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1. Introduction
1.1. On information manifolds

In 1995 Pistone and Sempi [1,2] considered the set 9, of w-equivalent strictly positive probability densities and
introduced the exponential statistical information manifold modeled on Orlicz function spaces [3]. Consequently each such
exponential parametric model was identified with the tangent space of 9, and the coordinate maps are naturally defined
in terms of relative entropies in the context of Shannon'’s. There have been applications of these geometric tools to the study
of information theory, giving new mathematical developments [4-6] in the theory of geometric information. Also, in 2009
Pistone [7] presented a discussion about the use of the Kaniadakis k-exponential in the construction of a statistical manifold
modeled on Lebesgue spaces of real random variables. Some algebraic features of the deformed exponential models were
also considered.

Recently, Amari and Ohara [8] gave a geometrical structure to the g-exponential family or g-Gibbs distribution for the
parametric case (finite dimensional) where the Riemannian geometry induced by divergences depends on the g-potential
function given by v4(6) = — Inq po, with po being an a priori given distribution; the divergence constructed is one of the
Bregman type and differs from the Tsallis one, by a functional factor.

In this paper, we discuss the use of the Tsallis g-exponential in the construction of a non-parametric statistical manifold
modeled on essentially bounded function spaces, such that each g-exponential parametric model is identified with the
tangent space of 9, and the coordinate maps are naturally defined in terms of relative entropies in the context of
Tsallis. To this effect, we give in this section some preliminaries. In the second section we define the g-exponential
model, which permits partitioning of 91, into equivalence classes, so that later it will possible to define an atlas on 9t
modeled on essentially bounded function spaces. In the third section we study the analyticity of certain maps K, which are
g-deformations of cumulants maps used by Pistone. This is necessary later for proving that the atlas is actually C*°. In the
fourth section we define the manifold such that for each p € 9, the charts for the given atlas are defined in terms of
g-exponential connections and the maps K,. We also prove that the atlas constructed is C*. In the fifth section we
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construct the tangent bundle over the manifold by means of regular curves passing through p € 91t,,; these regular curves
are parametric models associated with every point of the manifold [9]. As usual, the tangent space will be identified
with a subspace of the modeling Banach space. Moreover, the tangent vectors are related to the g-score function [10]
which is a deformation of the statistical notion of a score function. Finally, the last section is dedicated to characterizing a
divergence functional, which is defined as the Tsallis relative entropy functional [ 10-12] and is a particular case of the Csiszar
&-divergences [13]; we show that coordinate mappings of the manifold are, in fact, given in terms of Tsallis divergence
functionals.

1.2. g-deformed exponential and logarithmic functions

Tsallis defined an entropy functional depending of a real parameter q called the entropic index [ 14,15]. Such a functional
is fundamental in the non-extensive statistical mechanics introduced by him in 1988. To obtain useful mathematical
developments in the theory, C. Tsallis also considered g-deformed exponential and logarithmic functions. As in the present
paper we consider 0 < q < 1, the above functions are respectively defined by

x -9 i 1 Al
e, =1+ (1 —qx) , 1f]7 <x and lnq(x):ﬁ, ifx > 0.

These functions satisfy similar properties to the natural exponential and logarithmic functions. We consider, associated

with these, the operations defined for real numbers x and y by

x—y
1+(1—qy’

fory # (q—1)~'. Borges [ 16] presents a compilation of properties of such functions and non-extensive statistical mechanics
introduced by Tsallis.

Xy :=x+y+(1—q@xy and x0qy:=

Remark 1. The following properties will be very useful for us later on.
(xDqy) (x©qy) ey

Le ' =elegande, " = EZW

2. Ing(xy) = Ing(x) B¢ Ing(y) and lnq(ﬁ) = Ing(x) ©¢Ing(¥).

3. d[Ing(u)] = J;du and d[e!] = (e¥)%du.

Tsallis theory has many mathematical developments and applications in various disciplines [14,17].

2. g-exponential models

Let (£2, X', ) be a probability space and q a real number such that 0 < g < 1. Denote by 91, the set of strictly positive
probability densities p-a.e. For each p € 9, consider the probability space (£2, X', p - u), where p - u is the probability
measure given by (p-u)(A) = fA pdy. Also, denote by ||-|| 5, the essential supremum norm in the Banach space of essentially
bounded functions L®(p - ). On several occasions, we use the following fact. If ||ul|, o < 1,thenu < 1almost everywhere
on §2 and so

1
[ullpoo < 1 implies [lel[l, 00 < e{" = (2—g) ™. (1)
Given p € 9, we say that a function f is a one-dimensional g-exponential model if there exist u € L*°(p - 1) and a real
function of a real variable v such that for all t in an open interval I containing zero, f (t) = ef," S W)p is valid. In this case,

it is easily verified that u € Gy, i.e. i) () < oo for 6 in a neighborhood of zero such that 6t > 0.
We say that probability densities p, z € 9, are connected by a one-dimensional g-exponential model if there exist
re M, ue Ll®(r-p),areal function of a real variable ¢ and § > 0 such that for all t € (—§, §), the function f defined by

oy =e"r

satisfies that there are ty, t; € (=4, §) for which p = f(tp) and z = f(t7).

oM, is partitioned into equivalence classes using a relation: given p, z € 91, we say that p ~, z if and only if p and z are
connected by a one-dimensional g-exponential model. This equivalence relation and the next proposition are necessary for
being able to define an atlas on 9, modeled on Banach spaces. To establish the proposition, let p, z € 9, be probability
densities connected by a one-dimensional g-exponential model. There exist r € 9t,, u € L*°(r - ), a real function of

a real variable v, 8§ > 0and ty,t; € (=8,8) such that p = ezoueqw(t")r and z = ef,lueqw(t‘)r. Using Remark 1, we

obtain p = eZz, where s = (tou Oq ¥ (tp)) Oq(t1u Sq ¥ (t1)) and % <s= lnq(’z—’) u-a.e. Giveng € L*®(p - u), defining
Ag = {t € 2 :|g(t)] = oo}, wehave 0 = (p - u)(Ag) = j;\g pdu = jAg ejzdu. Since e} = £ > 0 p-ae., we obtain ng zdu
= 0(ie,g € L*(z - n)) and clearly [Igllp,00 = lIgll2,00- Then as the relationship ~ is symmetric, we have the following
result.
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Proposition 2. Let p, z € 9, be probability densities connected by a one-dimensional g-exponential model. Then the measures
p - uand z - u are equivalent and hence the spaces of bounded functions L*°(p - i) and L*(z - ) are just equal. In addition,

gq < Ing() holds.

3. Analyticity

In this section, we define the maps M, and K, as g-deformations of the moment-generating functional and the
cumulant [1,2]. The maps M, and K, are then used to define transition maps for the g-exponential manifold which will
be of Class C*° under analyticity of such maps. Therefore we study analyticity and some properties of such maps.

We shall define an analytic function between the open unit ball B, (0, 1) of L*(p - ©) and the space L*°(p - u). Let
0<qg<1l,peM,uecBy(0,1) CL®p-wn andn e N. We define the map A,(u) : ]_[?:] L®(- ) — L - u) by

(V1 Vn) = V1 vpel (2)

Denoting by .£¢ (X, Y) the space of all symmetric continuous n-multilinear maps from space X into space Y, we have the
following result.

Proposition 3. Forallu € L*(p - w) with ||ullp.c0c < 1, An(u) € LY (L - 1), L*°(p - 1)).
1
Proof. If |[ull, < 1, itis clear that A,(u) is a multilinear symmetric operator. By (1), ||e;‘||p,oo < (2 — q) 4. Since

v+ vy € L%°(p - 1) we obtain (vq - - - vnef;) € L*®°(p- pn) and

1
| An@) (1~ v llpoo < (2 — @) [v1llp,co - -~ lIVnllp.co- (3)

As (vq - - - vy) is arbitrary in ]_[:-1:1 L®(p - u), then A, (u) is well defined. By the criterion for multilinear bounded operators,
(3) implies that A, (u) is continuous. O

Now for [[ullp, < 1, we write Ag(u) := e% As |ulp0o < 1,by (1) we have ef” = Ag(u) € L®(p- 1) and | Ag(W)llp.cc <

1 N
e}l = (2 —q)71 < oo.Forn > 1, let A,(u) be the n-homogeneous polynomial determined by the polar form A,(u), i.e., for

allv e LI®(p - w), Ap() - () = Ap(W) (v, v, ..., v), ntimes, and denoted as A, (u) - (v) = v“e;‘.
LetA: [®(p- ) — L°°(p - u) be such that

[ee] 1 )
v A =143 20a@ ) (4)
i=1 "

where for each q € (0, 1) we define Q;(q) = q2q—1)(3¢—2) - -(ig— (i— 1)) = ]_[in:1 (ng— (n—1))and Qp(q) = 1.

Proposition 4. If p € 9, the function A is a power series from L (p - p) into L*°(p - ), with radius of convergence p > 1.
Proof. Note that

Av) = 1 1 2 1 3 -1 1 (a) A: (0
@ =1+ v+ 0@V + 5 Q@'+ | = +§EQ‘(‘” i(0) - (v).

Now, the function A = %Qj(q);l,»(O) is a power series from L*°(p - u) into L°°(p - u) for which we discuss the radius of
convergence below. If v € L*°(p - u) with [[v]l, o < 1and we fix u € B, (0, 1), we see that

1 EE
= 5A@E -,

p,o0

1 .
)”Q(Q)Ai(o) - (v)

1 iju
= Hﬂqi(qxv) e

p,oo

Let P™ .= P"(L*°(p - u), L*°(p - 1)) be the normed linear space of continuous n-homogeneous polynomials determined by
N A 1

the polar form A,(u) as in the definition (2). Then || A||pn = SUP|y),5=1 1AW lp.00 = (2 —q) ™ and

1
1—

1 A 1
EQJ’(Q)Aa,i(O) < EQJ’(Q)(Z —q . (5)

L(/)n
By the Cauchy-Hadamard formula [18], if p is the radius of convergence of the series, it follows that

1 . - 1 1
= =Tm (I Allpn)" =Tm (14lL)" < lim @ = 70 =1,
n—oo

~

and so p > 1. Then the series (4) converges absolutely and uniformly on the closed ball of radius r BP,OO(O, r) for each
r<p. 0O
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Before proving the next theorem, we see that the series (4) equals e,(,”). By [16], it is known that 1—|—Zi°:°0 %Q;(q) ) = e,(f)
pointwise. As p - i is a finite measure, 1+ Zf'{:o %Q,-(q) ) — e,(,”) in (p - w)-measure. The previous proposition shows the
convergence 14 Y~ 1Qi(@) (V)" = 1+ Y72 1Qi(@) (v)"in L (p - w)-norm and therefore also the convergence in mean.
By uniqueness it follows that 1+ Y~ +Qi(q) ) = eff).

o 1

Proposition 5. Let p € M, and v € By (0, 1). The seriesv — 1+ ) .~ 7Qi(@) (v)' is an analytic function.
Proof. Since A,(u) € LI(ILP>(p - w), [P°°(p - u)), it suffices to prove analyticity in a neighborhood of zero. First, there is
the inequality ||)A\||j>n S Alen < ’;—’? ||}A\||j>n, [18]. By the last inequality and (5), we have

_ @@=
LY - (n!)Z

Applying the Cauchy-Hadamard formula and given that Q,(q) < 1, we obtain
1 Qg

1 Ll
1 n n _ =g
o nooo\[n!(1—g)n 0 n—00 (n!)2

Thus p > % and so the restricted radius of convergence of the series is positive and greater than or equal to % Apply-

ing the above procedure to the n-homogeneous polynomial %Qn(q);ln(vo), where vy € B, (0, 1), the restricted radius of
(1—|\U0Hp,:x:)
e

1
H,oﬂ(q)An(m
n.

An(0)

convergence satisfies 0 <

1 N
b1y (f”fz))nmvo)(v)

< p and so in a neighborhood of vy the map

is analytic. O

Definition 6. Defining Dy, := {u € L(p- p) : 7% < u, Ey[e

q
by M, (u) = Ep[eg”)].

The domain Dy, of M, contains the open unit ball B, (0, 1) C L>(p - 11). Also if we restrict its domain to By » (0, 1), we
will see that this function is analytic and infinitely Fréchet differentiable.

f,”)] < oo}, we define the mapping M, : L*°(p - u) — [0, oo]

Theorem 7. The functional M, satisfies:

1. Mp(0) = Tandif u # 0, Mp(u) > 1.

2. M, is analytic on the open unit ball B, o (0, 1).

3. M, is infinitely Fréchet differentiable and its nth derivative in u € By (0, 1) evaluated at (vy, vy, ..., Vy) € Bp (0, 1) X
-+ X Bp (0, 1) is given by

D"M, (1) (v1, V2, - . ., Up) = Qu(@Ep[vy - - - vpe”].

Proof. (1) It is obvious from the definition. .

(2) Foru € By (0, 1), %Qn(q)Ep[An(u)] e P"(L*(p - 1), R) and so Z;io %Q,,(q)Ep[An(u)] is a power series from
L*(p - n) into R with positive radius of convergence. For each u in a neighborhood of ug € B, (0, 1), and by Proposition 5
we have

1 Qu(q)

e =1+ — An(ug)(u — up)™,
q 21— g n(Uo)( 0)

and from this, we obtain

M, (u) = ; %Epmn(uoxu — up)].

Consequently, M, is analytic in B, o (0, 1).
(3) It is known that D"M,, (u) (v1, va, . . ., ) = nlAn(u)(v1, V2, . ..., Vy), [18], where Ay (u) (v1, V2, ..., Un) = £ Qu(QE,
[An(u)(vq, V2, . .., vy)] and so

DnMp(u)(Ulv V2, - -0, vﬂ) = Qn(Q)Ep[An(u)(v]v V25 -00s vn)]
= Qn(q)Ep[Ul R e‘(]u)]. ([

Definition 8. For eachu € B, (0, 1), define K, : B, (0, 1) — [0, oo] by K, (1) = Ing[M,(w)].
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This functional becomes important for defining coordinate maps for the g-exponential information manifold. Some of its
properties allow us to obtain explicit expressions for the tangent space of the manifold. Note that K, (0) = 1 and it is clear,
by g-deformed logarithmic properties, that if u # 0, then K, is strictly positive, continuous, increasing and concave.

Theorem 9. The functional K, satisfies:
1. Foreachu € B, «(0, 1), the functionz = e; S Kp(u)p is a probability density on 9n,,.
2. K, is infinitely Fréchet differentiable and its nth derivative at u evaluated in the directions (v1 - - - vp) € Bp (0, 1) X - -+ X
B, (0, 1) (i.e. the continuous n-linear form D"Ky,(u) - (vy - - - vy)) is given by
D"Kp(u) - (v1 - - vp) = MW" Qu(@E; [v1 - - - val.
3. K, is analytic in B, (0, 1).

Proof. (1) Since p € M, it follows that z > 0. Now, since z = %p and esp(u) = M,(u), we have fz pdp =
€q

—e,(;(u) [ elpdp = 1.

q
(2) Taking derivatives of K, (in view of Theorem 7 and Remark 1), it follows that

D"Kp(u) - (vy---vp) = D"M, (1) - (v; - - - vp)

[Mp ()]
1 u
= W%(Q)Ep[vl s Uneq]'
Since z = e} %®p then ey - P =z - Mp(u) and therefore
. 1
D Kp(u) (V) = WQﬂ(q)Mp(u)Ez[m - pl.

(3) K, is a composition of analytic functions. O

4. The g-exponential statistical manifold

Now we will define a geometrical model similar to the k-exponential model of Pistone [7], where k indicates deformation
in the sense of Kaniadakis. The coordinate maps to be defined for the manifold induce a topology on 9t,,, which is stronger
than the topology of L' (p - ).

Let (£2, ¥, u) be a probability space and g a real number with 0 < q < 1. For eachp € 9, let B, be the subset of
L*®(p - u) consisting of essentially bounded random variables u such that Ep[u] = 0. Clearly B, is a Banach space and we let
"V, be the open unit ball of B, thatis, V, := {u € B, : |lully,cc < 1}. We define the mapseg, : V, — M, by

eqp(u) = eu ST (6)
u—Kp(u)

. . . . . -1 -1
which is well defined since ||u||p, o < 1implies T <Uu and hence = < TH—0k@

=uqK,(w).

Proposition 10. Let p € 9, then:

1. The map ey, is injective.
2. Let U, be the range of ey ,; the map sy, : U, — 'V, given by

S0p(2) = Ing <5> SeE, |:lr1q (5)] _ (3) - & [1n (5)] ’ (7)

p 1+ (1 —qE, [lnq (g)]

is the inverse function of eg .
Proof. (1)Letp € M, and uq, u, € V, be such that e ,(u;) = ey, (uy); thatis
u —Kp) = K(wp)
T+ -Kw) 1+ 01—k )
Applying the linear operator Ep[-] on both sides of (8) we obtain

Ep[u1] - Kp(u1) _ Ep[UZ] - Kp(uZ)
T+ -Kww) 1+ 01—k’
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Since uy, u; € 'V, C Bp, we have Ep[uq] = Ep[uy] = 0 and the above expression transforms into
—Kp(u1) — (1 = QK (u)Kp(u2) = —Kp(uz) — (1 — OKp (u1)Kp (u2).

So K, (uq) = Kp,(uy) and finally, substituting in (8), it follows that uy = u,.
(2) Letp, q € M,,. First, we show that u € V, implies s, ,[eq ,(u)] = u. By direct calculation on expressions (6) and (7),
we obtain

_ u— K,(u) — Ep[u — K, (u)]
Saplear = T 00 ) + (1 = QB lu— K@) ©)

Since K, (u) is a real constant and Ep[u] = 0, applying E,, in (9) we obtain s ,[eq ,(u)] = u.In an analogous manner, we prove
thatz € U, implies eg 5[S4,5(2)] = z, and the required result follows. O

Maps sg , will be coordinate maps for the manifold, these maps assign a unique random variable u = s;,(z) € V, to
agivenz € U,. We will prove that the family of pairs (Up, Sq.p)pem, define an atlas on 21,,. Consider py, p, € M, with

Up, N Up, # @. By direct calculation we have that the maps s, o ep, : Sq.p, (Up, [ Up,) = Sq.p, (Up, [) Up,) are given for
eachu € sqp, (Up, () Up,) by

u+[1+ (1 —qullng (%) —Ep, [u +[1+ (1 = qullng (%)]

1+ (1 - q)Ey, [“ + 1+ (1 —qullng (%)]

Sp, (Ep, (W) =

This maps will be the transition ones for the manifold.

Proposition 11. Let p1, p, € M,,. The set sq p, (Up, N Uy, ) is open in the By, -topology.

Proof. Let u € sg,, (Up, N Up,). We will see that u is an interior point of sg », (Up, N Up,). Clearly [lull, o < 1 since
Sq.py (Up, NUp,) C Vp,.Forr < 1—||uflp, oo, consider the ball A, = {v € V,, : lv — ullp, oo < r}.Provided that p; ~¢ p2, by
Proposition 2 we get [|[v—ul|, 00 = [[V—U||p,,00, and also for |||, o0; hence [V, 00 = Ullpy,00 < lV=llp,,00 = lV=Ulp;,00-
Thus [|v]lp,,00 — ltllp;,00 < T and |[v]lp,,00 < 1. This implies that A, C sq,, (Up, N Up,), so the desired result holds. O

This result and Proposition 2 allow us to prove the next result.

Proposition 12. For each p;, p, € 9, the function sg p, © eq p, is a topological homeomorphism.

The maps given in (10) can be written in terms of the g-deformed operations in the following manner. Letu € V, ,u €
Vp,and z € (Ugp, ) Ug,p,) With sqp, 0 g, (z) = ii. Then

i =In, (ege"'{”l(“)pi> Ok, [lnq (e;‘qu”l(”)piﬂ
D2 D2

= (8 Kp, () &g g (&) OqEp, [(“ SqKp, (W) ®q Ing (m)]

D2 D3
- |:(u eq Kpl (u)) @q ll'lq (m>] eq Epz |:(u eq Kp1 (u)) @q ll‘lq (pl)] .
b2 D2

Hence

U= f(u) ©qEylf(w], where (11)
fm):[@eﬁmgw)®ﬂm<2>}. (12)

Expressions (11), (12) permit simplifying calculations to prove the following proposition.

Proposition 13. Given u € s4,,(Uqp, ) Uq,p,), the derivative of map sqp, o S,

L*°(pq - ) is of the form

evaluated at u in the direction of v €

D(Sq.p, © Spp,) (1) - v = A() — B)Ep, [Aw)],

where A(u), B(u) are constants depending on u.
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fW)—Ep, [fW)]

Tk, @] and therefore

Proof. We know that ii = s, 0 5, o (W) =

(14— E,f@wNZL -1+ 0 - q)f(u)]3EPz[f(“)]
[1+ (= @B, F @I’

D(sq,p, osqm)(u) S

which can be written as

D(Sg.p, © Sqp, ) () - v = (13)

T _[ [1+ (- @f W] }aEpztf(u)]
1+ —QF, 0l L0+1-@E,F@IP]  ou
Note that

Ep, [f (w)] = Ep, (” OS¢ Kp, (”)) ®qIng (i;)}

= Ey, | (16 Ky, () + In, (p )+(1 — g) (4B, Ky, (1)) Ing (2)}

Ing (m)] + [1 +(1—q)ln, (p])] Ep, [u©q Ky, ()]
L D2 D2

and applying the partial derivative with respect to u, we obtain

L] _ {[H(l—q)Km(u) [1+ (1 — QuIDK,, (u) - v] W }
D2 5

:Ep

N

du 14+ (1 — Ky, W)]?

where W =1+ (1 — ¢)Ing (5—;). Now, taking the partial derivative with respect to u in (12) we have that the argument in
Ep, of this last expression is precisely

of (u) _ |:[1 + (1 — @K, (w) — DK, (w)v[1+ (1 — q)u]]W:|

ou [1+ (- @Ky, w)]?
From all the above, using (13), it follows that

_ o [1+ (1 - f W] of ()
v = - Ep,
1 [+ (- @E,F@l 1+ -k, F]l] ou

D(sqp, ©5

ya [1+(—g)f @]

and since E, [f (u)] is constant we can write this last expression as D(sq p, © S, pl)(u) V= A q)Epz T@T — [T+ -0k, F@]]

f ()
ou 3
Ep, [m(l—q)b‘pz [f(um]' Now, taking

af (W)
Aw) = u and B(u) = — T =@/ W]

[14 (1= E,[fWw]] 1+ (1 = @E,[fw]]

the derivative can be written finally in the form

D(Sqp, © Sy )W) - v = A@) — Ba)Ey,[AW)]. O (14)

We can then establish the main theorem of this section.

Theorem 14. The collection of pairs {(Uy, Sq.p)}pem, is a C*°-atlas modeled on By,

Proof. Consider the family of pairs (Up, Sq.p)pean, - Obviously the family of U, is an open cover of 9, each U, being open
in 9M,,, and sq , is bijective by Proposition 10. This means that each (U,, s4,5) is a chart and the corresponding transition
map for pq, p; € M, (with Up, (| Up, # @) is given by sqp, © €qp; * Sqpy (Up; [ Upy) = Sq.p, (Up, () Up,), as defined
in (10). By Proposition 11, sets 54 ,(Up (| Up,) are open in the topology of B, which in turn implies that coordinate maps
Sq,p are homeomorphisms. Proposition 12 guarantees that spaces s; 5, (U, N Up,) and sg 5, (U, N Up,) are topologically
homeomorphic (and therefore the map defined by (10) is a topological isomorphism). It remains to prove that the transmon
map $q p, © €q p, is C*°. To do this, observe that the map defined by (10) can be written in the form s, ;,, 0 e p, (1) = —<h(u),
where

h(u) = u+[1+ (1 — @)ulln, (p )—E [ +[1+4 (1 — q)ullng (pl)]
D2 %)

g(u)
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and
gu) =1+ {[1 + (1= K, W(1 = QEy, [u 1+ (1= qullng (%)“ '

So finally it suffices to prove that h and g are C*. There is z € (U, () Up,) such that p, = ey, (u) and thus u + [1 +
1 - q)u]lnq(%) € V,. Definingv = u+[1+ (1 — q)u]lnq(g—;) and applying (2) of Theorem 9, we obtain DK, (u)v =
[Mp(u)]Fquz[v]. Now, given that K, is C* in V;, it follows that E,,[u + [1 + (1 — q)u]lnq(;;—;)] is C. Since every affine
function is C*° and h can be expressed as the sum of an affine function and a C*°-function, h is certainly C*°. Analogously,
since Kp, is C* in 'V, , it follows that g is also C*°. Proposition 12 also guarantees that the defined atlas is modeled on Banach
spaces. [

5. The tangent bundle

Now we construct the tangent bundle for the manifold given in the previous section, showing its natural identification
with one-dimensional parametric g-exponential models. Also, we prove the relationship between the tangent vector of the
manifold and a g-deformation of the score function.

Let p € M,,; a curve through p is a one-dimensional parametric g-exponential model: g : I C R — M, such that

t — g(t) € M, where g(tp) = p for some t; € I. Usually it is assumed that ty = 0; nevertheless this is unnecessary

K;
in this framework. Let (Up, . S;p,) and (Up, . Sqp,) be charts around p € 9,; then g(t) = eqp, () = ey’ 71 "Vp,,

where for every t € I it follows that u;(t) = sq p, (g(t)). Additionally g(t) = eq, (U2) and u,(t) = sqp,(g(t)). The random
variables uq(tp) and u;(to) are related by u,(ty) = (sqsz o eq,pl) (u1(to)). We have that u;(ty) = sqp, (p), and by the chain
rule u)(to) = (q.p, © eq_p])/ (u1(to)) - u}(to) which equals u)(to) = (sq.p, © eq,pl)’ (Sq.p; (P)) - U] (to). The above expression
is an equivalence relation which fulfills the requirements for defining the tangent space over a manifold [9], and therefore
the tangent space for p € 9, is a topological vector space with the induced topology of any of spaces L>(z - ) such that
p € U, and is given by 7,(M,,) = {[(Up, Sqp, U)] : p € M, }.

Proposition 15. Let g(t) be a regular curve for 9, where g(to) = p, and u(t) € 'V, be its coordinate representation over S ;.

Then g(t) = [U(f)quz(”(f))]

1. LIng ( (t)) = Tu'(t) — Q[M,(u(t))]'"E,[u/(t)] for some constants T and Q.
t=tp

p
2. If z = p, i.e. the charts are centered at the same point; the tangent vectors are identified with the g-score function in t given

by L1n, (g“)) — T (k).
=t
3. Consider a two- di;%ensional g-exponential model

z and also:

f(t,q) = ey O @) (15)

where if q tends to 1 in (15), one obtains the one-dimensional exponential models e™~%)p_The g-score function

lnq (f;[) )t:[o for a one-dimensional q-exponential model (15) belongs to span[u] at t = to, whereu € V.

Proof. 1.
[u(®) ©q Kz (u(t))]
d t d !
7 (‘g()) = g [M}
P /=t & Z 1=
a [ 1000 — Keion] [ SR | — ) — ko))
de (14 (1 = @K (u(to))]

t=ty

_d [ u(t) — K (u(t)) }

Code [ 14+ (= K (u() Ji—y,

_ 1 , [1+ (01 —qu)] (d

T d—okai T T+ (- ok u)P < e (t‘))))

d

= Tu'(t) — Q (alé(U(to))) ; (16)

whereT = ——L ____andQ = _+0=quto)l __ grom Theorem 9 it follows that Gl ®) = [M, ()] E o (t)

[1+(1—q)Kz (u(tp))] [14+(1—q)Kz (u(tg))]?

(/O] Hence Ing (52) = Tu'(tg) — QM @(©)]' gy [ (1),
=tp
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2. Ifz = pthen E,[u'(tp)] = E,[u'(t)]; since u(t) is centered then Ep[u’(to)] = E;[u/(tp)] = 0 and the desired result follows.
3. Taking u(t) = tu in (1), a simple calculation leads to

Elnq (&> =Tu. O
dt P /i

So the tangent space T,(9t,,) is identified with the collection of g-score functions or the one-dimensional g-exponential
models (15).
The model 9, glued together with the collection of tangent spaces is the tangent bundle, denoted as 7 (9,,). So,

T, = {(f, u) : f € U, C M, and u is the class of tangent vectors tof}.

It is known that this is a manifold, where the charts (trivializing mappings) are given by (g, u) € 7(Up) — (S¢p(g), A(u) —
B(u)Ep[A(u)]), defined in the collection of open subsets U, x V, of M, x L®(p - w).
Transition mappings for this manifold are given for (uy, v1) € V, x L*°(p - n) by

(U1, v1) = ((Sq.z o €gp) ), Alv1) — B(Ul)Ez[A(Ul)]) €V, xL®(z - ),

which gives the local representation of the bundle.

6. g-divergence

In this section, we will show the relationship between the Tsallis relative entropy functional and the manifold constructed
in Section 4.
Letp, z € 9M,,; the g-divergence (Tsallis’s divergence) of z with respect to p is given by

19 | p>=/pf (5) du. (17)
Q p

where f is a function defined forallt 2 0and 0 < g < 1as

1
f(t) = —tlng <;> ) (18)

Some properties of this functional are well known, for example that it is equal to the a-divergence functional up to a constant
factor where @ = 1 — 2g, satisfying the invariance criterion; also, when ¢ — 0 then I9(z || p) = 0 and ifq — 1 then
19z || p) = K(z || p) which is the Kullback-Leibler divergence functional [19]. For further properties of this functional
see [12].

The proof of the next proposition is analogous to the one given in [12].

Proposition 16. Given p, z € 9, then:

1. Iz || p) > 0 and equality holds iff p = z.
219G | p) < - f (2) du

Proof. Letp,z € M,,;

1. 19 || p) = fgpf (%) du = fgf (f—)) dp - i, and by the Jensen inequality and properties of f, it follows that

L) en [

so 1@ (z || p) > 0. Equality follows immediately.
2. Since f is convex it is easy to show that

z z z z
f/<> (—1) Zf() —f() = f (1) (—1);
p p p p

if we multiply by p and integrate on 2, and since f (1) = 0, we can deduce that

/(z—p)f/ (5) du = 19G | p) Z/(Z—p)f/(l)du,
Q2 p Q

and since f'(1) = 1, the desired result follows. O
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Note that the upper bound in part 2 of this proposition simplifies to

/Q(Z—p)ﬁ (g) du 1fq/g(p—z)l(‘z’)lq dn )
s [O7]-= [0}

Proposition 17. Let p € M, z € U, and u = sy ,(2). If we take *u = % — 1 and have the mapping H,(*u) = Ep[(l + *u)
Ing(775)]. then

1+*u
K, (u)
90 |lz) = ——>"—— and Hy,(*u) = —1'9(z || p).
@ ll2) 7 (- km p("u) @Il p)
N ) L @ _ N _ ueqkjw)
Proof. The definition of g-divergence implies that IV (p || z) = —E, [lnq(l;)]. Sincez = e, p, we get

190 || 2)

z _ u— K,(u)
B ['“" <5)} - (E" [1 (- q)l@(u)D

_ ( E,[u] — Ky (u) ) _ Kp(u)
T+(—gKw) 1+0-Ku

Finally, we have

1
Hy("u) = E, [(1 +*wln, (m)] =Ep [(f,) Ing @] =-19¢ | p. O

There are two important aspects to note. One is that the coordinate mappings

V4 z
() ()]

can be written as

Sap(2) = < ! ) <ln <3) +I190 | z)>'
P 1+(q@—DI9p | 2) “\p ’

so the relation between the g-divergence and the manifold constructed is clear in the sense that the coordinate
representation of the density z € U, contains the information on p with respect to z. On the other hand, since s, ,(z) = u,
we get

— 1 (@ _p@
EZ[u]_(1+<q—1>1<q><p||z>)('q(p”z) pReip)

where D@ (z || p) is a g-deformation of the Kullback-Leibler divergence functional.

7. Conclusions

We have presented a non-parametric construction of a statistical Banach manifold where positive densities are
represented with the Tsallis g-exponential for the case 0 < g < 1. This representations of densities, using deformed
exponentials, has been considered by many authors in the finite dimensional setting [8,17]; moreover, the infinite
dimensional case is interesting from the conceptual point of view and the methodological point of view. Some examples
of such constructions can be found in [20]. The formalism for the g-exponential Banach manifold is derived in section [4],
noting that the standard case is recovered when ¢ — 1; nevertheless the manifolds constructed differ in the modeling
spaces. Since L (p - ) is a subset of L¥ (p - 1) for any Young function [3,21], it is interesting to find such a Young function
for which the modeling spaces, of the g-exponential and exponential manifolds, are related.

The use of L°(p- ) as a modeling space is interesting itself, since (u; —uy) € L (p-p) forq; = eqp(u1) and gz = eq p(uz);
and this is a necessary condition for defining an isomorphism between tangent spaces of the exponential manifold, which
can be understood as a parallel transport on the convex mixture of two densities—see [22]; so we expect that the explicit
construction of such an isomorphism in the g-exponential manifold should be well defined.

Many applications of statistical models and, particularly, parametric exponential models are known for when the
state space §2 is finite; moreover, it has been shown that certain parametric and infinitely many parametric models are
submanifolds of the exponential manifold, even if £2 is not finite—see [20]—so it should be investigated which statistical
models are submanifolds of the g-exponential manifold, i.e., which cases are covered by this new manifold.
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Since tangent vectors of this manifold are related to one-dimensional g-exponential models (regular curves) by
Proposition 15, and these reduce to exponential ones, an explicit calculation of the tangent bundle should show the one-
dimensional exponential models which are embedded in this manifold, and also the g-exponential family constructed in [8].

The functional 19 (z || p) given in (17) induces a Riemannian structure on 9,,; we expect this to be a flat one, and to
characterize the geodesic curves and parallel transports.
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