational seman-
tics. We presented an operational semantics based on the dispatchable normal form of the event
structures of the score. A score is in normal form when it does not have zero-duration event
delays. The computation of the normal form is similar to the algorithm to transform a score into
a Petri net proposed by Allombert (2009): In Petri nets semantics of 1s, points of TOs executed
at the same time share the same place (i.e. state).

We believe that this paper extends significantly Allombert’s model because it provides a con-
cise operational semantics for 1s whose TO duration can be any interval of integers. Temporal
relations with flexible integer intervals such as {0}, {0,1,...) and {1,2,...} are proposed by
Allombert et al. (2006) and Allombert, Assayag, and Desainte-Catherine (2008). In fact, arbi-
trary integer intervals are not allowed in neither Virage nor iScore. To handle temporal relations
with arbitrary intervals, Allombert (2009) proposed to either build a Hierarchical coloured time
stream Petri net, adding a big number of new places (states), or to use a constraint store that is
unrelated to the Petri nets semantics, and the combined semantics of Petri nets interacting with
a constraint store are not given. Note that a conditional branching extension is also presented in
Allombert (2009).

Event structures semantics could be extended to express conditional branching. Using time
event structures with conflicts, it is possible to model conditional branching (i.e. the possibility
to choose among different continuations of the piece based on the preferences of the musician).
In addition, Langerak (1992) describes how to encode recursive processes into event structures;
in fact, loops in 1s could be encoded with such a technique. Unfortunately, conditional branching
drastically increases the complexity of the system; for instance, a score may contain dead-locks.
We must aim for automated verification. An alternative for automated verification is constraint
programming; for instance, to verify the playability of a score and calculate the potential time
positions of the points of the score. Nonetheless, for some properties, the notion of trace, is more
appropriate.

There is another possible extension to our model. The model of Allombert et al. includes a
nominal duration and a nominal starting time for the TOs. A key concept in interactive music
scores is the nominal duration of a TO: a value preferred by the composer, which may change due
to the interactive objects. Music scores must have a nominal duration instead of non-deterministic
or probabilistic durations. The nominal duration in our operational semantics is the minimum
duration of a TO; the nominal starting time is also the minimum value allowed. A future direction
is to provide user-defined nominal values.
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Another advantage of our event structure semantics and our operational semantics is that they
can express trans-hierarchical relations: temporal relations between objects with different par-
ents. Trans-hierarchical relations are not possible to model with hierarchical time stream Petri
nets used by Allombert et al. This is useful, for instance, to model temporal relations between
videos and sounds that are contained in different TOs.
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Appendix 1. Structural definitions and temporal constraints of Figure 1

Table Al presents the structure of the score in Figure 1 and Table A2 its temporal constraints. The Allen’s relation r

overlaps g is represented by the three last point-to-point relations in the Table A2.

Table Al. Structural definition of the score in Figure 1.

Points and TOs Explicit temporal relations
I1={cl,r,guabd} R={
H = {(c,D,(c,u),(c,D), (c.d), (L), (L, g), (,a)} (epp, {0}, sp1),
P = {spc, spi, spr, SPg+ SPus SPa> SPb» SPd > (spg> {0}, spu),
€D, €pl, epy, €Pg, €Py, €Pa, €Pb, €Pd’} (epa, {0}, epy),
c= <Spc» €Pc, Ac> <epua {0}, €pl>,
1= (sp1,epi, Ap) (epa, {0}, epr),
7= (Spr,epr, Ar) (spr, (0,00), Spg)a
8 = (spg.epg. Ag) {epr, (0,00), epy),
u= (Spm €Pus Ay) (SPg7 (0, 00), E‘Pr)
a = (spa, €pa; {0}; }

b = (spp, epp, {0}
d = (spa,epa,{0})

Note: A TO is a directed tree 0 = (I, H) and a score is a tuple (o, R).

Table A2. Implicit and explicit temporal constraints of the score in Figure 1.

Durations Hierarchy Ex. temporal relations
v(ep(c)) € v(sp(c)) +d(c) v(sp(1)) = v(sp(c)) A v(ep(c)) = v(ep(]) v(ep(b)) = v(sp()
v(ep() € v(sp() +d(l) v(sp()) = v(sp(c)) Av(ep(c)) = v(ep(u)) v(ep(d)) = v(ep(]))
v(ep(r) € v(sp(r) +d(e) v(sp(b)) = v(sp(c)) A v(ep(c)) = v(ep(h)) v(sp(g)) = v(spu))
v(ep(g)) € v(sp(g)) +d(g) v(sp(d)) = v(sp(c)) A v(ep(c)) = v(ep(d)) v(ep(a)) = v(ep(r))
v(ep(u)) € v(sp(u)) + d(u) v(sp(r) = v(sp(D) Av(ep(D) = v(ep(r)) v(ep(u)) = v(ep(l))
v(ep(a)) € v(sp(a)) + {0} v(sp(a)) = v(sp(D) Av(ep(D) = v(ep(a)) v(sp(g)) > v(sp(r))
v(ep(b)) € v(sp(®)) + {0} v(sp(g)) = v(sp()) Av(ep())) = v(ep(g)) v(ep(g)) > v(ep(r)

v(ep(d)) € v(sp(d)) + {0}

v(sp(g)) < v(ep(r))

Note: Interval {0, 1,. ..} is represented by >, set {0} by =, and interval {1,2,...} by <.

Appendix 2. Example of the event structures semantics of a score

As an example, the encoding of Figure 1 is presented as follows. The event delay relation is presented in three subsets:
derived from the durations, from the hierarchy and from the explicit temporal relations. Figure 6 is a visual representation

of the encoding. Let ¢ = (E, [, R, Act) such that

E = {s¢,ec,51, €1, 5r, €r, g, €g. Sus €us Sas Sb»> Sd )}
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.
| ={(s., (startPoint, c)), (e., (endPoint, c)), (s;, (startPoint,l)), (e¢;, (endPoint, 1)),
(87, (startPoint, r)), (e, (endPoint, r)), (sg, (startPoint, g)),
(eg, (endPoint, g)), (su, (startPoint, u)), (e,, (endPoint, u)),
(84, (interactiveObject, a)), (sp, (interactiveObject, b)), (sq, (interactiveObject, d))}
.

R = {scr—>A"ec,sp—)Ale/,s,n—)A'e,,sgn—)Ag eg,suHA"eu}
U {Sc F> Sp,Sc F> Sy 51 > S, 81 > Sg, €1 B> e, ey > ec,eq > ec,eg > e e > ep)

u {s,r—>(0’°°)sg, sgr—>(o’°°)er, e, 0 e, s> 10, sq> D¢y, s> e, o> Og,, sg|—>(0}su}.

Appendix 3. Proof of Proposition 4.6

We recall that v : P — N gives the time positions for each point p € P. We also recall the notation for temporal
constraints: 1 @ A = {{'|{' =1+ 68,8 € A}.

Proof Lets = (o,R) be a score, (p,r,q) € R a temporal relation, p,q € P,, p are points of boxes in o. If v is viable,
we have v(g) € v(p) @ A; by Definition 4.3, etr((p, A, q)) = pe(p) 2 pe(q). Let pe(p) = e; and pe(q) = e>. by
Definition 4.5, a temporal constraints map tc for zs(s) must obey fc(ez) € tc(e1) @ A. It is straightforward to show
that this is the case when tc = pe~! o v provided v is viable. |

Appendix 4. Time complexity of the playability of a score

In what follows, we will show that that deciding the playability of a score is NP-complete in the general case, but there
is an interesting subclass that is tractable.

A.1l. The NP-complete case

We will show that the decision problem of the subset sum (Martello and Toth 1990) can be encoded as the playability of
an 1s. The subset problem is stated as follows: Given a set of integers {wy, w5 ...w,} of n objects and an integer W, does
any non-empty subset sum to W?

n
Zw;.e; = W,e; € {0,1}, where at least one x; # 0. [€))]
i=1

There are several algorithms to solve the subset sum, all with exponential time complexity in n, the number of objects.
The most naive algorithm would be to cycle through all subsets of kK numbers and, for every one of them, check if the
subset sums to the right number. The running time is of the order O(n2"), since there are 2" subsets and, to check each
subset, we need to sum at most n elements. The best algorithm known runs in time O(2"/%) (Martello and Toth 1990).

In what follows, we present the temporal constraints of the score shown in Figure A1 OForl <i<n, e € si+{0,w)},
es = 5;+ W, ei = e, and sy = s;. The reader can easily verify that these constraints are equivalent to the constraint in
Equation (1).

It is trivial to show that there is a polynomial algorithm to check whether a solution satisfies the problem. Such an
algorithm replaces the values of e; in Equation (1). In conclusion, the subset sum can be encoded as the playability (i.e.
satisfiability) of an 1s and there is a polynomial-time algorithm to check if the solution is true, thus the satisfiability of an
IS is NP-complete.

A.2. A polynomial-time subclass

The temporal constraints of an 1S can be represented as an sSTp when the domains of the durations are intervals of integers
without holes (Dechter, Meiri, and Pearl 1991). An sTp consists of a set of point variables X = {xy,...x,} and binary
constraints over those variables C = {c1,. .., c,} of the form ¢ : x; — x; € [a, b] with x;,x; € X and a, b € Np.

6 Knapsack picture is taken from the Wikipedia. http://en.wikipedia.org/wiki/Knapsack_problem
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Figure Al. Encoding of the subset sum problem into an Is. Note that the subset sum problem is a variant of the
knapsack decision problem where costs are not taken into account and the goal is to find if there is a subset of the
elements that fills exactly the knapsack capacity.

The satisfiability of an sTP can be easily computed with an algorithm to find the all-pairs shortest-path of a graph,
such as the Floyd—Warshall (Cormen et al. 2001) algorithm which has a polynomial time and space complexity.” There
are faster algorithms for this problem in the literature (Planken, de Weerdt, and Yorke-Smith 2010; Xu and Choueiry
2003); however, they are efficient to calculate if an STP has a solution, but does not guarantee that the constraint problem
remains satisfiable when dispatching the events during the execution of a score.

Appendix 5. Correctness of the normal form

We recall that we use the notation ¢* = (E, I*, R, Act) to represent an event structure whose labels are sets.

DEFINITION A.1 (Label trace) Given an event structure ¢* = (E,I*,R,Act) and o € Traces(¢*), a label trace is a
sequence op = (Ly,t1) ... (Ly, ty) with L; € {y|y € range(l(¢))},#; € (NU {oo}) (all label sets being pairwise disjoint
and all time points being pairwise different), such that for all 1 < i < n, there is an element (e, t;) € o with le(e) C L;
and (Lj, t;) € op. We denote 1-Traces(e) the set of all label traces of .

We say that two event structures £*, ¢ have the same label traces iff for each (L,f) € 0,0 € l-Traces(¢*) and
(L',t) € 0',0" € l-Traces(e™),if t =t then L = L'.

PROPOSITION A.2  An event structure ¢ = (E,l,R,Act) and its normal form have the same label traces. Let * =
(E,1s(), R, Act). It holds that 1-Traces(¢*) = 1-Traces(normal(&*)).

Proof We must prove that there is a finite sequence of derivations from &* to normal(e*) applying the norm rule.
orm -, norm*
=

Let ¢* = (E, [*,R) and normal(e*) = (E',I’*,R’). We will proceed by induction over the sequence &* == ¢
normal(e) =

(1) Base case. Let f,g € £ be the event structures in the left and right side of Figure 8, respectively. First we have to
prove that I-Traces(f) = 1-Traces(g). Events a and b happen at the same time point in f, then labels L, and L; occur
at the same time in the label traces of . Event b occurs at the same time in g and f because b has the successors and
predecessors of a in g, therefore, labels L, and L;, occur at the same time point in the label traces of both f and g.
Since L, and L;, occurs at the same time in both f and g, for any a € E(¢*),b € E(¢*) such that a 0 p, it holds
that I-Traces(¢*) = 1-Traces(e™).

Inductive case. Induction over the sequence of derivations &* =L o g* normal(e*)=~. The argument follows
as for the base case because there is only one rule. The sequence of derivations is finite because the normalization
rule always reduces the number of events and event delays. ]

@

~

Appendix 6. Proof of Proposition 6.2

Proof This holds by previous results on STPs. Theorems ‘every all-pairs shortest-path network (APSPN) is dispatchable
[using local propagation only]’, presented in Muscettola, Morris, and Tsamardinos (1998); locally consistent assignment
can be extended to a global one in a dispatchable graph, presented in Muscettola, Morris, and Tsamardinos (1998); and
equivalence between an APSPN and the original network, presented in Dechter, Meiri, and Pearl (1991).

7 Floyd—Warshall has a time complexity of O(n®), where n is the number of events of the event structures semantics
of the score.
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Table A3. Operational semantics of ntcc.

(P,c) — (P',d)

TELL _ PAR
(tell(c),d) —> (skip.d A c) P1Q,c) — (PO, d)
Yi—> V2.
REP STR A7 72 ¢y =y and yp = .
(IP,d) —> (P|next 'P,d) y— oy T E AR =T,
SUM ifd=cijel
(> when ¢, do Pr.d) — (P.d) T4 F 9T €
UNL if d
(unless ¢ next P,d) —> (skip, d) ifd=c
Loc (P,c A 3d) —> (P, )
((local x, c)P,d) —> ((local x,c")P’',d A Jc’)
P, *(0,d
OBS (C)_)—(Q)/_if)R =F(Q)

J =

Appendix 7. Operational Semantics of ntcc

Ntcc has two type of transitions: internal transitions that occur within a time unit (—) and observable transitions that
occur from one time unit to the other (=). A rule states that whenever the conditions have been obtained in the course
of some derivation, the conclusion is also obtained (see Table A3).

Rule PAR states that whenever a process P can evolve into a process P’ by performing an internal transition, it can
also evolve from P||Q to P'||Q. Rules TELL, sSUM and UNL are interpreted in a similar way to rule PAR. Rule REP specifies
that process !P produces a copy of P at the current time unit, and then persists in the next time unit. Rule STR says
that structurally congruent (defined in detail in Nielsen, Palamidessi, and Valencia 2002) configurations have the same
reductions. Rule Loc explains how x can have a local scope in the sense of local variables in programming languages.

Rule oBs says that an observable transition from P labelled by (c, d) is obtained by performing a sequence of internal
transitions from the initial configuration (P, c) to a final configuration (Q, d) in which no further internal evolution is
possible.® The residual process R to be executed in the next time unit is equivalent to the process F(Q), where the future
function F : Proc — Proc is a the partial function defined by

skip ifQ=73",,, whenc; do Q;
FODIF(Q2) if Q= 011102

(local x)F(R) if Q = (local x,c)R

R if O =nextR or Q = unless ¢ next R

F(Q) =

The process F(Q), defined above, is obtained by removing from Q summations that did not trigger activity within
the current time unit and any local information which has been stored in Q. Process skip is a short form for an empty
summation: a process that does not perform any transition.

Appendix 8. Denotational semantics of ntcc

The denotation of an ntcc process is a set of infinite sequences of stores (i.e. constraints). Each element of the sequence
corresponds to each time unit. A function [.] associates such sets to each process (see Table A4). Notation Iy« denotes
the application of Jy to each constraint on «. Set C is the set of constraints in the cs. Henceforth C*, C* are the set of
infinite and finite sequences of constraints in C, respectively. We use «, &’ to represent elements of C®, f to represent an
element of C*, and B.« to represent the concatenation of 8 and «.

Intuitively, [P] represents the sequences that a process P can output interacting with any possible environment. As
an example, the sequences of [[tell(c)] are those whose first element is stronger than ¢ (rule D1). Further information on
the denotation of ntcc can be found in Nielsen, Palamidessi, and Valencia (2002).

The infinite sequences of the denotation of a process can be represented as a Biichi automaton. Biichi automata are an
extension of finite state automata for infinite input. Such an automata accepts exactly those runs in which at least one of
the infinitely often occurring states is an accepting state. For simplicity, we label the transitions as ¢ - d (i.e. there is a
transition for every constraint ¢ € Cyire stronger than d). The reader may find the encoding of the denotation of ntcc
into Biichi in Valencia (2005). The encoding also defines a finite set of constraints (i.e. the relevant constraints of P)
because the alphabet of a Biichi automaton must be finite.

8 We use ¢, d in this paper to represent constraint stores.
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Table A4. Denotational semantics of ntcc.

D1 [tell(c)] = {d.a|d F c,a € C”}

D2 [Y",., when ¢; do P;] = |, {d.ald F ciyd.c € [P}]} U {d.ald ¥ ci.d.o € C)
D3 [PIIQ] = [PIN[Q]

D4 [local x in P] = {«| there exists &’ € [P] s.t. I, = F,'}

D5 [next P] = {d.«|d € C,x € [P]}

D6 [unless ¢ next P] = {d.«|d F c,a € C*} U {d.a|ld ¥ c,a € [P]}

D7 ['P] = {a|VB € C*,a' € C?s.t.ac = B.a’, we have &’ € [P]}

Appendix 9. Proof of Proposition 6.3

Proof We shall proceed by induction over the structure of ¢*. We prove the proposition by contradiction. We suppose
that there is at least a tuple in T} x T5 - -+ x T, that is not a solution of tc(¢*). In what follows, we do not consider the
process User; in the proof because its denotation is the set of all the possible sequences of stores (i.e. constraints). The
constraint launch; can only be deduced in a single time unit because after such a time unit, the constraint —launch; is
added in all subsequent time units.

(1) A single interactive object. The encoding of a score with a single interactive object has one event ¢;, no boxes, and

te(e*) =1, € N.

Figure A2 presents the denotation of iEvent; p, and Figure A4 the denotation of Clock(0). In what follows, we
analyse [Scorer s prr], which is the intersection of the denotations of iEvent; p;, Clock(0) and !tell(0 < p; < no).
Since e; has no predecessors, the constraint /\;cp, launched; can always be deduced. Note that whenever ev can
be deduced (after the first time unit), launch; can also be deduced. Finally, clock + 1 > p; can be deduced when
clock = no — 1 because 0 < p; < no can always be deduced, thus if clock 4+ 1 > p; can be deduced, launch; can
be deduced in the position ny. Therefore, T; = [1, noo]

Two events. The encoding of a score with one TO has two events ¢; and ¢;, an event delay e;

reNAeNAG e +A.

(a) Two interactive objects. We analyse [[Score;sprrll, which is the intersection of the denotations of
iEvent;p;, iEvent;p;, Clock(0) and !tell(0 < p; < noo). Since iEvent;p; has no predecessors, the constraint
/Njepr(iy launched; can always be deduced. Whenever ev; can be deduced (after the first time unit), launch; can
also be deduced. Similarly, whenever ev; can be deduced, launch; can also be deduced, and this can only hap-
pen after launched; can be deduced. The constraint clock + 1 > p; can be deduced for values of p; that satisfy
the constraints 0 < p; < noo and p; = p; + A. Finally, clock + 1 > p; can be deduced when clock = n — 1
can be deduced because 0 < p; < no. Therefore, the values of T; and 7; are given by T; C [1,no] A Tj C
[1,n00] A T eTi + A.

(b) Two static events. We analyse [Score; s pr,r], which is the intersection of the denotations of sEvent; p;, sEvent;pr,
Clock(0) and !tell(0 < p; < n). Figure A3 presents the denotation of sEvent; py.

(i) Since e; has no predecessors, the constraint /\jepr(i) launched; can always be deduced. It is trivial to show
that the constraint clock + 1 < p; ; therefore, launch; will be deduced in the second time unit.

A

@ ej and tc(e*) =

-~

c,ck clock +1>p; A /\jePr(z) launched;

c,cbclock +1> pi A \jep,(;y launched;

c,ckclock +1>p; AN

JePr(i) launched;

+ clock +1 <Pi

or ¢

Figure A2. Denotation of process iEvent;p, represented as a Biichi automaton, ¢ € § Cg,, C (i.e. a finite subset of C).
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c,c¥ clock +1 < p; and c - /\JEPr(z) launched; ¢, ¢t launch;

Jaunch ed;

c,c¥ clock +1 <p;and ¢t A\ cp, ;) launched; ¢, ¢ ¥ Taumchs

c,c¥F /\jePr(i) launched; or ¢t clock +1 < p; c.c¥ clock +1 < p; and ¢k /\jEPr(i) launched;

Figure A3. Denotation of process sEvent; p; represented as a Biichi automaton, ¢ € § Cgy, C.

c,ct clock =0 ~ c,ct clock =1 c,ct clock = ne
‘>. () > ' :O

Figure A4. Denotation of process Clock(0) represented as a Biichi automaton, ¢ € § Cji, C.

Table AS5. Temporal constraints to launch the events in the ntcc model Vs. Temporal
constraints of the event structures semantics. We denote an interactive object as ((i)) and
a static one as (i).

&* Values of 7; for process Scoreg+ tc(e®)
(@) T; € [1,n00] ti €N
=0 T = {1} A Tj € T; + min(A) teNAGer+A
OI=%0) T; € [1,n00] A Tj € T; + min(A) teNAGEeL+A
@) > ) T; C[Lnsol AT €Ty + A ieNAGEL+A
0 () Ti={}AT €T+ A teNAGen+A

(ii) Once the constraint launch; can be deduced in the second time unit, constraints launched; and p; = 1 will be
deduced from all subsequent sequences, thus the constraint clock 41 < p; will be deduced from the store
until clock = 1 + min(A) ; therefore, the constraint launch; will be deduced in the time unit 1 + min(A).

Therefore 7; = {1} and 7; = {1 + min(A)}.

(c) A static event followed by an interactive object. We analyse [[Scorey s prr]l, Which is the intersection of the
denotations of sEvent;pr, iEvent;p, Clock(0) and !tell(0 < p; < n). The constraint launch; can be deduced in
position one for process sEvent; p, as it was described in part (2)(b)i. The positions where launch; can be deduced
are in the set 7; = [1 4+ min(A), n). The reason is that the constraint clock + 1 < p; cannot be deduced before
clock = 1 + min(A) and the constraint clock + 1 > p; can only be deduced when clock = neo.

(d) An interactive object followed by a static event. We analyse [Score; s pr g ]l, which is the intersection of the deno-
tations of iEvent;p, sEvent;p;, Clock(0) and !tell(0 < p; < n). The positions where launch; can be deduced
are the ones described in part (1). Once launched; can be deduced from a store, the constraint launch; will
be deduced from all stores min(A) time units after, because clock + 1 < p; cannot be deduced anymore; thus,
T; = [1,ne0), Tj € T; + min(A).

(3) Inductive case. We must prove that if the proposition holds for an event structure ¢* with k events, it also holds
for &, which is ¢* with one more event. Let ¢;41 be the new event in £, pred(ex+1) the event delays between
er+1 and its predecessors and succ(ex1) the event delays between ey and its successors. We know by inductive
hypothesis that the preposition holds for a ¢* with k events, we must prove that adding the event ¢ to the events
of ¢* and pred(ey1) and succ(eg+1) to the event delays of ¢*, the proposition also holds. If the new event has no
predecessors nor successors, the proof continues as part (1). Otherwise, for each predecessor and each successor, the
proof continues as part (2) because the event structure is dispatchable. Therefore, all tuples in 7 X Ta - -+ X Ty
are solutions of tc(¢*), which is a contradiction.
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