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Medelĺın, 050022, Antioquia, Colombia.

*Corresponding author(s). E-mail(s): jrivera6@eafit.edu.co;
Contributing authors: mriosqu@eafit.edu.co; hlaniado@eafit.edu.co;

mpuerta@eafit.edu.co;

Abstract

Cancer is one of the leading causes of death worldwide. Radiotherapy plays a
fundamental role in its treatment, but the collateral damage of the process can
affect patients’ quality of life. Intensity-modulated radiation therapy (IMRT)
is an advanced technique that offers promising benefits, but input imaging for
IMRT incurs high costs. To mitigate collateral damage and increase treatment
efficacy, we propose a methodology to expand the input set for IMRT. In this
study, we focused on reducing the uncertainty of the data by preprocessing the
input images. By employing bootstrapping, a non-parametric statistical sampling
technique, we reduce the input images to regions of interest. Interpolating
this information using polynomial splines and B-splines generates intermediate
images. Our findings show that both interpolation methods, specifically the
degree 1 polynomial spline, effectively reduce the uncertainty of the data. The
methods are tested using Pearson correlation tests and bootstrap hypothesis
tests, finding them accurate. By expanding the input data set and minimizing
uncertainty, our approach promises to improve treatment planning and enhance
patient outcomes in radiotherapy.

Keywords: Images processing, spline-interpolation, non-parametric statistics,
radiation therapy, IMRT
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1 Introduction

According to the World Health Organization (WHO) [1], cancer stands as a global
scourge, ranking among the leading causes of death worldwide. Nearly 10 million lives
were claimed by various types of cancer in 2020, with breast cancer emerging as one of
the top five deadliest forms in recent years. In Colombia, 42,000 deaths among women
were attributed to cancer in 2021, with breast cancer accounting for approximately
18% of these cases [2].

Radiotherapy, a common treatment for cancer, employs high-energy radiation to
damage cancer cells’ DNA, preventing their proliferation, causing tumor shrinkage,
and even enabling its elimination, as reported by the Radiological Society of North
America (RSNA) and the American College of Radiology (ACR) [3]. Radiation is
administered in separate doses, either internally through radiation-containing objects
like capsules, or externally using machines that utilize photon, proton, or electron
beams to irradiate specific areas of the body [4].

External beam radiation therapy encompasses multiple modalities, all striving to
deliver the prescribed dose as accurately as possible while minimizing side effects
on surrounding tissues, ensuring they remain below the defined maximum dose [5].
Among these modalities is intensity-modulated radiation therapy (IMRT), which uses
advanced technology, such as linear accelerators (LINACs), to manipulate photon and
proton radiation beams, precisely targeting the tumor volume.

The IMRT process begins by taking medical images of a patient, usually computed
tomography (CT) scans or magnetic resonance images (MRI). These images are
used among advanced computer calculations to find the best dose pattern for the
tumor shape, also called the treatment plan. LINACs have a device called a multileaf
collimator made up of thin leaves of lead that can move independently. They can be
adjusted precisely around the treatment area, and the lead sheets can move when
the machine rotates around the patient. They shape the beam of radiation toward
the tumor as the machine rotates. Each radiation therapy beam is divided into many
small beams that vary the radiation intensity, allowing different doses of radiation to
be delivered through the tumor [6, 7].

Based on the information above, it is deduced that the effectiveness of therapy
relies on the quality of the input information: medical images and their registration
(translation to a coordinate system). This input set comprises a small number of
images due to factors such as costs, radiation exposure for the patient (in the case
of CT), data acquisition time, and processing. Generating CT scans typically takes
between 10 to 30 minutes, while MRI tests last about 30 to 60 minutes, potentially
longer. In the USA, CT scan costs range from $300 to over $6 750, with a mean cost of
$3 275. Similarly, MRI costs range from $375 to over $2 850, with a mean cost of $1 325
[8, 9]. The limited amount or imprecise nature of the data used results in inaccuracies
in the treatment plan, potentially leading to higher radiation doses being delivered
to surrounding areas. These inaccuracies can be attributed, at least partially, to the
limited availability of information.

This paper proposes a methodology to complete a set of input images for the
elastic registration process applied to breast cancer radiotherapy using spline-based
interpolations improved by a bootstrapping method over the data: the lack of
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information is amended by generating intermediate images between the original ones:
Let be a set of N medical images of equal dimensions, each one composed of I×J×K
voxels. Use splines to interpolate the curve created by taking the voxel i, j, k from
all the images generates intermediate points. Repeat this process for each image
coordinate, utilizing the results generated by the splines to create the intermediate
images.

This document is structured as follows: In Section 2, a comprehensive overview
of the subject is provided, including a brief history of cancer, with a particular
focus on breast cancer due to its significant impact in Colombia and worldwide
(Section 2.1). The section also covers various treatments, including IMRT, along
with alternatives such as interpolation to address its disadvantages. The chronology
of interpolation methods, specifically polynomial splines, and B-splines, is briefly
narrated (Section 2.1). Details regarding the data used in this article are presented in
Section 2.2, and the experiments conducted are described in Section 2.3. Additionally,
Section 2.4 presents a statistical method aimed at reducing computational costs and
increasing interpolation speed, while Section 2.5 outlines the metrics used to assess
the accuracy of the interpolations.

In Section 3, the results obtained from the statistical processes and the
interpolations are reported. This section includes a description of Algorithm 1, which
performs the statistical process to undersample the information to be interpolated
(Section 3.1). The algorithm 2 covers the interpolation of polynomials and the
necessary modifications to interpolate using B-splines, (detailed in Section 3.2). The
results of the experiments and the associated metrics are presented in Section 3.3.

Finally, the document concludes with Section 4. This section analyzes the obtained
results, justifies how the undertaken actions have fulfilled the objectives, compares the
metrics results with those found in the literature, and discusses the advantages and
disadvantages of the performed procedures. Future work is also proposed.

2 Materials and Methods

2.1 Literature Review

The origin of cancer dates back to antiquity: In 1860, the Edwin Smith Papyrus, a
medical record containing the oldest known notation of cancer from around 1600 BC,
was discovered. Cancer is the name given to a set of related diseases, consisting of
the endless division of some cells in the body and their spread to surrounding tissues.
Normally, human cells grow and divide, forming new cells as needed, which as they
age or become damaged, die and are replaced by new cells. However, when cancer
develops, some cells become increasingly abnormal, old or damaged cells survive, and
new unneeded cells are formed. These abnormal cells divide without stopping and
form unusual growths called tumors [11].

In the 18th century, Jean Louis Petit and Benjamin Bell carried out treatments
based on the removal of tissue, lymph nodes, or parts of muscles. This allowed William
Stewart Halsted to develop and perfect (for that time) the mastectomy [12]. At the end
of the 19th century, after the discovery of X-rays, radiation-based treatments began.
During the following years, several milestones were achieved in this regard [13, 14]. By
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the 1920s, it was understood that divided doses are better than single doses, as they
are more effective against cancer and have fewer side effects [15].

In the time that followed these years, supervoltage X-ray tubes were developed,
laying the groundwork for future developments such as LINACs. This device uses
microwave technology (similar to that used for radar) to accelerate particles, allowing
them to collide with a heavy metal target to produce high-energy X-rays. LINACs
were modified and finally adjusted for radiotherapy application [15, 16]. They have
been used to treat different types of cancer since their discovery, due in large part to
their precision, non-invasiveness, and patient safety [5, 17].

In 2005, IMRT is introduced for the first time. This modality uses
computer-controlled linear X-ray accelerators: a multi-leaf collimator (MLC), a device
capable of narrowing a beam of particles or waves, made of individual “sheets” of a
high atomic number material, which by moving in and out of the path of a radiation
beam give it shape and vary its intensity. These beams penetrate the body from
different angles, assuring that deliver the closest dose to the prescribed one to the
target volume, while the delivered dose to surrounding tissues is less than a maximum
threshold dose. To plan the treatment, three-dimensional images of the patient are
used, which are obtained by CT or MRI. Along with these images, the dose intensity
pattern that best fits the shape of the tumor is computed [6, 18, 23].

The disadvantages of this process include inaccuracies in the application of the
radiation or residues of it in places that should not have received it [19]. Examples
of this are the effects on the dose if there is not enough precision in the calibration
on the blades of the multileaf collimators [20], and the collateral damage caused by
the inter-fractional movements that certain organs carry out during radiotherapy, and
how the isocenter shift modifies received doses [21]. In addition, it is quite a challenge
to adequately measure the data and guarantee the quality of the radiation dose
distributions, emphasizing the process metrology [22]. Therefore, the correct use of the
necessary implements to support the start-up and quality assurance requirements of an
IMRT program is included, increasing the limitations subject to those requirements.
With these examples, we evidence multiple possible approaches to the problem and,
therefore, multiple solutions can be proposed.

Aiming to improve IMRT, increasing the accuracy of the method and thus reducing
collateral damage, multiple procedures have been proposed, including the use of robust
optimization to reduce uncertainties caused by inter-fractional motions [26], and image
interpolation using splines, either to improve the quality of an image or generating
new images. The latter can be applied to three-dimensional images using B-splines and
voxel-by-voxel interpolation [27]. It is also possible to take an input set for broader
treatment plans, by taking more images or using procedures such as four-dimensional
computed tomography (4DCT). However, these procedures have high time, money,
and radiation, so solutions based on image interpolation or robust optimization are
more prudent approaches to solve the problem.

Let us focus on the interpolation processes. From 1633, the works on interpolation
begin to be formalized in mathematical terms and their uses begin to expand. In
1670, Gregory [35] described the Gregory-Newton interpolation formula for data of
equal intervals, so named because Newton in his Lemma V of Book III of Philosophiae
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Naturalis Principia Mathematica (1687), in which the general interpolation formula
for unequal-interval and equal-interval data are described, the latter being a special
case of the former and is the same as described by Gregory. Later, in 1821, Cauchy
[32] studies the interpolation due to two polynomials and shows that the solution to
this problem is unique.

Later, in 1885, Weierstrass [36] proves the approximation theorem, which states
that every continuous function on a closed interval can be uniformly approximated
to any precision prescribed by a polynomial, justifying the use of polynomials for the
approximation of functions. However, later it would be known that this theorem does
not necessarily hold. In 1906 Birkhoff [37] defined a general interpolation problem:
Given any set of points, find a polynomial function that satisfies the given criteria on
its value and/or the value of any of its derivatives for each individual point.

In 1946, Schoenberg [33] shows that any of the then-existing polynomial
interpolation formulas can be written as a linear combination of shifted versions
of some basic function, which completely determines the properties of the resulting
interpolation. Furthermore, he introduces the notion of a mathematical spline:
a differentiable curve defined in portions by polynomials (frequently used in
interpolation problems due to their simplicity of representation and their ease of
computation, commonly defined for interpolation as minimizers of the appropriate
roughness measurements subject to a series of restrictions [24]). The simplest type of
splines are the polynomial ones, which are nothing more than piecewise polynomial
functions, defined as follows:

Let S be a function that takes values from the interval [a, b] and maps them to R,
as shown in Equation (1).

S : [a, b]→ R (1)

As it is meant to be piecewise, the interval [a, b] must be split in η ordered
sub-intervals with pairwise disjoint interiors. Consider now, η values ti ∈ [a, b], i =
0, . . . , η − 1, such that a = t0 < t1 < · · · < tη−1 < tη = b, then:

[a, b] =

η−1⋃
i=0

[ti, ti+1] (2)

Therefore, polynomials Pi : [ti, ti+1]→ R of degree n are defined in Equation (3).

S(t) = Pi(t) =

n∑
j=0

βij(t− ti)
j ∀ t ∈ [ti, ti+1] (3)

About 20 years later, Schoenberg [25] introduced the term B-splines as spline
functions that have minimal support with respect to a certain degree, smoothness and
partition of the domain. Any spline curve can be written as a linear combination of
B-splines, as long as they comply with the same characteristics of domain, degree,
smoothness and partition. These kind of splines are proved to be superior over other
popular approaches such as nearest-neighbor, linear, or windowed-sinc by Hou &
Andrews in 1978 [38]. Schoenberg’s findings found utility in approximation theory,
numerical analysis, statistics, geometric modeling, computer-aided geometric design,
and computer graphics.
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Between 1948 and 1949 Shannon [34], referring to the works of J. M. Whittaker and
Nyquist, presents and proves the sampling theorem, whose solution has applications in
fields such as communications engineering, signal processing and analysis applications
and, to a certain extent, in numerical analysis.

2.2 Data Description

In general, medical images used to create IMRT plans are CT scans or MRI. Those
images are recorded in DICOM (Digital Imaging and Communications in Medicine)
image format, created by the National Electrical Manufacturers Association (NEMA)
as the standard for the distribution and display of medical images. The content of these
files may include other details, such as the name of the patient and the date of the
study. Anonymized data is provided by matRad, a treatment planning system created
at the German Cancer Research Center (DKFZ) for academic purposes, featuring
functions and classes that simulate the complete treatment planning workflow.

For this study, a data set of N consecutive images is used, whose pixel array (the
information matrix of the DICOM images that contain the data that represents the
image) of I × J ×K voxels, where N =4, I=512, J=512 and K=75. These images
represent 4 moments of a torso with breast cancer, each separated into 75 slices of
512 × 512 pixels (or 512 × 512 × 75 voxels). Each of these slices is composed of a
black section that surrounds the organ which is equivalent to about half of the image
information, and a gray-toned section that contains data of organs. An example of
some slices of some images lies in Figure 1.

(a) Slice 3
from image 1

(b) Slice 11
from image 2

(c) Slice 21
from image 3

(d) Slice 24
from image 4

Fig. 1: Different slices from different images.

2.3 Experiments

Generating treatment plans for IMRT requires sequential medical images. In order to
create new images that represent the values between the original ones, we interpolate
these sequential images. For this, interpolation methods using polynomial splines and
B-splines, of degrees 1, 2, and 3, are proposed. In addition to applying these methods,
in order to evaluate their performance two sets of experiments are proposed.
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The first experiment consists of using polynomial splines and B-splines of degrees
1, 2, and 3 to generate new images from the data set described in the data section, in
order to verify their ability to create new images from the original ones.

In the second experiment, we select a subset (Qm) composed of non-consecutive
images of the original data (Q), separated by intermediate images over the dimension
of K, i.e. if a first index is q, the next ones are q+2, q+4, . . . This subset size is less
than half the data (|Qm| < |Q|/2, where |•| measures the amount of data in the set •).
Submit this set to the interpolation methods and evaluate their results by comparing
the new images with the original ones using error metrics: Dice coefficient, Pearson’s
correlation coefficient and a process Bootstrapping (these metrics are explained in
detail in Section 2.5).

Each one of the images described in Section 2.2 has 75 two-dimensional slices,
on which it is possible to extract Qm, as defined, interpolate and calculate metrics.
This should not affect the results since the three-dimensional images are decomposed
to their points and it is on these that the interpolation is calculated, the same as it
would be done on the two-dimensional images, so in both cases what is measured is
the precision of interpolating the points. Therefore, the calculations on 3 dimensions
are a calculation on the results of 2 dimensions on which the quality does depend.

A concise demonstration will be performed to substantiate this: Having Dpa =
[dijkn], a four dimensional matrix (detailed in section 3.1), every error metric we are
using (E) is applied to vectors dijk = [dijk1, dijk2, . . . , dijk(n−1), dijkn], producing
E(dijk). Calculating the metric for the whole set would be equal to the average over
the three dimensions (represented by indexes i, j, and k):

1

KJI

K∑
k=1

J∑
j=1

I∑
i=1

E(dijk) =
1

K

K∑
k=1

(
1

JI

J∑
j=1

I∑
i=1

E(dijk)

)
(4)

which represents the calculus of the metric for every slice k and then finds the result
for the whole set averaging the values of k. This justifies that the proposed procedure
is equivalent.

2.4 Undersampling

As mentioned in Section 2.2, the set of images has a dimension of I × J × K × N ,
that is, N = 4 images of I × J × K = 512 × 512 × 75 voxels. The methods used to
generate the interpolations require a high amount of memory (between 1.89 Gb and
2.63 Gb approximately for each interpolation), for which an undersampling process is
proposed. Its memory expense is such small that it is negligible; it takes 0.38 seconds
to execute, and it is capable of reducing the necessary physical memory resources of
each interpolation to less than 1 Gb (between 0.63 Gb and 0.81 Gb approximately).
Then, using this method the memory consumption is reduced at least by more than
1 Gb, and execution time to less than half of the time it used to take.

Consider, in the first place, that the images used are composed in a proportion of
voxels that contain information about the body with respect to the voxels that do not
(they are black voxels) of approximately 1:1, 1 contains, 1 does not; this proportion
can vary but very subtly. Making interpolations over the complete images implies
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processing more information than is necessary since it is only desirable to interpolate
the gray voxels.

Given this, we propose to separate the black voxels from the gray ones and
interpolate only the latter. To do so, we must take into account that each slice of
our images is a matrix of intensities that can be represented as a scatter plot. Each
image is composed of 75 slices, thus, it is feasible, to apply the law of large numbers
to functional data, to obtain an estimate of the expected scatter plot. This estimate is
generated by computing the mean of the slices from each image. After calculating this,
find the percentiles that are multiples of 5 for this expected curve, and call them qt,
t ∈ {0, 5, 10, 15, . . . , 90, 95}. The differences between these percentiles are found as the
subtraction between the next percentile and the current one, generating the variables
dt = qt+∆− qt; where ∆ can be any value between one percentile and the next, but it
is suggested to use 5 to keep the experiment cohesive and produce the desired results.
Calculate the mean of the differences as (d) and find qt such that dt > d. Repeat this
process for multiple images and keep the minimum between them by calling it qst .

Figure 2 (a) shows the scatter plot of the expected behavior of the values of the
voxels of image N = 4, obtained by averaging all its K slices. On the other hand,
in Figure 2 (b) lies its ordered version along with its percentiles. Designate them as
Px, where x is the corresponding percentile, for instance, P60 for percentile 60. It is
seen that changes between the values of P start getting bigger after P45. Doing the
calculations explained before, it its the breaking point. This point also reflects one of
the last points before a significant change in slope, which happens just before the end
of the points without information.

Fig. 2: Non-sorted and sorted scatter for the expected behavior of the voxels values
for N = 4
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Thus, it is decided to keep the points such that the value of the voxel i, j, k is
greater than qst . It is also clarified that this procedure was carried out with more values
of ∆ but the one that best captures the changes in inclination of the curve was 5.

2.5 Metrics

Let us call Q the original set of data after applying it to the undersampling process
described in Section 2.4. A sample Qm is taken, as described in Section 2.3, on which
the different interpolation processes presented in this document are applied, generating
the set Q̂m. The following metrics are proposed to measure the proficiency of these
interpolations.

1. Dice coefficient: Also known as the Sørensen–Dice index, it is a statistic that
measures the similarity between two sets [28], using Equation (5).

Dice(Qm, Q̂m) =
2|Qm ∩ Q̂m|
|Qm|+ |Q̂m|

(5)

As | • | is the cardinal of the set •, and both sets have the same size in our
experiments, Equation (5) can be reduced to Equation (6).

Dice(Qm, Q̂m) =
|Qm ∩ Q̂m|
|Qm|

(6)

Since these sets are actually data matrices, we decided to measure the cardinal
of the interpolation of two items (|•∩◦|) as 1 if the difference between them is lower
than a threshold and 0 otherwise. Then, the cardinal of the interpolation of both
sets (|Qm ∩ Q̂m|) is considered the number of values that, when subtracted from
each other, are zero under a tolerance τ . Note that if Qm and Q̂m are equal, the
coefficient is equal to 1, which means a perfect prediction, and making it desirable
to have values close to 1. On the other hand, if the coefficient becomes 0 it means
that all the predictions are wrong, so lower values become undesirable.

2. Pearson’s correlation coefficient: It is a measure of linear dependence between two
quantitative random variables, which is responsible for measuring the degree of
relationship of two variables as long as both are quantitative and continuous as
described in Equation (7).

ρ(Qm, Q̂m) =

∑
((Qm −Qm)(Q̂m − Q̂m))√∑
(Qm −Qm)2

∑
(Q̂m − Q̂m)2

, (7)

where Qm and Q̂m correspond to the means of sets Qm and Q̂m respectively, and∑
• indicates the sum over all the indices of •. This metric allows us to recognize

the similarity between two curves except for a scale factor, with values between -1
and 1. Here, values closer to 1 or -1 represent high similarity or dependence (positive
or negative), while values closer to 0 represent low similarity or dependence.

3. Bootstrapping: using bootstrapping as a significance test for the difference between
two populations consists of:
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(a) Exchange between both groups a fixed amount of randomly selected values,
generating two mixed samples. Assign them the labels QM

m and Q̂M
m , where QM

m

is made up of 95% Qm values and 5% Q̂m values, and QM
m is made up of 95%

Q̂m values and 5% Qm values.
(b) Apply a t-test over the to mixed samples, Qm and Q̂m. It is a test for the null

hypothesis that 2 independent samples have identical expected values, assuming
that both of them have identical variances.

(c) Repeat the two previous steps multiple times generating the distribution of the
expected values.

(d) With the curve centered in 0, count the points at the left of −α/2, being it
p−, and the points at the right of α/2, being it p+, with α = 95%. Then,
calculate the two-tailed p-value as 2 times the minimum between them: p−
value = 2 min{p−, p+}.

This procedure provides information about the similarity of the data without
excluding a scale factor, returning a p-value that represents if the data is equal
or not. Let us call the result of each individual curve q, bq, equal to 1 if the test
concludes that equality of means is not rejected, 0 otherwise.

Interpolations are calculated over Qm, which has dimensions Iq × Jq × Km,
having Iq < I, Iq: number of values regarding i after the undersampling process,
Jq < J, Jq: number of values regarding j after the undersampling process, and
Km < K, Km: number of samples taken. This results in Iq×Jq interpolated curves,
q, of Km values, whose bq values are averaged to obtain the result of this test.

3 Results

In this section, three experiments are performed in order to evaluate the proposed
methodology. In Section 3.1 is evidenced the bootstrapping results that reduce the
magnitude of the data to be processed. Then, the results of the interpolations such as
the pseudocodes, and the details of the developed methods are described in Section
3.2. Finally, Section 3.3 shows the results of the experiments proposed in Section 2.3.

3.1 Undersampling Procedure

The first result is the method in charge of separating the gray voxels from the black
ones, represented in Algorithm 1. This process is based on the expected distribution of
the data and the differences in their percentiles for the indices corresponding to each
group of voxels, and thus only interpolates those with useful information. Consider
that, for each image n of N , we have K slices of similar behavior, which can be
represented by their average in view of their similarity and the amount of data per
image. Taking this expected dispersion of points, extracting from it certain percentiles
separated by a value ∆, and finding the differences between them, it is possible to
find a value that represents where the ordered curve of points changes its slope, which
means when the black dots end and the gray ones begin.

This algorithm receives a matrix of pixels Dpa of dimensions I × J × K × N
and a value (∆) with which the point at which the change of the slope of the
ascending-ordered expected scatter plots is larger (as explained in Section 2.4. First,
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set n equal to 1 as the iterator over the images of N , and ls as an empty list which
then contains the percentages that meet the conditions described in Section 2.4 for
finding the breakpoint qst .

Thus, iterating n from 1 to N , data of pixel array of image n is stored at Dpan,
and its mean over dimension K is calculated to obtain the expected behavior of the
scatter of points, Dm. Then, 1/∆ percentiles of Dm are found and kept in lqt, and
the differences between each consecutive pair of them are stored in ldt. The mean of
differences ldm is used to calculate the maximum percentile lower than ldm, stored in
ls. Then, the minimum of the ls is selected as the threshold that defines the indexes
that belong to each group the voxels with the most representative information of the
images, and those that do not).

Finally, a dictionary is defined as index dic ← create index dictionary(),
containing the ordered indices and the original voxels to which they correspond (for
instance, index 130 can correspond to voxel (5, 18)). Using this dictionary and the
threshold found (qst ), a list LV of voxels corresponding to the organized indices after
the cut qst is built. The list LV corresponds to the voxels having the most representative
information of images and they are the voxels that the proposed interpolation methods
use to generate new images.

Algorithm 1 Selection of the most representative data

Require: Dpa, ∆
1: n, ls← assign initial values()
2: while n ≤ N do
3: Dpan ← Dpa[n]
4: Dm ← mean over k(Dpan)
5: lqt ← get percents(Dm,∆)
6: ldt ← calculate differences(lqt)
7: ldm ← mean(ldt)
8: ls← update with qt fulfills(lqt, ldt, ldmean)
9: end while

10: qst = min(ls)
11: index dic← create index dictionary()
12: index new ← select indexes(index dic, qst )
13: return index new

This procedure makes it faster to process images of this type since it reduces the
amount of data to be processed in a category of images in which it does not seem
feasible to generate a convex covering (a solution that would be practical and ideal).

3.2 Interpolation Procedures

The pseudocode that represents the interpolation method for polynomial splines is
depicted in Algorithm 2, which can be modified to represent B-splines procedures; the
required adaptation is presented later in this section. Given a set of images, a desired
spline degree, and a list of indices to be processed, the procedure generates polynomial
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splines for each sequential set of voxels (i.e. the vector of size N × 1 generated for
each voxel i, j, k of each image). From these splines it generates intermediate points
that build, as these are generated, the intermediate images. Note that, when input
voxels are reduced by using Algorithm 1, the computational effort is also reduced in
Algorithm 2.

This algorithm starts extracting the shape of the pixel array Dpa into constants
I, J , K and N and generating two vectors: x, a vector of integers from 1 to N ,
and x new, a vector of 2N − 1 values from 1 to N with step 0.5, i.e. x new =
[1.0, 1.5, 2.0, 2.5, . . . , N−0.5, N ]. Then, a matrix Dbgt of dimensions (I×J×K×2N−1)
is generated to store the results of the interpolations process. The interpolations are
stored in Dbgt(n), assigning the original images at the odd indices and the interpolated
images at the even indices; in this way, between each pair of original images there
is an interpolated one. As described in Sections 2.4 and 3.1, the amount of data to
be interpolated is reduced through the mentioned bootstrapping process finding the
points with valuable information. Therefore, to reduce the computational effort, the
creation of Dbgt includes assigning the original images in their respective positions, at
the odd values of n, and setting the non-interpolable points for all images (for instance,
black voxels must have all very similar values).

Then k is initialized to iterate from 1 to K, representing the slices of the
images. For each slice, the counter p is initialized, which iterates over the number
of points selected from Algorithm 1, points from index new. The coordinates i
and j are extracted from the point points from index new in p and the vector
y is generated with the values of the voxels i, j, k for each one of the N images,
i.e. y = [Dpa[i, j, k, 1], Dpa[i, j, k, 2], . . . , Dpa[i, j, k,N − 1], Dpa[i, j, k,N ]]. From
the vectors, x and y, and the degree g, a polynomial spline (polynomial spline) is
generated. Computing the values of this spline for the vector x new produces y new,
which contains the values of the interpolations for the coordinates i, j, k. These values
are assigned to their respective places on Dbgt and p is updated. This process is
repeated until all the points are calculated for slice k. Then k is updated to calculate
the values for the following slice. When this process ends, Dbgt contains both the
original and interpolated images.

As mentioned before, Algorithm 2 can be modified to apply B-splines to generate
interpolations. The resulting B-spline-based algorithm can be obtained by replacing
line 12 using the following commands:

bspline← generate bspline(polynomial spline)
y new ← interpolate(x new, bspline)

where generate bspline(polynomial spline) creates a univariate spline on the B-spline
basis, from a polynomial spline; and interpolate(x new, polynomial spline) generates
the interpolation results for the points x new and B-spline bspline.

The resulting algorithm generates B-splines for each sequential set of voxels, using
the images, the desired spline degree, and the indices reduced from the data reduction
process. From these splines it generates intermediate points that build, as these are
generated, the intermediate images.
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Algorithm 2 Interpolate polynomial splines

Require: Dpa, g, points from index new
1: I, J, K, N ← get shape(Dpa)
2: x← generate int array(N)
3: x new ← generate array(N, step = 0.5)
4: Dbgt ← duplicate to intermediates(Dpa)
5: k ← initialize()
6: while k ≤ K do
7: p← initialize()
8: while p ≤ size(points from index new) do
9: i, j ← points from index new[p]

10: y ← Dpa[i, j, k]
11: polynomial spline← get polynomial spline(x, y, g)
12: y new ← interpolate(x new, polynomial spline)
13: Dbgt[i, j, k]← y new
14: p← p+ 1
15: end while
16: k ← k + 1
17: end while

Despite being an expansion of the interpolation methods found in scipy, these
procedures find utility in the possibility of interpolating this type of image efficiently
when combined with the size reduction method. In addition, the algorithms generated
by being able to produce the desired interpolations increase the amount of data
available, improving the quality of the input set.

3.3 Experimental Results

The numerical results corresponding to the experiments proposed in Section 2.3 are
presented in this section. First, to test how the interpolation methods work, Figures 3,
4 and 5 show original and interpolated slices of different images using polynomial
interpolation.

Likewise Figures 6, 7 and 8 reflect original and interpolated slices of different images
using the B-spline interpolation method.
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(a) Slice 9
from image 1

(b) Slice 9
from image 1.5

(c) Slice 9
from image 2

(d) Slice 9
from image 2.5

(e) Slice 9
from image 3

Fig. 4: Slice 9 of the original images 1, 2 and 3, and its interpolation using the
polynomial spline method of grade 2, generating images 1.5 and 2.5.

(a) Slice 22
from image 2

(b) Slice 22
from image 2.5

(c) Slice 22
from image 3

(d) Slice 22
from image 3.5

(e) Slice 22
from image 4

Fig. 5: Slice 22 of the original images 2, 3 and 4, and its interpolation using the
polynomial spline method of grade 3, generating images 2.5 and 3.5.

(a) Slice 13
from image 2

(b) Slice 13
from image 2.5

(c) Slice 13
from image 3

(d) Slice 13
from image 3.5

(e) Slice 13
from image 4

Fig. 3: Slice 13 of the original images 2, 3 and 4, and its interpolation using the
polynomial spline method of grade 1, generating images 2.5 and 3.5.
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(a) Slice 10
from image 2

(b) Slice 10
from image 2.5

(c) Slice 10
from image 3

(d) Slice 10
from image 3.5

(e) Slice 10
from image 4

Fig. 8: Slice 10 of the original images 2, 3, and 4, and its interpolation using the
B-spline method of grade 3, generating images 2.5 and 3.5.

(a) Slice 11
from image 1

(b) Slice 11
from image 1.5

(c) Slice 11
from image 2

(d) Slice 11
from image 2.5

(e) Slice 11
from image 3

Fig. 6: Slice 11 of the original images 1, 2 and 3, and its interpolation using the
B-spline method of grade 1, generating images 1.5 and 2.5.

(a) Slice 14
from image 1

(b) Slice 14
from image 1.5

(c) Slice 14
from image 2

(d) Slice 14
from image 2.5

(e) Slice 14
from image 3

Fig. 7: Slice 14 of the original images 1, 2, and 3, and its interpolation using the
B-spline method of grade 2, generating images 1.5 and 2.5.

Table 1 records the numerical results in terms of computing times and different
statistical methods. Columns correspond to the six different interpolation methods:
the first three are polynomial splines with degrees 1, 2, and 3, and the last ones
are B-splines with the same degrees. For each method, the second row indicates
the computing time required to execute each procedure in a computer Acer Nitro
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AN515-55 with Microsoft Windows 11, Intel(R) Core(TM) i5-10300H CPU 2.5Ghz.
Rows three, four, and five contain the results of Dice, Pearson, and Bootstrap metrics,
exposed in Section 2.5, applied to the interpolation methods stated in Section 2.3.

To accomplish this, 19 consecutive slices, which represent approximately 25% of
the total slices, will be randomly selected from each of the four images using the same
set of indices. Let us denote these selected slices as Km. The intermediate cuts are
extracted from each set Km (for instance, if the slices go from 1 to 19, slices 2, 4, 6,
..., 18 are extracted) generating a new set of size 10 which we submit to the different
interpolation methods, which fill in the intermediate values to generate the sets Kme,
each of size 19.

We then proceed to compare the sets Kme with their original Km using the Dice,
Pearson, and Bootstrap metrics. These metrics are averaged for the set of images
according to Equation (8):

average metric =

N∑
n=1

metric(Km[n],Kme[n]), (8)

where Km[n] represents the sample taken from image n and the average metrics, which
are shown in Table 1, are the average value of the metrics in each sample of the images.

We then find that the results of the Pearson metrics and bootstrap tests are quite
good. These are very close to one, showing that the methods are capable of accurately
representing intermediate images.

Table 1: Execution time (in minutes) and metric values of polynomial and B-spline
interpolations of grades 1, 2, and 3.

Polynomial splines B-splines

Grades 1 2 3 1 2 3

Minutes 2.65 2.68 2.76 15.8 16.37 16.26

Dice 0.7107 0.7066 0.7013 0.7069 0.7035 0.6983
Pearson 0.9994 0.9995 0.9995 0.9994 0.9994 0.9994
Bootstrap 0.9814 0.9747 0.9702 0.9755 0.9689 0.9631

4 Discussion

The objective of this article is to establish interpolation methodologies based on
splines and B-splines polynomials, capable of generating intermediate images for sets
composed of MRI or CT (such as those used in IMRT), in such a way that the lack
of information on these data is reduced. Achieving this is an important contribution
because without taking more images, avoiding the implications exposed in Sections 1
and 2, we can expand the registry by creating new images properly, which could
generate more exact treatment plans. In addition, due to the way in which the methods
were established, contributes to the treatment of this type of image in a faster way
using non-parametric statistics, finding an analog of the convex coating for them.
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We introduce in Section 3.2 the pseudocodes that represent the interpolation
method developed in Python in charge of generating the polynomial spline and
B-spline interpolations for the data sets. Results of these interpolations can be found in
Section 3.3, where the results of the proposed experiments (Section 2.3) were described
and a good performance is visually appreciated. In these results it is possible to notice
that the methods work, creating the intermediate images that were intended to be
generated.

The good performance of these results is also evidenced by the metrics proposed
in Section 2.5, whose results are found in Table 1. These expose the execution times of
the methods using the specified equipment and the values of the different used metrics.

We will commence with the evaluation of the execution time. Let us emphasize
that a CT scan usually takes between 10 and 30 minutes to perform, just as an MRI
usually takes between 30 and 60 minutes to generate a not very high number of images.
Note that the maximum time it takes for the B-splines to generate their results, 16
minutes, is slightly greater than the minimum time it takes to perform a CT scan and
allows us to generate enough images to have almost double the ones obtained in the
CT. We then get a larger and more detailed set for a low amount of time, much lower
when compared to the time of an MRI. Focusing on polynomial splines, the picture
is even better because the maximum time they take to compute, 2.7 minutes, is just
one forth of the minimum time for a CT and one tenth of the minimum for an MRI.
Speaking only in terms of time, both type of methods are efficient, especially the ones
based on polynomial splines.

Due to the statistical process defined in Section 2.4 applied over the data by means
of the algorithm described in Section 3.1, these methods can have a shorter computing
time than a simple interpolation. This procedure reduced execution times by about
half (Section 2.4) and reduced the computational cost of resources (CPU and RAM
usage) by a similar magnitude, finding it quite useful when dealing with images of this
type that have sections without relevant information.

We will now delve into the comparison of metrics for different methods. For
the three proposed metrics, both type of methods performed quite well. We found
competitive results in the modified DICE metric, a little higher than 0.7, also
discovering that the modifications made to said method make it very susceptible to
the τ tolerance defined in Section 2.5. For the Pearson and Bootstrapping metrics, the
results were very good. For Bootstrapping, all the methods exceeded a similarity of
0.963, reaching a maximum value of 0.981, evidencing high precision of the methods,
since when exchanging real records for interpolated ones, no major differences were
found, especially for those results obtained from polynomial splines. Every Pearson
coefficient exceeded 0.999, showing great linear dependency between the interpolations
and the real images for both cases, since the difference between polynomial splines
and B-splines is barely notable in this metric. If metrics are also used as a decision
criterion to perform these interpolations, it is strongly suggested to use the polynomial
splines, recommended above all the one of degree 2, because within this group, which
already presents better results in time and metrics than the B-splines, is the one that
performs the best. It is important to clarify that the Pearson result combined with
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Bootstrap suggests a result of equality; since it reflects a high similarity both in form
and magnitude.

In the literature it is possible to find different approaches to track the change
and reduce the uncertainty raised, such as tracking the propagation of logarithmic
elastic contours and heuristics as shown in [29]. There, through Pearson’s correlation,
efficient results higher than 0.90 are also found, showing that said approximation to
the problem is considerably good, and using an unmodified DICE metric, they find
consistent results with what Pearson found. DICE metric is not comparable with the
modified DICE metric, since it would be inconsistent due to the adaptations made to
it, and even so, both versions are consistent with what is shown by their accompanying
metrics. These results allow us to affirm that both methods are quite appropriate
as approaches to improve IMRT data and potentially improve the said procedure.
Furthermore, it was found that the modified DICE metric, as mentioned above, is
susceptible to the chosen tolerance. Even so, the developed methods were achieved
with promising results, both in metrics and in time.

To conclude, it is proposed as future work to find sufficient information about
radiation and collateral damage that would be partially avoided by generating more
images using the proposed methods. In addition, it is proposed to use the interpolated
images to calculate treatment plans by means of robust optimization methods and
compare the results with the use of the original images.
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Appendix A Abbreviations

The following abbreviations are used in this manuscript:

3D-CRT 3D conformal radiotherapy
4DCT four-dimensional computed tomography
ACR American College of Radiology
CT Computed Tomography
DNA deoxyribonucleic acid
DICOM Digital Imaging and Communications in Medicine
IMRT Intensity Modulated Radiation Therapy
LINAC Linear accelerators
MLC Multi-leaf collimator
MRI Magnetic Resonance Imaging
NEMA National Electrical Manufacturers Association
RSNA Radiological Society of North America
WHO World Health Organization
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