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Using quantum computing to solve the
Maximal Covering Location Problem.

Abstract

In this article, we present the process and results of using quantum computing
(QC) to solve the maximal covering location problem proposed by Church
and ReVelle. With this contribution, we seek to lay the foundations for other
regional scientists to begin to consider quantum technologies. We obtained
promising results, but it is clear that there is a need for more capable devices
with more qubits and less susceptible to electronic noise to solve instances
that currently cannot be optimally solved by traditional solvers. We foresee
that QC will be of common use in regional science and its applications in the
years to come.
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1 Introduction

Theoretical quantum computing was first proposed in the early 1980s by
Yuri Manin, Richard Feynman, and Paul Benioff as a new way to lever-
age quantum phenomena to process information (Hidary, 2019). Later, in
1985, David Deutsch formalized the concept of quantum computing by de-
scribing the first quantum Turing machine (Deutsch, 1985), which laid the
foundations for the emergence of quantum algorithms (e.g., Deutsch and
Jozsa, 1992; Simon, 1997; Grover, 1996). Additionally, Shor’s algorithm, a
polynomial-time quantum computer algorithm for integer factorization de-
vised by Shor (1995), with the capacity to break the Rivest-Shamir-Adleman



(RSA) encryption system, was one of the great motivators for the develop-
ment of quantum computers. A few years later, in 1998, Chuang et al. (1998)
presented the first complete experimental implementation of Grover’s search
algorithm in a quantum computer, and in 2001, IBM and Stanford Univer-
sity factorized 15 in a 7-qubits quantum computer using Shor’s algorithm
(IBM, 2001). In 2011, D-Wave Systems Inc. (Merali, 2011) and IBM in 2016
(Santos, 2016) were the first companies to develop commercially available
quantum computers.

Despite their huge capabilities, quantum computers are not a replacement
for classical computers. The fundamental principles of superposition and en-
tanglement make quantum computers faster for calculations in which one
can take advantage of simultaneously evaluating multiple solutions (compu-
tational parallelism). This characteristic makes quantum computing a good
option for solving NP-hard and NP-complete combinatorial problems. Today,
quantum computing has applications in cryptography (Fernandez-Carames
and Fraga-Lamas, 2020; Mavroeidis et al., 2018), computer-aided drug de-
sign (Cao et al., 2018; Outeiral et al., 2021), finance (Egger et al., 2020;
Orus et al., 2019), artificial intelligence (Choi et al., 2020; Abdelgaber and
Nikolopoulos, 2020), and optimization (Harwood et al., 2021).

In this paper, we seek to contribute to the insertion of quantum comput-
ing in regional science. For this, we employ one of the best-known NP-hard
problems in regional science, the maximal covering location problem (MCLP)
proposed by Church and ReVelle (1974). The MCLP seeks to maximize the
population covered within a desired service distance S by locating a fixed
number of facilities. We start by taking the reader through the nontrivial
process that begins with the transformation of the binary integer program-
ming formulation of the MCLP to its solution in the two currently available
quantum computing paradigms: adiabatic quantum computing (D-Wave)
and gate-based quantum computing (IBM). We perform a computational ex-
periment on real quantum devices and classical quantum simulators. Our
main objective is to show regional scientists the potential of this technology
and to point out the steps of the process in which we can contribute without
expertise in quantum computing.

This article is not a simple application of quantum computing. As will be
seen later, the transformation of an integer binary programming formulation
into the expression required to be processed by a quantum computer is an
important contribution to the state-of-the-art methods in this area. Although
quantum computing is in its early stages of development, our contribution
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will motivate regional scientists to be better prepared to take advantage of a
technology that will soon allow us to solve various optimization problems in
regional science regardless of their size.

The remainder of the paper is presented as follows: the next section
contains a literature review on quantum computing and the MCLP. The
third section contains the general steps for solving an integer programming
problem with a quantum computer. The fourth and fifth sections present
a computational experiment that solves small instances of the MCLP using
both the adiabatic quantum computing and the gate-based quantum com-
puting paradigms in quantum computing. Finally, the sixth section presents
the conclusions and possible future lines of research.

2 Literature Review

2.1 Quantum Computing

Quantum computation and quantum information address the study of infor-
mation processing tasks that can be accomplished by using quantum mechan-
ical systems (Nielsen and Chuang, 2010). This area of study started almost
simultaneously with quantum theory, however, it was only in 1980, with
the no-cloning theorem that the first relevant steps in this area were taken.
Benioff (Benioff, 1980) and Feynman (Feynman, 1960, 1982) proposed the
idea of making quantum mechanical simulations with the help of quantum
phenomena. Later, this idea was formalized by David Deutsch in the form
of quantum Turing machines (Deutsch, 1985) and quantum gates (Deutsch,
1989). The first quantum algorithms were the Deutsch-Jozsa (Deutsch and
Jozsa, 1992), Grover (Grover, 1996) and Simon algorithms (Simon, 1997).
In 1994, Shor’s algorithm highlighted the possibilities of quantum comput-
ing in the factorization of prime numbers, which is an essential part of the
worldwide RSA encryption system, and increased the interest of the scientific
community in this area.

Although there are several ways in which quantum mechanics can be used
in quantum computing, by far the most dominant paradigms are quantum
annealing (de Falco et al., 1988) and gate-based quantum computing, also
known as quantum circuits (Deutsch, 1985). Quantum annealing is based on
the natural behavior of a quantum system (i.e., a network of qubits). It begins
by mapping the problem into a quantum system that evolves naturally until



it reaches its minimum energy level that corresponds to the optimal solution
to the original optimization problem. In gate-based quantum computing, the
problem is mapped onto a circuit containing qubits and quantum logic gates
(Scherer, 2019). The gates perform specific transformations to the qubits
until they converge to a state that corresponds to the optimal solution to the
original optimization problem.

Quantum computing is a young field, and although its impact on re-
gional science is still low, it holds a lot of promise. The areas of transport,
location, and region design, to name a few, have NP-hard and NP-complete
combinatorial problems that are excellent candidates for quantum comput-
ing solutions. To the best of our knowledge, Harwood et al. (2021) is the
only publication that uses quantum computing to solve a problem within
the area of regional science, namely, the routing problem. Harwood et al.
(2021) use the IBM quantum simulators, which is a resource offered by IBM
for prototyping quantum circuits and algorithms, to solve an instance with
three demand nodes and with time windows originally solved in Desrochers
et al. (1992).

Recently, great advances have been made in terms of the accessibility and
usability of quantum computers. On one hand, python libraries have been
developed, such as DOcplex (IBM, 2021), which help in the process of con-
verting a classical optimization formulation to the quadratic unconstrained
binary optimization formulation required to interact with a quantum com-
puter (Glover et al., 2019). On the other hand, libraries have also been
created in python to interact with quantum computers such as that of IBM
(in the case of gate-based quantum computers) and D wave (in the case of
quantum annealing computers). IBM developed the Qiskit framework that
allows the simulation of quantum circuits that can then be sent to real IBM
quantum computers (Santos, 2016). Amazon created Amazon Braket, a li-
brary that allows simulation and interaction with different types of quantum
computers, including those of D-wave (Gonzalez, 2021).

As this article is addressed to nonexperts in quantum computing, we
consider it important to briefly describe the basis of quantum computing. A
classical computer performs operations using bits, which can be either one or
zero. In contrast, a quantum computer uses qubits (a photon, an electron, or
a nucleus), which, due to the property of superposition, can be in both states
(one and zero) at the same time. Therefore, in a state of superposition, the
qubit is expressed as a linear combination of two states, i.e., [¢)) = ¢o|0) +
c1|1), o, c1 € C, where the coefficients ¢y and ¢; are complex numbers that



describe how much goes into each state (Hidary, 2019). Note that if we have
a classical bit, we just need a number (a piece of information) to know the
state of the bit: zero or one. However, if we have a qubit, we need two pieces
of information to describe its state: ¢y and c¢;.

Now, let us suppose that we have two bits and two qubits. In both cases,
we have four possible states: {0,0}, {0,1}, {1,0}, and {1,1}. If we want
to describe the state of the two classical bits, all we need is two pieces of
information: the state of the first bit and the state of the second bit (e.g.,
{1,0}). However, in the case of the two qubits, because of the property of
superposition, {0,0},{0,1},{1,0}, and {1,1} exist at the same time. The four
states are in superposition; therefore, we can write a quantum mechanical
state that is a linear combination of the four basic states, i.e., : [¢) =
00|00) + ¢o1|01) 4 ¢10/10) +¢11]11). Thus, we need four numbers (i.e., ¢go, co1,
10, and ¢11) to determine the state of a system with two qubits. Therefore,
a system with two qubits contains four bits of information. In general, a
system with N qubits contains information equivalent to 2V classical bits
(Nielsen and Chuang, 2010).

Although all the states in a quantum system are in a superposition, when
the system is measured (i.e., when a physical system is manipulated to yield
a numerical result), all the states collapse into one of the basic states (e.g.,
{0,0}, {0,1}, {1,0}, or {1,1}) (Hardy and Steeb, 2001). Therefore, the big
challenge in quantum computing is to design quantum systems in such a way
that the final result is one of the basis states (i.e., something that can be
measured).

Qubits in a quantum system can interact in a highly correlated manner,
known as entanglement, a quantum phenomenon without a classical counter-
part. When quantum states (qubits) are entangled, they cannot be described
independently (Nielsen and Chuang, 2010). Therefore, entangled qubits lose
their individuality and behave as a single entity (i.e., a change in one qubit
leads to an immediate response in the others).

Finally, due to a phenomenon known as interference (Brassard et al.,
1998), a quantum system can collapse into different results when observed.
This makes quantum measurement a probabilistic process. Therefore, solving
a problem with quantum technology requires that the problem be solved
multiple times. The final solution will then be the one with the highest
probability.

In summary, the quantum properties of superposition and entanglement
make quantum computing extremely fast in problems in which parallelism
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can be taken advantage of. For example, in combinatorial optimization, one
can use superposition to make an instant evaluation of all possible combina-
tions. In other words, quantum computers allow one to perform an instant
evaluation of the solution space.

2.2 The maximal covering location problem - MCLP

The maximal covering location problem (MCLP), devised by Church and
ReVelle (1974), is a classic problem in location analysis that seeks to maxi-
mize the population covered within a desired service distance S by locating
a fixed number of facilities. For the sake of completeness, we present the
minimization version of the MCLP model.

Minimize 2z = Z a;Y; (1)
iel
ST. Y aj+g>1 foralliel (2)
JEN;
Y wi=p (3)
jeJ

xz;=(0,1) forall j € J
;= (0,1) forall i € T



where

I = denotes the set of demand nodes;

J = denotes the set of facility sites;

S = the distance beyond which a demand point is considered
“uncovered” (the value of S can be chosen differently
for each demand point if desired);

d;; = the shortest distance from node ¢ to node j;

o { 1 if a facility is allocated to site j
771 0 otherwise;

Ny ={j€eJ|dy<S};

a; = population to be served at demand node

p = the number of facilities to be located.

1 if a demand node i is not covered by a facility within a S

y; = ¢ distance
0 otherwise;

Objective function (1) minimizes the number of people who will not be
served within the maximal service distance. Constraint (2) establishes that
a demand node 7 is not covered if there is not a facility within S distance.
Constraint (3) sets the number of facilities allocated to p. Finally, all decision
variables are binary.

The MCLP is related to a family of problems that are classified as nonde-
terministic polynomial-time complete (NP-complete) (Murray, 2016; Megiddo
et al., 1983). To address this complexity, some authors have explored La-
grangian relaxation (Weaver and Church, 1986; Galvao and ReVelle, 1996),
while others have proposed heuristic approaches (Murray and Church, 1996;
Tong et al., 2009; Church and Murray, 2018). The contribution of our ar-
ticle to the MCLP literature consists of the exploration of the potential of
quantum computing to solve this problem.



=TT

I =T

Binary Quadratic

Model (BQM) Annealing
Linear Optimization ) . Solution Decode
Problem Quadratic unconstrained Vector Solution
binary optimization Gates
(QUBO framework)
0N
Minimize ] u yo| 1
z= Z a;J; . y_1 0
S_ T iel = B y72 0
Yjen, i+ > 1 forallie I " ? ? y3| 1
Yiesti=p E(v) = Za;v;+ Zb;dviv5+c ] val 1
z;=(0,1) foralljeJ i=1 i<j H ? | ? :
7:=(0,1) foralli € I vie {0,1} = T ‘ p

Figure 1: Main steps for solving an integer programming problem in a quan-
tum computer

3 General steps for solving an integer pro-
gramming problem in a quantum computer

The main steps for solving a linear optimization problem using a quantum
computer are presented in Figure 1. In general, the process starts with a
linear optimization problem (step one). Next, the problem is converted into
a quadratic binary unconstrained optimization (QUBO) model, which is an
expression with a linear component and a quadratic component. All variables
are binary variables (step two). The QUBO expression can then be mapped
onto a quantum gate or annealing computer (step three). Once the evolution
of the quantum process is finished, the measurement is performed, and the
solution vector is obtained (step four). Finally, the solution vector is decoded
to obtain the final solution (step five). Each of these steps will be developed
in more detail in the following subsections. We will use the MCLP instance
presented in Figure 2 to exemplify the process (we set p = 2).

3.1 Linear optimization problem

The process starts with the formulation of a linear optimization problem
such as the one presented in equation 4; this formulation represents the
optimization MCLP problem of the instance presented in Figure 2:
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Figure 2: Example of an MCLP instance

Minimize

4go + 5Y1 + 202 + 23 + Ya + 4Y5 + 2Us + 277 + Us
Subject to

Cli QO—FQ?QZl

Co: Yr+xy+290 >1

Cs3: otap>1

Cy: Yzt+aotas>1

Cs: ya>1

CGI gj5—|—x221 (4)

Cr: Yot+ag>1

Cg: Yrt+ag>1

Co: ys=>1

Cloi $0+l’2+$6:2

xo, T2, xg € {0,1}
Yo, U1, Y2, Y3, Ua, Us» Yo, Y7, s~ € {0,1}

3.2 Transformation into a Quadratic Binary Uncon-
strained Optimization (QUBO) model
The QUBO formulation is an expression with a linear component and a
quadratic component and all the variables are binary variables (Kochenberger
et al., 2014). The transformation of a linear optimization problem into a
QUBO model requires the following steps:
e Transform the inequality constraints into equality constraints

Each inequality constraint can be converted into an equality constraint
of the type ax + y = b by using slack variables (Bradley et al., 1977).
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Following our example, the original formulation can be transformed as
follows:

Minimize
4yo + 5y1 + 2y2 + 2y3 + Ya + 4Ys + 2Ys + 2y7 + Us
Subject to
Ci: Yot+xo>1
Co: y14+x9+20>1
Cs: foatap>1
Cyt Yzt+xotae>1
Cs: ga=>1
Co: Ysta22>1
Cr: getag>1
Cs: yrtag=>1
Co: ys=>1
Cio: To+ a2+ a6 =2

Yo+ xo—51=1
1+ xg+x0—852=1
Yo+ a2 —53=1
Ust+xot+we—S4=1
a=1

Us + a2 — 85 =1

U + 16 — S = 1
Yr+xg — 57 =1

Us =1
To+ To+ x5 =2

15151515 |5 |5 ls s |5 Is

xg,x2, v € {0,1}
Yo, U1, Y2, Y3, Ya, U5, Us» Uz, Us -~ € {0,1}
S0, S1, S2, 83, S4, S5, S6, ST € {Z+}

e Transform integer variables into binary variables

A QUBO formulation requires all variables to be binary. For this,
we suggest the bounded coefficient proposed by Karimi and Ronagh
(2019). For example, let s be an integer variable such that 0 < s < 5.
Following the bounded-coefficient method, s can be encoded as a sum
of three new binary variables, s;, so, and s3, with coefficients such
that their sum can generate all the values of s. For this case, the
coefficients would be 1, 2 and 2. Therefore, s = s; + 259 + 2s3, with
s1, 82,83 € {0,1}. Table 1 shows how to activate si, s9, and s3 to
produce the integer values from zero to five.

e Use penalties to move the constraints to the objective function

This is an important step in the transformation of a classical optimiza-
tion model into a QUBO expression. This is also the step in which re-
gional scientists can contribute the most towards constructing a bridge
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Table 1: Constructing 0 < s < 5 with binary variables.

towards the use of quantum computing in regional science. A detailed
description of the creation of penalties is available in (Glover et al.,
2019). The challenge is to move each constraint in the classical opti-
mization model to the objective function as a penalty expression. The
new unconstrained optimization model consists of a unique expression
(the QUBO expression) that includes the objective function and penal-
ties. The QUBO expression has the same optimal solution as the orig-
inal optimization model. Table 2 presents useful penalty expressions
for certain types of constraints. In the penalties, P is an arbitrary con-
stant. (Glover et al., 2019) recommend a value for P that is between
75% and 150% of an estimate of the original objective function value.
Also note that the penalties are quadratic expressions that fall within
the description of a QUBO model.

Classical constraint Equivalent penalty

r+y<1 P(zy)

r+y>1 P(l—z—y+uxy)
r+y=1 P(1—xz—y+2zy)

r <y Pz — zy)
r1tata3<1 P (x129 + z123 + 2213)
r=1y P(x +y — 2xy)

* P is an arbitrary constant, x and y binary variables.

Table 2: Conversion table

The QUBO expression of our example is as follows:
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—44yy — 43y — 46y, — 46y3 — 47y, — 44y5 — 46y — 467 — 47Ys
—240x¢ — 24029 — 240x6 + 4859 + 48519 + 48511 + 48899 + 48539
+48531 + 48550 + 48560 + 48570 + [4872 + 96700 — 9670500
+48y1 4+ 967170 + 967122 — 9671510 — 961511 + 4873 + 967272
—96y520 + 4875 + 967319 + 96Y326 — 9673530 — 96Y3531 + 487;
+A4875 + 967512 — 9675550 + 4875 + 96766 — I6Tsse0 + 4377
+969716 — 9677570 + 4872 + 19222 + 1927079 + 1927076
—96x0S00 — 9620510 — 9620511 — 9629539 — 9629831 + 192x§
4962216 — 9625510 — 9629511 — 9629599 — 969550 + 1923:?S
—96x5530 — 9626531 — 9626560 — 966579 + 48330 + 483%0
+96s10511 + 4857, + 4853 + 4855, + 96530831 + 4853,

+48s2, + 4852, + 48s%,] /2 + 312

In Table 3, we show that both the classical linear model and the
quadratic model have the same optimal solution. This step validates
the quadratic model.

The QUBO expression can be mapped into a specific quantum com-
puter. Each device (i.e., gate-based or annealing) has specific instruc-
tions and frameworks that allow the user to perform the mapping.
In Qiskit, this work is performed using the QuadraticProgram from
qiskit.optimization (IBM, 2022), in Dwave (Shin et al., 2014) the ref-
erence has specific functions to send the quadratic program into the
annealer.

3.3 Solving the QUBO expression into a quantum an-
nealer computer

Quantum annealing computing (Albash and Lidar, 2018) uses the physical
behavior of quantum systems to solve optimization and probabilistic sam-
pling (D’'Wave, 2022) problems. In this section, we focus on optimization
and seek to find the optimal solution among a large, finite, set of possi-
ble solutions (as occurs in combinatorial optimization problems such as the
MCLP). This technology is based on the fundamental principle of physics

13



Binary | Linear Gurobi | Quadratic Gurobi
Variable Solution Solution
o 1 1
Y1
Y2
Y3
Ya
Ys
Yo
Y7
Ys
Lo

)
Te

e Bl Kol el Hewl Hew) Nawl il Henl Haw) Raw)

So0
510
S11

520
$30 -
531 -
S50 -
560 -
570 -

(o] Nen] Hen) Nl el Nenl Nen) Neol Neol Borl ey Nen) B Neoll Neol Nen ) ) Nenl Neol Nan)

Table 3: Gurobi classical quadratic and linear program solutions

that dictates that every object or system always seeks its minimum energy
state (Das and Chakrabarti, 2008). In this case, the aim is to design an en-
tangled quantum system in which each Qubit represents a binary variable of
the QUBO expression to be solved. Furthermore, the minimum energy state
of the system corresponds to the optimal solution of the problem. That is,
when measuring the system, each qubit collapses to 0 or 1 as dictated by the
optimal solution.

As an illustrative example, Figure 3a shows a quantum system with three
qubits that represent the expression QUBO —43y; —240x¢ — 24025+ 96y, 20+
96y, x2. Each qubit represents a binary variable of the QUBO expression (i.e.,
Xo, X3, and Y7) and the quadratic relations between variables determine the

14



entanglement relations between the qubits. Thus, the term 96y;x5 implies
an entanglement relationship between the qubits that represent the variables
y1 and x9. Each basic state of this system (i.e., the different combinations
of values for zg, x5 and y;) has an associated energy level that allows the
construction of what is known as the energy landscape. Figure 3b presents
the energy landscape of our example and indicates that the lowest energy
level corresponds to the basic states g = 0, x5 = 0 and y; = 1, which is
the optimal solution that minimizes the QUBO expression. If the quantum
system is well designed, then quantum physics takes the system to that basic
state of minimum energy. The calculation of the total energy of a quantum
system, given its state, is calculated with the Hamiltonian (Dirac, 1981).

43
96 96
Best
-240 Q Q -240 Solution
110
(a) Quantum system (b) Energy Landscape

Figure 3: Quantum system and Energy Landscape for the QUBO expression
—43y1 — 240[150 — 2401’2 + 96y1x0 + 96y1x2

In the absence of any external magnetic influence, the probability of a
qubit collapsing to 0 or 1 is equal (50%, 50%). However, this probability
can be altered in two ways. One way is to apply an external magnetic field
to the qubit in such a way that the minimum energy state of the qubit is
associated with 0 or 1. This external field is known as a bias (D’Wave,
2022). The second way is to create artificial entanglements between qubits,
called couplers, in such a way that the behavior of a qubit depends on the
behavior of the qubits with which it is entangled (D’Wave, 2022). Therefore,
in annealing technology, the quantum system is created using couplers and
biases (as dictated by the QUBO expression) so that the minimum energy
state corresponds to the optimal solution.

The mathematical expression that represents the quantum annealers from
D-Wave are presented in equations 6, where 6;&1,)2 are Pauli matrices operating
on a qubit, ¢;, h; is the qubit bias, and J;; is the coupling strength. A(s)
and B(s) are the amplitudes associated with each Hamiltonian (D’Wave,

15



2022). The first term is the initial Hamiltonian or “tunneling Hamiltonian”
corresponds to the initial state of the system (i.e., disconnected qubits in an
unbiased superposition). The second term, also called the “problem Hamilto-
nian”, corresponds to the energy state of the quantum system that represents
the QUBO expression (i.e., with couplers and biases). In quantum annealing,
the process starts in the tunnelling Hamiltonian state; the annealing process
gradually introduces the problem Hamiltonian while ramping down the tun-
nelling Hamiltonian to zero. The idea is to stay in the minimum energy
state throughout the annealing process so that, at the end, the system is in
the minimum energy state of the problem Hamiltonian and, therefore, in the
optimal solution. All these processes occur in 20 microseconds regardless of
the size of the quantum system. During the annealing process, there is a
probability for the system to jump out of the lowest energy state. Therefore,
the annealing process needs to be repeated several times to define the final
solution as the most likely final state. See (D’Wave, 2022) for more technical
details on quantum annealing.

-4 ($o) 2 (Snat o Tt

% 1>]

3.4 Solving the QUBO expression in a gate-based quan-
tum computer

While annealing quantum computation seeks to take advantage of the nat-
ural evolution of quantum states, the quantum gate model seeks to ma-
nipulate the way in which the state of the quantum system evolves over
time. This manipulation is done by means of quantum gates that can be
arranged in sequences to build a more complex algorithm. Quantum gates
can be unary (one qubit), binary (two qubits), or ternary (three qubits).
The main difference between classical gates (e.g., AND, OR, NAND, etc.)
and quantum gates (e.g., Pauli-X, Hadamard, Phase, etc.) is that the lat-
ter are reversible (i.e., no information is lost in the process as it is with
classical gates), which guarantees the preservation of entanglement and su-
perpositions. The possibility of creating intricate circuits connecting multiple
qubits with a variety of quantum gates is what makes gate-based quantum
computers more applicable than quantum annealing computers. For illus-
trative purposes only, Figure 4 illustrates the quantum circuit of the QUBO
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expression —43y; — 240z — 240x5 + 96y, + 96y, 25.

8

(0.03...) (2. 094...»

z
z
=

0 1 2

cl3

Figure 4: Example of the QAOA quantum circuit for que QUBO expression
—43y1 — 240(L’0 — 2401’2 + 96y1$0 + 96y1x2

Currently, there are circuits specifically designed to run specific algo-
rithms. One of them is the quantum approximate optimization algorithm
(OAOA), which emulates the quantum annealing process (Farhi et al., 2014);
therefore, it is of special interest within the framework of this paper.

The QAOA circuit takes a QUBO expression and encodes it into an op-
erator that is, essentially, a quantum circuit. This circuit is composed of two
parts: the cost and mixer layer. The first layer amplifies each qubit by a
predefined ~ parameter and rotates the quantum states of each qubit. Af-
terwards, the mixer layer converts each rotation into probability amplitudes
amplified by a predefined [ parameter; therefore, the mixer layer changes
the probability of occurrence of each qubit. This process is repeated p times
until it reaches an optimal value; the larger p is, the more likely it is that the
result will be optimal. Finally, the measurement process is performed, and
the qubits collapse into basic 0 or 1 states.

QAOA is described by equation 7 where the parameters 8 and 7 define
the unitary transformation U(/3, ), and p is the number of times this trans-
formation is applied. The [ parameter is associated with the mixer layer
by a unitary transformation U(3) = e 2. Likewise, the v parameter is
associated with the cost layer by a unitary transformation U(y) = e~9r,
The quantum state |1)g) is any suitable initial state, and is usually set to be
an equally superposed state (Farhi et al., 2014). The graphical description
of this circuit is shown in Figure 5.

V(7. 8)) =U (Bp) U () -~ U (B1) U () [tho) (7)

17
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Figure 5: QAOA process

3.5 Solution vector decoding

Once the quantum process is finished, the system is measured, and all the
qubits collapse into basic 0,1 states. Since each qubit represents a binary
variable in the QUBO expression, we end up with a binary vector. When
the original variables in the optimization problem are all binary (as in the
MCLP), the binary vector is easy to interpret as it contains the optimal
value of each decision variable (including the slack variables generated in
the QUBO expression). If the original optimization problem contains integer
variables that are transformed into binary variables in the QUBO expres-
sion, then it is necessary to decode the solution to obtain the initial decision
variables, including the conversion from binary to integer. Table 4 shows the
solution vectors resulting from solving our example instance from Figure 2.
All 10 repetitions collapsed into the optimal solution. The table also shows
the final values of the decision variables when solving the original linear for-
mulation and the QUBO version of our example. Finally, Figure 6 shows the
graphical representation of the optimal solution.

4 Computational experiment

In this section, we present the computational experiment in which we use
both quantum technologies to solve small instances of the MCLP. We work
with small instances because, as shown in Section 3, a small MCLP instance
generates a QUBO expression with many binary variables that quickly make
use of all the qubits that are available for experimentation. We hope that as
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Table 4: Solution vectors of the MCLP instance presented in Figure 2 (p = 2).

o Established facility

@ Demand node

.
'

v ) Coverage

Figure 6: Optimal solution of the MCLP instance presented in Figure 2

(p=2)

quantum technology evolves, it will be possible to solve larger instances of

the MCLP.

Figure 7 presents the nine instances used in the experiment. They range
from 9 to 20 demand nodes (/) and 3 to 7 eligible facility sites (J). In all
cases, the aim was to locate 2 facilities (i.e., p = 2). Finally, the service
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distance, S, of all facilities corresponds to nearest neighbors using the rook
criteria.
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Figure 7: MCLP instances

For the annealing technology, we used a quantum computer from D-Wave
(specifically the DW_2000_Q6) with 2000 Qubits and Chimera topology. For
the gate technology, we used Qiskit’s matrix product simulator (MPS) quan-
tum simulator with 100 Qubits. We ran Qiskit on a classic supercomputer
with 464 CPU cores and an Intel (R) Xeon (R) x8664 processor. We also
ran Qiskit on Amazon Web Services (specifically ml.mb.24xlarge), with 96
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CPU cores, and an Intel (R) Xeon (R) Platinum 8175M CPU, 2.50GHz. Ta-
ble 5 reports the different libraries used in the experiment. We recognize
that these libraries are continuously evolving, but they are a good reference
for practitioners. The instances and codes utilized in this experiment are
available in the following repository: https://github.com/XXX.

Process Description Library
Generate “.Ip” file,
Inputs and and classical linear .
outputs and quadratic gurobiPy v.9.1.1
optimization
Linear-quadratic docplex v.2.15.194
conversion cplex v.12.10.0.1
qiskit v.0.24.0
qiskit-aer v.0.7.6
Gate Based Quantum qiskit-aqua v.0.8.2
Quantum Computing | circuits qiskit-ibmg-provider v.0.12.1
qiskit-ignis v.0.5.2
qiskit-terra v.0.16.4
Quantum Manage quadratic | dimod v.0.9.13
Annealing models pyqubo v.1.0.10
DD/[’?;Z%ES dovices amazon-braket-ocean-plugin v.1.0.6
Linear docplex v.2.15.194
Optimization cplex v.12.10.0.1
[E)I’r\l;/;j:slgd:\l;tiges dwave-system v.1.4.0

Table 5: Python libraries and associated function

As we explained in Section 2.1, the interference phenomenon makes it
necessary for a quantum problem to be solved multiple times to find the final
solution as the most likely one. For this reason, each of the nine instances
of our experiment was resolved 10,000 times. In the jargon of quantum
computing, each repetition is known as a “shot.” Therefore, we obtain one
solution out of those 10,000 shots (the one with lowest energy). To guarantee
that the obtained solution was the optimal solution, we repeated the process
10 times for each instance. In summary, we solved each instance 10 x 10,000
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times. This is only necessary for instances resolved with annealing technology
(D-Wave), as this is where we use a real quantum computer. In the case of
gate-based technology (Qiskit), the solution obtained is deterministic because
a simulator on a classic computer is used.

5 Results

Figure 8 presents the graphical representation of the optimal solutions. All
the instances were solved to optimality with quantum annealing technology.
Only the instances ID=1, ID=2, and ID=3 were solved optimally with the
gate-based quantum simulator.

5.1 Annealer Results

The results of the annealer experiments are summarized in Table 6. Columns
3 and 4 report the optimal solution (OF), which indicates the uncovered
population, and the running time (in seconds) when solving the QUBO ex-
pression in Gurobi. The annealing experiments are described in columns 5 to
9. Column 5 (Optimal) indicates whether the quantum computer found the
optimal solution. In this case, all instances were solved to optimality. There-
fore, to the best of our knowledge, our results are the first nine instances of
a real quantum computer successfully solving the MCLP. As we explained
in Section 4, the probabilistic nature of quantum technology requires solving
each instance multiple times to find the most likely solution. In our experi-
ment, each instance was solved 10 times (each time we kept the solution with
the lowest energy level from 10,000 shots). Column 6 (Success) indicates the
number of times, out of 10 repetitions, that the quantum computer found
the optimal solution. In eight instances, the optimal solution was reached
in most repetitions. However, only 2 of the 10 repetitions reached the opti-
mal solution of instance ID=8. This instability in the behavior of quantum
annealing seems to be associated with the greater number of eligible facility
sites, which for this instance is J = 7. In instance ID=9, where J = 5, this
instability is also noticeable. Instances ID=8 and ID=9 are the most complex
in terms of the number of variables in the QUBO expression. This can be
seen in column 7 (Number of qubits), which indicates the number of qubits
required to solve the instance. Column 8 (OF) reports the objective function
(uncovered demand). We report the maximum and minimum values of the
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Figure 8: MCLP instance solutions

objective function in the cases in which the optimal solution was not found
in all repetitions (i.e., IDs 5, 7, 8, and 9). Lastly, column 9 (Time per rep-
etition) indicates the time required to solve the 10,000 shots. As explained
in Section 3.3, the annealing process (one shot) takes 20us regardless of the
size of the instance to solve; because of this, the running time is the same
for all instances.
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Gurobi Annealing
ID | I,J.p Time | Optimal Number Time' per
OF (s) Yes/No Success of OF | repetition
qubits (s)
11932 | 6 | 0.02 Yes 10/10 21 6 0.2
21932 2 | 001 Yes 10/10 22 2 0.2
3 116,32 | 18 | 0.02 Yes 10/10 32 18 0.2
4 116,32 | 24 | 0.01 Yes 10/10 29 24 0.2
5 12532 26 | 0.01 Yes 8/10 42 26-27 0.2
6 | 2532 19 | 0.02 Yes 10/10 42 19 0.2
7 12532 16 | 0.01 Yes 9/10 41 16-23 0.2
8 120,72 | 15 | 0.03 Yes 2/10 54 15-17 0.2
9 120,52 14 | 0.03 Yes 7/10 44 14-15 0.2

Table 6: Summary of annealing experiments

5.2 QAOA Results

The challenge in this experiment is different from the annealing experiment.
This is because the QAOA experiment is performed in a deterministic sim-
ulator that emulates quantum behavior in a classical computer. This deter-
ministic nature implies that, having set the parameters, an instance must
be resolved once. Therefore, the challenge is to calibrate the values of the
parameters [ and 7y in equation 7 to allow the optimal solution to be reached.
Figure 9 shows how volatile the relationship is between these two parameters
and the objective function. Finally, the parameter p in equation 7, which
in theory should tend to infinity, is computationally expensive (Farhi et al.,
2014). Therefore, in our experiment, we set p = 1, as we understand that
this experiment, and the paper in general, seeks to lay the foundations for
future research.

Table 7 presents the results of the QAOA simulations. The first aspect
that stands out is that with this technology, it was only possible to solve three
of the nine instances of the experiment. As in the previous table of results
(Table 6), for each instance, we report the optimal solution and computation
times required by Gurobi to solve the QUBO expression to optimality. For
the gate-based technology, we report whether the optimal value was found,
the values of § and « that allowed the optimal solution to be reached, the
value of the objective function, the computation time, and the number of
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qubits required (which coincide with those required in annealing technology
because they are the same QUBO expressions). Note that the values of the
parameters 5 and v do not necessarily have to be different for each instance
to be solved. Instances ID=2 and ID=3 reached the optimal solution with
£ = 5.65 and v = 0.31, which is a positive result that invites further study
of the relationship between these parameters and the optimal solution of the
MCLP. However, the execution times are very high and volatile compared to
those reported for the annealing technology.

6 Conclusions

This paper presents the first empirical evidence on the solution of the MCLP
with quantum computers, which constitutes an important milestone in the
literature of this classic problem. The computational experiments show that
quantum annealing has great potential for solving this problem, which is as
expected as this technology is specific for solving combinatorial optimization
problems. In contrast, although it is of more general use, gate-based quantum
technology did not show good performance when simulating the annealing

25



Gurobi QAOA Simulations
ID | I,J,p Time Time | Number
OF Optimal | £ and vy OF | QAOA of
() (min) | qubits
11932 | 6 | 0.02 YES 0.314/5.16 | 6 1.8 21
21932 | 2 | 0.01 YES 5.65/0.31 2 68.3 22
3 116,32 | 18 | 0.02 YES 5.65/0.31 18 1.0 32
4 116,3,2 | 24 | 0.01 NO N/A N/A | N/A 29
5 (2532 26 | 0.01 NO N/A N/A | N/A 42
6 | 25,3,2 | 19 design of neW(@enalty expréssionsN/A | N/A 42
7 12532| 16 | 0.01 NO N/A N/A | N/A 41
8 120,72 15 | 0.03 NO N/A N/A | N/A 54
9 120,52 14 | 0.03 NO N/A N/A | N/A 44

Table 7: Summary of QAOA simulations.

process with the QAOA. In both cases, it is clear that further advances in
quantum technology are required to surpass classical computation in solving
combinatorial optimization problems.

This paper opens new research opportunities for regional scientists (with-
out implying that they must be experts in quantum computing). (1) We
present the formulation of the QUBO expressions of other classic combi-
natorial problems in regional science, not only in localization but also in
transportation, region design, and scheduling, among others. (2) We pro-
pose the design of new penalty expressions, such as those presented in Table
2, facilitate the formulation of QUBO expressions. (3) We propose the design
of search strategies for the parameters § and . This includes the possibility
of hybrid algorithms that combine quantum and classical computing. (4) We
find the minimum depth (i.e., QAOA parameter p) that guarantees conver-
gence to an optimal solution. All these alternatives allow regional science, as
a field, to be better prepared for the day when quantum computers are more
advanced.
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