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1. Introduction and notations

It is well known that the Hérmander spaces By k, Bgﬁ(ﬂ) and B;,k(.Q) play a crucial role in the theory of linear partial
differential operators (see [2,15,16]). Our research pursues the study on Hormander spaces and Héormander spaces in the
sense of Beurling and Bjorck [2] (=Hormander-Beurling spaces) carried out in [2,8,14-16,19,40,45,5,29-31,36,37,44] (see
also [18]). In this paper we prove a number of results on sequence space representations and embedding theorems of
Hérmander-Beurling spaces (extending corresponding results of [29-31]) and as a consequence, and using results of Meise,
Taylor and Vogt [24], a result of Kaballo [19] on short sequences and hypoelliptic differential operators is extended to
w-hypoelliptic differential operators and to the vector-valued setting.

The organization of the paper is as follows. Section 2 contains some basic facts about scalar and vector-valued Beurl-
ing ultradistributions and the definitions of the spaces which are considered in the paper. In Section 3 we generalize to
UMD spaces Theorem 4.6 of [31], we prove an embedding (and sequence spaces representation) theorem for vector-valued
Hoérmander-Beurling spaces, we give a result of Rosenthal type [38] (every weakly compact subset of BL"cf,<(£2, E) is sep-

arable when E is a closed subspace of l§o) (see Remark 3.1.1), we prove an embedding theorem when E is non-separable
Fréchet space and we pose the following question: Is B'o"of,<(9, loo) isomorphic to a complemented subspace of I}fc? (See Re-

mark 3.1.3.) In Section 4 we show that, in general, the topology induced by BL"j{(Q, E) on Biﬁi(()) ® E is strictly finer than
the ¢ topology and strictly coarser than the 7 topology (our example extends to 1 < p < oo, by using a different technique,
the example studied in [31, Remark 4.7.2]) and we pose another question: Are the spaces BL(’Cf,<([2,loo) and Bgf,<([2)®g loo
isomorphic? We also give a sequence space representation theorem when E is a nuclear Fréchet space (for example it is
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shown that if E~s or sV then BL";(Q, E) is isomorphic to (Dyp)N). Then, using results of Meise, Taylor and Vogt [24], we
extend a result of Kaballo [19] to w-hypoelliptic differential operators.

Notations. The linear spaces we use are defined over C. Let E and F be locally convex spaces. Then Ly (E, F) is the locally
convex space of all continuous linear operators equipped with the bounded convergence topology. The (topological) dual
of E is denoted by E’ and is given the strong topology so that E’ = £,(E,C). E®g F (resp. EQ®y F) is the completion of
the injective (resp. projective) tensor product of E and F. If E and F are (topologically) isomorphic we put E >~ F. If E
is isomorphic to a subspace (resp. complemented subspace) of F we write E C F (resp. E < F). We put E < F if E is a

linear subspace of F and the canonical injection is continuous (we replace < by <£> if E is also dense in F). If (Ep)52, is
a sequence of locally convex spaces, [[2; En (EN if E, = E for all n) is the topological product of the spaces Ep; B En
(EMN) if E, = E for all n) is the locally convex direct sum of the spaces E,. The Fréchet space defined by the projective
sequence of Fréchet spaces E, and linking maps A, will be denoted by proj(E,, Ap) (or proj E,, for short). This projective
limit is said to be reduced if lrn_Pj =Ej for j=1,2,..., being P : proj(Es, Ay) — E; : (en)]° — ej. If the E, are Banach
spaces and the maps A, are surjective then proj(En, Ap) is said to be a quojection (see e.g. [28]).

Let 1< p < oo, k:R" — (0,00) be a Lebesgue measurable function, and E be a Fréchet space. Then L,(E) is the set of
all (equivalence classes of) Bochner measurable functions f :R" — E for which | f|, = (f]Rn Il f GNP dx)1/P is finite (with
the usual modification when p = oo) for all | - || € cs(E) (see, e.g. [10]). L x(E) denotes the set of all Bochner measurable
functions f : R" — E such that kf € Lp(E). Putting |\f||vak(E) = |lkfllp for all f e L, (E) and for all | - || € cs(E), Ly k(E)
becomes a Fréchet space isomorphic to L,(E). When E is the field C, we simply write L, and L. If f € L{(E) the
Fourier transform of f, f or Ff, is defined by ]‘(5) = Jn f(x)e~%*dx. If f is a function on R" then f(x) = f(—x) for
xeR",

Finally we recall the definition of A} functions. A positive, locally integrable function w on R" is in A; provided, for
1<p<oo

1 1 , p/p’
sup(—/wdx) <—/a)_p “’dx) < 00,
R \IR]| [R|

R R

where R runs over all bounded n-dimensional intervals. The basic properties of these functions can be found in [9].
2. Spaces of Beurling ultradistributions. Hormander-Beurling spaces

In this section we collect some basic facts about vector-valued (Beurling) ultradistributions and we recall the defini-
tions of the vector-valued Hérmander-Beurling spaces. Comprehensive treatments of the theory of (scalar or vector-valued)
ultradistributions can be found in [2,13,20,21]. Our notations are based on [2,41].

Let M (or M,;) be the set of all functions w on R" such that w(x) = o (|x|) where o (t) is an increasing continuous
concave function on [0, oo[ with the following properties:

(i) 0(0)=0,
(i) f5° ;’% dt < oo (Beurling’s condition),
(iii) there exist a real number a and a positive number b such that

o(t)>a+blog(l1+t) forallt>0.

The assumption (ii) is essentially the Denjoy-Carleman non-quasianalyticity condition (see [2]). The two most prominent
examples of functions w € M are given by w(x) =log(1 + |x])%, d > 0, and w(x) = |x|f, 0 < 8 < 1.

If we M and E is a Fréchet space, we denote by D,,(E) the set of all functions f € L{(E) with compact support, such
that || flx = fgn I1F(&)]le*®® d& < oo, for all A > 0 and for all || - || € cs(E). For each compact subset K of R", Dy, (K, E) =
{f € Dy,(E): supp f C K}, equipped with the topology induced by the family of seminorms {|| - ||,: || - || € cs(E), > > 0}, is a
Fréchet space and D, (E) = ing Dy (K, E) becomes a strict (LF)-space. If £2 is any open set in R", D, (§2, E) is the subspace

—

of D, (E) consisting of all functions f with supp f C 2. D,(£2, E) is endowed with the corresponding inductive limit
topology: D, (£2,E) = in% Dy(K, E). Let S, (E) be the set of all functions f € L1(E) such that both f and f are infinitely

differentiable functions on R" with supcgn e*“® 3% f (X)|| < 0o and supycgs €@ (3% f (x)|| < oo for all multi-indices o
and all positive numbers A and all || - || € cs(E). S, (E) with the topology induced by the above family of seminorms is a
Fréchet space and the Fourier transformation F is an automorphism of S, (E). If E = C then D, (E) and S, (E) coincide
with the spaces D, and S, (see [2]). Let us recall that, by Beurling’s condition, the space D, is non-trivial and the usual

d
procedure of the resolution of unity can be established with D, -functions (see [2]). Furthermore D, < D (see [2]) and

D, is nuclear [45]. On the other hand, D, =D NS, DwfiSwfis (see [2]) and S, is nuclear too (see [13]). If &,
is the set of multipliers on D,, ie., the set of all functions f :R" — C such that ¢ f € D, for all ¢ € D, then &,
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with the topology generated by the seminorms {f — |l@fllx = fmn |gﬁ(§)|e“‘)(5) dé: A >0, ¢ € D,} becomes a nuclear

Fréchet space (see [45]) and D, Ci &,. Using the above results and [21, Theorem 1.12] we can identify S,,(E) with S, & E
However, though D, ® E is dense in D, (E), in general Dy, (E) is not isomorphic to D, & E (cf., e.g. [12]). A continuous
linear operator from D,, into E is said to be a (Beurling) ultradistribution with values in E. We write D, (E) for the space
of all E-valued (Beurling) ultradistributions endowed with the bounded convergence topology, thus D, (E) = Ly(Dy, E).
D,,($2,E) = Ly(D,,(2), E) is the space of all (Beurling) ultradistributions on 2 with values in E. A continuous linear
operator from S, into E is said to be an E-valued tempered ultradistribution. S (E) is the space of all E-valued tempered
ultradistributions equipped with the bounded convergence topology, i.e., S, (E) = L(Sw, E). The Fourier transformation F
is an automorphism of S}, (E).

If w e M, then I, is the set of all positive functions k on R" for which there exists a positive constant N such that
k(x+ y) <eN®®k(y) for all x and y in R", cf. [2] (when w(x) = log(1 + |x|) the functions k of the corresponding class X,
are called temperate weight functions, see [16]). If k, kq, k, € i, and s is a real number then logk is uniformly continuous,
k¥ € Ky, kiky € K and Mg (x) = SUPyeRn If(;i,) ey (see [2]). Ifue Lloc and f]R” X)u(x)dx =0 for all ¢ € D, then u=0
a.e. (see [2]). This result, the Hahn-Banach theorem and [7, Chapter II, Corollary 7] prove that if k € ICy), p € [1, 0] and E
is a Fréchet space, we can identify f e Lp ((E) with the E-valued tempered ultradistribution ¢ — (¢, f) = fR" o(x) f(x)dx,
¢ €Sy, and Ly y(E) — S,(E). If we M, ke K, p €[1,00] and E is a Fréchet space, we denote by Bp k(E) the set of
all E-valued tempered ultradistributions T for which there exists a function f € Lp ((E) such that (¢, T fR" o(x) f (x)dx,
¢ € Sy. Bp k(E) with the seminorms {||T|lpx = (27m)™" f]Rn k)T )P dx)V/P: || - || € cs(E)} (usual modlﬁcatlon if p=00),
becomes a Fréchet space isomorphic to L, x(E). Spaces B, x(E) are called Hérmander-Beurling spaces with values in E
(see [2] for the scalar case and [44] for the vector-valued case). We denote by Bg’i(fz, E) (see [30]) the space of all E-valued
ultradistributions T € D, (£2, E) such that, for every ¢ € D, (£2), the map ¢T : S, — E defined by (u, T) = (up, T), u € Sy,

belongs to By, (E). The space Bl"f{((z E) is a Fréchet space with the topology generated by the seminorms {|| - [[px,¢: @ €
Dy (82), |l - || € cs(E)}, where [[T|lp ke = @Tlpk for T € BL"j((.Q, E), and Bg’i(_@, E) — D, (2, E). We shall also use the
spaces B; (82, E) which generalize the scalar spaces B;,k(.Q) considered by Hérmander in [16], by Vogt in [45] and by
Bjorck in [2]. If w, k, p, £2 and E are as above, then B;’k((z, E)= U;’; [Bpk(E)NE, (K, E)] (here (Kj) is any fundamental
sequence of compact subsets of £2 and & (Kj, E) denotes the set of all T € Dy, (E) such that supp T C K;). Since for every
compact K C £2, B, k(E) N E,,(Kj, E) is a Fréchet space with the topology induced by B, x(E), it follows that B; (82, E)
becomes a strict (LF)-space (strict (LB)-space if E is a Banach space): B;,k([z, E)= E?[Bl’vk(E) N¢&,, (Kj, E)]. These spaces
are studied in [36,31].

3. An embedding theorem

In this section we generalize to UMD spaces Theorem 4.6 of [31], we prove an embedding theorem for vector-valued
Hormander-Beurling spaces (Theorem 3.1, see also Remark 3.1.2) and we give a result of Rosenthal type [38] (every weakly
compact subset of B})‘;fk(fz, E) is separable when E is a closed subspace of l§o; see Remark 3.1.1).

We shall need the following technical result.

Lemma 3.1. Let 2 be an open setin R", w € M, k € IC,, and 1 < p < oo. Let E = proj(E;, Aj) be the reduced projective limit of the
projective sequence of Fréchet spaces E ; and linking maps A j. Then the map

1 B (2, E) — proj (B, (2. Ej). Aj) : T — (Pjo T)®

is an isomorphism (Aj is the map B¢ ($2, Eiy1) — B'Oi(() Ej): T — AjoT) and this projective limit is reduced if p < oo. If

p.k
E= I—[;";l Ej then the space Bg’j((.Q, E) is isomorphic to ]_[] 1 Bl (82, Ej).

p.k
Proof. Although the proof of the lemma is straightforward, for the sake of completeness we give here the proof of the
surjectivity of P: Let (T;){° be any element in proj(Biﬁ‘,-‘((Q,Ej),Aj). For each ¢ € D,(£2) and each j > 1, we have
Aj((@, Tjy1) =(p,AjoTjr1) = (@, Tj) and so ({p, T;)){° € proj(Ej, Aj). Let T : D, — E be defined by (¢, T) := ({¢, T;))$°
for ¢ € D,(£2). Let us prove that T € Bloi(Q E), ie, that for every ¢ € Dy(£2) there is an f € L, (E) such that
6,9T) = Jrn 0() f(x)dx for all 6 € S,,. Given such a ¢ let fj € Ly (Ej), j=1,2,..., such that (9,<pT] = [pn 0 fj () dx
for all & € S,,. Then, for every 6 € S,, we have fRné(x)A] o fir1()dx = Aj(fn 0(X) fir1 () dx) = Aj({0, (@Tj41)") =
0,Ajo(@Tjt1)") =0, [@(AjoTirD]") = (0, (TH" f]R” 6(x) fj(x)dx, that is, fRn O(X)[Ajo fir1(x) — fj(x)]dx = 0. Hence
it follows (see Section 2) that Ajo fj11(x) = fj(x) for almost all x € R". Then, modifying the functions f; in a nullset if nec-
essary, we get (f(x))J° € proj(E;, Aj) for all x € R". It is easy to verify that the function f(x) = (f;j(x)){° is Bochner measur-
able. In fact, if ¢ € E’ we can find N >1 and (¢}, ..., e}) € E} x --- x E} (see, e.g. [25]) such that ((e;){°, ¢) = Z?’:l (ej, e}),
(ej){° € E. Thus ¢ o f = Z?’zl e} o fj is measurable. Moreover, if N; is a nullset such that f;(R" \ Nj) is separable, then
F@R™\ [UNj) is also separable. Hence by the Pettis’s measurability theorem (in Fréchet spaces, see e.g. [10]) it follows
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that f is Bochner measurable. Then, by using the properties of the f;, j=1,2,..., we conclude that f € L, (E). Finally,
since [on 00 fFX) dx = (fon () fj(X) d0)° = (6, 9T;N° = (B, Tj))° = (B, T) = (8, ¢T) for all 6 € S,, it follows that
Te Blpoi(.Q, E). Thus P is surjective. O

The next lemma generalizes to UMD spaces Theorem 4.6 of [31]. We will reason as we did in [31] but we will use The-
orem 4.2 of [29] instead of Corollary 4.2 of [29]. For convenience of the reader we will give a complete proof. The following
elementary fact will be used: “Let F =ind F; be the strict inductive limit of a properly increasing sequence F; C Fp C --- of

-]
Banach spaces. Assume that every F; is a complemented subspace of Fj,q and that G; is a topological complement of F;
in Fjyq1. Then the mapping F1 ®@G1 @ G2 @ ---— F:(f1,81,82,...) = f1+ & + g2 + -+ is an isomorphism.” We will also

need the weighted Lj,-spaces of vector-valued entire analytic functions L;f,k(E) and the operators Sk (f) = }'*1()(,(}) (see
[29,41)).

Lemma 3.2. Let §2 be an open set in R", p € (1, co) and k a temperate weight function on R" with kP e Aj}. Let E be a Banach space
with the UMD-property. Then the space B}fj{(ﬂ, E) is isomorphic to ]_[;?c=0 Hj where Hg is isomorphic to I, (E) and Hj is isomorphic
to a complemented subspace of I, (E) for j=1,2,....

Proof. Let (K;) be a covering of £2 consisting of compact sets such that K; C f<j+1, K;= IT<]- and I°<j has the segment

property (we may also assume, without loss of generality, that each Kj is a finite union of n-dimensional compact intervals).

Then B; (82, E) =ind[Bp x(E) N &' (K, E)]. In this inductive limit, the step B, (E) N E'(Kj, E) is isomorphic (via Fourier
, =

transform) to L;’,:j(E) and this space is isomorphic, by Theorem 4.2 and Corollary 5.1 of [29], to [,(E). Furthermore, L;I;J’(E)

is a complemented subspace of L;’I,fj“ (E): L;’,fj” (E) = L;’I;j(E) @ [kerS_g; N L;’I,Sj“ (E)]. Thus, the space Gj =kerS_g; N
L;l;"“ (E) is isomorphic to an infinite-dimensional complemented subspace of I, (E). Then, by using the former result, we
obtain Bgyk(g, E) ~ L;_Ilf‘(E) DG PGP -~Ip(E)DG1 PG @ ---. Next, since 1/I~< is a temperate weight function on R"
such that 1/kP’ € A’;, and E’ € UMD (see [39]), we see that B;,J/’.((.Q, E') ~ @?io B;j where Bg >~ Iy(E’) and Bj < I, (E")

for j=1,2,.... Therefore, by Theorem 3.2 of [31] (see [16] also), we get B;‘Jf{([), E) ~ (B;, 1/12(9’ E") ~ (@‘]?io Bj) ~
[1520 B; =120 Hj (here Hj = B;) where Ho ~I,(E) and H;j <Ip(E) for j=1,2,..., and the proof is complete. O

Remark. One can improve Lemma 3.2 by using [45]. Indeed, using the arguments of [45] it can be shown that
Bﬁ(ﬂ,lf) ~ (Bpk(E) N £(Q,E)Y where Q = [0,1]". Then, reasoning as in the lemma, we obtain the isomorphism
B2, E) = (p(ENN.

We now present the main result of this section, an embedding (and sequence space representation) theorem for vector-
valued Hérmander-Beurling spaces (see also Remark 3.1). We also pose a related question (Remark 3.1.3): Is BL%C,((Q, loo)

isomorphic to a complemented subspace of l§o? We will use the Fréchet spaces g+ = ﬂp>q lp and L~ = ﬂp<q Ly([0,1])
(these spaces have an interest in the structure theory of Fréchet spaces and are primary and have all nuclear A{(«)-spaces
as complemented subspaces, see [27,3]).

Theorem 3.1. Let §2 be an open setin R", w € M, k € Ky, and 1 < p,q < oo, and let E be a Fréchet space.

1. If p < oo and E is separable then BL"j((.Q, E) is isomorphic to a subspace of (C([0, 11))N and this space does not contain any
complemented copy of Bg’i(ﬂ, E).

2. If E is separable and infinite-dimensional and E % CN then B'ogﬁ,(((z, E) is isomorphic to a subspace ofl}fo but this space does not
contain any complemented copy ofBlo‘ka(Q, E).IfE ~CN then Blo‘;fk(ﬂ, E) is isomorphic to I§O.

3. Suppose E C FN (resp. < FN) where F is a Banach space. Then [}’ < Bll‘f,i(.Q, E) c (1(F)N (resp. < (11 (F))N). If F is a dual space
and has the Radon-Nikodym property, then I, < Blo%fk(ﬂ, E) C (so(F)N (resp. < (oo (F)N). If F has the UMD-property then
Iy < B}J‘)j((.Q, E) C (p(F)N (resp. < (I, (F))N) provided that 1 < p < oo and k is a temperate weight with kP € A%; in particular,
B;‘{?{(Q, IEI) is isomorphic to IIEI.

4. Suppose 1 < p < oo and that k is a temperate weight with kP € A}, and let E = g+ with g < oo (resp. Lg- ([0, 1]) with 1 < q). Let
(q7)3° be any sequence such that qj~ q (resp. qj ~q). Then Bm(.@, E) is isomorphic to a subspace of G := (]_[j"‘:’] I, (lqj))N (resp.
H:= (]_[J"-i] Ip(Lg; ([0, 1)) but G (resp. H) does not contain any complemented copy ofBL‘ﬁ(.Q, E).
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5. Let p, k, q and (q;){° be as in 4. Let X be a Banach subspace ofBL"i(Q, lg+) (resp. BL‘)j((.Q, Lg- ([0, 11))). Then X is isomorphic to
a subspace of Ip(lg, @ --- ® lg,,) (resp. Ip(Lq, ([0, 1]) & - - - @ Lg,, ([0, 11))) for some integer m.

Proof. 1. The first claim is a consequence from the fact that every separable Fréchet space is isomorphic to a subspace
of (C([0, 11N (see e.g. [1, p. 51]). Now suppose that (C([0,1]))N contains a complemented copy of Bg)f((Q,E). Then

(C([0,11)N also contains a complemented copy of Bg’?(

space of BI"C (82, E). Hence it follows, if p =1, that (C([0, 1])Y contains a complemented copy of lN (the proof given in

(£2) since this space is clearly isomorphic to a complemented sub-

[45] of the isomorphism BIOC(Q) ~ lN is also valid for weights k € ICy,). Then I; becomes isomorphic to a complemented
subspace of C([0, 1]) (see e.g. [6]) Wthh contradicts Corollary 2 in [33]. In case p > 1 we can apply Proposition 3.7 in [26]
and obtain the isomorphism Bg’f (£2) ~ CN. This contradicts the fact that Bz‘fi(ﬂ) is a non-Montel Fréchet space (see [15,
Theorem 2.3.9] and [16]). Consequently, (C([0, 11))N does not contain any complemented copy of B}J"i(.@, E).

2. We know that E C l§o [1, p. 51], that Lo ~ Iy [23] and that Leo(Leo) C (L1(L1)) = L] ~ Loo (but Loo(Loo) %# Leo,
see [4]). Hence and from Lemma 3.1 it follows that BL%C_,((Q,E) c B (2,18) ~ (BL%C_,((Q,LOO))N C ((Loo(Log))HN ~

00,k
(Loo(Lo))N C LI§O ~ IISIO. However, if E 2£ CN, the space lfi cannot contain any complemented copy of Blo‘éck(.Q E) by virtue
of Proposition 3.12 in [26] (recall that E < ng((z, E)). On the other hand, if E ~ CN then BL‘;Ck(Q, E)~ '°C (_(2))N

N )N~ by Lemma 3.1 and [31, Theorem 4.2(3)].
3. By Lemma 3.1 and by [45] and [31, Theorem 4.2(2)], we have IN ~ Bloi(.Q) < Bloi(.Q E) C (resp. <) Bl"i(!) FNy ~

(BIOC(Q FO)N >~ (1 (FMN ~ (13 (F)N. If F is a dual space and has the Radon-Nikodym property then l B(l)‘zf’ (2) <

Block(.Q E) C (resp. <) Bl“k([) FNy ~ (ng(fz, F)N =~ (loo (FYNN ~ (1o (F)N by virtue of Lemma 3.1 and [31, Theo-
rem 4.2(3)].
Suppose now that F has the UMD-property, 1 < p < oo and kP € A}. By using [31, Remark 4.7(1)] (see also [14]),

Lemma 3.1 and Lemma 3.2, we get [} ~ B‘OC (2) < B‘OC (82, E) C (resp. <) B'°° (82, FNy ~ (B“’C (2, )N < ((p(FHMN =
(I,(F))N. Hence and from [42, (1), p. 331] it follows that BIOC (2, 1) = (see also [31, Remark 4.7(1)] or [14]).
4, Since the proofs of both claims are similar, we shall only proceed w1th the proof of the second one.

Put E = Lg-([0, 1]) and let (q;) be a sequence such that q; ~q. Then, taking into account Lemma 3.1 and Lemma 3.2 (the
spaces Lg; ([0, 1]) have the UMD-property, see e.g. [39]), we have

};’7{(9 E)CB;%(.Q,HL(”([O,]])) :HBm(Q Lg; ([0, 11) <H (Lg; (10,11 ))
j=1

i=1 j=1

o N
~ ( [ ]t (Lg; (10, 1]))) =H.
j=1

Furthermore, since all complemented subspace of a quojection is a quojection (see [28]), H is a quojection (actually H ~

. X; where each X; coincides with some I,(Lq; ([0, 1]))), E < B¢ (2, E) and E is not a quojection (see [3]), it follows
r=1 p\=q; p.k

that H does not contain any complemented copy of Bg’f{(.@, E).
5. Let X be a Banach subspace of B;"j{(.Q, lg+) (resp. B})Oi(Q’ Lg- ([0, 1]))). By using 4 we see that X is isomorphic to a

subspace of []72, Y (resp. [T Xr) where each Y, (resp. X;) coincides with some [, (lg;) (resp. Ip(Lg;([0, 11))), thus [6] X
becomes isomorphic to a subspace of I,(Ig, @ --- @ lg,,) (resp. I,(Lg, ([0,1]) @ - -- ® Lg,, ([0, 11))) for some integer m. O

Remark 3.1. 1. In [38] Rosenthal showed that if (£2, X, i) is a finite measure space then every weakly compact subset
of Loo(u) is norm separable. By using this result it is easy to show that if E C l}i then every weakly compact subset of
Block(.Q E) (and hence every WCG subspace of B! (52, E)) is separable. In fact, let K be a weakly compact subset of

00,k

Bloc «(£2, E). Then K becomes a weakly compact subset of (L ([0, 1)N (see the proof of Theorem 3.1(2) and recall that
lOO : Lo ([0, 1])). Now the weak topology

0 ((Lo(10.11))", ((Leo(10.17)) "))

is the product of the weak topologies (see, e.g. [17, p. 167]). Consequently the projection of K on every factor L ([0, 1]) is
weakly compact and, by the Rosenthal’s result, is norm separable. Hence it follows that K is separable in (Lo ([0, 11))Y and
so is separable in Block(.Q E).

2. Evidently it is possible to replace C([0,1]) by ls in Theorem 3.1(1). In the non-separable case we have the follow-
ing extension: “Let p < co. Let E be a non-separable Fréchet space and let I be a set such that card] = densE. Then

Bg’?{(ﬂ E) C (se()N and this space does not contain any complemented copy of Bl"i(Q E).” In fact, let (E; )°° be a

sequence of Banach spaces, with densE; < densE for all j, such that E is isomorphic to a subspace of 1_[]=1 E; (see, e.g.
[1, p. 34]). Since dens L,(E;) < cardI, we get Lp(Ej) Cloo(D) [1, p. 50] and
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[e.¢]
B2, E)cBﬁ(Q,HEj) ]_[B"’C(Q E )cl_[ Ly(Ep)"
j=1

j=1

(00(1)) ~ (L)'

:|8

C

.
Il
_-

Finally, since loo(I) = C(BI) (BI is the Stone-Cech compactification of I regarded in its discrete topology) and BI is ex-
tremally disconnected, we apply [26, Proposition 3.12].
3. We finish this note by posing the following question: Let £2 be an open set in R", w € M and k € KCy,. Is BL%C,,((Q, loo)

isomorphic to a complemented subspace of l§o? (If the answer to this question were yes, BL‘;C,((Q, loo) would be isomorphic
to I, since B, (2) > I} < B¢, (2, 150) < 1Y, implies BI%, (2, 150) 5, in virtue of [42, (1), p. 331].)

0,k
4. On sequence space representations of Hormander-Beurling spaces and applications

In this section a number of results on sequence space representations of vector-valued Hérmander-Beurling spaces
are given (Theorem 4.1; see also Lemma 3.2 and [30,31]). As a consequence, and using sharp results of Meise, Taylor
and Vogt [24], a result of Kaballo (see [19]) on short sequences and hypoelliptic differential operators is extended to w-
hypoelliptic differential operators and to the vector-valued setting.

Lemma 4.1. Let $2 be an open set in R", w € M, k € Ky and 1 < p < oo. Let E be a Fréchet space. Then the topology induced by

Bg’i([), E) on BL(’?((Q) ® E is intercalated between the & and 7 topologies.

Proof. Taking into account the corresponding fundamental systems of seminorms the proof is immediate since, for every
¢ €D, (£2) and every | - || € cs(E), we have

m m
ITlpkp <inf{ D lujllprglejll: T=Y uj®e;
1 1

for all T e B¢

D, (£2) ® E, and, for every neighborhood U of 0 in Bloc (£2) and every || - || € cs(E), we have

m
sup Z(uj,§)<ej,e’>
(£.€)eU0x VO

< max ||T .
S 1<i<r ” ||p,k,(p,
(here ¢1,...,¢r € Dy,(£2) generate U and V ={e € E: e <1})forall T=)Tu;j®eje B;‘f‘;{(ﬂ) ®E. O

Remark 4.1. 1. Note that, in general, the topology induced by BL"j{(.Q, E) on Bg’j(((z) ® E is strictly finer than the & topology
and strictly coarser than the 7 topology: In fact let 1 < p < oo, let k be a temperate weight function on R" with kP A
and assume that BL%(SZ,I,,) contains a complemented copy of Bﬁ(ﬂ) Re I,. Then, by [31, Remark 4.7(1)] (see also The-
orem 3.1(3)) and [22, (5), p. 282], we get B'°° (2)®ely ~ I &Iy ~ (I ®e [N < Bloi((z Ip) ~ L. Hence and from [6] it
follews that I, e I, <1y, that is to say (smce I, is prime [23, Theorem 2.4.3]), that I, Qe I~ lp. But this is false since
I, ®¢ 1 fails to have the uniform approximation property (UAP, for short; see [34, p. 350]) whereas I, € UAP by [35]. There-
fore, BL"i(Q)@g Ip cannot be isomorphic to a complemented subspace of B}J‘{i(ﬂ,lp). In particular, since Bg’i(ﬂ) ®lp is
dense in B}J"j{(f), Ip), the € topology is strictly coarser than the topology induced by BL";(Q, Ip). (A different proof, for the
case 2 < p < oo, is given in [31, Remark 4.7(2)].) In a similar way it can be shown that the topology induced by B"’C (£2,1p)

on Bloi(ﬂ) ® ) is strictly coarser than the 7 topology (recall that I, O I, ¢ UAP [34, p. 350]).

2. 1If D =1 and k is any weight in I, one can argue as in 1 (by using [31, Theorem 4.2(2)] and the well-known fact
that I; ® I; is not isomorphic to Iy [7, Chapter VIII]) and show that the topology induced by B'OC(Q I1) on Bll",C((Q) ®l is
strictly finer than the & topology.

3. The assertions in the above notes continue to hold when one replaces I, by l§ in 1 and [; by lN in 2.

4, Notice also that if the answer to the posed question in Remark 3.1.3 were affirmative, then BL‘;C,C(Q)@E loo would

not be isomorphic to ng((),lm) for any k € Ky,. In fact, if these spaces were isomorphic then, by [31, Theorem 4.2(3)],

[22, (5), p. 282], [22, (2), p. 287] and a result of Cembranos and Freniche [4, Theorem 3.2.1], we would have [ ~ lE’O R loo =~
(los B¢ 1o)™Y 2 (C(BN) ¢ loo)™N 2 (C(BN, I5))Y > cl)'. Therefore ¢y would become a complemented subspace of I, which
contradicts a classical result of Phillips (see e.g. [4, Corollary 1.3.2]).
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Theorem 4.1. Let $2 be an open set in R", w € M, k € K, and 1 < p < oo. Let E be a nuclear Fréchet space. Then

(a) BRL(2,E) = BYS(2) &¢ E;
(b) if p=1,0r,1 < p < oo and k is a temperate weight with kP € Ay}, then Bl"c (82, E) ~ (IP(E))N
(c) ifp=1,0r,1 < p < oo and k is a temperate weight with kP € A*, and E ~ s or s, then BLO?((Q, E) ~ (D»)N;

(d) if E is infinite-dimensional and E 2 CN, then B;‘fi(!), E) is isomorphic to a (non-complemented) subspace of (L, ([0, 11))Y;

(e) if E is a power series space of finite type, then B;"i((z, E) is isomorphic to a complemented subspace of Bm(.@, lg+) (resp.
BYS.(82, Lg- (10, 11))) for any q € [1, oo (resp. q € 11, 00]);

(f) if X is a Banach subspace of61°§<(.(2 E), then X is isomorphic to a subspace of L, ([0, 11);

(g) if p=1,0r,1 < p < coandk is a temperate weight with kP € A%, and X is a Banach subspace ofB“Jc (£2, E), then X is isomorphic
to a subspace of Ip;

(h) if 1 < p1, p2 < oo, and kq, ky are temperate weights such that ki e A, kb2 e A}, then BL"fkl (2,E) ~ BL";,{Z([Z, E) if and
only if p1 = p2;

(i) B;ff{(.(z, E) is quasinormable, and if p > 1 every quotient ofBlpofc(.Q, E) by a closed subspace is reflexive;

(j) every exact sequence 0 — Bm(Q) — G — E — 0 where G is a Fréchet space, 1 < p < oo and k is a temperate weight with
kP e A3, splits.

Proof. (a) This is an immediate consequence of Lemma 4.1, the nuclearity of E, the denseness of D, (2) ® E in B (£2, E)

p.k

(use [36, Proposition 3.4]) and the completeness of BL"j((.Q, E).

(b) By using (a), [31, Theorem 4.2], [31, Remark 4.7(1)], [22, (5), p. 282], [22, (5), p. 198] and [22, (5), p. 291], we get
B};{‘,-‘((Q, E)= B},Oj{(.o) ®e E 1N & E = (Ip & E)N >~ (I (E)N.

(c) By Valdivia [43] and Vogt [45], we know that Dp» is isomorphic to I, & s. Hence and from (b) and [22, (5), p. 282]
it follows that B‘Oi(fz $) = (Ip ® 9N =~ (D»)N and B‘O;(Q sV > (1p @ sSHN = (1 @) = (1, &p5)N = (Dpp)N.

(d) The space E is isomorphic to a subspace of (L, ([0, 1))N (see e.g. [17, p. 483]). Hence and from Lemma 3.1 it follows
that

B2, E) € B (2, (Lp (10, 11)) ) = (B%(2, L, (10, 11)))"

< ((Lp(Lp(10, 1)) = ((Lp (10, 11)™)" = (Lp (10, 11))".

Now we prove that B};{i(g, E) cannot be isomorphic to a complemented subspace of (L, ([0, 11)N. If this were not the case,

E would also be isomorphic to a complemented subspace of (L, ([0, 11)N. Then E would become a quojection (see e.g. [26])
and thus E ~ CN (see again [26]), a contradiction.
(e) We know that all nuclear A1(c)-spaces are complemented subspaces of I;+ when 1< g < oo [27] and of Lg- ([0, 1])

when 1 <q < oo [3]. Thus, if E = A1 (@), we have BYS.(2, A1(@)) < By§(2,lg+) (resp. < Bi(82, Lg- (10, 11))).

(f) By (d) X is isomorphic to a subspace of (Lp([O, 1]))N and thus (see [6]) isomorphic to a subspace of L, ([0, 1]).
(g) Since E is isomorphic to a subspace of l?’ [17, p. 483], we may apply Theorem 3.1(3) and conclude that X is also

isomorphic to a subspace of lg. Thus [6] X becomes isomorphic to a subspace of Ip.

(h) (=) From [31, Remark 4.7(1)], the hypothesis and (g) it follows that I,, C[,, (and Iy, Clp,). As is well known this
implies p1 = pa. (<) It suffices to apply (b).

(i) Taking into account (b) and recalling that the product of a family of quasinormable spaces is quasinormable
[11, p. 107] and that the tensor product ®, of a Banach space and a nuclear space is also quasinormable [12, Chapter II,
Proposition 13, p. 76], we see that BL"j{(Q, E) becomes a quasinormable space. Finally, since Bg’j((ﬁ, E) C (Lp([O, 1M)N (see
the proof of (d)), we conclude the proof by virtue of [11, Corollary, p. 101].

(j) Since the Fréchet space BL‘{%(Q) is a quojection (we know that this space is isomorphic to I, see [31] or [14]) it
suffices to apply [46, Theorems 5.2 and 1.8]. O

Remark 4.2. 1. Concerning Theorem 4.1(c) let us recall that a large number of standard spaces of test functions are iso-
morphic to s or sV. For example, S(R") ~ s [42,25], D(K) ~s (K is a compact set in R" such that K # @; see [42,45]),
C®(£2) ~ sN (£2 is an open set in R"; see [42,45]), C°®°(V) ~s (V is an n-dimensional compact C*°-differentiable man-
ifold; see [42]), C®(W) ~sN (W is an n-dimensional C*-differentiable manifold not compact and countable at infinity;
see [42]).

2. It is well known (see [25]) that the space A(CY) of all entire analytic functions cannot be isomorphic to either s or

sN but it is isomorphic to a complemented subspace of s. However, if p and k are as in Theorem 4.1(c), Bm(s’?, A(C%) and

(D1»)N are isomorphic. In fact, we know that
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N N A N
Bpi(2. A(CY)) = Bp§(2) e A(CY) = I & A(CY) ~ (Ip &: A(CY))
and that A(C%) ~ Ag () with o, =n'/?. But, by [47, 1.1 Proposition] (the proof given there works for any p > 1) we have
Ip & A(CY) =1y & s, therefore B¢ (52, A(CY) = (D).

In [19] Kaballo showed that the short sequence 0 — N(P(D)) — Bgffc,,,((z) N BL‘fi(.Q) — 0 is an (eL)-triple when
the differential operator P(D) is hypoelliptic and it does not split when P(D) is elliptic (recall that a short exact se-
quence of locally convex spaces 0 — E — F 2, G — 0 is called an (eL)-triple, if for every Banach space X the mapping
q®cid: F & X — G®¢ X is surjective). In the next theorem this result is extended to w-hypoelliptic differential operators
and to the vector-valued setting. The extension is essentially a consequence of results of Meise, Taylor and Vogt [24, The-
orem 2.10, Corollary 2.16] (see also Vogt [46]) and Theorem 4.1. We will consider weights in the class M* (w € M*
if w(x) =o0(x]) e M and o is as in [24, Definition 1.1]). For example, the weight w(x) = |x|f belongs to AM* when
0 < B8 < 1. On the other hand, if P(x) = Z\mgm ayx% is a complex polynomial in n variables then P’(x) denotes the function
X = (X |q20 0% P(®)[)!/2. An open set £2 C R" is called P-convex (P-convex for supports in [16, Definition 10.6.1]) if to
every compact set K C §2 there exists another compact set K’ C §2 such that ¢ € D(£2) and supp P(—D)¢ C K implies
supp¢ C K’. Finally we refer the reader to [2,15,16] for the theory of linear partial differential operators.

Theorem 4.2. Let P(D) be a linear partial differential operator with constant coefficients in R" (n > 2), £2 an open subset of R",
weM* ke Kyand1<p<oo.

1. If P(D) is w-hypoelliptic and $2 is P-convex, then the short sequence

P(D)

0— N(P(D)) > B p (2) —> B5(2) - 0

is exact, it does not split and it is an (e L)-triple (here N(D) is the kernel of P(D)). The dual sequence
0_>( IOC(Q)) P(D)

loc (B () = (N(P(D))) — 0

is topologically exact and it does not split either.
2. If P(D) is w-hypoelliptic, 2 is P-convex and 1 < p < 0o, there exists a short sequence

/
0— B, (2) > By /p(2) = (N(P(=D))) — 0
which is topologically exact and it does not split.

3. If P(D) is w-hypoelliptic, §2 is P-convex and E is a nuclear Fréchet space, the short sequence

PE(D)

0— N(PE(D)) — BYp (2, E) === BY5.(2, E) > 0

is exact and an (eL)-triple (here Pg(D) : D, (82, E) — D, (82, E) is defined by (¢, Pe(D)T) = (P(—D)g, T) for all ¢ € D, (§2)
andall T € D, (82, E)).
Proof. 1. It follows from the hypothesis and [2, Theorem 3.3.3] that P(D) is a continuous linear operator of Bpoip,(ﬂ)
(resp. £,(£2)) onto Bl"C (£2) (resp. £4(£2)). Furthermore N(P (D)) coincides, algebraic and topologically, with the subspace
{f €&u(2): P(D)f =0} of £,(£2) in virtue of [2, Theorem 4.1.1], the embedding &, () — B“’CP,(Q) [2, Theorem 2.3.5]
and the closed graph theorem; thus N(P(D)) is a nuclear Fréchet space (£, (£2) is nuclear by [45]). It is then clear that the
diagram

PO

0——=N(P(D)) ——Bp/(2) —=B5(2) —=0
{1
0——=N(P(D)) — E,(2) — P > £,(2) 0

is commutative. Since, by the Meise-Taylor-Vogt theorem [24, Theorem 2.10, Corollary 2.16], the second row of this diagram
does not split, it follows that the first row does not split either (see [32]). The first row is an (eL)-triple by the nuclearity
of N(P(D)) and [19, Theorem 2.9]. Next consider the dual diagram

0 (B 2

|

0 £,(£2)

(B (82)) ——= (N(P(D))) —=0

Lk

P(D) &, (82) (N(P(D)))' —=0.
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This diagram is also commutative and since N(P(D)) is quasinormable (see e.g. [25, Corollary 28.5]) its rows are topolog-
ically exact sequences (use [25, Proposition 26.18]). Its second row does not split because the second row of the previous
diagram does not split either and the space &, (2) is reflexive (see [32]). Hence it follows that the first row does not split
either.

~ ~ t
2. Since P(D) = P(—D) and §2 is P-convex, it follows from 1 that the short sequence 0 — (B¢ _(£2)) BLIC/IN

p',1/k
(BL"/ClT)/(Q))/ — (N(P(—=D)))’ — 0 is topologically exact and it does not split. Using the isomorphisms [31, Theorem 3.2]
'k
(BLO’?UIQ(Q)), ~ B (), (B;‘if%ﬁ (2)) =B ,p(£2) one easily concludes the proof.

3. According to 1 we have the exact sequence 0 — N(P(D)) — BIOCP,(.Q) LC/R BL"%(Q) — 0 then also 0 —

p.k
N(P(D))&®; E — BLO‘;{P,(.Q)®8E RACLIIEN B;Oi(Q)®SE — 0 is exact (the second arrow is injective by [22, Propo-
sition 5, p. 277] and P(D)®.id is surjective by the nuclearity of E and [22, Proposition 7, p. 189]). On the other

hand from [22, Proposition 7, p. 189] and [22, Proposition 7, p. 174] it follows that N(Pg(D)) = N(P(D)®;id) =

loc & N N
N(P(D)) ® EBpikr (DEE _ N(P(D)) ®, E. Furthermore, by virtue of Theorem 4.1(a), we have B?gcp,((z) ®cE= Bfip,(.{z, E)
and BL"?((.Q) Qe E = BL"%(Q, E). Therefore we have the exact sequence 0 — N(Pg(D)) — Bmp/ (£2,E) L@ Bg’i(fz, E) —

0. Finally the nuclearity of N(Pg(D)) and Theorem 2.9 in [19] show that this sequence is also an (eL)-triple. O

Remark. For results on the splitting of partial differential operators between Blpoi—spaces in the temperate case see also [14].
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