
 
Closed-form Solution of Timoshenko Frames on Elastic Winkler Foundation Using 

the Green's Function Stiffness Method 

Solución Analítica de Marcos de Timoshenko Sobre Fundación Elástica de Winkler 
Usando el Método de Rigidez con Funciones de Green 

 

 

 

CRISTIAN DANIEL POSSO SABOGAL 

JUAN CAMILO MOLINA VILLEGAS 

JORGE ELIECER BALLESTEROS ORTEGA 

 

Artículo 

 

 

 

 

Asesor, docente 

JUAN CAMILO MOLINA VILLEGAS 

 

 

 

 

UNIVERSIDAD EAFIT 

ESCUELA DE CIENCIAS APLICADAS E INGENIERÍA 

MAESTRÍA EN INGENIERÍA 

MEDELLÍN 

2024



Contents lists available at ScienceDirect

European Journal of Mechanics / A Solids

journal homepage: www.elsevier.com/locate/ejmsol

Full Length Article

Closed-form solution of Timoshenko frames on elastic Winkler foundation
using the Green’s function stiffness method
Cristian Posso a, Juan Camilo Molina-Villegas a,∗, Jorge Eliecer Ballesteros Ortega b

a Escuela de Ciencias Aplicadas e Ingeniería, Universidad EAFIT, Medellín, Colombia
b Dept. of Civil, Environmental, and Construction Engineering, University of Central Florida, Orlando, FL 32816, USA

A R T I C L E I N F O

Keywords:
Timoshenko beam
Elastic Winkler foundation
Static analysis
Closed-form solution
Green’s functions
Mesh reduction method
Green’s function stiffness method
Finite element method
Transcendental Finite element method

A B S T R A C T

This paper presents a method to obtain the exact closed-form solution for the static analysis of Timoshenko
beams and frames on elastic Winkler foundation, subjected to arbitrary external loads and bending moments.
The solution is derived using the Green’s Functions Stiffness Method (GFSM), a novel mesh reduction method
that combines the strengths of the Stiffness Method (SM) and Green’s Functions (GFs). By incorporating the
core concepts of the SM, the GFSM exhibits similarities to the Finite Element Method (FEM), including the use
of shape functions, stiffness matrices, and fixed-end forces. The application of GFs facilitates the derivation
of analytical expressions for displacement and internal force fields for arbitrary external loads and bending
moments. Three examples are presented: a single-span beam, a two-span beam, and a one-bay, one-story plane
frame on elastic Winkler foundations; which demonstrate applicability and efficacy of the method.

1. Introduction

The analysis of beams on elastic foundations is fundamental in various engineering disciplines, including geotechnical, civil, mechanical,
biomechanical, and aerospace engineering. This modeling approach has been extensively utilized for analyzing foundation beams and piles (Hetényi
and Hetbenyi, 1946), pavements (Beskou and Muho, 2023), railroad tracks (Lamprea-Pineda et al., 2022), orthopedic implants (Bechtold and Riley,
1991), the deformation of the Earth’s lithosphere (Turcotte and Schubert, 2002), and numerous other engineering applications (Frydrýšek et al.,
2023). In recent decades, the application of this structural model in nanomechanics has grown exponentially. Nanobeams on nano-foundations
have been used to model advanced structural elements, such as functionally graded porous nanobeams employed in MicroElectroMechanical
Systems (MEMS), sensors, and solar cells; where the unique combination of mechanical strength and electrical conductivity of carbon nanotubes
is advantageous (Pham et al., 2022). Also, they are used to simulate protein microtubules within cellular structures (Alhebshi et al., 2022) and
viruses (Dastjerdi et al., 2022). The versatility and effectiveness of this approach make it an indispensable tool for understanding the behavior and
interaction of macro and microstructures with their foundations.

The Euler–Bernoulli Beam Model (EBBM) (Euler, 1744) is the most widely used model for analyzing beams. The EBBM assumes that shear
deformation is negligible, and the transverse cross-sections of an undeformed beam remain plane and perpendicular to the neutral axis after
deformation. This assumption limits its applicability primarily to slender beams. To overcome these limitations, more advanced beam theories
have been developed, with the Timoshenko Beam Model (TBM) (Timoshenko, 1921; Elishakoff, 2019) and the Reddy Beam Model (RBM) (Ruocco
and Reddy, 2023) being among the most prominent. The TBM incorporates a first-order shear deformation theory, which considers that plane
sections remain plane but not necessarily perpendicular to the neutral axis. In contrast, the RBM is a third-order theory which proposes that
sections after deformation are neither plane nor perpendicular to the neutral axis, ensuring zero shear stress at the beam’s top and bottom surfaces.
Unlike the TBM, the RBM does not require a shear correction factor (Timoshenko, 1922; Cowper, 1966; Faghidian and Elishakoff, 2023). Other
significant beam models have been developed to address these and additional common limitations (Touratier, 1991; Silvestre and Camotim, 2002;
Shi and Voyiadjis, 2010; Neves et al., 2011; Carrera et al., 2011; Mantari et al., 2011; Challamel et al., 2013; Zenkour, 2013; Benzid and Tati,
2023; Kenanda and Hammadi, 2023).

Despite the complexity of soil mechanical properties and their interaction with beams, two recognized models offer different approaches to
study these aspects. The first is the Continuous Medium Model (CMM) (Boussinesq, 1885; Worku, 2012; Worku and Degu, 2012) which analyzes
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a beam resting on a half-space, considering the soil as a continuous tridimensional medium. The second approach involves Mechanical Models
(MMs), where the soil is idealized using simplified models that can be readily integrated into traditional beam models. Although MMs generally
offer less accuracy compared to CMMs, they have simpler mathematical formulations enabling analytical solutions. MMs are typically categorized
into one-parameter, two-parameter, and three-parameter models, depending on the complexity of the represented soil behavior.

The Winkler model (Winkler, 1867) is a well-known one-parameter model that represents the foundation as a continuous series of infinite,
independent, linear-elastic transverse springs. This model offers a simplified approximation of soil behavior while providing reasonable results
in many practical scenarios (Shirima and Giger, 1992). To address the limitations of one-parameter models, two-parameter models have been
developed, incorporating a second parameter to consider the coupling effects among the springs. Notable examples include models proposed by
Filonenko-Borodich, Pasternak, Vlasov, Hetényi, and Selvadurai, among others (Filonenko-Borodich, 1940; Pasternak, 1954; Vlasov, 1966; Fletcher
and Hermann, 1971; Selvadurai, 1979; Scott, 1981; Zhaohua and Cook, 1983; Nogami and O’Neill, 1985). Three-parameter models further enhance
the representation of stress distribution by introducing an additional parameter (Avramidis and Morfidis, 2006). Significant contributions in this
area have been made by Kerr, Reissner, and others (Hetényi, 1950; Kerr, 1965; Reissner, 1967; Vallabhan and Das, 1988).

Numerous studies have investigated the static behavior of various beam types on different foundation models using MMs. Hetényi and Hetbenyi
(1946) presented analytical solutions for displacement and internal force fields were derived for Euler–Bernoulli frames with constant and variable
flexural rigidity on elastic Winkler foundation. Stiffness matrices and fixed-end force vectors for Timoshenko beams on elastic Winkler foundation
were determined by Cheng and Pantelides (1988), and Aydoğan (1995). Additionally, Lignola et al. (2017) derived equations applicable to only
one of the three cases of the characteristic equation obtained in the analysis of Timoshenko beams on Winkler’s foundation. Yin (2000a) provided
solutions for the displacement and internal force fields of reinforced Timoshenko beams on elastic Winkler foundations using Fourier series.

The concept of Green’s Functions (GFs), also known as fundamental solutions, is a key mathematical tool for solving complex problems
governed by Differential Equations (DEs) (Challis and Sheard, 2003), and form the basis of the Direct Boundary Element Method (BEM) (Banerjee
and Butterfield, 1981) and Indirect Boundary Element Method (Sánchez-Sesma et al., 1993). They have been widely used to solve structural
problems, Ghannadiasl and Mofid (2014), Hozhabrossadati et al. (2015) and Han et al. (2017) used GFs that involve the dynamic response of
Euler–Bernoulli and Timoshenko beams. Rezaiee-Pajand et al. (2018) obtained exact thermo-mechanical static responses of curved circular Euler–
Bernoulli beams using GFs. For beams on elastic foundations, Molina-Villegas et al. (2021) computed the response of Euler–Bernoulli beams on
elastic Winkler foundation. Wang and He (1998) extended the GFs developed by Lueschen et al. (1996) to calculate the response of Timoshenko
beams on Winkler, Pasternak, generalized, and Vlasov foundation models. Additionally, Naghdi (1980) derived GFs for thin elastic semicircular
plates and used them to obtain closed-form solutions.

For the dynamic analysis, Ruge and Birk (2007) explored frequency and time domain solutions to compare infinite Euler–Bernoulli and
Timoshenko beams on elastic Winkler foundation. Arboleda-Monsalve et al. (2008) determined the dynamic stiffness matrix and fixed-end forces
for Timoshenko beam–columns on elastic foundation. Deng et al. (2017) computed the exact dynamic stiffness matrix for a double-functionally
graded Timoshenko beam. Esen (2019) developed a Finite Element Method (FEM) formulation to analyze the vibration of functionally graded
Timoshenko beams. The aforementioned studies utilized two-parameter foundation models, whereas (Morfidis, 2010) investigated the natural
vibration of Timoshenko beams on a Kerr-type three-parameter foundation. Also, the analysis of dynamic nanobeams on elastic foundation have
been studied (Akgöz and Civalek, 2018; Al-Furjan et al., 2021; Avcar et al., 2021).

Despite the development of numerous methods for the static analysis of Timoshenko beams and frames on elastic Winkler foundations, a closed-
form solution for these elements under arbitrary external loads and bending moments has not yet been developed. This paper addresses that gap
by introducing a novel formulation of the Green’s Functions Stiffness Method (GFSM) for the static analysis of Timoshenko beams and frames on
elastic Winkler foundations.

The GFSM is a novel mesh reduction technique that combines the strengths of the Stiffness Method (SM) and GFs (Molina-Villegas and Ballesteros
Ortega, 2023a). By integrating core concepts from the SM, the GFSM shares similarities with the FEM, such as shape functions, stiffness matrices,
and fixed-end forces. The primary advantage of the GFSM over FEM and other numerical methods, such as the Finite Difference Method (FDM), the
differential quadrature method, and the Rayleigh–Ritz method, is its ability, as an analytical method, to achieve closed-form solutions for linear
problems without the need of the dense meshes typically required in FEM and FDM. Moreover, the GFSM is a specialized form of the Transcendental
Finite Element Method (TFEM) (Kennedy et al., 2004; Ilanko, 2005; Onu, 2008; Adhikari et al., 2021; Adhikari and Bhattacharya, 2021; Adhikari,
2021) in which are included GFs to achieve closed-form solutions.

The GFSM has proven its effectiveness in the analysis of uniform Euler–Bernoulli beams on elastic Winkler foundations with and without
semi-rigid connections (Molina-Villegas, 2021; Molina-Villegas et al., 2022), uniform Timoshenko frames with and without semi-rigid connec-
tions (Molina-Villegas and Ballesteros Ortega, 2023b,c), and axially non-uniform Euler–Bernoulli and Timoshenko frames (Molina-Villegas et al.,
2023, 2024). This paper is unique in its focus on the analysis of uniform Timoshenko beams and frames on elastic Winkler foundations.

This paper is organized into seven sections. Section 2 describes the decomposition of the Timoshenko frame on elastic Winkler foundation into
Timoshenko beam on elastic foundation and rod elements. Sections 3 and 4 present the formulation of the GFSM for the Timoshenko beam on elastic
Winkler foundation and the rod element, respectively, focusing on the most practical case of the characteristic equation. Section 5 combines the
results from the two previous sections to develop the GFSM formulation for the Timoshenko frame on elastic Winkler foundation element. Section 6
provides three examples demonstrating the applicability and effectiveness of the GFSM. Section 7 summarizes the key findings and conclusions.
Finally, Appendices A and B offer the GFSM formulation for the Timoshenko frame on elastic Winkler foundation in the remaining cases of the
characteristic equation, while Appendix C introduces a novel variational FEM formulation based on the relation between the analytical cross-section
rotation and the analytical transverse displacement shape functions.

2. Decomposition of the frame element

The element to be analyzed is the Timoshenko frame on elastic Winkler foundation, as shown in Fig. 1. It is subjected to: (𝑎) an external
distributed axial load along the 𝑥-axis direction 𝑝(𝑥), (𝑏) an external distributed transverse load along the 𝑦-axis direction 𝑞𝑣(𝑥), (𝑐) a distributed
load exerted by the soil along the local 𝑦-axis 𝑓𝑠(𝑥), and (𝑑) external distributed bending moments about the 𝑧-axis direction 𝑞𝜃(𝑥). The material of
the element is homogeneous and linear-elastic, characterized by Young’s modulus 𝐸 and shear modulus 𝐺. Its transverse cross-sectional properties
include a shear coefficient 𝜅, an area 𝐴, a shear area 𝐴𝑠 (𝐴𝑠 = 𝜅𝐴), and the second moment of area about the 𝑧-axis 𝐼 . The soil is modeled as a
linear-elastic Winkler foundation with a stiffness per unit length denoted by 𝑘.
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Fig. 1. Timoshenko frame on elastic Winkler foundation element and its transverse cross-section.

Fig. 2. Internal forces positive sign convention.

Fig. 3. Decomposition of the Timoshenko frame on elastic Winkler foundation element as a Timoshenko beam on elastic Winkler foundation and a rod elements.

The internal forces of the element are: axial force 𝑃 (𝑥), shear force 𝑉 (𝑥), and bending moment 𝑀(𝑥), all of which follow to the positive sign
convention depicted in Fig. 2.

Utilizing a first-order theory, where the transverse and axial behaviors of the element are decoupled, allows the independent analysis of a
Timoshenko beam on elastic Winkler foundation element (Section 3) and a rod element (Section 4), as illustrated in Fig. 3.

3. Formulation of the GFSM for the Timoshenko beam on elastic Winkler foundation element

By applying Hooke’s law and integrating the stresses over the transverse cross-section, the internal forces in the Timoshenko beam on elastic
Winkler foundation can be determined as follows Reddy (2019):

𝑉 (𝑥) = 𝐴𝑠𝐺
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]

, (1a)

𝑀(𝑥) = 𝐸𝐼 d𝜃
d𝑥 (𝑥), (1b)

where 𝑣(𝑥) is the transverse displacement field, positive in the 𝑦-axis direction, and 𝜃(𝑥) is the cross-section rotation field, positive about the 𝑧-axis
(counterclockwise).

The transverse and rotational equilibrium for each point of the Timoshenko beam on elastic Winkler foundation element leads to the following
DEs:

d𝑉
d𝑥 (𝑥) − 𝑘 ⋅ 𝑣(𝑥) = −𝑞𝑣(𝑥), (2a)

d𝑀
d𝑥 (𝑥) + 𝑉 (𝑥) = −𝑞𝜃(𝑥), (2b)

where the term −𝑘 ⋅ 𝑣(𝑥) in Eq. (2a) represents the distributed load exerted by the soil in the transverse direction (Lamprea-Pineda et al., 2022):

𝑓𝑠(𝑥) = −𝑘 ⋅ 𝑣(𝑥). (3)
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Fig. 4. Decomposition of the response of the Timoshenko beam on elastic Winkler foundation element.

Using Eqs. (1) and (2), the governing DE for the Timoshenko beam on elastic Winkler foundation element (Li et al., 2016) is obtained:

d4𝑣
d𝑥4

(𝑥) − 𝑘
𝐴𝑠𝐺

d2𝑣
d𝑥2

(𝑥) + 𝑘
𝐸𝐼

𝑣(𝑥) = 1
𝐸𝐼

𝑞𝑣(𝑥) −
1

𝐴𝑠𝐺
d2𝑞𝑣
d𝑥2

(𝑥) − 1
𝐸𝐼

d𝑞𝜃
d𝑥 (𝑥), (4)

also, using a similar approach (Yin, 2000b; Al-Sadder and Wahshat, 2012), a relation between the cross-section rotation and the transverse
displacement fields can be obtained:

𝜃(𝑥) = 𝐸𝐼
𝐴𝑠𝐺

d3𝑣
d𝑥3

(𝑥) +

[

1 − 𝐸𝐼𝑘
(

𝐴𝑠𝐺
)2

]

d𝑣
d𝑥 (𝑥) +

𝐸𝐼
(

𝐴𝑠𝐺
)2

d𝑞𝑣
d𝑥 (𝑥) + 1

𝐴𝑠𝐺
𝑞𝜃(𝑥). (5)

The formulation of the GFSM for the Timoshenko beam on elastic Winkler foundation is based on the solution of the DE (4), utilizing a strong
formulation. This approach requires specifying four prescribed Boundary Conditions (BCs), which are the transverse displacements and cross-section
rotations at the element ends. The resulting Boundary Value Problem (BVP) is defined as follows:

d4𝑣
d𝑥4

(𝑥) − 𝑘
𝐴𝑠𝐺

d2𝑣
d𝑥2

(𝑥) + 𝑘
𝐸𝐼

𝑣(𝑥) = 1
𝐸𝐼

𝑞𝑣(𝑥) −
1

𝐴𝑠𝐺
d2𝑞𝑣
d𝑥2

(𝑥) − 1
𝐸𝐼

d𝑞𝜃
d𝑥 (𝑥), (6a)

𝑣(0) = 𝑣𝑖, (6b)

𝜃(0) = 𝜃𝑖, (6c)

𝑣(𝐿) = 𝑣𝑗 , (6d)

𝜃(𝐿) = 𝜃𝑗 , (6e)

where 𝑣𝑖 and 𝑣𝑗 are the 𝑦-axis displacements at 𝑥 = 0 and 𝑥 = 𝐿, respectively, whereas 𝜃𝑖 and 𝜃𝑗 denote the rotations of the transverse cross-section
at the same points.

To solve the BVP (6), the transverse displacement field is decomposed into a homogeneous solution 𝑣ℎ(𝑥) (see Fig. 4(a) for its physical
interpretation), and a particular or ‘‘fixed’’ solution 𝑣𝑓 (𝑥) (see Fig. 4(b) for its physical interpretation). This implies that the response fields are
decomposed as:

𝑣(𝑥) = 𝑣ℎ(𝑥) + 𝑣𝑓 (𝑥), (7a)

𝜃(𝑥) = 𝜃ℎ(𝑥) + 𝜃𝑓 (𝑥), (7b)

𝑉 (𝑥) = 𝑉ℎ(𝑥) + 𝑉𝑓 (𝑥), (7c)

𝑀(𝑥) =𝑀ℎ(𝑥) +𝑀𝑓 (𝑥), (7d)

where the terms with the subscript ℎ correspond to the homogeneous solution, while those with the subscript 𝑓 belong to the fixed solution.
The homogeneous response is determined in Section 3.1, while the fixed response is obtained in Section 3.2.

3.1. Homogeneous response

The governing BVP for the homogeneous problem of the Timoshenko beam on elastic Winkler foundation element is:

d4𝑣ℎ
d𝑥4

(𝑥) − 𝑘
𝐴𝑠𝐺

d2𝑣ℎ
d𝑥2

(𝑥) + 𝑘
𝐸𝐼

𝑣ℎ(𝑥) = 0, (8a)

𝑣ℎ(0) = 𝑣𝑖, (8b)

𝜃ℎ(0) = 𝜃𝑖, (8c)

𝑣ℎ(𝐿) = 𝑣𝑗 , (8d)

𝜃ℎ(𝐿) = 𝜃𝑗 . (8e)

A straightforward method to compute the homogeneous transverse displacement field is to rewrite the homogeneous governing DE (8a) as follows:

d4𝑣ℎ
d𝑥4

(𝑥) − 4𝜆2𝑠
d2𝑣ℎ
d𝑥2

(𝑥) + 4𝜆4𝑓 𝑣ℎ(𝑥) = 0, (9)
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where

𝜆𝑠 =
√

𝑘
4𝐴𝑠𝐺

, (10a)

𝜆𝑓 = 4

√

𝑘
4𝐸𝐼

. (10b)

From Eq. (5), the homogeneous cross-section rotation field can be obtained in terms of 𝜆𝑠 and 𝜆𝑓 as:

𝜃ℎ(𝑥) =
d𝑣ℎ
d𝑥 (𝑥) +

𝜆2𝑠
𝜆4𝑓

[

d3𝑣ℎ
d𝑥3

(𝑥) − 4𝜆2𝑠
d𝑣ℎ
d𝑥 (𝑥)

]

. (11)

The homogeneous DE (9) can be solved using the test solution 𝑣ℎ(𝑥) = e𝜆𝑥. Substituting this into Eq. (9) yields the following equation:

𝜆4 − 4𝜆2𝑠𝜆
2 + 4𝜆4𝑓 = 0. (12)

Using the change of variable 𝑠 = 𝜆2 in expression (12), the characteristic equation is obtained:

𝑠2 − 4𝜆2𝑠𝑠 + 4𝜆4𝑓 = 0, (13)

from which it is clear that its solution is:

𝑠 = 2𝜆2𝑠 ± 2
√

(

𝜆𝑠 − 𝜆𝑓
) (

𝜆𝑠 + 𝜆𝑓
)

(

𝜆2𝑠 + 𝜆
2
𝑓

)

. (14)

In Eq. (14), three cases are identified for the solution of the characteristic equation: 𝜆𝑠 < 𝜆𝑓 , 𝜆𝑠 = 𝜆𝑓 , and 𝜆𝑠 > 𝜆𝑓 . Throughout the remaining
sections of the paper, including the current one, the focus is primarily directed towards the scenario where 𝜆𝑠 < 𝜆𝑓 because it is the most widely
used in real-world problems. However, in Appendices A and B, there are provided solutions for the cases where 𝜆𝑠 = 𝜆𝑓 , and 𝜆𝑠 > 𝜆𝑓 , respectively.

In light of the aforementioned case of interest, Eq. (14) can be expressed as:

𝑠 = (𝛼 ± 𝛽i)2 , (15)

where

𝛼 =
√

𝜆2𝑓 + 𝜆2𝑠 , (16a)

𝛽 =
√

𝜆2𝑓 − 𝜆2𝑠 , (16b)

i =
√

−1. (16c)

Then, the four roots of Eq. (12) are given by:

𝜆1 = +𝛼 + 𝛽i, (17a)

𝜆2 = +𝛼 − 𝛽i, (17b)

𝜆3 = −𝛼 + 𝛽i, (17c)

𝜆4 = −𝛼 − 𝛽i, (17d)

and the solution for 𝑣ℎ(𝑥) can be written as:

𝑣ℎ(𝑥) = 𝐷1 cosh(𝛼𝑥) cos(𝛽𝑥) +𝐷2 cosh(𝛼𝑥) sin(𝛽𝑥) +𝐷3 sinh(𝛼𝑥) cos(𝛽𝑥) +𝐷4 sinh(𝛼𝑥) sin(𝛽𝑥). (18)

By substituting Eq. (18) into Eq. (11), the homogeneous cross-section rotation field is obtained:

𝜃ℎ(𝑥) = 𝑅1 cosh(𝛼𝑥) cos(𝛽𝑥) + 𝑅2 cosh(𝛼𝑥) sin(𝛽𝑥) + 𝑅3 sinh(𝛼𝑥) cos(𝛽𝑥) + 𝑅4 sinh(𝛼𝑥) sin(𝛽𝑥), (19)

where

𝑅1 = 𝜂𝐷3 + 𝜙𝐷2, (20a)

𝑅2 = 𝜂𝐷4 − 𝜙𝐷1, (20b)

𝑅3 = 𝜂𝐷1 + 𝜙𝐷4, (20c)

𝑅4 = 𝜂𝐷2 − 𝜙𝐷3; (20d)

𝜂 = 𝛼
(

3𝛽2 − 𝛼2

𝛼2 + 𝛽2

)

, (20e)

𝜙 = 𝛽
(

3𝛼2 − 𝛽2

𝛼2 + 𝛽2

)

. (20f)

Finally, by using Eqs. (18) and (19) to solve the BVP (8), we obtain the solutions for the transverse displacement and cross-section rotation fields:

𝑣ℎ(𝑥) = 𝜓𝑣2 (𝑥)𝑣𝑖 + 𝜓
𝑣
3 (𝑥)𝜃𝑖 + 𝜓

𝑣
5 (𝑥)𝑣𝑗 + 𝜓

𝑣
6 (𝑥)𝜃𝑗 , (21a)

𝜃ℎ(𝑥) = 𝜓𝜃2 (𝑥)𝑣𝑖 + 𝜓
𝜃
3 (𝑥)𝜃𝑖 + 𝜓

𝜃
5 (𝑥)𝑣𝑗 + 𝜓

𝜃
6 (𝑥)𝜃𝑗 , (21b)

European Journal of Mechanics / A Solids 109 (2025) 105457 

5 



C. Posso et al.

where

𝜓𝑣2 (𝑥) =

(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

cosh (𝛼𝑥) cos (𝛽𝑥) − 𝜂 (𝜂 ⋅ c ⋅ s + 𝜙 ⋅ ch ⋅ sh) cosh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2

+
𝜙 (𝜂 ⋅ c ⋅ s + 𝜙 ⋅ ch ⋅ sh) sinh (𝛼𝑥) cos (𝛽𝑥) − 𝜂𝜙

(

c2 − ch2
)

sinh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
,

(22a)

𝜓𝑣3 (𝑥) =
−𝜙 ⋅ sh2 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜂 ⋅ s2 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥) + (𝜙 ⋅ ch ⋅ sh − 𝜂 ⋅ c ⋅ s) sinh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
, (22b)

𝜓𝑣5 (𝑥) =
(𝜂 ⋅ ch ⋅ s + 𝜙 ⋅ c ⋅ sh) [𝜂 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥) − 𝜙 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥)] −

(

𝜂2 + 𝜙2) ⋅ sh ⋅ s ⋅ sinh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
, (22c)

𝜓𝑣6 (𝑥) =
sh ⋅ s ⋅ [−𝜂 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜙 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥)] + (𝜂 ⋅ ch ⋅ s − 𝜙 ⋅ c ⋅ sh) sinh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
, (22d)

𝜓𝜃2 (𝑥) =

(

𝜂2 + 𝜙2)
[

𝜙 ⋅ sh2 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜂 ⋅ s2 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥) − (𝜂 ⋅ c ⋅ s + 𝜙 ⋅ ch ⋅ sh) sinh (𝛼𝑥) sin (𝛽𝑥)
]

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
, (23a)

𝜓𝜃3 (𝑥) =

(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

cosh (𝛼𝑥) cos (𝛽𝑥) − 𝜂 (𝜂 ⋅ c ⋅ s − 𝜙 ⋅ ch ⋅ sh) cosh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2

+
−𝜙 (𝜂 ⋅ c ⋅ s − 𝜙 ⋅ ch ⋅ sh) sinh (𝛼𝑥) cos (𝛽𝑥) + 𝜂 ⋅ 𝜙

(

c2 − ch2
)

sinh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
,

(23b)

𝜓𝜃5 (𝑥) =

(

𝜂2 + 𝜙2) {−sh ⋅ s ⋅ [𝜂 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜙 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥)] + (𝜂 ⋅ ch ⋅ s + 𝜙 ⋅ c ⋅ sh) sinh (𝛼𝑥) sin (𝛽𝑥)}

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
, (23c)

𝜓𝜃6 (𝑥) =
(𝜂 ⋅ ch ⋅ s − 𝜙 ⋅ c ⋅ sh) [𝜂 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜙 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥)] −

(

𝜂2 + 𝜙2) ⋅ sh ⋅ s ⋅ sinh (𝛼𝑥) sin (𝛽𝑥)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
, (23d)

being

ch = cosh (𝛼𝐿) , (24a)

sh = sinh (𝛼𝐿) , (24b)

c = cos (𝛽𝐿) , (24c)

s = sin (𝛽𝐿) . (24d)

The functions 𝜓𝑣𝑛 (𝑥) and 𝜓𝜃𝑛 (𝑥) (𝑛 = 2, 3, 5, 6) are defined as the analytical transverse displacement and analytical cross-section rotation shape
functions for the Timoshenko beam on elastic Winkler foundation element, respectively. These functions are equivalent to those used in the
TFEM (Xia, 2022).

Additionally, using Eqs. (1), the homogeneous internal force fields can be computed from the homogeneous transverse displacement and
cross-section rotation fields presented in Eqs. (21a) and (21b), respectively, obtaining:

𝑉ℎ(𝑥) = 𝜓𝑉2 (𝑥)𝑣𝑖 + 𝜓𝑉3 (𝑥)𝜃𝑖 + 𝜓𝑉5 (𝑥)𝑣𝑗 + 𝜓𝑉6 (𝑥)𝜃𝑗 , (25a)

𝑀ℎ(𝑥) = 𝜓𝑀2 (𝑥)𝑣𝑖 + 𝜓𝑀3 (𝑥)𝜃𝑖 + 𝜓𝑀5 (𝑥)𝑣𝑗 + 𝜓𝑀6 (𝑥)𝜃𝑗 , (25b)

where

𝜓𝑉2 (𝑥) =
𝐸𝐼

(

𝜂2 + 𝜙2)2

2 (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙)
(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

{

(𝜂 ⋅ c ⋅ s + 𝜙 ⋅ ch ⋅ sh) {(𝛽 ⋅ 𝜂 − 𝛼 ⋅ 𝜙) cosh (𝛼𝑥) cos (𝛽𝑥)

+ [𝜂 (𝛼 − 𝜂) + 𝜙 (𝛽 − 𝜙)] sinh (𝛼𝑥) sin (𝛽𝑥)}

+
[

𝛼 ⋅ 𝜂 ⋅ 𝜙
(

c2 − ch2
)

+ 𝜂2
(

𝛽 ⋅ s2 + 𝜙 ⋅ sh2
)

+ 𝜙2 (𝜙 − 𝛽) sh2
]

cosh (𝛼𝑥) sin (𝛽𝑥)

+
[

𝛽 ⋅ 𝜂 ⋅ 𝜙
(

c2 − ch2
)

+ 𝜙2
(

𝛼 ⋅ sh2 + 𝜂 ⋅ s2
)

+ 𝜂2 ( 𝜂 − 𝛼) s2
]

sinh (𝛼𝑥) cos (𝛽𝑥)
}

,

(26a)

𝜓𝑉3 (𝑥) =
𝐸𝐼

(

𝜂2 + 𝜙2)2

2 (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙)
(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

{[

𝜂 (𝜂 − 𝛼) s2 + 𝜙 (𝛽 − 𝜙) sh2
]

cosh (𝛼𝑥) cos (𝛽𝑥)

+ (𝜂 ⋅ c ⋅ s − 𝜙 ⋅ ch ⋅ sh) [ (𝛼 − 𝜂) cosh (𝛼𝑥) sin (𝛽𝑥)
+ (𝛽 − 𝜙) sinh (𝛼𝑥) cos (𝛽𝑥) ]

+
[

𝛼 ⋅ 𝜙 ⋅ sh2 + 𝛽 ⋅ 𝜂 ⋅ s2 + 𝜂 ⋅ 𝜙
(

c2 − ch2
)]

sinh (𝛼𝑥) sin (𝛽𝑥)
}

,

(26b)
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𝜓𝑉5 (𝑥) =
𝐸𝐼

(

𝜂2 + 𝜙2)2

2 (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙)
(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

{

(𝜂 ⋅ ch ⋅ s + 𝜙 ⋅ c ⋅ sh) {(𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂) cosh (𝛼𝑥) cos (𝛽𝑥)

+ [𝜂 (𝜂 − 𝛼) + 𝜙 (𝜙 − 𝛽)] sinh (𝛼𝑥) sin (𝛽𝑥)}

+
(

𝜂2 + 𝜙2) s ⋅ sh[ (𝛼 − 𝜂) cosh (𝛼𝑥) sin (𝛽𝑥)

+ (𝛽 − 𝜙) sinh (𝛼𝑥) cos (𝛽𝑥) ]
}

,

(26c)

𝜓𝑉6 (𝑥) = 𝜓𝑉6 (𝑥) =
𝐸𝐼

(

𝜂2 + 𝜙2)2

2 (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙)
(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

{

s ⋅ sh{(𝛽 ⋅ 𝜂 − 𝛼 ⋅ 𝜙) cosh (𝛼𝑥) cos ( 𝛽𝑥)

+ [𝜂 (𝛼 − 𝜂) + 𝜙 (𝛽 − 𝜙)] sinh (𝛼𝑥) sin (𝛽𝑥)}

+ (𝜂 ⋅ ch ⋅ s − 𝜙 ⋅ c ⋅ sh) [ ( 𝜂 − 𝛼) cosh (𝛼𝑥) sin (𝛽𝑥)

+ (𝜙 − 𝛽) sinh (𝛼𝑥) cos (𝛽𝑥) ]
}

,

(26d)

𝜓𝑀2 (𝑥) =
𝐸𝐼

(

𝜂2 + 𝜙2)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2

{(

𝛼 ⋅ 𝜂 ⋅ s2 + 𝛽 ⋅ 𝜙 ⋅ sh2
)

cosh (𝛼𝑥) cos (𝛽𝑥)

+
(

𝛼 ⋅ 𝜙 ⋅ sh2 − 𝛽 ⋅ 𝜂 ⋅ s2
)

sinh (𝛼𝑥) sin (𝛽𝑥)

− (𝜂 ⋅ c ⋅ s + 𝜙 ⋅ ch ⋅ sh) [𝛼 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥)

+ 𝛽 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥) ]
}

,

(27a)

𝜓𝑀3 (𝑥) = 𝐸𝐼
𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2

{

(𝛼 ⋅ 𝜙 + 𝛽 ⋅ 𝜂) (𝜙 ⋅ ch ⋅ sh − 𝜂 ⋅ c ⋅ s) cosh (𝛼𝑥) cos (𝛽𝑥)

+
[

𝛼 ⋅ 𝜂 ⋅ 𝜙
(

c2 − ch2
)

+ 𝛽
(

𝜙2 ⋅ sh2 − 𝜂2 ⋅ s2
)]

cosh (𝛼𝑥) sin (𝛽𝑥)

+
[

𝛼
(

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2
)

+ 𝛽 ⋅ 𝜂 ⋅ 𝜙
(

c2 − ch2
)]

sinh (𝛼𝑥) cos (𝛽𝑥)

+ (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙) (𝜙 ⋅ ch ⋅ sh − 𝜂 ⋅ c ⋅ s) sinh (𝛼𝑥) sin (𝛽𝑥)
}

,

(27b)

𝜓𝑀5 (𝑥) =
𝐸𝐼

(

𝜂2 + 𝜙2)

𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2

{

s ⋅ sh[ (𝛽 ⋅ 𝜙 − 𝛼 ⋅ 𝜂) sinh (𝛼𝑥) sin (𝛽𝑥)

− (𝛼 ⋅ 𝜙 + 𝛽 ⋅ 𝜂) cosh (𝛼𝑥) cos (𝛽𝑥) ]
+ (𝜂 ⋅ ch ⋅ s + 𝜙 ⋅ c ⋅ sh) [𝛼 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥)

+ 𝛽 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥) ]
}

,

(27c)

𝜓𝑀6 (𝑥) = 𝐸𝐼
𝜂2 ⋅ s2 − 𝜙2 ⋅ sh2

{

(𝜂 ⋅ s ⋅ ch − 𝜙 ⋅ c ⋅ sh) [ (𝛼 ⋅ 𝜙 + 𝛽 ⋅ 𝜂) cosh (𝛼𝑥) cos (𝛽𝑥)

+ (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙) sinh (𝛼𝑥) sin (𝛽𝑥) ]
−
(

𝜂2 + 𝜙2) s ⋅ sh[𝛼 ⋅ cosh (𝛼𝑥) sin (𝛽𝑥)

+ 𝛽 ⋅ sinh (𝛼𝑥) cos (𝛽𝑥) ]
}

,

(27d)

being the functions 𝜓𝑉𝑛 (𝑥) and 𝜓𝑀𝑛 (𝑥) defined as the analytical shear force and analytical bending moment shape functions for the Timoshenko
beam on elastic Winkler foundation element, respectively.

By evaluating the homogeneous internal force fields presented in Eq. (25) at 𝑥 = 0 and 𝑥 = 𝐿, the relation for the beam element that relates
its homogeneous generalized forces to its generalized displacements at the element ends is obtained (see these homogeneous generalized forces in
Fig. 4(a)):

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹𝑌 ℎ𝑖
𝑀ℎ

𝑖
𝐹𝑌 ℎ𝑗
𝑀ℎ

𝑗

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−𝑉ℎ(0)
−𝑀ℎ(0)
𝑉ℎ(𝐿)
𝑀ℎ(𝐿)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑘22 𝑘23 𝑘25 𝑘26
𝑘32 𝑘33 𝑘35 𝑘36
𝑘52 𝑘53 𝑘55 𝑘56
𝑘62 𝑘63 𝑘65 𝑘66

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑣𝑖
𝜃𝑖
𝑣𝑗
𝜃𝑗

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, (28)

where

𝑘22 = 𝑘55 =
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

(

𝛼2 + 𝛽2
)

(𝜂 ⋅ s ⋅ c + 𝜙 ⋅ sh ⋅ ch)

𝜙2sh2 − 𝜂2s2
, (29a)

𝑘23 = 𝑘32 = −𝑘56 = −𝑘65 =
𝐸𝐼

(

𝛼2 + 𝛽2
)

(

𝛼 ⋅ 𝜂 ⋅ s2 + 𝛽 ⋅ 𝜙 ⋅ sh2
)

𝜙2sh2 − 𝜂2s2
, (29b)

𝑘25 = 𝑘52 = −
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

(

𝛼2 + 𝛽2
)

(𝜂 ⋅ s ⋅ ch + 𝜙 ⋅ c ⋅ sh)

𝜙2sh2 − 𝜂2s2
, (29c)

𝑘26 = 𝑘62 = −𝑘35 = −𝑘53 =
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

(

𝛼2 + 𝛽2
)

s ⋅ sh

𝜙2sh2 − 𝜂2s2
, (29d)

European Journal of Mechanics / A Solids 109 (2025) 105457 

7 



C. Posso et al.

Fig. 5. Decomposition of the fixed response of the Timoshenko beam on elastic Winkler foundation element.

𝑘33 = 𝑘66 =
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽 (𝜙 ⋅ sh ⋅ ch − 𝜂 ⋅ s ⋅ c)

𝜙2sh2 − 𝜂2s2
, (29e)

𝑘36 = 𝑘63 =
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽 (𝜂 ⋅ s ⋅ ch − 𝜙 ⋅ c ⋅ sh)

𝜙2sh2 − 𝜂2s2
. (29f)

The stiffness matrix presented in Eq. (28) is defined as the analytical stiffness matrix for the Timoshenko beam on elastic Winkler foundation
element, and it is the same as the one used in the TFEM (Aköz and Aksoydan, 2005).

3.2. Fixed response

The governing BVP for the fixed problem of the Timoshenko beam on elastic Winkler foundation element is:

d4𝑣𝑓
d𝑥4

(𝑥) − 𝑘
𝐴𝑠𝐺

d2𝑣𝑓
d𝑥2

(𝑥) + 𝑘
𝐸𝐼

𝑣𝑓 (𝑥) =
1
𝐸𝐼

𝑞𝑣(𝑥) −
1

𝐴𝑠𝐺
d2𝑞𝑣
d𝑥2

(𝑥) − 1
𝐸𝐼

d𝑞𝜃
d𝑥 (𝑥), (30a)

𝑣𝑓 (0) = 0, (30b)

𝜃𝑓 (0) = 0, (30c)

𝑣𝑓 (𝐿) = 0, (30d)

𝜃𝑓 (𝐿) = 0. (30e)

To solve the BVP (30), the fixed response is decomposed into two distinct components: one generated by the external distributed transverse load
𝑞𝑣(𝑥) (see Fig. 5(a) for its physical interpretation), and another resulting from the external distributed bending moments 𝑞𝜃(𝑥) (see Fig. 5(b) for
its physical interpretation). Consequently, the fixed transverse displacement, cross-section rotation, and internal force fields can be expressed as
follows:

𝑣𝑓 (𝑥) = 𝑣𝑣𝑓 (𝑥) + 𝑣
𝜃
𝑓 (𝑥), (31a)

𝜃𝑓 (𝑥) = 𝜃𝑣𝑓 (𝑥) + 𝜃
𝜃
𝑓 (𝑥), (31b)

𝑉𝑓 (𝑥) = 𝑉 𝑣
𝑓 (𝑥) + 𝑉

𝜃
𝑓 (𝑥), (31c)

𝑀𝑓 (𝑥) =𝑀𝑣
𝑓 (𝑥) +𝑀

𝜃
𝑓 (𝑥), (31d)

where superscript 𝑣 corresponds to the response generated by the external distributed transverse load 𝑞𝑣(𝑥), while the superscript 𝜃 pertains to the
response generated by the external distributed bending moments 𝑞𝜃(𝑥).

In Sections 3.2.1 and 3.2.2 the solutions to the fixed problems generated by 𝑞𝑣(𝑥) and 𝑞𝜃(𝑥) are presented, respectively.

3.2.1. Fixed response due to 𝑞𝑣(𝑥)
Applying a method similar to that presented in Molina-Villegas and Ballesteros Ortega (2023b), the fixed transverse displacement 𝑣𝑣𝑓 (𝑥) and the

cross-section rotation 𝜃𝑣𝑓 (𝑥) fields are computed as follows:

𝑣𝑣𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑦𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉, (32a)

𝜃𝑣𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝜃𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝜃𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉, (32b)

where 𝐺𝑦𝑦(𝑥, 𝜉) represents the transverse displacement GF for the element studied in this Section, describing the transverse displacement field when
the element is subjected to a unit point transverse external load at 𝜉 (see Fig. 6). Its governing BVP can be obtained from Eqs. (30) replacing 𝑣𝑓 (𝑥)
by 𝐺𝑦𝑦(𝑥, 𝜉), 𝜃𝑓 (𝑥) by the cross-section rotation GF 𝐺𝜃𝑦(𝑥, 𝜉), 𝑞𝑣(𝑥) by 𝛿(𝑥 − 𝜉), and 𝑞𝜃 by 0, where 𝛿(⋅) is the Dirac delta function, being possible to
express 𝐺𝜃𝑦(𝑥, 𝜉) in terms of 𝐺𝑦𝑦(𝑥, 𝜉) using an adaptation of Eq. (5).

Using the idea that each segment of 𝐺𝑦𝑦(𝑥, 𝜉) has no external load, i.e., they are solutions of the homogeneous Differential Equation (DE) (8a),
both segments can be expressed as linear combinations of the transverse displacement shape functions as follows:

𝐺𝐼𝑦𝑦(𝑥, 𝜉) = 𝐶1(𝜉)𝜓𝑣2 (𝑥) + 𝐶2(𝜉)𝜓𝑣3 (𝑥) + 𝐶3(𝜉)𝜓𝑣5 (𝑥) + 𝐶4(𝜉)𝜓𝑣6 (𝑥), (33a)

𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) = 𝐶5(𝜉)𝜓𝑣2 (𝑥) + 𝐶6(𝜉)𝜓𝑣3 (𝑥) + 𝐶7(𝜉)𝜓𝑣5 (𝑥) + 𝐶8(𝜉)𝜓𝑣6 (𝑥). (33b)
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Fig. 6. Fixed Timoshenko beam on elastic Winkler foundation subjected to a unit point transverse external load whose transverse displacement, cross-section rotation, shear force
and bending moment fields are 𝐺𝑦𝑦(𝑥, 𝜉), 𝐺𝜃𝑦(𝑥, 𝜉), 𝐺𝑉 𝑦(𝑥, 𝜉) and 𝐺𝑀𝑦(𝑥, 𝜉), respectively.

To satisfy the fixed BCs at 𝑥 = 0 and 𝑥 = 𝐿, the functions 𝐶1(𝜉), 𝐶2(𝜉), 𝐶7(𝜉), and 𝐶8(𝜉) are equal to zero, allowing both segments of 𝐺𝑦𝑦(𝑥, 𝜉) to be
expressed as:

𝐺𝐼𝑦𝑦(𝑥, 𝜉) = 𝐶3(𝜉)𝜓𝑣5 (𝑥) + 𝐶4(𝜉)𝜓𝑣6 (𝑥), (34a)

𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) = 𝐶5(𝜉)𝜓𝑣2 (𝑥) + 𝐶6(𝜉)𝜓𝑣3 (𝑥). (34b)

Assuring the compatibility and equilibrium conditions at 𝑥 = 𝜉, 𝐺𝐼𝑦𝑦(𝑥, 𝜉) and 𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) can be expressed as:

𝐺𝑦𝑦(𝑥, 𝜉) =

{

𝐺𝐼𝑦𝑦(𝑥, 𝜉) = 𝑊 𝑣
2 (𝑥)𝜓

𝑣
2 (𝜉) +𝑊

𝑣
3 (𝑥)𝜓

𝑣
3 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) = 𝑊 𝑣
5 (𝑥)𝜓

𝑣
5 (𝜉) +𝑊

𝑣
6 (𝑥)𝜓

𝑣
6 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(35)

where the symmetry properties 𝐺𝐼𝑦𝑦(𝑥, 𝜉) = 𝐺𝐼𝐼𝑦𝑦 (𝜉, 𝑥) and 𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉) = 𝐺𝐼𝑦𝑦(𝜉, 𝑥) were employed. Additionally, for mnemonic reasons, the functions
𝐶3(𝑥), 𝐶4(𝑥), 𝐶5(𝑥), and 𝐶6(𝑥) have been redefined as 𝑊 𝑣

5 (𝑥), 𝑊
𝑣
6 (𝑥), 𝑊

𝑣
2 (𝑥), and 𝑊 𝑣

3 (𝑥), respectively. These functions are given by the following
expressions:

𝑊 𝑣
2 (𝑥) =

−𝜂 cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜙 sinh (𝛼𝑥) cos (𝛽𝑥)
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

(

𝛼2 + 𝛽2
) , (36a)

𝑊 𝑣
3 (𝑥) =

sinh (𝛼𝑥) sin (𝛽𝑥)
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

, (36b)

𝑊 𝑣
5 (𝑥) =

−𝜂 cosh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)] + 𝜙 sinh [𝛼 (𝐿 − 𝑥)] cos [𝛽 (𝐿 − 𝑥)]
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

(

𝛼2 + 𝛽2
) , (36c)

𝑊 𝑣
6 (𝑥) = −

sinh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)]
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

. (36d)

The cross-section rotation GF 𝐺𝜃𝑦(𝑥, 𝜉) is expressed as follows:

𝐺𝜃𝑦(𝑥, 𝜉) =

{

𝐺𝐼𝜃𝑦(𝑥, 𝜉) = 𝑊 𝜃
2 (𝑥)𝜓

𝑣
2 (𝜉) +𝑊

𝜃
3 (𝑥)𝜓

𝑣
3 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝜃𝑦 (𝑥, 𝜉) = 𝑊 𝜃
5 (𝑥)𝜓

𝑣
5 (𝜉) +𝑊

𝜃
6 (𝑥)𝜓

𝑣
6 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(37)

where

𝑊 𝜃
2 (𝑥) = −

sinh (𝛼𝑥) sin (𝛽𝑥)
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

= −𝑊 𝑣
3 (𝑥), (38a)

𝑊 𝜃
3 (𝑥) =

𝜂 cosh (𝛼𝑥) sin (𝛽𝑥) + 𝜙 sinh (𝛼𝑥) cos (𝛽𝑥)
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

, (38b)

𝑊 𝜃
5 (𝑥) =

sinh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)]
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

= −𝑊 𝑣
6 (𝑥), (38c)

𝑊 𝜃
6 (𝑥) =

𝜂 cosh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)] + 𝜙 sinh [𝛼 (𝐿 − 𝑥)] cos [𝛽 (𝐿 − 𝑥)]
2𝐸𝐼 ⋅ 𝛼 ⋅ 𝛽

. (38d)

Furthermore, using Eqs. (1), the fixed internal force fields generated by 𝑞𝑣(𝑥) can be derived from the fixed transverse displacement and
cross-section rotation fields given in Eqs. (32a) and (32b), respectively, yielding:

𝑉 𝑣
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉, (39a)

𝑀𝑣
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉)d𝜉, (39b)

being the functions 𝐺𝑉 𝑦(𝑥, 𝜉) and 𝐺𝑀𝑦(𝑥, 𝜉) the shear force and bending moment GFs associated with the element depicted in Fig. 6. These functions
represent the internal force fields of a fixed Timoshenko beam on elastic Winkler foundation when it is subjected to a unit point transverse external
load at 𝜉, and can be obtained from the following adaptation of Eqs. (1):

𝐺𝑉 𝑦(𝑥, 𝜉) = 𝐴𝑠𝐺
[ 𝜕𝐺𝑦𝑦
𝜕𝑦

(𝑥, 𝜉) − 𝐺𝜃𝑦(𝑥, 𝜉)
]

, (40a)

𝐺𝑀𝑦(𝑥, 𝜉) = 𝐸𝐼
𝜕𝐺𝑦𝜃
𝜕𝑥

(𝑥, 𝜉). (40b)

European Journal of Mechanics / A Solids 109 (2025) 105457 

9 



C. Posso et al.

These GFs are given by the following expressions:

𝐺𝑉 𝑦(𝑥, 𝜉) =

{

𝐺𝐼𝑉 𝑦(𝑥, 𝜉) = 𝑊 𝑉
2 (𝑥)𝜓𝑣2 (𝜉) +𝑊

𝑉
3 (𝑥)𝜓𝑣3 (𝜉), 0 < 𝑥 < 𝜉,

𝐺𝐼𝐼𝑉 𝑦(𝑥, 𝜉) = 𝑊 𝑉
5 (𝑥)𝜓𝑣5 (𝜉) +𝑊

𝑉
6 (𝑥)𝜓𝑣6 (𝜉), 𝜉 < 𝑥 < 𝐿,

(41a)

𝐺𝑀𝑦(𝑥, 𝜉) =

{

𝐺𝐼𝑀𝑦(𝑥, 𝜉) = 𝑊𝑀
2 (𝑥)𝜓𝑣2 (𝜉) +𝑊

𝑀
3 (𝑥)𝜓𝑣3 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝑀𝑦(𝑥, 𝜉) = 𝑊𝑀
5 (𝑥)𝜓𝑣5 (𝜉) +𝑊

𝑀
6 (𝑥)𝜓𝑣6 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(41b)

where

𝑊 𝑉
2 (𝑥) =

(𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂) cosh (𝛼𝑥) cos (𝛽𝑥) + [𝛼 (𝛼 − 𝜂) + 𝛽 (𝛽 − 𝜙)] sinh (𝛼𝑥) sin (𝛽𝑥)
𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂

, (42a)

𝑊 𝑉
3 (𝑥) =

(

𝜂2 + 𝜙2) [(𝛼 − 𝜂) cosh (𝛼𝑥) sin (𝛽𝑥) + (𝛽 − 𝜙) sinh (𝛼𝑥) cos (𝛽𝑥)]
𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂

, (42b)

𝑊 𝑉
5 (𝑥) = −

(𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂) cosh [𝛼 (𝐿 − 𝑥)] cos [𝛽 (𝐿 − 𝑥)] + [𝛼 (𝛼 − 𝜂) + 𝛽 (𝛽 − 𝜙)] sinh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)]
𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂

, (42c)

𝑊 𝑉
6 (𝑥) =

(

𝜂2 + 𝜙2) {(𝛼 − 𝜂) cosh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)] + (𝛽 − 𝜙) sinh [𝛼 (𝐿 − 𝑥)] cos [𝛽 (𝐿 − 𝑥)]}
𝛼 ⋅ 𝜙 − 𝛽 ⋅ 𝜂

, (42d)

𝑊𝑀
2 (𝑥) = −

𝛼 cosh (𝛼𝑥) sin (𝛽𝑥) + 𝛽 sinh (𝛼𝑥) cos (𝛽𝑥)
2𝛼 ⋅ 𝛽

, (43a)

𝑊𝑀
3 (𝑥) =

(𝛼 ⋅ 𝜙 + 𝛽 ⋅ 𝜂) cosh (𝛼𝑥) cos (𝛽𝑥) + (𝛼 ⋅ 𝜂 − 𝛽 ⋅ 𝜙) sinh (𝛼𝑥) sin (𝛽𝑥)
2𝛼 ⋅ 𝛽

, (43b)

𝑊𝑀
5 (𝑥) = −

𝛼 cosh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)] + 𝛽 sinh [𝛼 (𝐿 − 𝑥)] cos [𝛽 (𝐿 − 𝑥)]
2𝛼 ⋅ 𝛽

, (43c)

𝑊𝑀
6 (𝑥) =

− (𝛼 ⋅ 𝜙 + 𝛽 ⋅ 𝜂) cosh [𝛼 (𝐿 − 𝑥)] cos [𝛽 (𝐿 − 𝑥)] + (𝛽 ⋅ 𝜙 − 𝛼 ⋅ 𝜂) sinh [𝛼 (𝐿 − 𝑥)] sin [𝛽 (𝐿 − 𝑥)]
2𝛼 ⋅ 𝛽

. (43d)

By evaluating the fixed internal force fields presented in Eqs. (39) at 𝑥 = 0 and 𝑥 = 𝐿, the fixed-end forces generated by 𝑞𝑣(𝑥) are obtained (see
these forces in Fig. 5(a)):

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑌 𝑣𝑓𝑖

𝑀𝑣𝑓
𝑖

𝐹𝑌 𝑣𝑓𝑗

𝑀𝑣𝑓
𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

−𝑉 𝑣
𝑓 (0)

−𝑀𝑣
𝑓 (0)

𝑉 𝑣
𝑓 (𝐿)

𝑀𝑣
𝑓 (𝐿)

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

= −

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

∫

𝐿

0
𝜓𝑣2 (𝑥)𝑞𝑣(𝑥)d𝑥

∫

𝐿

0
𝜓𝑣3 (𝑥)𝑞𝑣(𝑥)d𝑥

∫

𝐿

0
𝜓𝑣5 (𝑥)𝑞𝑣(𝑥)d𝑥

∫

𝐿

0
𝜓𝑣6 (𝑥)𝑞𝑣(𝑥)d𝑥

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

. (44)

The fixed-end forces in Eq. (44) correspond to the those employed in the TFEM and conform to the general form used in the FEM (Reddy, 2019).
These forces can be understood by considering that the reactions of a fixed beam subjected to a unit point load at position 𝑥 (for ease of discussion,
𝜉 has been replaced by 𝑥) are the negative of the displacement shape functions 𝜓𝑣𝑛 (𝑥) (see Fig. 6). The expression −𝜓𝑣𝑛 (𝑥)𝑞𝑣(𝑥)d𝑥 represents the
reactions produced by the differential load 𝑞𝑣(𝑥)d𝑥 located at 𝑥, while − ∫ 𝐿0 𝜓𝑣𝑛 (𝑥)𝑞𝑣(𝑥)d𝑥 represents the superposition of reactions generated by all
external transverse loads from 𝑥 = 0 to 𝑥 = 𝐿.

3.2.2. Fixed response due to 𝑞𝜃(𝑥)
Using a strategy similar to the one used in Section 3.2.1, the fixed transverse displacement, cross-section rotation, shear force, and bending

moment fields generated by the external distributed bending moments 𝑞𝜃(𝑥) are computed as follows, respectively:

𝑣𝜃𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑦𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑦𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉, (45a)

𝜃𝜃𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝜃𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝜃𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉, (45b)

𝑉 𝜃
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉, (45c)

𝑀𝜃
𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)d𝜉, (45d)

where 𝐺𝑦𝜃(𝑥, 𝜉), 𝐺𝜃𝜃(𝑥, 𝜉), 𝐺𝑉 𝜃(𝑥, 𝜉), and 𝐺𝑀𝜃(𝑥, 𝜉) represent the transverse displacement, cross-section rotation, shear force, and bending moment
GFs, respectively, for the element studied in this Section when it is subjected to a unit point external bending moment at 𝜉 (see Fig. 7). These GFs
are given by the following expressions :

𝐺𝑦𝜃(𝑥, 𝜉) =

{

𝐺𝐼𝑦𝜃(𝑥, 𝜉) = 𝑊 𝑣
2 (𝑥)𝜓

𝜃
2 (𝜉) +𝑊

𝑣
3 (𝑥)𝜓

𝜃
3 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝑦𝜃 (𝑥, 𝜉) = 𝑊 𝑣
5 (𝑥)𝜓

𝜃
5 (𝜉) +𝑊

𝑣
6 (𝑥)𝜓

𝜃
6 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(46a)

𝐺𝜃𝜃(𝑥, 𝜉) =

{

𝐺𝐼𝜃𝜃(𝑥, 𝜉) = 𝑊 𝜃
2 (𝑥)𝜓

𝜃
2 (𝜉) +𝑊

𝜃
3 (𝑥)𝜓

𝜃
3 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝜃𝜃 (𝑥, 𝜉) = 𝑊 𝜃
5 (𝑥)𝜓

𝜃
5 (𝜉) +𝑊

𝜃
6 (𝑥)𝜓

𝜃
6 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(46b)
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Fig. 7. Fixed Timoshenko beam on elastic Winkler foundation subjected to a unit point external bending moment whose transverse displacement, cross-section rotation, shear
force and bending moment fields are 𝐺𝑦𝜃 (𝑥, 𝜉), 𝐺𝜃𝜃 (𝑥, 𝜉), 𝐺𝑉 𝜃 (𝑥, 𝜉) and 𝐺𝑀𝜃 (𝑥, 𝜉), respectively.

𝐺𝑉 𝜃(𝑥, 𝜉) =

{

𝐺𝐼𝑉 𝜃(𝑥, 𝜉) = 𝑊 𝑉
2 (𝑥)𝜓𝜃2 (𝜉) +𝑊

𝑉
3 (𝑥)𝜓𝜃3 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝑉 𝜃(𝑥, 𝜉) = 𝑊 𝑉
5 (𝑥)𝜓𝜃5 (𝜉) +𝑊

𝑉
6 (𝑥)𝜓𝜃6 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(46c)

𝐺𝑀𝜃(𝑥, 𝜉) =

{

𝐺𝐼𝑀𝜃(𝑥, 𝜉) = 𝑊𝑀
2 (𝑥)𝜓𝜃2 (𝜉) +𝑊

𝑀
3 (𝑥)𝜓𝜃3 (𝜉), 0 < 𝑥 < 𝜉,

𝐺𝐼𝐼𝑀𝜃(𝑥, 𝜉) = 𝑊𝑀
5 (𝑥)𝜓𝜃5 (𝜉) +𝑊

𝑀
6 (𝑥)𝜓𝜃6 (𝜉), 𝜉 < 𝑥 < 𝐿.

(46d)

By comparing the GFs of the fixed element subjected to a unit point transverse external load (Eqs. (35), (37), and (41)) with those generated
by a unit point external bending moment (Eqs. (46)), it becomes evident that the latter can be derived from the former by substituting the shape
functions 𝜓𝑣𝑛 (𝜉) with 𝜓𝜃𝑛 (𝜉).

Implementing the same technique described in Section 3.2.1, the fixed-end forces generated by 𝑞𝜃(𝑥) (see these forces in Fig. 5(b)) are computed:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝐹𝑌 𝜃𝑓𝑖

𝑀𝜃𝑓
𝑖

𝐹𝑌 𝜃𝑓𝑗

𝑀𝜃𝑓
𝑗

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

−𝑉 𝜃
𝑓 (0)

−𝑀𝜃
𝑓 (0)

𝑉 𝜃
𝑓 (𝐿)

𝑀𝜃
𝑓 (𝐿)

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

= −

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

∫

𝐿

0
𝜓𝜃2 (𝑥)𝑞𝜃(𝑥)d𝑥

∫

𝐿

0
𝜓𝜃3 (𝑥)𝑞𝜃(𝑥)d𝑥

∫

𝐿

0
𝜓𝜃5 (𝑥)𝑞𝜃(𝑥)d𝑥

∫

𝐿

0
𝜓𝜃6 (𝑥)𝑞𝜃(𝑥)d𝑥

⎫

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎭

. (47)

4. Formulation of the GFSM for the rod element

The GFSM formulation for the rod element was previously presented in Molina-Villegas and Ballesteros Ortega (2023c). However, to keep the
paper self-contained, this section summarizes that part of the study.

For the rod element, the axial force field is computed using the following formula:

𝑃 (𝑥) = 𝐸𝐴 d𝑢
d𝑥 (𝑥), (48)

where 𝑢(𝑥) is the axial displacement field, positive in the 𝑥-axis direction.
The equilibrium DE associated with the rod element is:

d𝑃
d𝑥 (𝑥) = −𝑝(𝑥). (49)

The axial displacement and axial force fields are decomposed into their homogeneous and fixed solutions, as follows:

𝑢(𝑥) = 𝑢ℎ(𝑥) + 𝑢𝑓 (𝑥), (50a)

𝑃 (𝑥) = 𝑃ℎ(𝑥) + 𝑃𝑓 (𝑥). (50b)

4.1. Homogeneous response

The homogeneous axial displacement and axial force fields are computed as:

𝑢ℎ(𝑥) = 𝜓𝑢1 (𝑥)𝑢𝑖 + 𝜓
𝑢
4 (𝑥)𝑢𝑗 , (51a)

𝑃ℎ(𝑥) = 𝜓𝑃1 (𝑥)𝑢𝑖 + 𝜓
𝑃
4 (𝑥)𝑢𝑗 , (51b)

where

𝜓𝑢1 (𝑥) = 1 − 𝑥
𝐿
, (52a)

𝜓𝑢4 (𝑥) =
𝑥
𝐿
, (52b)

−𝜓𝑃1 (𝑥) = 𝜓𝑃4 (𝑥) =
𝐸𝐴
𝐿
, (53)
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Fig. 8. Fixed rod subjected to a unit point axial external load whose axial displacement and axial force fields are 𝐺𝑥𝑥(𝑥, 𝜉) and 𝐺𝑃𝑥(𝑥, 𝜉), respectively.

being the functions 𝜓𝑢𝑚(𝑥) and 𝜓𝑃𝑚 (𝑥) (𝑚 = 1, 4) defined as the analytical axial displacement and analytical axial force shape functions, respectively.
By evaluating the homogeneous axial force field (51b) at 𝑥 = 0 and 𝑥 = 𝐿, the relation for the rod element that relates its homogeneous

generalized forces to its generalized displacements at the element ends is obtained:
{

𝐹𝑋ℎ
𝑖

𝐹𝑋ℎ
𝑗

}

=

{

−𝑃ℎ(0)
𝑃ℎ(𝐿)

}

=

[

𝑘11 𝑘14
𝑘41 𝑘44

]{

𝑢𝑖
𝑢𝑗

}

, (54)

where

𝑘11 = 𝑘44 = −𝑘14 = −𝑘41 =
𝐸𝐴
𝐿
, (55)

being the matrix presented in Eq. (54) defined as the analytical stiffness matrix for the rod element.

4.2. Fixed response

The fixed axial displacement and axial force fields are computed as follows:

𝑢𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑥𝑥 (𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑥𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉, (56a)

𝑃𝑓 (𝑥) = ∫

𝑥

0
𝐺𝐼𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉, (56b)

where 𝐺𝑥𝑥(𝑥, 𝜉) and 𝐺𝑃𝑥(𝑥, 𝜉) represent the axial displacement and axial force GFs, respectively, for the element studied in this Section when it is
fixed and subjected to a unit point axial external load (see Fig. 8). These GFs are given by the following expressions:

𝐺𝑥𝑥(𝑥, 𝜉) =

{

𝐺𝐼𝑥𝑥(𝑥, 𝜉) = 𝑊 𝑢
1 (𝑥)𝜓

𝑢
1 (𝜉), 0 < 𝑥 ≤ 𝜉,

𝐺𝐼𝐼𝑥𝑥 (𝑥, 𝜉) = 𝑊 𝑢
4 (𝑥)𝜓

𝑢
4 (𝜉), 𝜉 ≤ 𝑥 < 𝐿,

(57a)

𝐺𝑃𝑥(𝑥, 𝜉) =

{

𝐺𝐼𝑃𝑥(𝑥, 𝜉) = 𝑊 𝑃
1 (𝑥)𝜓𝑢1 (𝜉), 0 < 𝑥 < 𝜉,

𝐺𝐼𝐼𝑃𝑥(𝑥, 𝜉) = 𝑊 𝑃
4 (𝑥)𝜓𝑢4 (𝜉), 𝜉 < 𝑥 < 𝐿,

(57b)

where

𝑊 𝑢
1 (𝑥) =

𝑥
𝐸𝐴

, (58a)

𝑊 𝑢
4 (𝑥) =

𝐿 − 𝑥
𝐸𝐴

, (58b)

𝑊 𝑃
1 (𝑥) = −𝑊 𝑃

4 (𝑥) = 1. (59)

By evaluating the fixed axial force field in Eq. (56b) at 𝑥 = 0 and 𝑥 = 𝐿, the fixed-end forces generated by 𝑝(𝑥) are obtained:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹𝑋𝑓
𝑖

𝐹𝑋𝑓
𝑗

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−𝑃𝑓 (0)

𝑃𝑓 (𝐿)

⎫

⎪

⎪

⎬

⎪

⎪

⎭

= −

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∫

𝐿

0
𝜓𝑢1 (𝑥)𝑝(𝑥)d𝑥

∫

𝐿

0
𝜓𝑢4 (𝑥)𝑝(𝑥)d𝑥

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (60)

5. Formulation of the GFSM for the timoshenko frame on elastic Winkler foundation element

The GFSM formulation for the Timoshenko frame on elastic Winkler foundation element, depicted in Fig. 1, is derived by superposing the
formulations of the Timoshenko beam on elastic Winkler foundation element (Section 3) and the rod element (Section 4). As a result, the analytical
relation for the frame element that relates its generalized forces to its generalized displacements at the element ends is obtained (see these
generalized forces in Fig. 1):

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑋𝑖

𝐹𝑌𝑖
𝑀𝑖

𝐹𝑋𝑗

𝐹𝑌𝑗
𝑀𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑋ℎ
𝑖 + 𝐹𝑋𝑓

𝑖

𝐹𝑌 ℎ𝑖 + 𝐹𝑌 𝑓𝑖
𝑀ℎ

𝑖 +𝑀𝑓
𝑖

𝐹𝑋ℎ
𝑗 + 𝐹𝑋𝑓

𝑗

𝐹𝑌 ℎ𝑗 + 𝐹𝑌 𝑓𝑗
𝑀ℎ

𝑗 +𝑀𝑓
𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑘11 0 0 𝑘14 0 0

0 𝑘22 𝑘23 0 𝑘25 𝑘26
0 𝑘32 𝑘33 0 𝑘35 𝑘36
𝑘41 0 0 𝑘44 0 0

0 𝑘52 𝑘53 0 𝑘55 𝑘56
0 𝑘62 𝑘63 0 𝑘65 𝑘66

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢𝑖
𝑣𝑖
𝜃𝑖
𝑢𝑗
𝑣𝑗
𝜃𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

+

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑋𝑓
𝑖

𝐹𝑌 𝑓𝑖
𝑀𝑓

𝑖

𝐹𝑋𝑓
𝑗

𝐹𝑌 𝑓𝑗
𝑀𝑓

𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

, (61)
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Fig. 9. Single-span Timoshenko beam on elastic Winkler foundation.

where
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹𝑌 𝑓𝑖
𝑀𝑓

𝑖
𝐹𝑌 𝑓𝑗
𝑀𝑓

𝑗

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹𝑌 𝑣𝑓𝑖 + 𝐹𝑌 𝜃𝑓𝑖
𝑀𝑣𝑓

𝑖 +𝑀𝜃𝑓
𝑖

𝐹𝑌 𝑣𝑓𝑗 + 𝐹𝑌 𝜃𝑓𝑗
𝑀𝑣𝑓

𝑗 +𝑀𝜃𝑓
𝑗

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (62)

The total response of the element is obtained by adding the homogeneous and fixed solutions, as follows:

𝑣(𝑥) = 𝜓𝑣2 (𝑥)𝑣𝑖 + 𝜓
𝑣
3 (𝑥)𝜃𝑖 + 𝜓

𝑣
5 (𝑥)𝑣𝑗 + 𝜓

𝑣
6 (𝑥)𝜃𝑗 + ∫

𝑥

0

[

𝐺𝐼𝐼𝑦𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝑦𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 + ∫

𝐿

𝑥

[

𝐺𝐼𝑦𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝑦𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉, (63a)

𝜃(𝑥) = 𝜓𝜃2 (𝑥)𝑣𝑖 + 𝜓
𝜃
3 (𝑥)𝜃𝑖 + 𝜓

𝜃
5 (𝑥)𝑣𝑗 + 𝜓

𝜃
6 (𝑥)𝜃𝑗 + ∫

𝑥

0

[

𝐺𝐼𝐼𝜃𝑦 (𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝜃𝜃 (𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 + ∫

𝐿

𝑥

[

𝐺𝐼𝜃𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝜃𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉, (63b)

𝑢(𝑥) = 𝜓𝑢1 (𝑥)𝑢𝑖 + 𝜓
𝑢
4 (𝑥)𝑢𝑗 + ∫

𝑥

0
𝐺𝐼𝐼𝑥𝑥 (𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑥𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉, (63c)

𝑉 (𝑥) = 𝜓𝑉2 (𝑥)𝑣𝑖 + 𝜓𝑉3 (𝑥)𝜃𝑖 + 𝜓𝑉5 (𝑥)𝑣𝑗 + 𝜓𝑉6 (𝑥)𝜃𝑗 + ∫

𝑥

0

[

𝐺𝐼𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 + ∫

𝐿

𝑥

[

𝐺𝐼𝑉 𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝑉 𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉, (63d)

𝑀(𝑥) = 𝜓𝑀2 (𝑥)𝑣𝑖 + 𝜓𝑀3 (𝑥)𝜃𝑖 + 𝜓𝑀5 (𝑥)𝑣𝑗 + 𝜓𝑀6 (𝑥)𝜃𝑗 + ∫

𝑥

0

[

𝐺𝐼𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼𝐼
𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉 + ∫

𝐿

𝑥

[

𝐺𝐼𝑀𝑦(𝑥, 𝜉)𝑞𝑣(𝜉) + 𝐺
𝐼
𝑀𝜃(𝑥, 𝜉)𝑞𝜃(𝜉)

]

d𝜉, (63e)

𝑃 (𝑥) = 𝜓𝑃1 (𝑥)𝑢𝑖 + 𝜓
𝑃
4 (𝑥)𝑢𝑗 + ∫

𝑥

0
𝐺𝐼𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉 + ∫

𝐿

𝑥
𝐺𝐼𝑃𝑥(𝑥, 𝜉)𝑝(𝜉)d𝜉, (63f)

and the distributed load exerted by the soil on the element can be computed using Eq. (63a) along with Eq. (3).
From Eqs. (61) and (63) is evident that in a FEM formulation employing analytical stiffness matrices and analytical shape functions, as in the

TFEM, the GFSM can be utilized to ‘‘fix’’ the results with an additional post-processing step by adding the fixed fields for each element during the
analysis.

It is also important to mention that Eqs. (63a) to (63f) could alternatively be computed using the BEM. The key difference between the two
approaches lies in the use of GFs for infinite elements in the BEM formulation, which results in a loss of interpretability for each term and a more
tenuous relationship with the FEM and the TFEM.

6. Examples

Unless otherwise specified, the units used for solving the examples are kilonewtons (kN) for force and meters (m) for length.

6.1. Example 1

Calculate the response of the single-span Timoshenko beam on elastic Winkler foundation shown in Fig. 9. The beam has a Young’s modulus of
𝐸 = 15 000 MPa, a Poisson’s ratio of 𝜈 = 0.3, and a rectangular cross-section with a base of 15 cm and a height of 20 cm. The Winkler foundation
has a stiffness per unit length of 𝑘 = 5000 kPa.
Preliminary calculations

According to the theory of elasticity (Timoshenko and Goodier, 1951), the shear modulus can be calculated from the Young’s modulus as follows:

𝐺 = 𝐸
2(1 + 𝜈)

= 75000
13

MPa, (64)

and following Timoshenko (1922), Kaneko (1975), Rosinger and Ritchie (1977) and Kaneko (1978), the shear coefficient for rectangular
cross-sections can be determined as:

𝜅 =
5(1 + 𝜈)
6 + 5𝜈

= 13
15
. (65)

Computation of unknown degrees of freedom in global coordinates
The equilibrium of the node at the right end of the beam yields the following system of equations:

{

𝐹𝑌𝑗
𝑀𝑗

}

=
{

0
0

}

=
[

17532 −8238
−8238 5554

]{

𝑣𝑗
𝜃𝑗

}

+
{

49.706
−8.272

}

, (66)
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Fig. 10. Deformed shape: Computed using the GFSM with 1 element, the TFEM with 1 element and two FEM discretizations with 3 and 60 elements.

Table 1
Comparison of the computed transverse displacement and cross-section rotation fields using the GFSM with 1 element and
the FEM with 60 elements, at points spaced 0.1 m apart.
𝑥 (m) 𝑣GFSM (mm) 𝑣FEM (mm) 𝜀𝑣 (%) 𝜃GFSM (rad) 𝜃FEM (rad) 𝜀𝜃 (%)

0.1 −0.178 −0.178 2.541 × 10−3 −2.395 × 10−3 −2.395 × 10−3 3.478 × 10−3

0.2 −0.564 −0.564 3.096 × 10−3 −4.282 × 10−3 −4.282 × 10−3 3.841 × 10−3

0.3 −1.109 −1.108 3.474 × 10−3 −5.728 × 10−3 −5.727 × 10−3 4.252 × 10−3

0.4 −1.772 −1.772 3.807 × 10−3 −6.794 × 10−3 −6.794 × 10−3 4.715 × 10−3

0.5 −2.520 −2.520 4.130 × 10−3 −7.545 × 10−3 −7.545 × 10−3 5.233 × 10−3

0.6 −3.324 −3.324 4.455 × 10−3 −8.039 × 10−3 −8.038 × 10−3 5.803 × 10−3

0.7 −4.161 −4.161 4.786 × 10−3 −8.332 × 10−3 −8.332 × 10−3 6.422 × 10−3

0.8 −5.015 −5.015 5.125 × 10−3 −8.480 × 10−3 −8.479 × 10−3 7.075 × 10−3

0.9 −5.873 −5.873 5.470 × 10−3 −8.533 × 10−3 −8.533 × 10−3 7.739 × 10−3

1.0 −6.729 −6.729 5.816 × 10−3 −8.541 × 10−3 −8.540 × 10−3 8.377 × 10−3

whose solution is the degrees of freedom of the beam:
{

𝑣𝑗
𝜃𝑗

}

=
{

−7.04530 × 10−3

−8.96003 × 10−3

}

. (67)

Computation of joint reactions in global coordinates
The equilibrium of the node at the left end of the beam leads to the determination of the reactions:

{

𝐹𝑌𝑖
𝑀𝑖

}

=
[

−15544 7907
−7907 2488

]{

𝑣𝑗
𝜃𝑗

}

+
{

49.706
8.272

}

=
{

88.369
41.686

}

. (68)

Computation of displacement and cross-section rotation fields
By using the computed degrees of freedom (67), along with Eqs. (63a) and (63b), the transverse displacement and cross-section rotation fields

are obtained. In Fig. 10, the deformed shape of the structure computed with the 1 element GFSM solution obtained in this example is compared
with an own TFEM implementation with 1 element (computed using the TFEM formulation provided in Appendix C), and the FEM software
OpenSees (Mazzoni et al., 2006) with 3 and 60 elements.

Table 1 presents the computed transverse displacement and cross-section rotation fields using the GFSM with 1 element and the FEM with 60
elements, at points spaced 0.1 m apart. The subscripts GFSM and FEM of 𝑣 and 𝜃 (as well as for 𝑉 and 𝑀 in Table 2) indicate the method used
for calculation. The absolute relative error 𝜀𝑂 is calculated as 𝜀𝑂 = |

|

|

(

𝑂GFSM − 𝑂FEM
)

∕𝑂FEM
|

|

|

⋅ 100%; 𝑂 ∈ {𝑣, 𝜃, 𝑉 ,𝑀}. From Fig. 10 and Table 1 it
can be concluded that the three methods are in agreement.
Computation of internal force fields

By using the computed degrees of freedom (67), along with Eqs. (63d) and (63e), the shear force and bending moment fields are obtained. In
Fig. 11, the internal force fields computed using the GFSM and the two previously mentioned methods are compared. In this instance, the results
from the GFSM and the fine FEM mesh exhibit excellent agreement, whereas the coarse FEM mesh does not.

Table 2 shows the internal force fields computed using the GFSM with 1 element and the FEM with 60 elements at points spaced 0.1 m apart.
From its results, it can be concluded that the GFSM method is in agreement with the fine FEM mesh.
Source file

From the following link can be downloaded the Python source file used to solve this example: https://figshare.com/s/98f32449e82d0705a2a9,
DOI 10.6084/m9.figshare.26789926.

6.2. Example 2

Calculate the response of the two-span Timoshenko beam on elastic Winkler foundation shown in Fig. 12(a). The beam has a Young’s modulus
𝐸 = 25 000 MPa, a Poisson’s ratio of 𝜈 = 0.2, and a rectangular cross-section with a base of 20 cm and a height of 30 cm. The Winkler foundation
has a stiffness per unit length of 𝑘 = 6000 kPa.
Preliminary calculations

The shear modulus can be determined from the Young’s modulus as shown below (Timoshenko and Goodier, 1951):

𝐺 = 𝐸
2(1 + 𝜈)

= 31 250
3

MPa, (69)
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Fig. 11. Internal force fields: Computed using the GFSM with 1 elements, the TFEM with 1 elements and two FEM discretizations with 3 and 60 elements.

Table 2
Comparison of the computed internal force fields using the GFSM with 1 element and the FEM with 60 elements, at points
spaced 0.1 m apart.
𝑥 (m) 𝑉GFSM (kN) 𝑉FEM (kN) 𝜀𝑉 (%) 𝑀GFSM (kN m) 𝑀FEM (kN m) 𝜀𝑀 (%)

0.0 −86.093 −85.259 0.978 −40.063 −40.059 0.009
0.1 −76.128 −75.302 1.097 −31.953 −31.949 0.011
0.2 −66.306 −65.496 1.236 −24.833 −24.829 0.014
0.3 −56.718 −55.931 1.407 −18.684 −18.680 0.018
0.4 −47.434 −46.675 1.626 −13.479 −13.476 0.024
0.5 −38.504 −37.776 1.927 −9.185 −9.182 0.034
0.6 −29.963 −29.269 2.372 −5.765 −5.762 0.052
0.7 −21.834 −21.174 3.115 −3.179 −3.176 0.089
0.8 −14.127 −13.503 4.622 −1.384 −1.381 0.194
0.9 −6.849 −6.261 9.399 −0.339 −0.336 0.744
1.0 0 −0.553 100 0 0.002 100

Fig. 12. Model and discretization of a two-span Timoshenko beam on elastic Winkler foundation.

and according to Timoshenko (1922), Kaneko (1975), Rosinger and Ritchie (1977) and Kaneko (1978), the shear coefficient can be determined as
follows:

𝜅A = 𝜅B =
5(1 + 𝜈)
6 + 5𝜈

= 6
7
. (70)

Computation of unknown degrees of freedom in global coordinates
The equilibrium of nodes 1 and 2 yields the following system of equations:

⎧

⎪

⎨

⎪

⎩

𝐹𝑌1
𝑀1
𝑀2

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝐹𝑌 A
1

𝑀A
1

𝑀A
2 +𝑀B

2

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

0
0
0

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎣

9955 8318 1942
8318 14051 3415
1942 3415 27505

⎤

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑣1
𝜃1
𝑣2

⎫

⎪

⎬

⎪

⎭

+

⎧

⎪

⎨

⎪

⎩

147.048
133.410
−55.599

⎫

⎪

⎬

⎪

⎭

, (71)

being its solution the degrees of freedom of the beam

⎧

⎪

⎨

⎪

⎩

𝑣1
𝜃1
𝑣2

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

−1.34789 × 10−2

−2.30760 × 10−3

3.25977 × 10−3

⎫

⎪

⎬

⎪

⎭

. (72)

Computation of joint reactions in global coordinates
The equilibrium of nodes 2 and 3 leads to the determination of the reactions:

⎧

⎪

⎨

⎪

⎩

𝐹𝑌2
𝐹𝑌3
𝑀3

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

𝐹𝑌 A
2 + 𝐹𝑌 B

2
𝐹𝑌 B

3
𝑀B

3

⎫

⎪

⎬

⎪

⎭

=

⎡

⎢

⎢

⎢

⎣

138 −1942 −217
0 0 382
0 0 316

⎤

⎥

⎥

⎥

⎦

⎧

⎪

⎨

⎪

⎩

𝑣1
𝜃1
𝑣2

⎫

⎪

⎬

⎪

⎭

+

⎧

⎪

⎨

⎪

⎩

−80.252
33.894
−42.421

⎫

⎪

⎬

⎪

⎭

=

⎧

⎪

⎨

⎪

⎩

−78.341
35.141
−41.388

⎫

⎪

⎬

⎪

⎭

. (73)

Computation of displacement and cross-section rotation fields
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Fig. 13. Deformed shape: Computed using the GFSM with 2 elements, the TFEM with 2 elements and two FEM discretizations with 20 and 100 elements (10 and 50 elements
per structural member, respectively).

Fig. 14. Internal force fields: Computed using the GFSM with 2 elements, the TFEM with 2 elements and two FEM discretizations with 20 and 100 elements (10 and 50 elements
per structural member, respectively).

Fig. 15. Model and discretization of a one-bay, one-story Timoshenko plane frame with foundation beam and piles.

The transverse displacement and cross-section rotation fields of elements A and B are obtained using the computed degrees of freedom presented
in Eq. (72), along with Eqs. (63a) and (63b). The structure’s deformed shape is presented in Fig. 13.
Computation of internal force fields

By using the computed degrees of freedom (72), along with Eqs. (63d) and (63e), the shear force and bending moment fields of elements A
and B are obtained. The internal force fields are shown in Fig. 14, from which it can be concluded that the GFSM and the fine FEM mesh agree
excellently; however, the coarse mesh does not.
Source file

From the following link can be downloaded the Python source file used to solve this example: https://figshare.com/s/c8a95dc7b5b412bfc954,
DOI 10.6084/m9.figshare.26789938.

European Journal of Mechanics / A Solids 109 (2025) 105457 

16 

https://figshare.com/s/c8a95dc7b5b412bfc954
https://www.google.com/search?client=firefox-b-d&q=10.6084%2Fm9.figshare.26789938


C. Posso et al.

6.3. Example 3

Compute the response of the Timoshenko plane frame shown in Fig. 15(a), where the Ground Level is defined as GL. All the elements of the
structure have a linear elastic material with Young’s modulus 𝐸 = 20 000 MPa, and Poisson’s ratio of 𝜈 = 0.25. The pile elements (A and B) are
modeled as Timoshenko frames on elastic Winkler foundation elements, have a circular cross-section with a diameter of 60 cm, and a Winkler
foundation with stiffness per unit length 𝑘 = 7000 kPa. The element F is a ground beam with a rectangular cross-section, having a base of 40 cm
and a height of 50 cm and is modeled as a Timoshenko frame on elastic Winkler foundation, with the Winkler foundation having a stiffness per
unit length of 𝑘 = 7000 kPa. Elements C, D, and E are Timoshenko frames with the same cross-section of the element F.

The element F has distributed bending moments from 𝑥 = 0 to 𝑥 = 4 m, defined with the function 30
(

𝑥2 + 1
)

kN m/m (see Fig. 15(a)), with the
remaining applied loads presented in the same figure.

Preliminary calculations

The shear modulus can be computed from the Young modulus as follows Timoshenko and Goodier (1951):

𝐺 = 𝐸
2(1 + 𝜈)

= 8000 MPa, (74)

and, the shear coefficients can be determined for the circular and rectangular cross-sections (Timoshenko, 1922; Kaneko, 1975; Rosinger and
Ritchie, 1977; Kaneko, 1978), respectively:

𝜅A = 𝜅B = 6 + 12𝜈 + 6𝜈2

7 + 12𝜈 + 4𝜈2
= 75

82
, (75a)

𝜅C = 𝜅D = 𝜅E = 𝜅F =
5(1 + 𝜈)
6 + 5𝜈

= 25
29
. (75b)

Computation of unknown degrees of freedom in global coordinates

The equilibrium of nodes yields the following system of equations:
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×
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being its solution the unknown degrees of freedom of the structure
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Computation of joint reactions in global coordinates

The equilibrium of nodes 1 and 2 leads to the determination of the reactions:
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⎢

⎢

⎣

−51268 0 −19304 0 −42211 0 0 0
0 0 0 −1413716 0 0 0 0
0 −51268 0 0 0 −19304 0 −42211
0 0 0 0 0 0 −1413716 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜃1
𝜃2
𝑢3
𝑣3
𝜃3
𝑢4
𝑣4
𝜃4

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0.679
115.477
−26.691
480.848

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (78)

Computation of displacements and cross-section rotation fields

By using the computed degrees of freedom in Eq. (77) along with Eqs. (63a), (63b) and (63f), the transverse displacement, cross-section rotation,
and axial displacement fields of each element are obtained. The structure’s deformed shape with a scale factor of 150 is presented in Fig. 16, from
which it is evident that the three methods exhibit agreement, particularly, the GFSM has excellent agreement with the fine FEM mesh.

Computation of internal force fields

By using the computed degrees of freedom presented in Eq. (77) along with Eqs. (63d), (63e) and (63f), the shear force, bending moment, and
axial force fields of each element are obtained. The internal force fields are shown in Fig. 17, from which it can be concluded that the GFSM and
the fine FEM mesh agree excellently; however, the coarse mesh does not.

Source file

From the following link can be downloaded the Python source file used to solve this example: https://figshare.com/s/f6107de174b5eed8ca99,
DOI 10.6084/m9.figshare.25984141.
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Fig. 16. Deformed shape: Computed using the GFSM with 6 elements, the TFEM with 6 elements and two FEM discretizations with 18 and 288 elements (3 and 48 elements per
structural member, respectively). A scale factor of 150 has been used.

Fig. 17. Internal force fields: Computed using the GFSM with 6 elements, the TFEM with 6 elements and two FEM discretizations with 18 and 288 elements (3 and 48 elements
per structural member, respectively).
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7. Conclusions

1. The formulation of the GFSM for the static analysis of Timoshenko beams and frames on elastic Winkler foundation subjected to arbitrary
external loads and bending moments, is presented for all three cases of the characteristic equation. This approach enables the calculation of
closed-form solutions for any combination of soil and structural parameters.

2. The GFSM is an analytical mesh reduction method for structural analysis that uses only one element per structural member, due to its
analytical nature.

3. The GFSM solves the strong formulation of the DE, in contrast to the FEM, which solves the weak formulation. This allows to obtain coherent
solutions, helping to avoid common issues such as shear locking (Rakowski, 1990) and discontinuities in the internal force fields which can
manifest as sawtooth behavior in FEM, as observed in Figs. 11, 14 and 17.

4. The GFSM idea of decomposing the solution of the problems into homogeneous and fixed (particular) solutions, and solving the latter with
GFs, can be readily extended to other linear physical problems such as fluid mechanics, quantum field theory, aerodynamics, heat transfer,
aeroacoustics, electrodynamics, seismology, and statistical field theory.

5. This study serves as a generalization of simpler models such as the Timoshenko frame, Euler–Bernoulli frame on elastic Winkler foundation,
and the Euler–Bernoulli frame. By taking the limit of the Winkler foundation parameter as it tends to zero, analytical expressions for the
Timoshenko frame are derived. Evaluating shear rigidity as it approaches infinity yields analytical expressions for the Euler–Bernoulli frame
on elastic Winkler foundation. Simultaneously, approaching zero soil stiffness and infinite shear rigidity leads to analytical expressions for
the Euler–Bernoulli frame.

6. Three examples are presented to demonstrate the benefits of the GFSM. These examples involve the analysis of a single-span beam, a two-span
beam, and a one-bay, one-story plane frame on elastic Winkler foundations. The GFSM is utilized to achieve closed-form solutions, which
are then compared with numerical solutions obtained using the TFEM and the FEM software OpenSees. These comparisons highlight the
applicability and efficacy of the GFSM.

7. A novel unified variational formulation is presented for the finite element analysis of Timoshenko beams and frames supported on
elastic Winkler foundation, utilizing the relation between the analytical cross-section rotation and analytical transverse displacement shape
functions.
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Appendix A. Case 𝝀𝒔 = 𝝀𝒇

In this appendix, formulas for using Eqs. (61) and (63) in the case where 𝜆𝑠 = 𝜆𝑓 are provided. First, the coefficients of the stiffness matrix
associated with the beam element in Eq. (61) need to be replaced with the following:

𝑘22 = 𝑘55 =
2𝐸𝐼

[

3
(

𝜀2 − 𝜀−2
)

− 4𝜄
]

𝜌3

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2
, (A.1a)

𝑘23 = 𝑘32 = −𝑘56 = −𝑘65 =
𝐸𝐼

[

3
(

𝜀2 + 𝜀−2
)

− 2
(

3 + 2𝜄2
)]

𝜌2

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2
, (A.1b)

𝑘25 = 𝑘52 =
4𝐸𝐼

[

3
(

𝜀−1 − 𝜀
)

+
(

𝜀 + 𝜀−1
)

𝜄
]

𝜌3

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2
, (A.1c)

𝑘26 = 𝑘62 = −𝑘35 = −𝑘53 =
4𝐸𝐼

(

𝜀 − 𝜀−1
)

𝜄 ⋅ 𝜌2

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2
, (A.1d)

𝑘33 = 𝑘66 =
2𝐸𝐼

[

3
(

𝜀2 − 𝜀−2
)

+ 4𝜄
]

𝜌

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2
, (A.1e)

𝑘36 = 𝑘63 = −
4𝐸𝐼

[

3
(

𝜀 − 𝜀−1
)

+
(

𝜀 + 𝜀−1
)

𝜄
]

𝜌

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2
, (A.1f)
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where

𝜀 = e𝜌𝐿, (A.2a)

𝜄 = 𝜌 ⋅ 𝐿; (A.2b)

𝜌 =
√

2𝜆𝑠, (A.2c)

this implies that the remaining stiffness matrix coefficients, derived from the rod element, do not require any modifications.
Subsequently, the transverse displacement and cross-section rotation shape functions needed to compute the fixed-end force vector in Eq. (61),

as well as the transverse displacement and cross-section rotation fields in Eqs. (63a) and (63b), should be replaced with the following expressions
in those equations, respectively:

𝜓𝑣2 (𝑥) =

[

9
(

𝜀−2 − 1
)

+ (6 − 2𝜄) 𝜄 +
[

3
(

𝜀−2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥 +
[

9
(

𝜀2 − 1
)

− (6 + 2𝜄) 𝜄 +
[

3
(

1 − 𝜀2
)

+ 2𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥, (A.3a)

𝜓𝑣3 (𝑥) =

[

2𝜏 +
[

3
(

𝜀−2 − 1
)

− 2𝜄
]

𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥 +
[

−2𝜏 +
[

3
(

𝜀2 − 1
)

+ 2𝜄
]

𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥, (A.3b)

𝜓𝑣5 (𝑥) =

[

3
[

3
(

𝜀 − 𝜀−1
)

−
(

𝜀 + 𝜀−1
)

𝜄
]

+
[

3
(

𝜀 − 𝜀−1
)

− 2𝜀−1 ⋅ 𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥

+

[

3
[

−3
(

𝜀 − 𝜀−1
)

+
(

𝜀 + 𝜀−1
)

𝜄
]

+
[

3
(

𝜀 − 𝜀−1
)

− 2𝜀 ⋅ 𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥,
(A.3c)

𝜓𝑣6 (𝑥) =

[

−3𝜎 +
[

3
(

𝜀 − 𝜀−1
)

+ 2𝜀−1 ⋅ 𝜄
]

𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥 +
[

3𝜎 +
[

3
(

𝜀−1 − 𝜀
)

− 2𝜀 ⋅ 𝜄
]

𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥, (A.3d)

𝜓𝜃2 (𝑥) =

{[

2𝜄2 −
[

3
(

𝜀−2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥 +
[

−2𝜄2 +
[

3
(

1 − 𝜀2
)

+ 2𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥
}

𝜌, (A.4a)

𝜓𝜃3 (𝑥) =

[

9
(

𝜀−2 − 1
)

− 2 (3 + 𝜄) 𝜄 +
[

−3
(

𝜀−2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥 +
[

9
(

𝜀2 − 1
)

− 2 (3 − 𝜄) 𝜄 +
[

3
(

𝜀2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥, (A.4b)

𝜓𝜃5 (𝑥) =

{ [

3
(

𝜀 − 𝜀−1
)

𝜄 +
[

−3
(

𝜀 − 𝜀−1
)

+ 2𝜀−1 ⋅ 𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥 +
[

3
(

−𝜀 + 𝜀−1
)

𝜄 +
[

3
(

𝜀 − 𝜀−1
)

+ 2𝜀 ⋅ 𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥
}

𝜌, (A.4c)

𝜓𝜃6 (𝑥) =

[

3
[

3
(

𝜀 − 𝜀−1
)

+
(

𝜀 + 𝜀−1
)

𝜄
]

+
[

−3
(

𝜀 − 𝜀−1
)

− 2𝜀−1 ⋅ 𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆5𝑥

+

[

3
[

3
(

𝜀−1 − 𝜀
)

−
(

𝜀 + 𝜀−1
)

𝜄
]

+
[

3
(

𝜀−1 − 𝜀
)

− 2𝜀 ⋅ 𝜄
]

𝜌 ⋅ 𝑥

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

]

e𝜆7𝑥,
(A.4d)

where

𝜆5 = 𝜆6 = +𝜌, (A.5a)

𝜆7 = 𝜆8 = −𝜌, (A.5b)

𝜎 =
(

𝜀 − 𝜀−1
)

𝐿, (A.5c)

𝜏 = 𝜄 ⋅ 𝐿. (A.5d)

No changes are required for the axial displacement shape functions needed to compute the fixed-end force vector in Eq. (61) and the axial
displacement field in Eq. (63c).

The shear force and bending moment shape functions in Eqs. (63d) and (63e) should be replaced with the following expressions, respectively:

𝜓𝑉2 (𝑥) =
𝐸𝐼 ⋅ 𝜌3

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

6
(

𝜀−2 − 1
)

+ 2𝜄 (2 − 𝜄) +
[

3
(

𝜀−2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

−
{

6
(

𝜀2 − 1
)

− 2𝜄 (2 + 𝜄) −
[

3
(

𝜀2 − 1
)

− 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.6a)

𝜓𝑉3 (𝑥) = −
𝐸𝐼 ⋅ 𝜌2

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

3
(

𝜀−2 − 1
)

− 2𝜄 (1 + 𝜄) −
[

3
(

𝜀−2 − 1
)

− 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

+
{

3
(

𝜀2 − 1
)

+ 2𝜄 (1 − 𝜄) +
[

3
(

𝜀2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.6b)

𝜓𝑉5 (𝑥) =
𝐸𝐼 ⋅ 𝜌3

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

3𝜀 (2 − 𝜄) − 𝜀−1 (6 + 𝜄) +
[

3
(

𝜀 − 𝜀−1
)

− 2𝜀−1 ⋅ 𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

+
{

𝜀 (6 − 𝜄) − 3𝜀−1 (2 + 𝜄) −
[

𝜀 (3 − 2𝜄) − 3𝜀−1
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.6c)

𝜓𝑉6 (𝑥) = −
𝐸𝐼 ⋅ 𝜌2

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

3𝜀 (1 + 𝜄) − 𝜀−1 (3 + 𝜄) +
[

𝜀−1 (3 − 2𝜄) − 3𝜀
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

−
{

𝜀 (3 − 𝜄) − 3𝜀−1 (1 − 𝜄) +
[

𝜀 (3 + 2𝜄) − 3𝜀−1
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.6d)
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𝜓𝑀2 (𝑥) = −
𝐸𝐼 ⋅ 𝜌2

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

3
(

𝜀−2 − 1
)

+ 2𝜄 (1 − 𝜄) +
[

3
(

𝜀−2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

+
{

3
(

𝜀2 − 1
)

− 2𝜄 (1 + 𝜄) −
[

3
(

𝜀2 − 1
)

− 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.7a)

𝜓𝑀3 (𝑥) =
𝐸𝐼 ⋅ 𝜌

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

6
(

𝜀−2 − 1
)

− 2𝜄 (2 + 𝜄) −
[

3
(

𝜀−2 − 1
)

− 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

−
{

6
(

𝜀2 − 1
)

+ 2𝜄 (2 − 𝜄) +
[

3
(

𝜀2 − 1
)

+ 2𝜄
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.7b)

𝜓𝑀5 (𝑥) =
𝐸𝐼 ⋅ 𝜌2

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

3𝜀 (𝜄 − 1) + 𝜀−1 (3 − 𝜄) +
[

𝜀−1 (3 + 2𝜄) − 3𝜀
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

+
{

𝜀 (3 + 𝜄) − 3𝜀−1 (1 + 𝜄) −
[

𝜀 (3 − 2𝜄) − 3𝜀−1
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.7c)

𝜓𝑀6 (𝑥) =
𝐸𝐼 ⋅ 𝜌

9
(

𝜀2 + 𝜀−2
)

− 18 − 4𝜄2

{

{

3𝜀 (2 + 𝜄) − 𝜀−1 (6 − 𝜄) +
[

𝜀−1 (3 − 2𝜄) − 3𝜀
]

𝜌 ⋅ 𝑥
}

e𝜆5𝑥

+
{

𝜀 (6 + 𝜄) − 3𝜀−1 (2 − 𝜄) +
[

𝜀 (3 + 2𝜄) − 3𝜀−1
]

𝜌 ⋅ 𝑥
}

e𝜆7𝑥
}

,
(A.7d)

no changes are required for the axial force shape functions in Eq. (63f).
Finally, the expressions listed below should be replaced in the GFs appearing in Eqs. (63a), (63b), (63d), and (63e), respectively:

𝑊 𝑣
2 (𝑥) =

[

3
(

e2𝜌𝑥 − 1
)

+
(

e2𝜌𝑥 + 1
)

𝜌 ⋅ 𝑥
]

e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌3
, (A.8a)

𝑊 𝑣
3 (𝑥) =

(

e2𝜌𝑥 − 1
)

𝑥 ⋅ e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌
, (A.8b)

𝑊 𝑣
5 (𝑥) =

[

3
(

𝜀2 − e2𝜌𝑥
)

+
(

𝜀2 + e2𝜌𝑥
)

(𝐿 − 𝑥) 𝜌
]

𝜀−1 ⋅ e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌3
, (A.8c)

𝑊 𝑣
6 (𝑥) =

(

e2𝜌𝑥 − 𝜀2
)

(𝐿 − 𝑥) 𝜀−1 ⋅ e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌
, (A.8d)

𝑊 𝜃
2 (𝑥) =

(

1 − e2𝜌𝑥
)

𝑥 ⋅ e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌
= −𝑊 𝑣

3 (𝑥), (A.9a)

𝑊 𝜃
3 (𝑥) =

[

3
(

e2𝜌𝑥 − 1
)

−
(

e2𝜌𝑥 + 1
)

𝜌 ⋅ 𝑥
]

e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌
, (A.9b)

𝑊 𝜃
5 (𝑥) =

(

𝜀2 − e2𝜌𝑥
)

(𝐿 − 𝑥) 𝜀−1 ⋅ e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌
= −𝑊 𝑣

6 (𝑥), (A.9c)

𝑊 𝜃
6 (𝑥) =

[

3
(

𝜀2 − e2𝜌𝑥
)

−
(

𝜀2 + e2𝜌𝑥
)

(𝐿 − 𝑥) 𝜌
]

𝜀−1 ⋅ e𝜆7𝑥

4𝐸𝐼 ⋅ 𝜌
, (A.9d)

𝑊 𝑉
2 (𝑥) =

[

2
(

e2𝜌𝑥 + 1
)

+
(

e2𝜌𝑥 − 1
)

𝜌 ⋅ 𝑥
]

e𝜆7𝑥

4
, (A.10a)

𝑊 𝑉
3 (𝑥) = −

[

e2𝜌𝑥 − 1 −
(

e2𝜌𝑥 + 1
)

𝜌 ⋅ 𝑥
]

𝜌 ⋅ e𝜆7𝑥

4
, (A.10b)

𝑊 𝑉
5 (𝑥) = −

[2 − (𝐿 − 𝑥) 𝜌] 𝜀−1 ⋅ e𝜆5𝑥 + [2 + (𝐿 − 𝑥) 𝜌] 𝜀 ⋅ e𝜆7𝑥
4

, (A.10c)

𝑊 𝑉
6 (𝑥) =

{

[1 + (𝐿 − 𝑥) 𝜌] 𝜀−1 ⋅ e𝜆5𝑥 − [1 − (𝐿 − 𝑥) 𝜌] 𝜀 ⋅ e𝜆7𝑥
}

𝜌
4

, (A.10d)

𝑊𝑀
2 (𝑥) = −

[

e2𝜌𝑥 − 1 +
(

e2𝜌𝑥 + 1
)

𝜌 ⋅ 𝑥
]

e𝜆7𝑥

4𝜌
, (A.11a)

𝑊𝑀
3 (𝑥) =

[

2
(

e2𝜌𝑥 + 1
)

−
(

e2𝜌𝑥 − 1
)

𝜌 ⋅ 𝑥
]

e𝜆7𝑥

4
, (A.11b)

𝑊𝑀
5 (𝑥) = −

[

𝜀 (1 + 𝜄) − 𝜀−1 (1 − 𝜄) e2𝜌𝑥 −
(

𝜀−1 ⋅ e2𝜌𝑥 + 𝜀
)

𝜌 ⋅ 𝑥
]

e𝜆7𝑥

4𝜌
, (A.11c)

𝑊𝑀
6 (𝑥) = −

[2 + (𝐿 − 𝑥) 𝜌] 𝜀−1 ⋅ e𝜆5𝑥 + [2 − (𝐿 − 𝑥) 𝜌] 𝜀 ⋅ e𝜆7𝑥
4

, (A.11d)

no modifications are needed for the axial displacement and axial force GFs in Eqs. (63c) and (63f).
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Appendix B. Case 𝝀𝒔 > 𝝀𝒇

In this appendix, formulas for using Eqs. (61) and (63) in the case where 𝜆𝑠 > 𝜆𝑓 are provided. The procedure for replacing expressions in these
equations is the same as explained in Appendix A. Therefore, readers are referred to the preceding appendix for instructions on how to use the
formulas introduced here.

Stiffness Matrix Modifications

𝑘22 = 𝑘55 = −
4𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾

(

𝛼2 − 𝛾2
)

[

𝑒2𝛾
(

1 − 𝑒4𝛼
)

𝜁 + 𝑒2𝛼
(

𝑒4𝛾 − 1
)

𝛿
]

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
, (B.1a)

𝑘23 = 𝑘32 = −𝑘56 = −𝑘65 =
2𝐸𝐼

(

𝛼2 − 𝛾2
)

[

𝑒2𝛾
(

𝑒2𝛼 − 1
)2 𝛾 ⋅ 𝜁 − 𝑒2𝛼

(

𝑒2𝛾 − 1
)2
𝛼 ⋅ 𝛿

]

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
, (B.1b)

𝑘25 = 𝑘52 =
8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾

(

𝛼2 − 𝛾2
)

𝑒𝛾 ⋅ 𝑒𝛼
{[

(

𝑒𝛾 ⋅ 𝑒𝛼
)2 − 1

]

𝜐 +
(

𝑒2𝛾 − 𝑒
2
𝛼

)

𝜒
}

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
, (B.1c)

𝑘26 = 𝑘62 = −𝑘35 = −𝑘53 =
8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾

(

𝛼2 − 𝛾2
)

𝑒𝛾 ⋅ 𝑒𝛾
(

𝑒2𝛾 − 1
)(

𝑒2𝛾 − 1
)

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
, (B.1d)

𝑘33 = 𝑘66 =
4𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾

[

𝑒2𝛾
(

𝑒4𝛼 − 1
)

𝜁 + 𝑒2𝛼
(

𝑒4𝛾 − 1
)

𝛿
]

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
, (B.1e)

𝑘36 = 𝑘63 = −
8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼

{(

𝑒2𝛾 − 𝑒
2
𝛼

)

𝜐 +
[

(

𝑒𝛾 ⋅ 𝑒𝛼
)2 − 1

]

𝜒
}

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
, (B.1f)

where

𝑒𝛾 = e𝛾𝐿, (B.2a)

𝑒𝛼 = e𝛼𝐿, (B.2b)

𝛿 = 𝜐 + 𝜒, (B.2c)

𝜁 = 𝜒 − 𝜐; (B.2d)

𝜐 =
(𝛼 − 𝛾)2

𝛼 + 𝛾
, (B.2e)

𝜒 =
(𝛼 + 𝛾)2

𝛼 − 𝛾
; (B.2f)

𝛾 =
√

𝜆2𝑠 − 𝜆
2
𝑓 . (B.2g)

Shape Functions Modifications

𝜓𝑣2 (𝑥) =
𝑒2𝛾 ⋅ 𝜒

(

𝜁 + 2𝑒2𝛼 ⋅ 𝜐 − 𝑒
−2
𝛾 ⋅ 𝑒2𝛼 ⋅ 𝛿

)

e𝜆9𝑥 + 𝑒2𝛾 ⋅ 𝜐
(

−𝜁 + 2𝑒2𝛼 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝛿

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒2𝛼 ⋅ 𝜐

(

−𝛿 + 2𝑒2𝛾 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆11𝑥 + 𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜒
(

2𝜐 + 𝑒2𝛼 ⋅ 𝜁 − 𝑒
2
𝛾 ⋅ 𝛿

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.3a)

𝜓𝑣3 (𝑥) =
𝑒2𝛾

(

𝜁 − 2𝑒2𝛼 ⋅ 𝜒 + 𝑒−2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝛿
)

e𝜆9𝑥 + 𝑒2𝛾
(

−𝜁 − 2𝑒2𝛼 ⋅ 𝜐 + 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝛿

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒2𝛼

(

−𝛿 + 2𝑒2𝛾 ⋅ 𝜐 + 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝜁

)

e𝜆11𝑥 + 𝑒2𝛾 ⋅ 𝑒2𝛼
(

2𝜒 − 𝑒2𝛾 ⋅ 𝛿 − 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.3b)

𝜓𝑣5 (𝑥) =
𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜒

(

2𝜐 + 𝑒2𝛼 ⋅ 𝜁 − 𝑒
2
𝛾 ⋅ 𝛿

)

e𝜆9𝑥 + 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐
(

−𝛿 + 2𝑒2𝛾 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐

(

−𝜁 + 2𝑒2𝛼 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝛿

)

e𝜆11𝑥 + 𝑒3𝛾 ⋅ 𝑒𝛼 ⋅ 𝜒
(

𝜁 + 2𝑒2𝛼 ⋅ 𝜐 − 𝑒
−2
𝛾 ⋅ 𝑒2𝛼 ⋅ 𝛿

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.3c)
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𝜓𝑣6 (𝑥) =
𝑒𝛾 ⋅ 𝑒𝛼

(

−2𝜒 + 𝑒2𝛾 ⋅ 𝛿 + 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆9𝑥 + 𝑒𝛾 ⋅ 𝑒𝛼
(

𝛿 − 2𝑒2𝛾 ⋅ 𝜐 − 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝜁

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒𝛾 ⋅ 𝑒𝛼

(

𝜁 + 2𝑒2𝛼 ⋅ 𝜐 − 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝛿

)

e𝜆11𝑥 + 𝑒𝛾 ⋅ 𝑒𝛼
(

−𝑒2𝛾 ⋅ 𝜁 + 2𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜒 − 𝑒2𝛼 ⋅ 𝛿

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.3d)

𝜓𝜃2 (𝑥) =
−𝑒2𝛾 ⋅ 𝜐 ⋅ 𝜒

(

𝜁 + 2𝑒2𝛼 ⋅ 𝜐 − 𝑒
−2
𝛾 ⋅ 𝑒2𝛼 ⋅ 𝛿

)

e𝜆9𝑥 − 𝑒2𝛾 ⋅ 𝜐 ⋅ 𝜒
(

−𝜁 + 2𝑒2𝛼 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝛿

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒

(

−𝛿 + 2𝑒2𝛾 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆11𝑥 + 𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒
(

2𝜐 + 𝑒2𝛼 ⋅ 𝜁 − 𝑒
2
𝛾 ⋅ 𝛿

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.4a)

𝜓𝜃3 (𝑥) =
−𝑒2𝛾 ⋅ 𝜐

(

𝜁 − 2𝑒2𝛼 ⋅ 𝜒 + 𝑒−2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝛿
)

e𝜆9𝑥 − 𝑒2𝛾 ⋅ 𝜒
(

−𝜁 − 2𝑒2𝛼 ⋅ 𝜐 + 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝛿

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒2𝛼 ⋅ 𝜒

(

−𝛿 + 2𝑒2𝛾 ⋅ 𝜐 + 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝜁

)

e𝜆11𝑥 + 𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐
(

2𝜒 − 𝑒2𝛾 ⋅ 𝛿 − 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.4b)

𝜓𝜃5 (𝑥) =
−𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐 ⋅ 𝜒

(

2𝜐 + 𝑒2𝛼 ⋅ 𝜁 − 𝑒
2
𝛾 ⋅ 𝛿

)

e𝜆9𝑥 − 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐 ⋅ 𝜒
(

−𝛿 + 2𝑒2𝛾 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐 ⋅ 𝜒

(

−𝜁 + 2𝑒2𝛼 ⋅ 𝜒 − 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝛿

)

e𝜆11𝑥 + 𝑒3𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐 ⋅ 𝜒
(

𝜁 + 2𝑒2𝛼 ⋅ 𝜐 − 𝑒
−2
𝛾 ⋅ 𝑒2𝛼 ⋅ 𝛿

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.4c)

𝜓𝜃6 (𝑥) =
−𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐

(

−2𝜒 + 𝑒2𝛾 ⋅ 𝛿 + 𝑒
2
𝛼 ⋅ 𝜁

)

e𝜆9𝑥 − 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜒
(

𝛿 − 2𝑒2𝛾 ⋅ 𝜐 − 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝜁

)

e𝜆10𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

+
𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜒

(

𝜁 + 2𝑒2𝛼 ⋅ 𝜐 − 𝑒
2
𝛾 ⋅ 𝑒

2
𝛼 ⋅ 𝛿

)

e𝜆11𝑥 + 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐
(

−𝑒2𝛾 ⋅ 𝜁 + 2𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜒 − 𝑒2𝛼 ⋅ 𝛿

)

e𝜆12𝑥

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
,

(B.4d)

𝜓𝑉2 (𝑥) =
𝐸𝐼 (𝜐 ⋅ 𝜒)2

2
(

𝛾2 + 𝛼2
)

[

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
]

{

(

𝜆9 + 𝜐
)

𝜒
[

𝑒2𝛾 ⋅ 𝜁 − 𝑒
2
𝛼

(

𝛿 − 2𝑒2𝛾 ⋅ 𝜐
)]

e𝜆9𝑥

− 𝑒2𝛾
(

𝜆10 + 𝜒
)

𝜐
[

𝜁 + 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜒
)]

e𝜆10𝑥

− 𝑒2𝛼
(

𝜆11 − 𝜒
)

𝜐
[

𝛿 + 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 − 2𝜒
)

]

e𝜆11𝑥

− 𝑒2𝛾 ⋅ 𝑒
2
𝛼
(

𝜆12 − 𝜐
)

𝜒
(

𝑒2𝛾 ⋅ 𝛿 − 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜐

)

e𝜆12𝑥
}

,

(B.5a)

𝜓𝑉3 (𝑥) =
𝐸𝐼 (𝜐 ⋅ 𝜒)2

2
(

𝛾2 + 𝛼2
)

[

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
]

{

(

𝜆9 + 𝜐
)

[

𝑒2𝛾 ⋅ 𝜁 + 𝑒
2
𝛼

(

𝛿 − 2𝑒2𝛾 ⋅ 𝜒
)]

e𝜆9𝑥

− 𝑒2𝛾
(

𝜆10 + 𝜒
)

[

𝜁 − 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜐
)]

e𝜆10𝑥

− 𝑒2𝛼
(

𝜆11 − 𝜒
)

[

𝛿 − 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 + 2𝜐
)

]

e𝜆11𝑥

− 𝑒2𝛾 ⋅ 𝑒
2
𝛼
(

𝜆12 − 𝜐
)

(

𝑒2𝛾 ⋅ 𝛿 + 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜒

)

e𝜆12𝑥
}

,

(B.5b)

𝜓𝑉5 (𝑥) =
−𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼 (𝜐 ⋅ 𝜒)2

2
(

𝛾2 + 𝛼2
)

[

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
]

{

(

𝜆9 + 𝜐
)

𝜒
(

𝑒2𝛾 ⋅ 𝛿 − 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜐

)

e𝜆9𝑥

+
(

𝜆10 + 𝜒
)

𝜐
[

𝛿 + 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 − 2𝜒
)

]

e𝜆10𝑥

+
(

𝜆11 − 𝜒
)

𝜐
[

𝜁 + 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜒
)]

e𝜆11𝑥

+
(

𝜆12 − 𝜐
)

𝜒
[

𝑒2𝛼
(

𝛿 − 2𝑒2𝛾 ⋅ 𝜐
)

− 𝑒2𝛾 ⋅ 𝜁
]

e𝜆12𝑥
}

,

(B.5c)
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𝜓𝑉6 (𝑥) =
𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼 (𝜐 ⋅ 𝜒)2

2
(

𝛾2 + 𝛼2
)

[

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2
]

{

(

𝜆9 + 𝜐
)

(

𝑒2𝛾 ⋅ 𝛿 + 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜒

)

e𝜆9𝑥

+
(

𝜆10 + 𝜒
)

[

𝛿 − 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 + 2𝜐
)

]

e𝜆10𝑥

+
(

𝜆11 − 𝜒
)

[

𝜁 − 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜐
)]

e𝜆11𝑥

−
(

𝜆12 − 𝜐
)

[

𝑒2𝛾 ⋅ 𝜁 + 𝑒
2
𝛼

(

𝛿 − 2𝑒2𝛾 ⋅ 𝜒
)]

e𝜆12𝑥
}

,

(B.5d)

𝜓𝑀2 (𝑥) =
𝐸𝐼 ⋅ 𝜐 ⋅ 𝜒

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

{

𝜆9
[

𝑒2𝛼
(

𝛿 − 2𝑒2𝛾 ⋅ 𝜐
)

− 𝑒2𝛾 ⋅ 𝜁
]

e𝜆9𝑥

+ 𝑒2𝛾 ⋅ 𝜆10
[

𝜁 + 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2 ⋅ 𝜒
)]

e𝜆10𝑥

− 𝑒2𝛼 ⋅ 𝜆11
[

𝛿 + 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 − 2𝜒
)

]

e𝜆11𝑥

− 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜆12

(

𝑒2𝛾 ⋅ 𝛿 − 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜐

)

e𝜆12𝑥
}

,

(B.6a)

𝜓𝑀3 (𝑥) = 𝐸𝐼

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

{

𝜆9 ⋅ 𝜐
[

𝑒2𝛼
(

2𝑒2𝛾 ⋅ 𝜒 − 𝛿
)

− 𝑒2𝛾 ⋅ 𝜁
]

e𝜆9𝑥

+ 𝑒2𝛾 ⋅ 𝜆10 ⋅ 𝜒
[

𝜁 − 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜐
)]

e𝜆10𝑥

+ 𝑒2𝛼 ⋅ 𝜆11 ⋅ 𝜒
[

𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 + 2𝜐
)

− 𝛿
]

e𝜆11𝑥

− 𝑒2𝛾 ⋅ 𝑒
2
𝛼 ⋅ 𝜆12 ⋅ 𝜐

(

𝑒2𝛾 ⋅ 𝛿 + 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜒

)

e𝜆12𝑥
}

,

(B.6b)

𝜓𝑀5 (𝑥) =
𝐸𝐼𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝜐 ⋅ 𝜒

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

{

𝜆9
(

𝑒2𝛾 ⋅ 𝛿 − 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜐

)

e𝜆9𝑥

+ 𝜆10
[

𝛿 + 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 − 2𝜒
)

]

e𝜆10𝑥

− 𝜆11
[

𝜁 + 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜒
)]

e𝜆11𝑥

+ 𝜆12
[

𝑒2𝛾 ⋅ 𝜁 − 𝑒
2
𝛼

(

𝛿 − 2𝑒2𝛾 ⋅ 𝜐
)]

e𝜆12𝑥
}

,

(B.6c)

𝜓𝑀6 (𝑥) = −
𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼

𝑒2𝛾
(

1 + 𝑒4𝛼
)

𝜁2 + 8𝑒2𝛾 ⋅ 𝑒2𝛼 ⋅ 𝜐 ⋅ 𝜒 − 𝑒2𝛼
(

1 + 𝑒4𝛾
)

𝛿2

{

𝜆9 ⋅ 𝜐
(

𝑒2𝛾 ⋅ 𝛿 + 𝑒
2
𝛼 ⋅ 𝜁 − 2𝜒

)

e𝜆9𝑥

+ 𝜆10 ⋅ 𝜒
[

𝛿 − 𝑒2𝛾
(

𝑒2𝛼 ⋅ 𝜁 + 2𝜐
)

]

e𝜆10𝑥

− 𝜆11 ⋅ 𝜒
[

𝜁 − 𝑒2𝛼
(

𝑒2𝛾 ⋅ 𝛿 − 2𝜐
)]

e𝜆11𝑥

+ 𝜆12 ⋅ 𝜐
[

𝑒2𝛾 ⋅ 𝜁 + 𝑒
2
𝛼

(

𝛿 − 2𝑒2𝛾 ⋅ 𝜒
)]

e𝜆12𝑥
}

,

(B.6d)

where

𝜆9 = 𝛼 + 𝛾, (B.7a)

𝜆10 = 𝛼 − 𝛾, (B.7b)

𝜆11 = −𝛼 + 𝛾, (B.7c)

𝜆12 = −𝛼 − 𝛾. (B.7d)

Green’s Functions Modifications

𝑊 𝑣
2 (𝑥) =

[

𝛼
(

𝛼2 + 3𝛾2
) (

e2𝛼𝑥 + 1
) (

e2𝛾𝑥 − 1
)

+ 𝛾
(

3𝛼2 + 𝛾2
) (

e2𝛼𝑥 − 1
) (

e2𝛾𝑥 + 1
)]

e𝜆12𝑥

8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)2

, (B.8a)

𝑊 𝑣
3 (𝑥) =

(

e2𝛼𝑥 − 1
) (

e2𝛾𝑥 − 1
)

e𝜆12𝑥

8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾
, (B.8b)

𝑊 𝑣
5 (𝑥) =

{[

(

𝑒𝛾 ⋅ 𝑒𝛼
)2 − e2𝜆9𝑥

]

𝜆39 −
(

𝑒𝛼 ⋅ e𝛾𝑥
)2 𝜆310 −

(

𝑒𝛾 ⋅ e𝛼𝑥
)2 𝜆311

}

e𝜆12𝑥

8𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)2

, (B.8c)

𝑊 𝑣
6 (𝑥) = −

{[

𝑒2𝛼
(

𝑒2𝛾 − e2𝛾𝑥
)

+ e2𝜆9𝑥
]

𝜆310 +
(

𝑒𝛾 ⋅ e𝛼𝑥
)2 𝜆311

}

𝜆39 ⋅ e𝜆12𝑥

8𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)3

, (B.8d)
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𝑊 𝜃
2 (𝑥) = −

(

e2𝛼𝑥 − 1
) (

e2𝛾𝑥 − 1
)

e𝜆12𝑥

8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾
= −𝑊 𝑣

3 (𝑥) , (B.9a)

𝑊 𝜃
3 (𝑥) =

𝜐
(

e𝜆12𝑥 − e𝜆9𝑥
)

+ 𝜒
(

e𝜆10𝑥 − e𝜆11𝑥
)

8𝐸𝐼 ⋅ 𝛼 ⋅ 𝛾
, (B.9b)

𝑊 𝜃
5 (𝑥) =

{[

𝑒2𝛼
(

𝑒2𝛾 − e2𝛾𝑥
)

+ e2𝜆9𝑥
]

𝜆310 +
(

𝑒𝛾 ⋅ e𝛼𝑥
)2 𝜆311

}

𝜆39 ⋅ e𝜆12𝑥

8𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)3

= −𝑊 𝑣
6 (𝑥) , (B.9c)

𝑊 𝜃
6 (𝑥) =

{[

e2𝜆9𝑥 −
(

𝑒𝛾 ⋅ 𝑒𝛼
)2
]

𝜆310 ⋅ 𝜐 +
[

(

𝑒𝛼 ⋅ e𝛾𝑥
)2 𝜆310 +

(

𝑒𝛾 ⋅ e𝛼𝑥
)2 𝜆311

]

𝜒
}

𝜆39 ⋅ e𝜆12𝑥

8𝐸𝐼 ⋅ 𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)3

, (B.9d)

𝑊 𝑉
2 (𝑥) =

[(

𝛼2 + 𝛾2
) (

e2𝛼𝑥 − 1
) (

e2𝛾𝑥 − 1
)

+ 2𝛼 ⋅ 𝛾
(

e2𝛼𝑥 + 1
) (

e2𝛾𝑥 + 1
)]

(𝜐 ⋅ 𝜒)2 e𝜆12𝑥

8𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)2

, (B.10a)

𝑊 𝑉
3 (𝑥) =

[

(

e2𝜆9𝑥 − 1
)

𝜆29 ⋅ 𝜐 −
(

e2𝛼𝑥 − e2𝛾𝑥
)

𝜆210 ⋅ 𝜒
]

(𝜐 ⋅ 𝜒)2 e𝜆12𝑥

8𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)2

, (B.10b)

𝑊 𝑉
5 (𝑥) = −

{[

(

𝑒𝛾𝑒𝛼
)2 + e2𝜆9𝑥

]

𝜆29 −
[

(

𝑒𝛾e𝛼𝑥
)2 +

(

𝑒𝛼e𝛾𝑥
)2
]

𝜆210
}

(𝜐 ⋅ 𝜒)2 e𝜆12𝑥

8𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)2

, (B.10c)

𝑊 𝑉
6 (𝑥) =

{[

(

𝑒𝛾𝑒𝛼
)2 − e2𝜆9𝑥

]

𝜆29 ⋅ 𝜐 +
[

(

𝑒𝛾e𝛼𝑥
)2 −

(

𝑒𝛼e𝛾𝑥
)2
]

𝜆210 ⋅ 𝜒
}

(𝜐 ⋅ 𝜒)2 e𝜆12𝑥

8𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
(

𝛼2 − 𝛾2
)2

, (B.10d)

𝑊𝑀
2 (𝑥) = −

[

𝛼
(

e2𝛼𝑥 + 1
) (

e2𝛾𝑥 − 1
)

+ 𝛾
(

e2𝛼𝑥 − 1
) (

e2𝛾𝑥 + 1
)]

e𝜆12𝑥

8𝛼 ⋅ 𝛾
, (B.11a)

𝑊𝑀
3 (𝑥) =

𝜐
(

𝜆12e𝜆12𝑥 − 𝜆9e𝜆9𝑥
)

+ 𝜒
(

𝜆10e𝜆10𝑥 − 𝜆11e𝜆11𝑥
)

8𝛼 ⋅ 𝛾
, (B.11b)

𝑊𝑀
5 (𝑥) = −

[

𝛼
(

𝑒2𝛼 + e2𝛼𝑥
)

(

𝑒2𝛾 − e2𝛾𝑥
)

+ 𝛾
(

𝑒2𝛼 − e2𝛼𝑥
)

(

𝑒2𝛾 + e2𝛾𝑥
)]

e𝜆12𝑥

8𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
, (B.11c)

𝑊𝑀
6 (𝑥) =

{[

(

𝑒𝛾 ⋅ 𝑒𝛼
)2 + e2𝜆9𝑥

]

𝜆9 ⋅ 𝜐 −
[

(

𝑒𝛾 ⋅ e𝛼𝑥
)2 +

(

𝑒𝛼 ⋅ e𝛾𝑥
)2
]

𝜆10 ⋅ 𝜒
}

e𝜆12𝑥

8𝑒𝛾 ⋅ 𝑒𝛼 ⋅ 𝛼 ⋅ 𝛾
. (B.11d)

Appendix C. Variational formulation of the GFSM using analytical shape functions

This appendix presents a novel formulation of the TFEM for the Timoshenko frame on elastic Winkler foundation element.
The governing DEs of the Timoshenko beam on elastic Winkler foundation element for its variational formulation can be derived by substituting

the constitutive DEs (1) into the equilibrium DEs (2) (Reddy, 1997):

𝐴𝑠𝐺
[

d2𝑣
d𝑥2

(𝑥) − d𝜃
d𝑥 (𝑥)

]

− 𝑘 ⋅ 𝑣(𝑥) = −𝑞𝑣(𝑥), (C.1a)

𝐸𝐼 d2𝜃
d𝑥2

(𝑥) + 𝐴𝑠𝐺
[

d𝑣
d𝑥 (𝑥) − 𝜃(𝑥)

]

= −𝑞𝜃(𝑥). (C.1b)

Subsequently, the analytical transverse displacement and analytical cross-section rotation fields in the previous equations are approximated
using analytical shape functions, as shown below:

𝑣(𝑥) ≈ 𝜓𝑣2 (𝑥)𝑣𝑖 + 𝜓
𝑣
3 (𝑥)𝜃𝑖 + 𝜓

𝑣
5 (𝑥)𝑣𝑗 + 𝜓

𝑣
6 (𝑥)𝜃𝑗 = 𝑣ℎ(𝑥), (C.2a)

𝜃(𝑥) ≈ 𝜓𝜃2 (𝑥)𝑣𝑖 + 𝜓
𝜃
3 (𝑥)𝜃𝑖 + 𝜓

𝜃
5 (𝑥)𝑣𝑗 + 𝜓

𝜃
6 (𝑥)𝜃𝑗 = 𝜃ℎ(𝑥), (C.2b)

following that, Eqs. (C.2) are substituted into Eqs. (C.1), and Galerkin’s method is applied to these approximations of the governing DEs
(weak formulation) (Demir et al., 2018; Alimoradzadeh et al., 2020). This yields two variational formulations. However, in order to achieve a
unified variational formulation for the beam element, the following relation between the analytical cross-section rotation and analytical transverse
displacement shape functions was employed, which is derived from Eq. (11):
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𝜓𝜃𝑛 (𝑥) =
𝐸𝐼
𝐴𝑠𝐺

d3𝜓𝑣𝑛
d𝑥3

(𝑥) +
[

1 − 𝐸𝐼𝑘
(𝐴𝑠𝐺)2

] d𝜓𝑣𝑛
d𝑥 (𝑥). (C.3)

The approach of mixing these two variational formulations into a single one is known as the Mixed Finite Element Method (MFEM) (Ergüven and
Gedikli, 2003; Frikha et al., 2016).

In the case of the rod element, the governing DE for its variational formulation can be obtained by substitution of the constitutive DE (48) into
the equilibrium DE (49):

𝐸𝐴 d2𝑢
d𝑥2

(𝑥) = −𝑝(𝑥). (C.4)

Then, the analytical axial displacement field in the previous equation is approximated using analytical shape functions, as shown below:

𝑢(𝑥) ≈ 𝜓𝑢1 (𝑥)𝑢𝑖 + 𝜓
𝑢
4 (𝑥)𝑢𝑗 = 𝑢ℎ(𝑥), (C.5)

following that, Eq. (C.5) is substituted into Eq. (C.4), and Galerkin’s method is applied to this approximation of the governing DE, yielding the
variational formulation of the rod element.

Finally, the variational formulations of the beam and rod elements yield the variational formulation of the frame element, which represents the
analytical relation for the frame element that relates its generalized forces to its generalized displacements at the element ends. This relation can
be expressed in matrix form as:

𝑭 = 𝑲𝜟 + 𝑭 𝑓 , (C.6)

where the bold font indicates that the variable is either a matrix or a vector. Additionally, the notation 𝑨𝑟𝑠 will be used to refer to the element at
position 𝑟𝑠 of matrix 𝐴, while 𝑩𝑟 refers to the element at position 𝑟 of vector 𝑩. Considering this, the elements of the vectors in Eq. (C.6) correspond
to the following:

𝑭 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑭 1

𝑭 2

𝑭 3

𝑭 4

𝑭 5

𝑭 6

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

≡

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑋𝑖

𝐹𝑌𝑖
𝑀𝑖

𝐹𝑋𝑗

𝐹𝑌𝑗
𝑀𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

, 𝜟 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜟1

𝜟2

𝜟3

𝜟4

𝜟5

𝜟6

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

≡

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑢𝑖
𝑣𝑖
𝜃𝑖
𝑢𝑗
𝑣𝑗
𝜃𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

, 𝑭 𝑓 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑭 𝑓
1

𝑭 𝑓
2

𝑭 𝑓
3

𝑭 𝑓
4

𝑭 𝑓
5

𝑭 𝑓
6

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

≡

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹𝑋𝑓
𝑖

𝐹𝑌 𝑓𝑖
𝑀𝑓

𝑖

𝐹𝑋𝑓
𝑗

𝐹𝑌 𝑓𝑗
𝑀𝑓

𝑗

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

. (C.7)

The elements of the stiffness matrix 𝑲 and the fixed-end force vector 𝑭 𝑓 for 𝑟, 𝑠 = 1, 4 are computed as follows:

𝑲𝑟𝑠 = ∫

𝐿

0
𝐸𝐴

d𝜓𝑢𝑟
d𝑥 (𝑥)

d𝜓𝑢𝑠
d𝑥 (𝑥)d𝑥, (C.8a)

𝑭 𝑓
𝑟 = −∫

𝐿

0
𝜓𝑢𝑟 (𝑥)𝑝(𝑥)d𝑥, (C.8b)

and the elements for 𝑟, 𝑠 = 2, 3, 5, 6 are obtained using the following equations:

𝑲𝑟𝑠 = ∫

𝐿

0

[

𝐸𝐼
d𝜓𝜃𝑟
d𝑥 (𝑥)

d𝜓𝜃𝑠
d𝑥 (𝑥) + 𝐴𝑠𝐺

(d𝜓𝑣𝑟
d𝑥 (𝑥) − 𝜓𝜃𝑟 (𝑥)

)(d𝜓𝑣𝑠
d𝑥 (𝑥) − 𝜓𝜃𝑠 (𝑥)

)

+ 𝑘𝜓𝑣𝑟 (𝑥)𝜓
𝑣
𝑠 (𝑥)

]

d𝑥, (C.9a)

𝑭 𝑓
𝑟 = −∫

𝐿

0

[

𝜓𝑣𝑟 (𝑥)𝑞𝑣(𝑥) + 𝜓
𝜃
𝑟 (𝑥)𝑞𝜃(𝑥)

]

d𝑥. (C.9b)

Two noteworthy remarks are made at this point: (𝑎) Eqs. (C.2), (C.5), (C.8) and (C.9) can be utilized with the analytical shape functions of
all three cases of the characteristic equation, and (𝑏) the stiffness matrix 𝑲 and the fixed-end force vector 𝑭 𝑓 correspond to the same analytical
stiffness matrix and analytical fixed-end force vector presented in this paper for all three cases of the characteristic equation.
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Nomenclature
External Loads
𝑓𝑠(𝑥) Distributed load exerted by the soil in the 𝑦-axis direction
𝑝(𝑥) External distributed load in the 𝑥-axis direction
𝑞𝑣(𝑥) External distributed load in the 𝑦-axis direction
𝑞𝜃(𝑥) External distributed bending moments about the 𝑧-axis direction
Mechanical Parameters
𝜈 Poisson’s ratio
𝐸 Young’s modulus
𝐺 Shear modulus
𝑘 Soil stiffness per unit length
Geometrical Parameters
𝜅 Shear coefficient
𝐴 Cross-sectional area
𝐴𝑠 Cross-sectional shear area
𝐼 Cross-sectional second moment of area about the 𝑧-axis.
𝐿 Element length
𝑥, 𝑦, 𝑧 Element local axes
Indices
𝑛 Index 𝑛, where 𝑛 ∈ {2, 3, 5, 6}
𝑚 Index 𝑚, where 𝑚 ∈ {1, 4}
𝑤 Index 𝑤, where 𝑤 ∈ {𝑖, 𝑗}. Here, 𝑖 denotes the joint at the beginning of the element (𝑥 = 0), and 𝑗

denotes the joint at the end of the element (𝑥 = 𝐿)
𝑄 Index 𝑄, where 𝑄 ∈ {𝑦, 𝜃, 𝑉 ,𝑀}. Here, 𝑄 = 𝑦, 𝑄 = 𝜃, 𝑄 = 𝑉 and 𝑄 =𝑀 are used to obtain the

transverse displacement, cross-section rotation, shear force and bending moment Green’s functions,
respectively

𝑅 Index 𝑅, where 𝑅 ∈ {𝑥, 𝑃 }. Here, 𝑅 = 𝑥 and 𝑅 = 𝑃 are used to obtain the axial displacement and
force Green’s functions, respectively

𝑟 Index 𝑟, where 𝑟 ∈ {1, 2, 3, 5, 6}
𝑠 Index 𝑠, where 𝑠 ∈ {1, 2, 3, 5, 6}
Displacements and Cross-section Rotation Fields Parameters
𝜓𝑣𝑛 (𝑥) Transverse displacement shape functions
𝜓𝜃𝑛 (𝑥) Cross-section rotation shape functions
𝜓𝑢𝑚(𝑥) Axial displacement shape functions
𝑣(𝑥) Transverse displacement field
𝑣ℎ(𝑥) Homogeneous transverse displacement field
𝑣𝑓 (𝑥) Fixed transverse displacement field
𝑣𝑣𝑓 (𝑥) Fixed transverse displacement field generated by 𝑞𝑣(𝑥)
𝑣𝜃𝑓 (𝑥) Fixed transverse displacement field generated by 𝑞𝜃(𝑥)
𝜃(𝑥) Cross-section rotation field
𝜃ℎ(𝑥) Homogeneous cross-section rotation field
𝜃𝑓 (𝑥) Fixed cross-section rotation field
𝜃𝑣𝑓 (𝑥) Fixed cross-section rotation field generated by 𝑞𝑣(𝑥)
𝜃𝜃𝑓 (𝑥) Fixed cross-section rotation field generated by 𝑞𝜃(𝑥)
𝑢(𝑥) Axial displacement field
𝑢ℎ(𝑥) Homogeneous axial displacement field
𝑢𝑓 (𝑥) Fixed axial displacement field
𝑣𝑤 Transverse displacement at the joint 𝑤
𝜃𝑤 Cross-section rotation at the joint 𝑤
𝑢𝑤 Axial displacement at the joint 𝑤
Internal Force Fields Parameters
𝜓𝑉𝑛 (𝑥) Shear force shape functions
𝜓𝑀𝑛 (𝑥) Bending moment shape functions
𝜓𝑃𝑚 (𝑥) Axial force shape functions
𝑉ℎ(𝑥) Homogeneous shear force field
𝑉𝑓 (𝑥) Fixed shear force field
𝑉 𝑣
𝑓 (𝑥) Fixed shear force field generated by 𝑞𝑣(𝑥)
𝑉 𝜃
𝑓 (𝑥) Fixed shear force field generated by 𝑞𝜃(𝑥)
𝑀(𝑥) Bending moment field
𝑀ℎ(𝑥) Homogeneous bending moment field
𝑀𝑓 (𝑥) Fixed bending moment field
𝑀𝑣

𝑓 (𝑥) Fixed bending moment field generated by 𝑞𝑣(𝑥)
𝑀𝜃

𝑓 (𝑥) Fixed bending moment field generated by 𝑞𝜃(𝑥)
𝑃 (𝑥) Axial force field
𝑃ℎ(𝑥) Homogeneous axial force field
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𝑃𝑓 (𝑥) Fixed axial force field
𝐹𝑌𝑤 Element end force in the 𝑦-axis direction at joint 𝑤
𝐹𝑌 ℎ𝑤 Homogeneous element end force in the 𝑦-axis direction at joint 𝑤
𝐹𝑌 𝑓𝑤 Fixed element end force in the 𝑦-axis direction at joint 𝑤
𝐹𝑌 𝑣𝑓𝑤 Fixed element end force in the 𝑦-axis direction at joint 𝑤 generated by 𝑞𝑣(𝑥)
𝐹𝑌 𝜃𝑓𝑤 Fixed element end force in the 𝑦-axis direction at joint 𝑤 generated by 𝑞𝜃(𝑥)
𝑀𝑤 Element end bending moment at joint 𝑤
𝑀ℎ

𝑤 Homogeneous element end bending moment at joint 𝑤
𝑀𝑓

𝑤 Fixed element end bending moment at joint 𝑤
𝑀𝑣𝑓

𝑤 Fixed element end bending moment at joint 𝑤 generated by 𝑞𝑣(𝑥)
𝑀𝜃𝑓

𝑤 Fixed element end bending moment at joint 𝑤 generated by 𝑞𝜃(𝑥)
𝐹𝑋𝑤 Element end force in the 𝑥-axis direction at joint 𝑤
𝐹𝑋ℎ

𝑤 Homogeneous element end force in the 𝑥-axis direction at joint 𝑤
𝐹𝑋𝑓

𝑤 Fixed element end force in the 𝑥-axis direction at joint 𝑤
Green’s Functions
𝐺𝑄𝑦(𝑥, 𝜉) Transverse displacement, cross-section rotation, shear force and bending moment Green’s functions

associated with a fixed Timoshenko beam on elastic Winkler foundation subjected to a unit point
transverse external load

𝐺𝑄𝜃(𝑥, 𝜉) Transverse displacement, cross-section rotation, shear force and bending moment Green’s functions
associated with a fixed Timoshenko beam on elastic Winkler foundation subjected to a unit point
external bending moment

𝐺𝑅𝑥(𝑥, 𝜉) Axial displacement and axial force Green’s functions associated with a fixed rod subjected to an unit
point axial external load

𝑊 𝑣
𝑛 (𝑥) Functions used to compute the Green’s function 𝐺𝑦𝑦(𝑥, 𝜉) and 𝐺𝑦𝜃(𝑥, 𝜉)

𝑊 𝜃
𝑛 (𝑥) Functions used to compute the Green’s function 𝐺𝜃𝑦(𝑥, 𝜉) and 𝐺𝜃𝜃(𝑥, 𝜉)

𝑊 𝑢
𝑚 (𝑥) Functions used to compute the Green’s function 𝐺𝑥𝑥(𝑥, 𝜉)

𝑊 𝑉
𝑛 (𝑥) Functions used to compute the Green’s function 𝐺𝑉 𝑦(𝑥, 𝜉) and 𝐺𝑉 𝜃(𝑥, 𝜉)

𝑊𝑀
𝑛 (𝑥) Functions used to compute the Green’s function 𝐺𝑀𝑦(𝑥, 𝜉) and 𝐺𝑀𝜃(𝑥, 𝜉)

𝑊 𝑃
𝑚 (𝑥) Functions used to compute the Green’s function 𝐺𝑃𝑥(𝑥, 𝜉)
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