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Continuation of Nonsmooth Bifurcations in
Filippov Systems Using Singular Point Tracking

Ivan Arango and John Alexander Taborda

Abstract—In this paper, we propose a novel numerical method
for continuation of nonsmooth bifurcations in discontinuous
piecewise smooth systems or Filippov systems which we are
denominated Singular Point Tracking (SPT). We use the evaluation
of the vector fields on the discontinuity boundary (DB) to analyze the
dynamics of the systems without integration of the ODE sets or
integrating only in the points computed by the SPT algorithm. We
apply a classification of points and events on DB recently proposed.
Local and global nonsmooth bifurcations are detected using the SPT
method. Two principal advantages have the SPT method with other
numerical methods to continuation of bifurcations in nonsmooth
systems. First, the integration-free algorithms in the SPT avoid the
well know numerical problems of these algorithms. Second, when
the integration is unavoidable the SPT method computes the initial
condition of the simulation to reduce the compute time. A piecewise
smooth prey-predator model is used as illustrative example of the
SPT method.

Keywords—-Bifurcation ~ theory, continuation

filippov systems, nonsmooth bifurcations.

techniques,

I. INTRODUCTION

ONSMOOTH characteristics as sliding, switching or

impact cause many mathematical and numerical
difficulties in modeling, simulation and analysis stages [1-4].
The bifurcation theory and the piecewise smooth approach
have been used widely to analyze the dynamics of nonsmooth
systems as power converters [5,6], friction oscillator [7-9],
impact oscillators [10-12] or ecological models [13,14].

The focus of this paper is in the discontinuous piecewise
smooth systems (PWS) or Filippov systems. A lot of papers
have been restricted to continuous PWS systems or Filippov
systems not involving sliding motion because of the analysis
is more simplified [15,16]. When the sliding motion on the
discontinuity boundary is possible, the analysis is more
complicated.

The number of specialized software in nonsmooth dynamics
is reduced [17,18]. In [19] and [20,21], they are presented two
toolboxes for analysis and continuation of nonsmooth
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bifurcations in Filippov systems. In this paper, we propose a
novel numerical method for continuation of nonsmooth
bifurcations which we are denominated: Singular Point
Tracking (SPT).

We use the evaluation of the vector fields on the
discontinuity boundary (DB) to analyze the dynamics of the
Filippov systems without integration of the ODE sets or
integrating only in the points computed for the SPT algorithm.
We apply a classification of forty-one points and seven events
on DB recently proposed in [22-24]. The existence conditions
of the two crossing points (C class), the four non-singular
sliding points (S class) and the thirty-five singular sliding
points (Q class) are formulate using Boolean-valued functions
B(.) based on integration-free geometric criterions. These
conditions are easily programmable and they can be used
directly in the detection of nonsmooth bifurcations

The existence of singular sliding points on DB determines
the existence of the events on DB and the change of the event
type when a parameter is varied determines the existence of
nonsmooth bifurcations. Therefore, a continuation technique
of nonsmooth bifurcations can be defined tracking the
singular points on DB under variation in the parameters. Local
and global nonsmooth bifurcations are detected using SPT
method.

Two principal advantages have the SPT method with other
numerical methods to continuation of bifurcations in
nonsmooth systems. First, the integration-free algorithms in
the SPT avoid the well know numerical problems of these
algorithms. Second, when the integration is unavoidable the
SPT method computes the initial condition of the simulation
to reduce the compute time.

The paper is organized as follows. In section Il we present
the background concepts of Filippov systems. The type of
points and events on DB are summarized in the sections Il
and 1V, respectively. In the sections V and VI we present the
SPT method to continuation of local and global nonsmooth
bifurcation in Filippov systems, respectively. An illustrative
example based on ecological models is presented in the
section VII. Finally, the conclusions and future work are
discussed in the section VIII.
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Il. BACKGROUND

The Filippov systems are systems with discontinuous vector
fields. These systems are characterized by the presence of the
discontinuity boundaries in the phase space between regions
where the vector field is smooth and continuous. The system
flow can be expressed as:

)

where F; and F; are sufficiently smooth vector functions; Z;
and Z; are the corresponding smooth phase space and
o € Ris the parameter. These zones depend of the scalar
function of the scalar function H(x,a) and they are defined in
the equation (2).

:{XER”:H(x,a)>O}

Z:
)
Z, ZZ{XER”ZH(X,Q’)<O}

Between Z; and Zj, the system has the discontinuity
boundary (DB) that it is assumed to be a smooth hyperplane.
The DB is denoted as X and it is defined in the equation (3).

2::{XGR”:H(x,a)=0} ©)

The system (1) is not invertible because of the orbits can
overlap on DB with sliding [16]. In sliding situations, a
convex combination G(x,a) of the vectors F; and F; is defined
as the Filippov Method [15]. The vector G can be written as
the equation (4) where A is a parameter defined in function of
the vector fields projections in the tangent vector H, defined as

denotes scalar product.
G(xa)=AF (xa)+(1-2)F, (xa) (4)

(H, (), F; (%)
(H (0. F;(0-F ()

with A =

The projection of G(x,a) with the tangent vector:
G = <Ht,G> is used to define the direction of sliding motion

just as presented in the equation (5).

Mg =True if G,(x,)>0

5
M_=True if G,(x,)<0 ©

Recently, a methodology to study nonsmooth bifurcations
on DB was proposed [22-24]. In this work, with reference to

H; the angles of vector fields ¢; and ¢; are computed in
anticlockwise direction. The conditions of each type of points
on DB are defined evaluating the angles ¢; and ¢; in the

analysis pointX, €2 . Two principal angle ranges are
defined: 0, :{ee(Ag;180—Ag)} and
0, :{06(18O+A5;360—A9)} where A, is the tolerance

angle. These ranges are used to study the points on DB just as
presented in the figure 1 (a). Auxiliary angle ranges are
necessary to characterize the singular sliding points on DB
(see figure 1 (b)).

Fig. 1 Evaluation of vector fields in the analysis point x, on DB. (a)
principal angle ranges @, y ®,. (b) Auxiliary angle ranges @, Oy,
Ony O, O1r, Oy, Ony O

In the next section, we summarize the characterization of
points on DB proposed in [22]. The numerical method
Singular Point Tracking is based on this approach.

I1l. TYPE OF POINTS ON DISCONTINUITY BOUNDARY (DB)

Three types of points can be distinguished on the
discontinuity boundary (DB): Crossing points (C), Sliding
points (S) and Singular sliding points (). Forty-one different
points are characterized using Boolean-valued functions B(.)
that return True or False when their arguments are evaluated.
In these functions we use the logical connectives AND, OR
and NOT denoted by A, v and —, respectively.

The Boolean-valued conditions B(.) for the three types of
points on DB are presented in the equation (6) where

F"=(H,,F) and Fj”=<Hn,Fj> are the vector field

n' i
projections in the normal vector H, and Q is the condition for
pseudo-equilibrium points given by the equation (7).

C=B(R'F >0)
s=B(R'F' <0)A(-Q) ©)
Q=B(R"F/ =0)vQ

Q=B((180°-4,) <|p — ¢, <(180° +4,)) )
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Fig. 2 Crossing points. (a) Cj point: the angles ¢; and ¢; are
contained in the range @,. (b) C; point: the angles ¢; and ¢; are
contained in the range ®,. Numerical codes: N(Cy)=1 and N(C;)=2.

Crossing and sliding flows are the predominant behaviors
of the Filippov systems on the discontinuity boundary (DB).
Depending of the direction of the crossing orbits, two crossing
(C) points are defined and four sliding (S) points are
determined depending of the stability and the sliding motion
direction. The thirty-five singular sliding points (Q) exist in
the transition of C and S points on DB.

A. Crossing Points (C):

In the equation (8) we present the Boolean-valued
conditions B(.) for the crossing points C; and C;i. Both vector
field angles ¢; and ¢; should be contained in the same range ©,
or ®;. The symbols, the angular evaluations and the numerical
codes N(xp) for each crossing point are presented in the figure
2.

C;=CAB(p €0,)AB(g,

]

C; =CAB(p €0,)AB(gp,

]

e@)J)
€®|)

(@)

I
Fig. 3 Nonsingular sliding points (Stable sliding points): the angle o;
is contained in the range ®; and the angle g; is contained in the range
0,. (a) Mg is True. (b) M. is True. Numerical codes: N(S;")=3 and
N(S,)=4.

B. Sliding Points (S):

In the sliding points we characterize stability and direction
of the sliding orbits. A sliding (S) point is stable if the

Boolean-valued function S, presented in the equation (9) is
True.

SS:S/\B(goieG)J)/\B((oje@,) 9

In the same form, a sliding (S) point is unstable if the
Boolean-valued function S, presented in the equation (10) is
True. Note that each B(.) function is excluding for each
analysis point xy, i.e. if Cj(xp) is True then C;, S or Q are
False in this point. Also, if S is True in a point on DB then S,
is False.

S,=SAB( €0, )rB(p €0,) (10)

The sliding direction is toward H; direction if the Boolean-
valued function S" is True. On the other hand, the sliding
direction is toward H, opposed direction if the Boolean-valued
function S' is True. These conditions are presented in the
equations (11) and (12), respectively.

S"=SAM,
S'=SAM,

(11)
(12)

Therefore, the necessary and sufficient Boolean-valued
conditions for the four sliding (S) points are given in the
equation (13).

S

S

In the figures 3 and 4 we present the symbols, the angular
evaluations and the numerical codes N(x,) for each

nonsingular sliding point. Note that the vector field angles o;
and o; are contained in the different ranges (©, or ©,).

=S, AS' S
=S, AS" S

:Su/\S'

13
=S, AS" )

Fig. 4 Nonsingular sliding points (Unstable sliding points): the angle
@; is contained in the range ©, and the angle ¢; is contained in the
range ©;. (a) Mg is True. (b) M, is True. Numerical codes: N(S,")=5
and N(S,)=6.
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Fig. 5 Tangent (T) Singular Points. Normal component of F; or F;is
zero. Numerical codes N(T)={7;14}.

C. Singular Sliding Points (Q):

To analyze the singular sliding points (©2) we define six
subclasses: T, V, I1, ¥, Q and ®. Next, we explain the general
considerations of each subclass. More details can be found in
[xxx].

1) Tangent (T) Singular Points: The vector field F; or F;
is tangent on the analysis point X,

The Boolean-valued condition for Tangent (T) singular
points is given in the equation (14) where ®1={®_,0r} (See
figure 1(b)).

T=B(p c0;)vB(p c0;) (14)

Eight different options are possible depending of the vector
field characteristics that it is not tangent. If F; is tangent then
the characteristics of F; define four different points: T, T;%,
TV TY I F; is tangent then the characteristics of F; define
four different points: T, T, T, T{". In the figure 5 we

present the symbols of the Tangent singular points.

2) Vanished (V) Singular Points: The vector field F; or F;
is vanished on the analysis point Xy,

The Boolean-valued condition for Vanished (V) singular
points is given in the equation (15) where ® [0 °,3607].

V =B(¢p £0)vB(p £0) (15)

Again, eight different options are possible depending of the
vector field characteristics that it is not vanished. If F; is
vanished then the characteristics of F; define four different
points: Vi , V&, V", V" If F; is vanished then the
characteristics of F; define four different points: V™", V', V",
Vj”'. In the figure 6 we present the symbols of the Vanished
singular points.

3) Tangent-Tangent (/7) Singular Points: The vector
fields F; and F; are tangent on the analysis point Xs.

The Boolean-valued condition for Tangent-Tangent (IT)
singular points is given in the equation (16).

39

19D (1)@ (17) D (13) ©

V;sr I/;! ijsr I/jS!
(199 29)Q (2D (2)O
I/iur V;M I/jw’ V;d

Fig. 6 Vanished (V) Singular Points. Tangent and normal
components of F; or Fare zero. Numerical codes N(V) ={15;22}.

H=B((pie®T)/\B((pje®T) (16)

Four different options are possible depending of the flow
direction of the tangent vectors on the analysis point. If F; and
F; are tangents toward to H; direction then the point II is
denoted as IT,,. If both vector fields are tangents toward to H,
opposed direction then the point IT is denoted as IT;,. When the
tangent vectors have different directions are presented the
other two points denoted as II, and II,. In the figure 7 we
present the symbols of the Tangent-Tangent (IT) singular
points.

4) Tangent-Vanished (¥) Singular Points: A vector field
Fi or F; is tangent and the other vector field is vanished on
the analysis point Xy.

The Boolean-valued condition for Tangent-Vanished (¥)
singular points is given in the equation (17).

Y=Y, vY,
B(p €©;)AB(p; 20)
B(p 20©)AB(p; €0,

(B)D () (B)€5 (20O
Hrr HH Hﬂ le

Fig. 7 Tangent-Tangent (IT) Singular Points. Normal components of
Fi and F;are zero. Numerical codes N(IT) ={23;26}.

Y O 0D 6
X X r
P v g Y
Fig. 8 Tangent-Vanished (¥) Singular Points. F; or F; is tangent and
the other vector field is vanished. Numerical codes N(¥) ={27;30}.

¥, = 17)
b4

2

Four different options are possible depending of the flow
direction of the tangent vector on the analysis point. If F; is
tangent toward to H, direction and F; is vanished on X, then
the point ¥ is denoted as ¥,*. If F; is tangent toward to H,
opposed direction and F; is vanished on x, then the point \¥ is
denoted as /. In the other two points F; is the tangent vector
field and F; is vanished. These points are denoted as ¥, and
w,!. In the figure 8 we present the symbols of the Tangent-

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS



Issue 1, Volume 1, 2007
Vanished (¥) singular points.

5) Quadrant (Q) Singular Points: The vector fields F; and
F; are anti-collinear on the analysis point x.

The Boolean-valued condition for Quadrant (Q) singular
points or pseudo-equilibrium points was given in the equation

().

Six different options are possible depending of the flow
direction of the anti-collinear vector fields on x,. The auxiliary
angle ranges Oy, Oz, O, and O presented in the figure 1(b)
are used to determine the points Q. If the angle ¢i is contained
in the range ®;, the angle @; is contained in the range ®, and Q
is True then three points can be defined: Q;", Q;"" and Q,". If
the angle ¢; is contained in the range ®,, the angle o; is
contained in the range ®; and Q is True then three points can
be defined: Q;/", Q' and Q,". In the figure 9 we present the
symbols of the Quadrant (Q) singular points.

(31)@ (32)@ (33) @
Qj Qj Qﬁ"
(34)@ (35)@ (36)@_
i O O
Fig. 9 Quadrant (Q) Singular Points. F; and F; are anti-collinear.
Numerical codes N(Q) ={31;36}.

6) Quadrant-Vanished (&) Singular Points: A vector
field F; or F; is vanished and the other vector field is
normal to H; on the analysis point Xp.

The Boolean-valued condition for Quadrant-Vanished (®)
singular points is given in the equation (18) where
@N:{®N|,®NJ} (See figure 1(b))

O=],vD,vO,

®,=B(p, 20)AB(p, 20)
(18)

(W) (4D
X i
) (Dm' (I)‘c
Fig. 10 Quadrant-Vanished (®) Singular Points. Tangent component
Fi and F; are zero. Numerical codes N(®) ={37; 41}.

Five different options are possible depending of the quadrant
of the vector fields that it is not vanished on x,. If both vector
fields are vanished on x, then the point @ is denoted as @,. If

40

F; is normal to H; on x, and F; is vanished then the direction of
Fi define two points: ®,* and ®,*. If F; is normal to H, on x,
and F; is vanished then the direction of F; define two points:
®," and @,". In the figure 10 we present the symbols of the
Quadrant-Vanished (®) singular points.

IV. TYPE OF EVENTS ON DISCONTINUITY BOUNDARY (DB)

The existence of several points types on the discontinuity
boundary characterizes different scenarios on DB. Seven
events are considered. In all events, a sequence of tree points
is determined. The central point is a singular sliding point (Q).
The laterals points are crossing (C) points or nonsingular
sliding (S) points. Let Xy, Xp2 and Xy3 be three consecutive
analysis points on DB. We assume that Xy, is a singular (Q)
point and we characterize the neighboring points (X,; and Xps).
In the sections V and VI, we study the detection of singular
points and their continuation techniques of local and global
nonsmooth bifurcations.

1) Change of direction in crossing orbits:

The DB has a change of direction in crossing orbits if the
Boolean-valued function A presented in the equation (19) is
True.

ACC = ACCl \4 ACC2
Ay = Cij (Xbl)/\cji (sz)
Ay = Cji (Xbl)/\cij (sz)

(19)

The lateral points should be Type C (Cj or C;) and the
central point (Xp2) should be a singular point contained in the
subsets IT or Q°={Q,", Q,"} or @ point. The numerical
codes of the central point can be
N(xp2)={23,24,25,26,33,36,37}. An example of the event is
presented in the figure 11(a).

2) Change of crossing boundary to stable sliding
boundary and vice versa:

The DB has a change of crossing boundary to stable sliding
boundary or vice versa if the Boolean-valued function A
presented in the equation (20) is True.

Acss =A0551VA0552
A =B(X; ©C)AB(X;<S,) (20)
Ay, =B(Xy, =S, )AB(X); =C)

The lateral points should be Type C={ Cj ; C; } or Type
S={Ss ; S,'} and the central point (x»,) should be a singular
point contained in the subsets T*={T"; T ; T"; T}, V°={
Visr : Visl : Vjsr : Vjsl } or (Ds:{q)njx : (I)Xni : CDXX } The
numerical codes of the central point can be N(x,,) = {7, 8, 9,
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10, 15, 16, 17, 18, 37, 38, 41}. An example of the event is
presented in the figure 11(b).

3) Change of crossing boundary to unstable sliding
boundary and vice versa:

The DB has a change of crossing boundary to unstable
sliding boundary or vice versa if the Boolean-valued function
Aqs presented in the equation (21) is True.

Acus :AcuslVACUSZ
Ay =B(X, =C)AB(X3<S,) (21)
Ags, =B(X, =S, ) AB (X3 =C)

The lateral points should be Type C={ Cj ; C; } or Type
S.={S." ; S.'} and the central point (xy,) should be a singular
point contained in the subsets T={T"; T ; T, ; T}, v'={
VIV VTV Y or o={0, ;@ @ . The
numerical codes of the central point can be N(xy,) = {11, 12,
13, 14, 19, 20, 21, 22, 37, 39, 40}. An example of the event is
presented in the figure 11(c).

4) Change of direction in stable sliding boundary:

The DB has a change of direction in stable sliding boundary
if the Boolean-valued function Ag, presented in the equation
(22) is True.

Aslr = Aslrl Vv A
Ay = Ssl, (Xbl) NS (Xb3)
Ay, =S (Xm) A S; (sz)

slr2

(22)

The lateral points should be Type S° (Ss or S¢) and the
central point (Xp,) should be a singular point contained in the
subset Q°={Q;" ; Q" ; Q4" }. The numerical codes of the
central point can be N(Xp2) = {31, 32, 33}. An example of the
event is presented in the figure 11(d).

5) Change of direction in unstable sliding boundary:

The DB has a change of direction in unstable sliding
boundary if the Boolean-valued function Ay, presented in the
equation (23) is True.

Aulr = Aulrl Vv Aulr2
Ay = SLII (Xbl) NS, (sz)
Az =S, (Xbl) A SLIJ (Xb3)

(23)

The lateral points should be Type S' (S, or S,) and the
central point (xp;) should be a singular point contained in the
subset Q"={Q;"' ; Qi/" ; Q," }. The numerical codes of the

central point can be N(Xp) = {34, 35, 36}. An example of the
event is presented in the figure 12(a).

éﬁéﬁ&ﬁ Z Sets-

/—(\
(b)

N

=

(c) (d)
Fig. 11 Examples of events on DB. (a) Event 1: C;j to C;;. (b) Event 2:
Cjito S (c) Event3: Cjto S,". (d) Event 4: S, to S,

6) Change of stability in sliding boundary:

The DB has a change of stability in sliding boundary if the
Boolean-valued function Ay presented in the equation (24) is
True.

A=A

usl Vv Ausz

Ay =B(X%; =S )AB(X;<=S,) (24)
Ay, = B(Xbl c Su)/\ B(sz c Ss)

The lateral points should be Type S (S° or S*) and the central
point (xy,) should be a singular point contained in the subsets
IT or . The numerical codes of the central point can be N(Xy,)
= {23, 24, 25, 26, 27, 28, 29, 30}. An example of the event is
presented in the figure 12(b).

7) Change of direction in the velocity of stable sliding
boundary:

The DB has a change direction in the velocity of stable
sliding boundary if the Boolean-valued function A,s presented
in the equation (25) is True.

Avs = (Avsl Vv Avsz ) N Avs3

Ay = Sslr (Xbl) A Sslr(xba) (25)
Ast = Ss (Xbl)/\ss (Xb3)
Ay =B(Ag (Xyy)>0) AB(Ag (%) <0)
where,
AGt(Xbi):‘Gt(Xbi )‘_‘Gt(xbi +5)‘ (26)

The lateral points should be Type $° (S or S) and the
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central point (Xp2) should be a singular point contained in the
subset Q°={Q;"" ; Q" ; Q" }. The numerical codes of the
central point can be N(xp) = {31, 32, 33}. An example of the
event is presented in the figure 12(c).

A%
T

(b) (c)
Fig. 12 Examples of events on DB. (a) Event 5: S,' to S". (b) Event
6: St S, (c) Event 7: Sy to Sy

V. CONTINUATION OF LOCAL NONSMOOTH BIFURCATIONS
USING SINGULAR POINT TRACKING (SPT)

Let ng be the number of singular points on DB. Therefore, a
sequence of (2ng +1) points can be determined: (Xp1, Xp2,---,
Xp(zng +1))- The Points: (Xpa, Xpg, .-, Xp(zng +1)) &re €rossing points
(C={Cy;; C;i}) or nonsingular sliding points (S={ Si"; S¢' ; S.";
S, }). The other points: (X2, Xpa, ..., Xp@ney) are singular points
(Q={T; V; IL; ¥; Q; ®}).

Using the Boolean-valued conditions for one-event on DB
given by three points (just as we explain in the previous
section) is possible to characterize any combinations of events
on DB considering that the laterals points (C or S) can be
common to two triads of points.

The existence of singular sliding points on DB determines
the existence of the events on DB. The change of the event
type when the parameter o is varied determines the existence
of nonsmooth bifurcations.  Therefore, a continuation
technique of nonsmooth bifurcations can be defined tracking
the singular points on DB under variation in the parameter o.

The first step in the SPT method consists in the
determination of the initial condition in the continuation
algorithm which it is reached tracking the singular points.
Therefore, the parameter o is fixed and the discontinuity
boundary is inspected to characterize the points and events on
DB. Seven events are possible on DB. A singular point exists
in each event transition. When the existence of an event is
determined, the singular point is located diminishing the step
size on the DB evaluation until the singular point condition is
verified. In the figure 13 we present an example of singular
point detection for o fixed. When the change of crossing
boundary to stable sliding boundary (Cji —Ssl) is detected,
the location of the tangent point Tisl is determined
diminishing the step size.

{ /
Eji C;ji Ss S s
.................... [ —
I @i
C,C, 8!
O. .................... O ..... O ._.—.
/
Ji Ss
Orrresssanassnansirsnnsinases Q O )
sl
O- ------------------------------ Z; :

N(x,)=2 N(x,,)=38 N(x,)=4
Fig. 13 Example of singular point detection for a fixed: when the
event Cj —>Ss' is detected, the step size is diminished until the
detection of the point T*'.

The continuation algorithm SPT has the initial condition
when the three points (Xp1,Xp2,Xp3) are characterized. The
numerical codes of each point (N(Xp1), N(Xp2) and N(xp3)) are
used to track the singular points when « is varied. The curves
of singular points are generated computing two-dimensional

points Pj; in the space (X, vs. o) defined as
P, =P(x,(i+1),a(j+1)).
N4
Oe-e Initial Condition
it TS!
JEZJZ ........... w2 4

SEEEE] . >

2128lalal4] ™

22285zz o

414
2[814 O@'@ .
X, €X

Fig. 14 Example of singular point tracking (SPT): a sequence of
points N(Xp1,Xp2,X3)=(2,8,4) is used as initial condition to track the
T curve when o, is varied.

a(j+l)=a(j)+A, if N(%(i))=N(x,) @

The value of o is modified if the xb(i) component of Pij has
the numerical code of the singular point N(xb2) just as we
present in the equation (27) where Ao is the increment value
of a.

X (1)+A, if N(%(i))=N(xy,)
% (i) if N(x(i))=N(x,) @®
X (1)+A, 0f N(%(i))=N(%;)

X, (i+1)=

The value of xy(i) is modified for each a(j) until the
numerical code of N(xy(i)) is equal to numerical code of the
singular point N(xp). In the equation (28) we present the
adaptation law for x,(i) where A, is the increment value of x,,.
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In the figure 14 we present an example of singular point
tracking. The T curve is generated, evaluating and finding
the numerical codes N(Xp1,Xp2,Xn3)=(2,8,4) in the space (Xy Vs.

a).

3

(74

cee

Initial Conditions
i o
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Fig. 15 Example of bifurcation point detection using SPT method:
the intersection of two or more singular point curves when o, is varied
implies a bifurcation point.
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Initial Conditions

The bifurcation points can be detected of several ways.
Changes in the number of the singular points on DB or the
events on DB when a is varied imply the existence of
bifurcation points. Also, the intersection of two or more
singular point curves implies a bifurcation point in the
intersection point. In the figure 15 we present an example of
bifurcation detection using SPT method. Taking as initial
conditions the singular points for a=a; and a=ay, the singular
point curves cross in the point ITj,.

In [16] the codimension-one nonsmooth bifurcations were
classified. Next, we present the general consideration to
detect the local nonsmooth bifurcations using the SPT
method.

1) Boundary Equilibrium Bifurcations (BF,BN,BS)

The equilibrium point of the vector fields F; or F; can
collide with the discontinuity boundary. When a hyperbolic
equilibrium collides with the DB, the system has a Boundary-
Equilibrium bifurcation. Depending of the equilibrium type
the bifurcation is denoted as Boundary-Focus (BF),
Boundary-Node (BN) or Boundary-Saddle (BS) .

The BF, BN and BS bifurcations are characterized by the
intersection between a tangent curve T and a pseudo-
equilibrium curve Q when o is varied. In the bifurcation point
the system has a singular point type V or type ®. In the figure
16 we present two examples of boundary equilibrium
bifurcations. In the figure 16(a), the BF1 bifurcation is
characterized while the BN2 bifurcation is analyzed in the
figure 16(b).
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2) Tangent Collisions Bifurcations (DT, VV, VI, 1)

The collisions of two tangent points when a parameter is
varied are local codim 1 bifurcations. In [16] these
bifurcations are classified depending the characteristics of the
tangent points in the following classes: Double tangency
(DT), Visible-Visible tangencies (VV), Visible-Invisible
tangencies (V1) and Invisible-Invisible tangencies (II). To
detect these bifurcations we can track the tangent curves T and
determine the bifurcation point when a point type IT or ¥ is
detected. In the figure 16(c) we present an example of VI1
bifurcation.

3) Pseudo-saddle-node Bifurcation (PSN)

Two pseudo-equilibrium points (type Q) can collide and
disappear via the standard saddle-node bifurcation and it is
known as pseudo-saddle-node (PSN) bifurcation. With the
SPT method we can track the points Q and detect the
intersection or the disappearance of the points when o is
varied. In the figure 16(d) we present the characterization of
the PSN bifurcation.

(@) e (b) Xy
OO0 IO | eve é@ﬂ
(‘C) X . id) Xy .

Fig. 16 Examples of continuation local nonsmooth bifurcations
using SPT. (a) Boundary focus bifurcation. (b) Boundary node
bifurcation. (c) Collision of visible and invisible tangencies. (d)
Pseudo-saddle-node bifurcation.
V1. CONTINUATION OF GLOBAL NONSMOOTH BIFURCATIONS
USING SINGULAR POINT TRACKING (SPT)

All nonsmooth bifurcations in Filippov systems can be
classified as Local and Global bifurcations [16]. The local
bifurcations can be detected and continued with the
integration-free  SPT procedure detailed in the previous
section.

To analyze global bifurcations which involve sliding on the
discontinuity boundary the integration is unavoidable,
however using the integration-free algorithms explained in the
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Section V, we can determine the initial condition of the
integration to reduce the compute time. Also, in several cases
with the SPT method we can integrate only a vector field to
avoid numerical problems very common in simulation of
nonsmooth systems.

Initial -
T
s - ﬂ 6—@69

LC/L” LSW/-L)
, : Z
o
O8Da>a,
9SD: u-q,
=0
x. () eX

Fig. 17 Examples of continuation global nonsmooth bifurcations
using SPT. (a) Grazing bifurcation. (b) Crossing bifurcation. (c)
Switching bifurcation.

In Filippov systems, the periodic solutions or cycles can be
divided in standard, sliding or crossing cycles. In the standard
cycles, the flow lies entirely in Z; or Z; zone without points on
DB. The sliding cycles have stable sliding points (S or Sg)
and singular points on DB and the crossing cycles have
crossing points (Cj; or Cj) or singular points on DB.

1) Grazing Bifurcations (or Touching Bifurcations)

The Filippov system has a grazing bifurcation point when a
standard cycle collides with the DB in a tangent point T,,. The
tangent point should be contained in the subset T={T ; T ;
Tjsr : TjSI}.

In the grazing transition, the Filippov system has the
sequence of cycles presented in the equation (29), where Lg
denotes a standard cycle, Ly denotes a grazing cycle and L,
denotes a sliding cycle.

L, > L, = L (29)
o o o
a<ag a=ag a>ag

Therefore, analyzing only the points on DB in the stationary
state X(t), in the cycle Lg there is not points on DB, in the
cycle Lg there in one point on DB: T,,. Finally, in the cycle L
two different type of points on DB can be distinguished: S and
T. In the figure 17(a), we present the sequence of points on
DB in the grazing transition.

The grazing condition on DB is presented in the equation
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(30) where ag is the critic value of a; ny is the number of
tangent points and t, is the period of the L cycle.
X(to,aG):TW cTeX

X(tl’aG):Tw
x(t,a5) 2 {C,S}

t,<t<t =t .

(30)

with w=1,---,n;

The initial condition x(ty) of the orbit is the tangent point
Tw. If the tangent vector field in T, is F; (points: T or T#')

then we integrate the equation X = F (X, ;). Otherwise, if
the tangent vector field in T,, is F; (points: T ; T;") then we
integrate the equation X=F;(X,a;). In a time t, the

solution x(t) returns to the tangent point T, without other
points on DB. In the figure 17(a), we present an example of
cycle L, for the grazing condition.

2) Crossing Bifurcations

The crossing bifurcation point happens when a crossing
cycle returns to tangent point without sliding points on DB.
Both field vectors F; and F; should be integrated to verify the
crossing bifurcation. The crossing condition is presented in
the equation (31) where ac is the critic value of a.

X(to,ac)zTWcT eX

x(t,,a.)=C, cCex
X(tz,ac):TW
x(t,ae )2 {S}

t, <t<t, =t

(31

with w=1,---,n;

o "

The initial condition x(to) of the crossing orbit is the tangent
point T,,. If the tangent vector field in T,y is F; (points: T; or

T ) then first we integrate the equation X = F, (X, ;) and
when the solution arrives to DB we integrate the equation
X=F;(X,a.). Inatimet, the crossing cycle x(t) returns to
the tangent point T,, without sliding points on DB. In the

figure 17(b), we present an example of cycle L. for the
crossing condition.

When a is varied, this bifurcation can be studied detecting
the point on DB in the periodic solutions. Only for a=oc the
equation (31) is hold. For o<ac the periodic solution has
stable sliding points on DB and for a>ac the crossing cycle
has not the tangent point T,,.

3) Switching Bifurcations (or Buckling Bifurcations)

In the switching bifurcation point the solution travels an
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entire stable sliding segment and returns to a tangent point
defined as initial condition T;. Two tangent points T, and T,
are necessary in the switching bifurcation. The initial
condition T, is defined depending of the sliding segment
direction just as presented in the equation (32).

T,—>S{ T, T,=T,&{T"17}
(32)
TSI >T, T,=T,e{T" T}

The switching condition on DB is presented in the equation
(33) where ay, is the critic value of o.

X(tg, gy )=T,cTeX
X(t,agy )=T,cTex
X(t, oy ) =T,

X(t, g, ) 2 {C}
with t, <t<t, =t

(33)

The tangent points T, and T, are the same type just is
shown in the equation (32). If the tangent vector field in the
tangent points is F; (points: T or T ) then we integrate the

equation X =F (X, g, ). Otherwise, if the tangent vector
field in the tangent points is F; (points: T ; T;) then we
integrate the equation X =F;(X,a, ). The solution x(t)
arrives of T, to T, in a time t;, after the solution slides and
returns to Ty in a time t, without crossing points on DB. In the

figure 17(c), we present an example of cycle L, for the
switching condition.

l-@-f@"—@—‘—? \ o| ‘ 8 a>a,
Initial

Condition @6@ c=a,

7z N Ly | 99 <
x.(Nek

o

e = C(f_w

@ o=,

e a <y,

(b)
Fig. 18 Examples of continuation global nonsmooth bifurcations

x(n)eX

using SPT. (a) Pseudo-homoclinic bifurcation.
heteroclinic bifurcation.

(b) Pseudo-

The cycle points on DB in the stationary state X(t) when a
is varied are presented in the figure 17(c). For o< ogw the
periodic solution has the following points on DB: S, (S or
SS') and one tangent point T;. For a= agy the periodic solution
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has the following points on DB: S; (S, or Ss') and two tangent
points (T, and T,). Finally, for o> agy the periodic solution
has the following points on DB: S, (Ss' or Sy, crossing points
(Cjj or C;j) and one tangent point T .

4) Pseudo-homoclinic Bifurcations

The pseudo-homoclinic bifurcation point happens when a
sliding cycle returns to tangent point without crossing points
on DB via pseudo-equilibrium point. Therefore, one tangent
point Tw and one stable pseudo-equilibrium point contained
in the subset Q°={Q;" ; Q" ; Q" } are necessary in the
pseudo-homoclinic bifurcation. The sliding homoclinic orbit
condition is presented in the equation (34) where oagy is the
critic value of a.

X(tg, oy ) =T, cT e

X(t,agy)=Q,cQ, eX
X(t, ag,)=T
X(t,ag )2 {C

with w=1,---,n;

(34)

o St<t, =t .
The initial condition x(to) of the sliding homoclinic orbit is

the tangent point T,,. If the tangent vector field in the tangent
points is F; (points: T or T;) then we integrate the equation

X=F (X ag,). Otherwise, if the tangent vector field in the
tangent points is F; (points: T, ; T;) then we integrate the
equation X = F; (X, &t ). The solution x(t) arrives of T, to

Q point in a time ty, after the solution slides and returns to T,
in a time t, without crossing points on DB. In the figure 18(a),
we present an example of cycle L, for the pseudo-homoclinic
condition.

5) Pseudo-heteroclinic bifurcations

The pseudo-heteroclinic bifurcation point happens when
two pseudo-equilibrium points are connected. Two pseudo-
equilibrium points Q; and Q, are necessary for this
bifurcation, one point should be contained in the subset
Q={Q;" ; Q" ; Q" } and the other point should be
contained in the subset Q"= {Q;""; Qi :Qn" }.

The heteroclinic orbit condition is presented in the equation
(35) where oyt is the critic value of o. Taking as initial
condition X(t,) the Q point contained in Q", we should
integrate the vector fields F; and F; until arrive to the DB in a
time t.. If x(t,) is a Q° point then the equation (35) is verified.

X(t, o047 )=Q Q" €X
X(tl’aHT):QZ cQeX
x(t,ar ) 2{C,S}

(35)
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In the figure 18(b) we present an example of heteroclinic
bifurcation.

Fig. 19 State portrait of PWS prey-predator for a=2.75. Standard
cycle (Lg) and unstable focus in Fg=(0.047;1.01017). Equation (38).

VII. ILLUSTRATIVE EXAMPLE: PIECEWISE SMOOTH PREY-

PREDATOR MODEL

In this section, we explain the SPT method in continuation
of local and global nonsmooth bifurcations by means of
piecewise-smooth (PWS) prey-predator example proposed in
[16].

The configuration (F;,F;,H) of the PWS prey-predator is
presented in the equation (36) where a is the bifurcation
parameter and ky, k,, ks and k4 are the system parameters that
we have assumed constants.

(1) = (ko /(k, + %)) %,
(klxl/(kz + Xl))xz —k3X2
(1=%) = (kx /(Ko +%,)) %,
(klxl/(kZ + Xi))xz —kyx, —k X,
H(x,a)=x,-a=0

F ()= %
_ X

F; ()

(36)

The parameters k; are fixed in the values proposed in [16] just
as is presented in the equation (37).

The state variables x; and x, correspond to prey density and
predator density, respectively. These densities should be
positive x; > 0 and x, > 0. In the state portraits the prey
density is varied in the range 0<x;<1 while the predator
density is considered from 0 until a little bigger than a
threshold. The bifurcation parameter o is associated to the DB
¥={X: X, = o} and a is varied in the range [3; 0.25].

k =0.3556 k,=0.33

(37)
k,=0.0444 k, =0.2067
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Fig. 20 State portrait of PWS prey-predator for a ~ 2.44. Grazing
bifurcation: The cycle L grazes the DB in the tangent point.

First, we analyze with SPT method the prey-predator
system for different decreasing values of o. Later, we apply
the continuation techniques for local and global nonsmooth
bifurcations based on SPT method.

For values of a near to 3, the analysis of prey-predator
system on DB has the sequence of points presented in the
equation  (38). Two singular points are detected:
T:=(0.047;0) and T;"=(0.793;0). The singular points are in
the transitions of two changes of crossing boundary to stable
sliding boundary explained in the Section 1V(1).

sl l sl
C,—»> T, ->S, > T

——
Xp4,=0.793

=Gy (38)

——
Xpyp=0.047

In the figure 19, we present the state portrait x; vs. X, for
a=2.75. In the zone Z;, the vector field F; has a unstable focus
Fo and a standard cycle Ly The direction of the sliding
segment S is associated to the flow direction in the cycle Lg
and the tangent point T;* is aligned with the focus F,.

T ]
sl = v
ik 1 j

Fig. 21 State portrait of PWS prey-predator for 0=1.625. Stable
sliding cycle (L) in discontinuity boundary H=x, - a. Equation (38).

When a is diminished, the discontinuity boundary comes
closer to the standard cycle Ly. For a = 2.44 the standard
cycle collides with the DB in the tangent point T. This fact is
well known as grazing bifurcation. The grazing bifurcation is
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not detected with the DB analysis, however the DB
information can be used to reduce the compute time in the
global bifurcation detection. Using the tangent point T as
initial condition we integrate the vector field Fi and we verify
the existence of the cycle L easily. In the figure 20 we
present the state portrait for the critic value o = 2.44.

o LA
-0 é DO OO
o \\\\

z ™
L_{:’ P "y
L----*"' e

Fig. 22 State portrait of PWS prey-predator for o ~ 1.2437. Pseudo-
saddle-node bifurcation. Equation (39).

After the grazing bifurcation o < 2.44, the periodic solution
becomes in sliding cycle Ls. The sequence of points on DB is
equal to the sequence given in the equation (38). In the figure
21 we present the state portrait of the PWS prey-predator for
a=1.625. The results presented in the figures 19, 20 and 21 are
equivalent with the figure 17(a). The solution has a transition
of standard cycle to grazing cycle to sliding cycle.

Fig. 23 State portrait of PWS prey-predator for o = 1.2375. Stable
sliding cycle and stable pseudo-node. Equation (40).

When the parameter arrives to o = 1.2437 the system has a
pseudo-saddle-node (PSN) bifurcation. In the equation (39)
we present the sequence of points on DB in the PSN point.

sl 1 ni 1 sl
T. -S> Oy S, - T (39)
= —— ——
Xp2=0.047 X,4=0.3584 Xp6=0.793

In x,=(0.3584,1.2437) appears a pseudo-equilibrium point
Qm-”‘. In the figure (22) we present the state portrait in the
PSN bifurcation point. The transition S -> Q," -> S{' was
explained in the section V(7).
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l ni r ni 1A
Sg > Qn >SI—> Qn S, (40)
2 i
X4=0.2532 Xp4=0.3813

Fig. 24 State portrait of PWS prey-predator for o ~ 1.2277. Sliding
homoclinic orbit to a pseudo-saddle bifurcation.

Reducing a little the o value, the point Q becomes in two
points Q just as was presented in the figure 16(d). Between
the two points Q" a sliding segment S;' appears. In the
equation (40) we present the sequence of points on DB for
a=1.2375. Two changes of direction in the sliding segment are
present in the state portrait of the figure (23).

When « is diminished, a sliding homoclinic orbit is formed at
a ~1.2277. In the figure 24 we present the state portrait with
the cycle Lg,. The pseudo-homoclinic bifurcation can be
detected using the SPT method verifying the equation (34).

Fig. 25 State portrait of PWS prey-predator for o. = 1.175. Stable
pseudo-node. Equation (41).

If the parameter a is reduced newly, the sliding homoclinic
orbit disappear and a sliding cycle is formed. The sequence of
points is equal to the sequence presented in the equation (40)
but the pseudo equilibrium points are come closer to tangent
points just as shown in the equation (41) for a=1.175.
SLo> QN o> SIo> Qn oS (41)
xb4?()7792 xb4:5._4;912

The state portrait for a=1.175 is presented in the figure 25.
The sliding cycle has a S’ points and T point on DB. Note
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that the discontinuity boundary is coming closer to unstable
focus Fo. This fact is reflected in the DB with the proximity of
the points T;* and Q™.

| S

Fig. 26 State portrait of PWS prey-predator for o = 1.03. Sliding
homoclinic orbit to a pseudo-saddle bifurcation. Equation (42).

When o = 1.03, a second homoclinic bifurcation can be
detected. The cycle Ly, is very small due to the extreme
proximity of the points T and Q™. The location of these
points is presented in the equation (42). The state portrait is
presented in the figure 26.

sl 1 ni
C,> T -S> QU (42)
— [Sp]
Xp2x=0.047 X,4=0.0594

In both homoclinic bifurcations, when the cycle Lsh
disappear, a sliding cycle Ls is generated when « is reduced.
In the figure 27 we present the state portrait of the PWS prey-
predator with a=1.02.

In o = 1.01017 the discontinuity boundary collides with
unstable focus taking place a Boundary-Focus Bifurcation.
This scenario was explained in the Section V(1). The
sequence of points on DB is different due to BF bifurcation.
In the equation (43) is presented the new configuration of
point after the bifurcation.

Fig. 27 State portrait of PWS prey-predator for a = 1.02. Stable
sliding cycle (almost invisible).
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Fig. 28  State portrait of PWS prey-predator for a =~ 1.01017.

Boundary focus bifurcation. Equation (43).

sr r ni 1A sl
T >S5 > Q. —»S > T e (43)
= —— ——
Xp2x=0.047095 X,4=0.6235 X4 =0.7929

In the figures 28 and 29 we present the state portraits for
0=1.01017 and a=0.9 respectively. Only one pseudo-
equilibrium point is conserved on DB. The Q" come closer
to the tangent point T;".

C,»> T7 -8 -> T7 -C (44)
—~ ——
Xp2x=0.047095 X4 =0.7929
In a =~ 0.6527 the pseudo-equilibrium point Q" collides

with the tangent point in a Boundary Node (BN) bifurcation.
For a < 0.6527 the PWS prey-predator has a sequence of
points on DB presented in the equation (44). Note that the
sequence is similar to the sequence for o > 1.625 presented in
the equation (38) but now the sliding motion is in the other
direction (S4"). In the figure 30 we present the state portrait for
0=0.5.

X5 / g T
S
[ / .
| |’ Zj
sr ni sl
7; \ \ nj Ij
1D @ @3
. P \ 7
N ot ﬁ| i
T
— x}
Fig. 29  State portrait of PWS prey-predator for o = 0.9. Stable

pseudo-node. Equation (43).

In the figure 31, we present the bifurcation diagram of the
PWS prey-predator given by the equation (36) when ao is
varied in the range [3; 0.25]. Local and global nonsmooth
bifurcations can be identified using SPT method.
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Fig. 30 State portrait of PWS prey-predator for a = 0.5. Stable
pseudo-node. Equation (44).
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Fig. 31 Bifurcation diagram of PWS prey-predator. GB: Grazing
bifurcation. PSN: Pseudo-saddle-node bifurcation. SHB: Sliding
homoclinic bifurcation. BF: Boundary Focus. BN: Boundary Node.

VIIl. CONCLUSIONS AND FUTURE WORK

We have proposed a novel numerical method for continuation
of nonsmooth bifurcations in Filippov systems denominated
Singular Point Tracking (SPT). We have used a classification
of points and events on the discontinuity boundary (DB)
recently proposed. We have identified the singular points on
DB for an arbitrary parameter value. Later, we have used the
characterization of the singular points as initial condition in
the continuation algorithm based on SPT method. Finally, we
have determined the existence of nonsmooth bifurcation
associated to changes in the singular point curves when a
parameter is varied. The future work is related with the
application of the SPT method to three dimensional
nonsmooth systems.
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