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ARTICLE INFO ABSTRACT
KEJ{WOM_SI The construction of images of the Earth’s interior using methods as reverse time migration
Finite difference scheme (RTM) or full wave inversion (FWI) strongly depends on the numerical solution of the wave

Courant-Friedrich-Lewy stability condition
Von-Neumann stability criteria
Riemannian acoustic wave equation

equation. A mathematical expression of the numerical stability and dispersion for a partic-
ular wave equation used must be known in order to avoid unbounded numbers of ampli-
tudes. In case of the acoustic wave equation, the Courant-Friedrich-Lewy (CFL) condition is
a necessary but is not a sufficient condition for convergence. Thus, we need to search other
types of expression for stability condition. In seismic wave problems, the generalized Rie-
mannian wave equation is used to model their propagation in domains with curved meshes
which is suitable for zones with rugged topography. However, only a heuristic version of
stability condition was reported in the literature for this equation. We derived an expres-
sion for stability condition and numerical dispersion analysis for the Riemannian acoustic
wave equation in a two-dimensional medium and analyzed its implications in terms of
computational cost.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

One of the most important features when simulating wave propagation into the earth is to design stable, accurate and
efficient numerical methods which represent the propagation phenomena and generate images of the earths interior which
represent its constitution, geometry, and layers distribution. Some of the methods that recently have been used to simulate
acoustic wave propagation in different scenarios and with several boundary conditions are [8] where the boundary element
method is used to solve 3D acoustic scattering; [13] used a hybrid methodology combining the finite element method and
the wave based method to maximize the advantages and compensate the drawbacks of both numerical methods; [3] devel-
oped the singular boundary method for wave propagation analysis to eliminate singularities of the fundamental solutions
and numerical evaluation of the singular integrals in the boundary element method. Nevertheless, the most straightforward
method is the finite-difference time-domain (FDTD) approximation of the solution of the wave equation simulated on rect-
angular meshes. This method faces some difficulties to properly model the earth since the geological structures of the earth
are described by rectangular meshes but the data acquisition can be made on irregular surfaces or rugged topography and
this important aspect is not considered usually into the FDTD method.
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Fig. 1. The transformation of coordinates given by equations ¢ allows to go from (a) to (b).

One way to include the topography of the acquisition surface is to perform a conformal transformation from a domain
with a curved upper surface to a rectangular Cartesian grid. The strategy of conformally transform the grids has been de-
veloped by many authors in curvilinear coordinates, for instance see [1,7,17], for the elastic wave equation and [18] for the
acoustic wave equation. In these works the wave equation is transformed (a smooth coordinate transformation) to be im-
plemented in a cartesian grid which conforms with a curved irregular grid, an orthogonality condition is possed and then
some terms with mixed partial derivatives of the wavefield vanish, and the result is a wave equation with a transformed
Laplacian operator. A FDTD scheme is used, and a stability condition is derived by Fourier analysis of the components of
the wavefield. [1], established a second order stable finite difference scheme for the elastic wave equation in a curvilinear
system, showing that the spatial operators in the method are self-adjoint for free-surface, nevertheless, the authors do not
present a stability criteria. Recently in [20], the Von-Neumann method was applied for stability and numerical dispersion
for a FD scheme for the diffusive-viscous wave equation, in that work the results obtained were compared with stability
condition for the acoustic case and revealed that the stability condition is more restrictive for the diffusive-viscous case on
which a smaller time step is required but numerical dispersion is also smaller than that in the acoustic case.

Nevertheless this approaches are dependent of the Euclidean structure to describe distances, angles between rays, over-
turning rays, the symmetries that the continuum may posses, among other issues. To properly describe the continuum in
terms of its material symmetries and the tensor operators that are naturally defined on it, it is necessary to provide a gen-
eral geometrical structure on which the propagation can be described in a general way. Riemannian geometry is one of the
general structures which allows us to formally describe an elastic boby and to obtain the equations of motion after a defor-
mation, see [9,12] proposed a Riemannian wave equation, as a pure eigenvalue equation by considering the Laplace-Beltrami
operator acting on a pressure field. [16] included the topography geometry in the acoustic Riemannian wave equation and,
[15] developed a FD scheme with conformal transformations of the domains. In this work, a stability condition is derived in
a heuristic way taking as the starting point the CFL stability condition and transforming it by means of the chain rule. For-
mally, this is not a stability condition since it is not including the area and distances transformations, which are geometrical
aspects intrinsically included in the metric tensor defined in a Riemannian manifold, and the time sampling resulting from
this analysis to ensure stability of the FDTD scheme is quite far of being optimal.

Our aim is to apply the Von-Neumann method to obtain a stability criteria for a second order and fourth order FD
scheme of the 2D Riemannian acoustic wave equation and compare it with the heuristic one used by Shragge (2014). For
numerical comparison, we also perform a wave propagation using two different topography profiles: a Gaussian 2D profile
and the Canadian Foothills profile, ([5]), a synthetic velocity model representing a zone in the British Columbia (Canada)
that shows several geological complexities common in that region. This velocity model allows us to show the dependence
of the stability criteria on the smoothness of the profile. Finally we analyze the numerical dispersion for the generalized
wave equation and compare it with the Cartesian acoustic wave equation.

2. 2D Riemannian wave equation

In this section we make a review of the formulation of the Riemannian wave equation which agrees with the wave
equations used by [12,14,15]. For a basic study on Riemannian manifolds the reader is referred to [10] and for the elastic
formulation on Riemannian manifolds see [9].

Let ¥ = [x1, X2]T be coordinates of a curved physical domain on which we want to solve the wave equation (Fig. 1b) and,
& =&, &]" a rectangular (regular) computational domain on which we actually compute the acoustic wavefield (Fig. 1a).
Consider a function x = ¢(§) that maps the computational domain onto the physical domain and the constant-density
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acoustic wave equation in a 2D Riemannian coordinate system defined by

1 02U

VEZUE—U—EW:Fg, (1)

where Ug = U(¢p(&),t) is a scalar wave field, the scalar Vg = v(¢p(&)) is the wave velocity and F = F(¢(&),t) is the source
distribution. The Jacobian of ¢ is

99
aE "’
and the Laplace-Beltrami operator V,? is described as [6]

2L (R0 ®

where |g| = det[gj;] is the determinant of g; with

J= (2)

(g1 =J1) and [g"1=[g;] - )

Let us take the coordinate transformation mapping ¢ as a diffeomorphism (it is an invertible and smooth function whose
inverse is smooth too) the basic question on that manifold is if the Jacobian J preserves area (volume), that is,

det[J]=1, thatimplies |g|=1. (5)

Eq. (5) makes the Laplace-Beltrami operator a good candidate to formulate acoustic wave equations on a Riemannian mani-
fold. Note that the transformation ¢ is a mapping that transforms the computational domain onto the physical domain in a
bijective way, preserving the area, and is at least twice differentiable. Using that transformation, we find a new expression
for the Laplace-Beltrami operator on the computational domain & to propose an acoustic wave equation.

Expanding the Laplace-Beltrami operator, we can re-write Eq. (3) in a more convenient way, as

iz[” 32} PO et (6)
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j=1

and as ,/|g| = 1, where
ool
Z g’ (7)

Therefore, using Eqs. (6) and (7) in Eq. (1), we have the Riemannian acoustic 2D wave equation given by
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Surface topography problem

The use of this coordinate transformation approach, allows to compute the acoustic wave propagation in topographic
coordinates.
The transformation that maps the rectangular domain onto the physical domain is given by

x1=¢1(61,86) =& (9)
Xo=051.6)=5+v (&),

where ¥ is a smooth function that represents the curved upper boundary of the physical domain. This function must be, at
least, twice differentiable. Thus, under that condition the function ¢ = (¢, ¢,) is a coordinate chart for the physical domain
which is being modeled on a regular Euclidean space (see, Fig. 1). The elements ¢i are geometric factors as the g’s, so they
have to be calculated only one time. For the specific transformation given in Eq. (9), we have:

aol(Een?) v ]! -y’ _
[gu]_{( v ) 1] [g*f]-[_w/ (1+<¢~)2>} and g/ =1. (10)

The ¢J coefficients are explicitly given by
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Therefore, using Eqs. (10) and (11) in Eq. (8), we get
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noting that ¥" and '’ are functions of &;.

3. 2D-second order Riemannian wave equation FD scheme

The finite-difference method is the most straightforward numerical approach used in seismic modeling due to its relative
accuracy and computational efficiency, nevertheless, the size of the time step is bounded by a stability criterion which is
an important factor affecting the accuracy of the results. This bound depends on the grid spacing and particularly, for the
Riemannian 2D wave equation, it also depends on geometrical factors.

3.1. Von-Neumann stability criteria of Riemannian 2D wave equation

The stability condition for the acoustic wave equation is widely known as the Courant-Friderichs-Lewy condition (CFL),
formely developed in 1928 [2] and can be found in novel works on seismic migration such as [4,11,19], among others. In
Cartesian two dimensional spaces this condition is given by

Ar

=< W, (13)

where
~1
Ar=[Ax7? + A% (14)

is the root-mean-square (RMS) of the spatial sampling and v(x) is the maximum value of the velocity model in the physical
grid.

In the Riemannian case, the only approach to it has been made by [15], who uses the chain rule in Eq. (13) to get the
expression:

1 : 9 2 [ 27
At§axargm£1n |:(£)11A§> +(8?A§> :| . (15)

To derive the appropriated stability condition we make use of the Von-Neumann method as follows:
The differential operators in Eq. (8), are expanded in a second order finite difference scheme as:
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where n, v, and k are the discretization variables for t, £;, and &,, respectively.
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The system of Eq. (16) replaced in the acoustic wave Eq. (1) with F=0 produces the recursive scheme

24,2

1 1 é
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valid up to order two in space and time. Now, consider a trial solution in the form
Upk=Upy+ €5k (18)

where UE is the exact solution (if it exists), u is the solution approximation and € is the error introduced up to the desired
order when approximating the solution. Assuming that Eq. (17) admits harmonic solutions in the form:

ug‘k — unei(l(]vAS]-chkASz) , (]9)

where i = +/—1 is the imaginary number and «{, and «, are wave numbers, we can expect that the error behaves in the
same way:

63\]{ — Gnei(KlvA§1+K2kA§2) ) (20)

Inserting Eq. (18) in the FD scheme Eq. (17) and taking into account that u satisfies the wave equation within the specified
order of accuracy, the resulting equation only involves €:
[2 cos(k1A&y) — 2]

eﬁ(l =2¢), — Vk +6vk(U£At)2< gS isin(k1A&y) + 1sm(;<2A,§2) +

E (Aé )?
]2 . . .

(A§ 2 [2 cos(kpy A&Ey) — 2] + 2A£§ A, —————2isin(k, A§1)2151n(K2A§2)>, (21)
that can be written as

€™1 = Be" -1, (22)

Denote

6n+l en

R= o T o (23)

then the previous expression is written as R2 — BR + 1 = 0, from which

2 _

R=2EVT A (24)

We want €", to be decreasing, so |R| <1, and this implies that the stability condition for the 2D Riemannian wave equa-
tion is

‘Bi\/LH) <2 (25)

If B is real, this expression could be replaced by two inequalities that would allow to solve for At. Nevertheless we
should evaluate this inequality numerically since it is not possible to solve for At because it contains nonstationary terms
associated with the metric tensor, explicitly depends on the space variables and, contains complex terms arising from mixed
derivatives.

For each fixed x;-value, we calculate B from Eq. (21), for a range of At from O to a value above the CFL-limit. In this
interval we take about a hundred values in an increasing way and, select for each value of x; the maximum At that satisfies
the inequality 25; the results of this procedure are shown in Figs. 4 and 8 for two different topographic profiles.

We also calculate the stability condition for the generalized acoustic wave equation using 4th order finite differences
equations for the spatial derivatives. Again we obtain a relation between €™!, €" and €"!, because they come from the
second derivative in time which is still approximated in a second order finite-difference equation. Then, this produces a 2"
order polynomial in R, therefore a stability condition similar to (25) given by the expression:

B=2 +v2(At)2{ <2C°S(K1 A&y)sin® (%KlAfl) B 14sin’ (;/ﬁAgl))g“

3AE?2 3AE?2

4sin(2k1 A&q) sin(ky A&y) 3 32sin(k1 A&p) sin(ka A&y)
IANEAE, 9AE1AS,
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Fig. 2. Mountain profile given by v (x;) = he=%
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Fig. 3. Snapshot for the propagation of a Ricker pulse in a medium with constant velocity and a upper boundary given by ¥ (x;) = he~®’Xi. The value of
At used for the propagation is 4 x 10~3s, which is in agreement with the numeric limit shown in Fig. 4 but not with the heuristic limit.
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3.2. Numerical dispersion analysis

The numerical dispersion analysis is performed by the relation between the phase velocity and the frequency or equiv-
alently, between phase velocity and the number of points per wavelength (ppw). In the absence of dispersion, the phase
velocity is constant. To find this relation, the plane wave solution (19) is substituted in Eq. (17) which, up to order 2, gives
the following equation:

eg‘k _ ei(KlvA§1+xzkA§‘2—a)nAt) . (27)
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Fig. 4. Stability condition for the Riemannian acoustic wave equation with an upper boundary given by a Gaussian function.The solid line corresponds to
the numerical solution of the expression (25). The minimum At for the numeric limit is 4.1 x 10-3s and for the heuristic limit is 1.8 x 106,
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Fig. 5. Boundary of a sub-sampled model of the Canadian Foothills with size 334x200.
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Fig. 6. Smoothed boundary using a moving average, for the sub-sampled model of the Canadian Foothills model.

To derive the dispersion relation, the harmonic plane wave in Eq. (27) is used in Eq. (16), to obtain

—2g11  2cos(dépcos(f))g
2cos(wAL) = 2 + ”Z(At)z[ Aé%l ! S]déf ]
_sin(d&; pcos(f)) sin(d&psin(9))gi2 282 N 2 cos(d&;psin(6))ga
4&1dE; 2 dé3
Jrl.sin(délft)jg(l)s(G))gﬁ +isin(d€2(p;§in(9))§zi| = f(£),0, A&, A&, D), (28)
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Fig. 7. Snapshots of the propagation of a Ricker pulse in a constant velocity model with a upper boundary corresponding to a sub-sampled version of
the Canadian Foothills with size 334x200. The value of At used for the propagation was 10-3s, which is in agreement with the numeric limit shown in
Fig. 8 but not with the heuristic limit. The CFL limit for a Cartesian version of this model would be 5.9 x 10~3s which implies that the computational cost
is 143% bigger using the Riemannian acoustic wave equation. The mountain boundary was smoothed with a moving average. A secondary wavefront is due
to the reflection of the wave in the rugged surface.
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Fig. 8. Stability condition for the Riemannian acoustic wave equation for the sub-sampled Canadian Foothill velocity model. The solid line is the numerical
solution of the expression (25). The minimum At for the numeric limit is 4 x 10~3s and for the heuristic limit is 2 x 10~4s.

where p is the modulus of the wavenumber vector and 6 is the argument. Eq. (28) allows to find the relation between the
grid points per wavelength G; = A/A&;, G, = A/A&;, and the normalized phase velocity Cp/v = (w/k)/v, since

G wl o A A o

Vo kv-awaE v — 2 OhE (29)
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Fig. 9. Smoothed sections for the sub-sampled Canadian Foothills model with different degree of smootheness.
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Fig. 10. Maximum At allowed for different degrees of smoothness for a section the sub-sampled Canadian Foothills model. The graphs correspond to the

boundary shown in Fig. 5, smoothed 1, 5 and 20 times and, the respective limits for At are 0.0032 s, 0.0041 s and 0.0054 s

and
Gy 2w vAt Gy 2mc
WAL= T AE TV G

where ¢ = vAt/A£ is the Courant-Friedrich-Levy number.
Replacing expression (31) in Eq. (28) we get

G G
= ﬁarccos(f(E],@, AE, D)),

where we take A& = A&, = A& for simplicity and f is defined by Eq. (28).

(30)

(32)
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Fig. 11. Maximum At allowed for different frequencies. For frequencies bigger than 80Hz the curves lie between those of top and the bottom shown.

4. Numerical results

In this section we investigate, the 2D acoustic wave propagation for two topographic coordinates, in the following as-
pects: (i) stability criteria and, (ii) numerical dispersion. These computational meshes provide informative tests of the gen-
eralized 2D acoustic wave equation theory and dummyTXdummy- of the implementation of the 2D FDTD numerical scheme
described above.

4.1. Numerical stability

As a first example we solved the acoustic Riemannian wave Eq. (1) for a domain with constant velocity and an upper

boundary given by ¥ (x;) = he=®*t with h=3 and a = 0.5, shown in Fig. 2. Several snapshots for the propagation in that
domain are shown in Fig. 3. The stability condition was evaluated numerically using values for At from 0.6 s to 0 s and
taking the biggest value of At that satisfies (25) at each point £4. Since in transformation (9), £&; = x;, we can evaluate the
stability condition in terms of x; directly. The result are shown in Fig. 4. In Fig. 4 the numeric limit is found by solving
numerically the expression (25) and the heuristic limit is the one given by Eq. (15).

As a second example we solved Eq. (1) for a domain with a constant velocity (4 Km/s) and an upper boundary corre-
sponding to the Canadian Foothills velocity model. The size of the model is 1668x1000, nevertheless for our analysis we
used a sub-sampled version, taking one sample for each 5 points of the model in both directions. The size of the sub-
sampled version used in this work is 334x200. Several snapshots of the propagation of a Ricker pulse in this model are
shown in Fig. 7.

Since the calculations of the coefficients ¢; requires the use of second derivatives, the mountain boundary should be
smooth in order to avoid divergences, so we smoothed the original boundary of the sub-sampled model that is shown if
Fig. 5 using a simple moving average: the height of each point of the mountain was recalculated as the simple mean of
the two nearest neighbors. Fig. 6 shows the result of the application of this moving average after smoothing 5 times. The
profile on Fig. 6 is the one used for the propagation in Fig. 7. As shown in Fig. 8, the numeric limit for At is bigger than
the heuristic limit. Let us define here the degree of smoothness of the profile as the number of times it was smoothed with
the simple moving average. We evaluated the stability condition (25) for different degrees of smoothness for the profile of
Fig. 5 and found that the minimum At depends on this degree. The profiles for the several degrees of smoothness we used
are shown in Fig. 9 and the respective limits for At are shown in Fig. 10.

Additionally we studied the dependence of the condition (25) on the frequency and found that the maximum At allowed,
strongly depends on the particular values of the frequency used. For the propagation we used a Ricker pulse of central
frequency 6Hz but it is obviously composed of a wide range of frequencies. Viewing the power spectrum of this pulse we
identified a range from 1Hz to 80Hz approximately, so we evaluated Eq. (25) for different values in this range. The results
are shown in Fig. 11.

The results for the stability condition for a section of the Canadian Foothills model at second and fourth order approxi-
mations are shown in Fig. 12.
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Fig. 12. Comparison of the stability conditions of order 2 and 4 in the spatial derivatives for the Riemannian acoustic wave equation. The maximum At
allowed for the 2nd order scheme is 0.0041 s and for the 4th order is 0.0037 s. The frecuency used is 40 Hz.
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Fig. 13. Dispersion analysis for the sub-sampled Canadian Foothills model with size 334x200. The graph shows that the normalized velocity C,/v does not
get the expected value of 1 for a large number of grid points per wavelength. This plot is for 6 = 0.

4.2. Dispersion analysis

Finally, we performed a dispersion analysis using Eq. (32), which allows to observe the variation of the normalized ve-
locity Cp/v as the number of points per wavelength varies. Fig. 13 shows the result when we take the an angle 6 = 0 for
the wavenumber and Fig. 14 shows the result when the angle is 7 /2. For comparisons, we calculated the dispersion for the
acoustic wave equation in the Euclidean case and, the result shown in Fig. 15, shows a behavior that is expected: that for a
number of points per wavelength large enough the normalized velocity tends to 1. In Fig. 15, after a value of the grid point
per wavelength around 14, the normalized velocity remains stabilized. Contrary to the expected result, Fig. 13 shows that
no matter the number of point per grid taken, C,/v is not stabilized, which means that different frequencies have different
values of the phase velocity C, producing wavefronts that are deformed as time runs. This effect is more dramatic for an
angle of the wavenumber vector of 6 = /2 as shown in Fig. 14.
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Fig. 14. Dispersion analysis for the sub-sampled Canadian Foothills model of size 334 x 200. The graph shows that the normalized velocity C,/v does not
get the expected value of 1 for a large number of grid points per wavelength. This plot is for 6 = 7 /2.
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Fig. 15. Dispersion analysis for a constant velocity model with Cartesian metric and flat surface with size 334x200. The graph shows that the normalized
velocity Cp/v get the expected value of 1 for a large number of grid points per wavelength.

5. Conclusions

The numerical experiments show that the time step implied by the stability condition strongly depends on the degree of
smoothness of the topographic profile so, to obtain time steps suitable for calculations we must represent the topography
with curves that may not perfectly match each point of the true profile.

There is a clear difference between the time step given by the heuristic stability condition and the time step given by
the limit obtained rigorously.

The limits obtained for the time sampling show that the computational cost of the propagation using a FDTD scheme
for the Riemannian 2D acoustic wave equation is bigger than the same simulation with the usual acoustic wave equation
(around 143%) bigger for a particular case shown.

Different transformations from the physical domain onto the computational domain, imply different metric tensors and
then, different limits for the time step required for stability.

This kind of transformations imply very strong numerical dispersion which suggests that the Riemannian approach to
the solution of the acoustic wave equation does not seem to be convenient for RTM or FWI.

The stability and numerical dispersion analysis for other kind of transformation of domains can be achieved using the
same general expressions given in this work, just by replacing the corresponding metric tensor.

An analogous analysis can be made for 3D Riemannian wave propagation by defining an appropiate boundary map (co-
ordinate chart ¢). We would expect to find similar numerical results for the stability analysis in a 3D scenario, i.e, strong
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depence of the numerical stability on the smoothness degree of the topographic profile and a notorious numerical dispersion
as in the 2D case.
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