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• The effective time constant was calculated for a prolate spheroidal device.
• An analytical solution was derived for the fraction of drug released.
• The effective time constant was expressed as a function of the aspect ratio.
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a b s t r a c t

Drug transport through a spheroidal matrix was studied using Fick’s second law of diffusion
in spherical coordinates. The prolate spheroid-shaped geometry was described by a small
angular deformation applied at the surface of the body. An infinite series of Legendre poly-
nomials of order two was first used to develop an expression for the solute concentration
in the Laplace domain. This method resulted in closed-form expressions for the effective
time constant and the cumulative percentage of drug released in terms of critical model
parameters. The procedure predicted published solutions very well. More moisture was
observed at the center of the body when compared to the focal point. As the aspect ratio
increased, the effective time constant decreased. At 0.38 unit time, 98.6% of the loaded drug
was released from the device.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The modeling of controlled drug-release is routinely performed for flat plates, spheres and cylinders. For complex
geometries, theoretical analyses are rare due, in part, to the difficulty in deriving closed-formed solutions. In addition,
traditional mathematical methods are developed for Cartesian, cylindrical and spherical coordinate systems [1]. This
trend results in the lack of performance metrics that could promote the design of devices in the form of spheroids. For
example, expressions are available for estimating the steady-state transdermal flux or the lag time for drug release into the
bloodstream via the skin when a patch is applied [2,3]. However, the calculations would be more elaborate for ellipsoids,
such as the ones described by De Lima and Nebra [4].

This contribution focuses on the problemof diffusive transport through a prolate spheroid, a surface obtained by revolving
an ellipse about itsmajor axis. The approach represents amore realistic situation, not observed in the idealization ofmatrices
as spheres, and would allow researchers to create more accurate simulations. A main impetus, for the proposed work, is the
breadth of research that targets therapeutic drug delivery across protective barriers that are closer to a spheroid, in shape,
than a perfect sphere. Potential areas of applications are (i) the controlled delivery of exogenous molecules applied topically
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Fig. 1. Schematic representation of the prolate spheroidal matrix.

to the eye, (ii) the fabrication of implantable releasing devices and (iii) the design of drugs administered to kill cancer cells
in a solid tumor. In the case of ocular drug delivery, the corneal layers are major barriers to transport [5] and, according to
several reports, the cornea is best represented by a prolate spheroid [6–8]. Ellipsoidal-shaped implants are placed under the
lower cul-de-sac of the eye to release a certain amount of pilocarpine for seven days [9]. Themechanismof how an anticancer
drug is transported to the tumor spheroids and its subsequent diffusion through the capillaries is of great importance in
chemotherapy [10,11].

Amethod is provided to explore the dynamics of a compound diffusing through a biological or syntheticmembrane in the
shape of a prolate spheroid. The rate at which the drugmolecules exits the capsule, i.e., the system converges to equilibrium,
is calculated.

2. Theory

2.1. Mathematical modeling

A pharmaceutical ingredient of concentration c0 is uniformly distributed within a prolate spheroidal matrix (Fig. 1). The
surface of the device is maintained at zero. This assumption is referred to as the perfect sink condition imposed for a highly
dilute reservoir. The transport of drug in the polymer is mainly governed by Fick’s second law of diffusion in spherical
coordinates:
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where t is the time, c is the drug concentration in the matrix, r is the radial distance, θ is the azimuthal angle and K is
the diffusion coefficient. The prolate spheroid-shaped geometry is captured by imposing the following condition at the
surface [12]:

r = R (1 + εP2 (cos (θ))) (2)

where P2 (x) is the Legendre polynomial of order two at x defined by P2 (x) =
3x2
2 −

1
2 ; R is the radius of the perfect sphere

from which the spheroid is generated after applying a small angular deformation of size εRP2 (cos (θ)); ε is a constant that
specifies the extent of the deviation.

Based on Fig. 1, the following two equations are derived:

L2
L1

=
1

√
1 − 3ε

(3)

and

1 = R

√
3ε (ε − 1)
3ε − 1

(4)

with 1 being the distance of the focal point to the center. The initial and boundary conditions are

c (r, θ, 0) = c0 (5)

and

c (R (1 + εP2 (cos (θ))) , θ, t) = 0 (6)

respectively.



32 L. Simon and J. Ospina / Physica A 518 (2019) 30–37

The volume of the carrier is given by

V = 2π
∫ π
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which simplifies to
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The surface of the prolate spheroid is written as
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It is of interest to calculate the cumulative amount of drug released at each time point. This measure is obtained by taking
the difference between the initial mass and the amount remaining in the matrix:
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2.2. Dynamic properties

2.2.1. Transient behavior
In the Laplace domain, Eq. (1) takes the form
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where

C (r, θ) =

∫
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0
c (r, θ, t) e−stdt (13)

using the initial condition (5).
The general solution of Eq. (12) is given by
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where Pn (x) is the Legendre polynomial of order n at x, Jn (x) gives the Bessel function of the first kind and CL is a constant
to be determined.

The Laplace transform of the boundary condition (6) yields
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Conserving only the first two even terms in the summation in Eq. (15), we obtain
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After expressing the Bessel functions in terms of trigonometric function, performing a series expansion of Eq. (16) around
ε = 0 up to order 2, and collecting the terms with Legendre polynomials, we have
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In this representation, it is assumed that the deviation of the body from a perfect spherical shape is small: R ≫ ε and
P2 (cos (θ))2 ≈ 0. The coefficients C0 and C2 are obtained by first setting A0 = A2 = 0 (see Eq. (17)) and solving Eqs. (18)
and (19):
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Therefore, the concentration is
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with C0 and C2 defined by Eqs. (20) and (21), respectively. Eq. (22) is further simplified to
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The solution above is of the form C (r, θ) = CPS (r, θ)+ εγ P2 (cos (θ)) where γ is a measure of howmuch the body deviates
from a perfect sphere and CPS (r, θ) is the solution for the perfect sphere.

The Laplace transform ofM (t) is
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and the fractional amount of drug released, in the Laplace domain, is
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A numerical technique [13] is applied to invert Eqs. (23) and (26) and determine c (r, θ, t) and M (t) /M (∞), respectively.
The fixed Talbot (FT) algorithm is based on the deformation of the standard contour in the Bromwich inversion integral [14]:

f (t) =
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where f̂ (s) is the Laplace transform of f (t). The contour B is a vertical line such that s = r + iywhere −∞ < y < +∞ and
r has a fixed value selected so that all the singularities for the inverse Laplace transform are to the left of B. It can be shown
that [13]
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2.2.2. Derivation of the time constant
The time constant, an important performance parameter, is applied to evaluate the characteristic time of a system [15,16].

It can be configured in the construction and validation of biosensors [17]. A first-moment relaxation time constant is defined
by [18–20]
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where Ω (t) represents the probability density function:
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whereΨ is the Laplace transformofΨ (t). The final expression for teff fromEq. (31) or (33) depends on themodel parameters.
This information allows researchers to investigate the effects of key system properties on teff . It can be shown that
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after using Ψe = 1 and Ψ (s) = M (s) /M (∞). Note that, when ε = 0, Eq. (34) reduces to the time constant of a spherical
matrix:
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Moreover, Eq. (34) takes the form
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for a very small ε, which shows that teff for the prolate spheroid is less than that of the sphere. Eq. (36) is a truncated series
expansion of Eq. (34), with respect to the variable ε, about 0 and up to order 3. It is relevant, for design purposes, to express
teff in terms of the aspect ratio, defined as δ =

√
1/(1 − 3ε). Eq. (34) becomes:
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When δ = 1, Eq. (37) reduces to Eq. (35). In the limit, when δ → ∞, the time constant for a needle is obtained:

teff =
0.086R2

K
(38)
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Fig. 2. The normalized moisture contents at the center (___) and at the focal point (- - - - -) of a spheroid with a ratio L2/L1 = 1.1. The results of Oliveira
and Lima [21] are noted by • (center point) and + (focal point).

3. Results and discussions

3.1. Validation of the solution method

The work of Oliveira and Lima is used here to test the accuracy of the solution method [21]. In their contribution, the
authors described the drying kinetics and distribution in the moisture content of a prolate spheroid with a ratio L2/L1 equal
to 1.1 and R = 1.0. The initial and boundary conditions of the problem described in [21] are those of the controlled-
release system outlined in Section 2.1, i.e., constant properties and boundary conditions at the surface. This problem can
also be applied for heat conduction from spheroids [22]. Their results matched the analytical normalized concentration in
the center c (0, θ, τ ) /c0 and focal point c (1, 0, τ ) /c0 of the spheroid studied in [21]. A dimensionless time variable, defined
as Kt/L21, was used. The focal point corresponds to r = 1 (see Eq. (4)). The procedure presented in Section 2.2.1 predicted
the published solutions very well (Fig. 2). Ample moisture is noted at the center of the body when compared to the focal
point. This is because the latter location is closer to the surface where the concentration is maintained at zero. The form of
Eq. (28) makes it possible to employ the method with regression algorithms to extract the diffusion coefficient after fitting
drying experimental data to the expression forM (t) /M (∞).

3.2. Cumulative fraction of drug released and time constant

The cumulative fraction of drug released is shown in Fig. 3; the dimensionless effective time constant is 0.095. The value
ofM (t) /M (∞) at 4× teff is 98.6%, whichmeans that it takes approximately 0.38 unit time for the device to release 98.6% of
the loaded drug. This behavior is characteristic of a first-order process where 98% of the steady-state is achieved in 4 × teff
after a unit step change in the input [19,23]. The result is the same if Eq. (36) is applied to estimate teff based on L2/L1 = 1.1
or ε = 0.058. Immediate applications of the findings are ocular drug delivery, fabrication of ellipsoidal-shaped implants and
transport of an anticancer drug to tumor spheroids.

Fig. 4 depicts how teff depends on the size of the deviation. As ε is increased, teff decreases. This curve can be used by
researchers as a way to predict teff or to assess the error in this performance metric if a device is approximated by a perfect
sphere instead of a prolate spheroid. Fig. 5 shows the curve for teff in terms of δ.

4. Conclusions

A mathematical model was developed to analyze the diffusive transport of an active pharmaceutical ingredient through
a prolate spheroid. The interest in this specific problem was motivated by the need to represent, accurately, the transport
through prolate spheroid structures, such as the cornea. The drug was uniformly distributed within the matrix while the
concentration at the surface of the device was kept at zero. Transport in the polymer was best represented by Fick’s second
law of diffusion in spherical coordinates. An infinite series of Legendre polynomials of order two was applied and led to an
analytical expression for the solute concentration in the Laplace domain. The solution contained two terms. One of which
was the solution for the perfect sphere and the other, a function of the azimuthal angle. The methodology yielded a single
effective time constant and the cumulative fraction of drug released for small deviations of the spheroid from a perfect
sphere. Estimated concentration at the center and the focal point agreed very well with published data and showed that
more moisture is located at the center of the spheroid. An increase in the aspect ratio led to a reduction in the effective time
constant. At 0.38 unit time or four time constants, 98.6% of the loaded drug was released from the device, a behavior that is
characteristic of a first-order system.
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Fig. 3. The cumulative fraction of drug released (___) and the dimensionless effective time constant (- - - - -).

Fig. 4. The effective time constant as a function of ε (see Eq. (30)).

Fig. 5. The effective time constant as a function of the aspect ratio δ (see Eq. (33)).
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