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Regularization of the inverse problem is a complex issue when using Near-field Acoustic
Holography (NAH) techniques to identify vibrating sources. This article aims to compare and
implement various regularization methods in the context of NAH. Specifically, it compares the
commonly used Tikhonov regularization, sparsity-based regularization and neural networks
(NN) regularization for a planar NAH array with measurements obtained from an experimental
setup in a previous study [3]. Additionally, it theoretically introduces Green’s function-based
regularization. The first three types of regularization methods yield images consistent with
the results from the referenced study, and statistical indicators are used to determine which
method performs best at different frequencies.
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1. Introduction

N earfield Acoustic Holography (NAH) is a technique widely used for measuring
the normal velocity scalar field w and acoustic pressure field p of vibrating
structures based on close-range sound field measurements. This article focuses on
the inverse problem of reconstructing the normal velocity distribution w of the
source structure, which requires regularization due to ill-conditioning [32].

In this study, we also aim to replicate the results presented by Chardon et al.
[3] for Tikhonov and sparsity-based regularization techniques. However, instead
of using the original software, we will implement these methods using Python,
providing an accessible approach to solving this inverse problem.

The structure of this article is as follows: Section 2 introduces the continuous
and discrete formulations of NAH, focusing on the reconstruction of the normal
velocity field at the source w. In section 3, the importance of regularization is
discussed, and several regularization techniques are presented, including Tikhonov,
sparsity-based methods, machine learning (via convolutional neural networks), and
Green’s function. The methodology section details the experimental data used to
validate the first three regularization methods and provides a concise overview of
the algorithms applied. Finally, the results section assesses the statistical metrics
used to evaluate the accuracy of the regularized images against the ground truth,
and presents the best regularized images for the experimental data at four different
frequencies.

2. Mathematical Formulation of NAH

A. Continuous Formulation. Two primary approaches exist for developing the
mathematical framework essential to understanding NAH. The first approach relies
solely on the acoustic pressure field [20], [21] while the other is centered on the
normal velocity scalar field [3], [13]. The mathematical treatment also heavily relies
on the geometry of vibrating structures and the corresponding layout of the sensor
array [35]. In this study, only planar geometries are considered.

The pressure p on a plane at elevation zo, generated by a plate with a normal
velocity distribution w(z,y,0) at elevation 0 and frequency v (or angular frequency
w = 27v), is expressed as the convolution of the normal velocity distribution and
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the propagator g(||7]]) = g(r) = —ipcke®™" /2mr* [33], given by:

*The propagator g(r) in this context represents how sound waves emitted by the vibrating plate

“propagate” through space. It accounts for the attenuation and phase shift of the sound waves as
they travel from the plate to the observation plane at elevation zg.
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p(ﬂ%y: ZO) = 9(5573/7 ZO) *zy w(w,y7 0) (1)

Here, *,, denotes 2-D convolution in the x and y variables,
c represents the wave velocity, p is the air density, and k =
|k| = w/c denotes the norm of the wavenumber vector. Taking
the 2-D spatial transform of Eq. (1) with integration variables
x and y results in:
P(kl‘7ky720) = G(k‘z,ky,ZO)W(k'z,ky,O) (2)
Here, capital letters indicate the Fourier 2-D transformed
variables, and k, and k, represent the wavenumbers in the z
and y directions, respectively.

B. Discrete Formulation. The standard approach in Nearfield
Acoustic Holography involves a discretized representation of
Eq. (2), expressed as [30]:

p=F 'GFw. (3)
In this formulation:

e W represents the vector of source normal velocities,
discretized on a regularly spaced rectangular grid,

e p denotes the vector of measured pressures, also dis-
cretized within the hologram plane,

¢ F denotes the 2-D spatial Discrete Fourier Transform
(DFT) operator, and

¢ G is predominantly zero except on the diagonal, where
it is equivalent to G sampled at the wave vectors of the
DFT basis vectors [17].

The matrix product F*GF is denoted as H', with its
conjugate transpose represented as H*. Solving the inverse
problem provides an estimate of the normal velocity w of the
structure. Direct inversion of Eq. (3) yields:

w=F'G 'Fp=H 'p. (4)

Since G is diagonal and easily invertible, naive inversion of
this equation is feasible. However, due to its ill-conditioning,
the computation of the sources using this approach is highly
unstable, necessitating regularization techniques as described
in the subsequent section.

3. Regularization Methods

This section elucidates the necessity for regularization and
introduces the regularization techniques to be employed.

A. Rationale for Regularization. In the realm of mathematics,
a problem is considered well-posed in the Hadamard sense if
it satisfies the following criteria:

e The problem possesses a solution.
e The solution is unique.

o Small changes in the initial conditions (data) imply small
changes in the response.

T The matrix H in this context can be interpreted as an “operator” that connects the normal velocities
of the source with the pressures measured in the plane of the hologram.

Conversely, an ill-posed problem is characterized by the
failure of any one of these conditions. In the context of the
reconstruction problem posed by NAH, two primary reasons
render it ill-posed. Firstly, the fundamental theory of planar
NAH needs the hologram to encompass a larger area than
the source, ensuring the inclusion of the limits of the acoustic
field produced by the vibrating source. Failure to satisfy this
criterion results in field truncation, potentially leading to the
non-fulfillment of the existence criterion [3].

Secondly, based on wave physics principles, the sensor
plane, positioned in close proximity to the source plane,
is designed to detect both propagating and evanescent
waves. The intensity of evanescent waves diminishes
exponentially with distance =z. Consequently, during
back-propagation calculations, measurement uncertainties
can induce significant fluctuations in the source field. Since
the back-propagation problem in planar NAH is inherently
ill-posed, regularization becomes imperative.

Regularization “transforms” ill-posed problems into well-
posed ones by adding constraints or prior information, which
stabilizes the solution. This helps prevent overfitting, reduces
sensitivity to noise, and ensures that a unique, stable solution
can be found, addressing issues like non-uniqueness or
instability in the original problem.

B. Tikhonov Regularization. Tikhonov regularization, exten-
sively employed in numerous ill-posed inverse problems,
introduces a penalty term to the inverse problem, typically
resolving the following minimization problem [9], [11]:

W = argmin [[p — Hvw[}3 + A|Lw]3 (5)

Here, L represents the Tikhonov matrix, and A denotes
the regularization parameter. The outcome of Tikhonov
regularization can be obtained in closed form as:

w=R,H 'p, (6)

where R, is given by:

Ry, = (H'H + A\L*L) ' H*H. (7)
Two notable points regarding R, are:

1. The cancellation of H and its inverse when Eq. (6) and
Eq. (7) are merged circumvents the computation of this
ill-conditioned inverse.

2. However, it’s worth noting that in the fundamental
application of Tikhonov regularization to NAH, where
L is chosen as the identity matrix, Ry functions acts as
low-pass spatial filters* [3].

C. Sparsity Regularization. Sparsity, a fundamental property
of signals, refers to their decomposition as a linear
combination of a limited number of pre-defined basis
functions, termed atoms. Widely utilized across various
domains, sparsity finds applications ranging from data
compression to source separation and signal analysis.
*in the context of Tikhonov regularization, a low spatial filter smooths the solution by suppressing

high-frequency components, effectively reducing noise and preserving important low-frequency
information.



Formally, a dictionary D, assumed here to have a finite size
M, consists of atoms di € RY : D = {dr};_; - D can
either form a basis of RN (M = N) or an overcomplete
family spanning RY (M > N).

A discrete signal x € R is deemed sparse in D if it can
be represented as a linear combination of a small subset of
atoms [3]:

X = Z ajd;. (8)
jed

where J is a subset of {1...M} with |J| < M. While this
decomposition can be exact or approximate, an overcomplete
dictionary D typically lacks a unique representation for a
given signal x. To determine the sparsest set of coefficients
« satisfying this equation or achieving the best balance
between data fidelity and sparsity, numerous algorithms,

notably ¢; optimization techniques, have been developed.

In the context of NAH, it is assumed that the discretized
version of the Fourier-domain velocity map of the source
plane w is approximately sparse in a suitable basis:

W~ Da. (9)

Here, the vector e comprises only |J| non-zero elements,
and D € R™™™ denotes the matrix whose columns represent
all the di in D. Consequently, the NAH inverse problem
can be reformulated as follows: given a set of pressure
measurements p, find the sparsest set of coefficients «;
such that p = HDa. Mathematically, this problem can
be expressed as:

argmin||a||; subject to p = HDau. (10)
[e%

It’s noteworthy to draw a parallel between Tikhonov
regularization Eq. (5) and sparse ¢; regularization. The
latter can be represented in Lagrangian form as:

argmin||p — HDa3 + Alla|1. (11)
o«

C.1. Selection of a Dictionary D.Theoretical findings [16]
suggest that plane waves offer accurate approximations to
solutions of the Helmholtz equation on plates, which are
characterized by having a point connectable to any other

point via a line segment fully contained within the plate.

Notably, all convex plates (as rectangular plates) fall under
this category. Recent extensions of these results apply to
thin isotropic homogeneous plates.

Mathematically, the plate’s velocity w, as a solution to

the Kirchhoff-Love equation, can be approximated by a
combination of plane waves and evanescent waves:

we) ~ | 3 ane™ 74 ) 1s(zy). (12)

Here, 15(z,y) denotes the indicator function that confines
the plane waves to the plate’s domain S.

D. Neural Networks Regularization. While this method may
seem straightforward compared to others discussed here, it’s
also the most computationally intensive. Mathematically,
both previous regularization methods lead to a non-linear
optimization problem (Eq. (5), Eq. (11)). An essential
question that arises in such problems is: how to select the
penalization parameter \?

Since this parameter is unbounded above, one can devise
a neural network based iterative algorithm aiming to enhance
properties desired by the experimenter. In the context
of NAH, where the primary objective is detecting sound
sources, contrast becomes paramount for proper source
detection. This regularization method leverages either
Tikhonov regularization or sparsity regularization, followed
by the application of a neural network trained to identify
images with heightened contrast. Specifically, it seeks to
maximize the absolute difference between a pixel and its
Cartesian neighbors.

E. Green’s Function Regularization. Let us begin by revisiting
the Tikhonov regularization optimization problem:

W = argmin E(W) = argmin||p — Hw||3 + \||Lw/||3

R . . (13)
= argmin|H 'p — w3 4+ | Lw]3.

where L is the Tikhonov matrix, A is the regularization
parameter, and F is the Tikhonov functional. The concept be-
hind this regularization method is to minimize the functional
E by applying the first-order optimality condition 6 E = 0 to
derive the Euler-Lagrange equations in R3. The final result
derived from this process is [22]:

wi(F) =

> =

> Hp); — W) G — ), (14)

which signifies that each component of the normal velocities
can be expanded in terms of the columns of the Green’s matrix
[G(7% — 75)]x;. However, the computational implementation
of this method proved to be impractical, as it requires prior
knowledge of the form of the Green’s functions, or iteratively
approximating their coefficients in a basis to achieve effective
regularization.

4. Methodology

As previously mentioned, this paper focuses purely
on mathematical and computational aspects, without
conducting any experimental setup. To evaluate the different
regularization methods discussed earlier, a reference study
with credible and reproducible results is necessary for testing
against the proposed methods. The selected reference for
conducting the experiments is the article by Chardon and
Daudet titled Nearfield Acoustic Holography using sparsity
and compressive sampling principles [3]. In this study,
the authors conducted a physical experiment on a guitar,
measuring the discrete acoustic pressure field p at four
different frequencies (v = 78Hz, 402Hz, 1483Hz, and 3297Hz)
to recover the normal velocity field w. The obtained results
were compared with reference (ground truth) measurements



of the same experiment.

The ground truth measurements were acquired using
a laser vibrometer to measure the actual velocity field of
the source on a fine regular grid, providing 50 x 40 = 2000
vibration impulse responses. For the rectangular plate
mentioned, the grid had a 10 mm step size along both
coordinate axes. The acoustic impulse responses measured
by the microphones were processed to provide holograms in
the temporal Fourier domain. These holograms, representing
harmonic pressure fields, were used for the NAH method.
Hologram measurements were performed with an array of
120 electret microphones and a custom-built 128-channel
digital recorder. The standard NAH hologram was collected
using a 12 x 10 regular microphone array with a 50 mm
square step. The overall dimensions of the array were 550
mm x 450 mm. The array was placed at a distance of zo = 20
mm from the rectangular plate.

With the data source (the matrix p) identified, the
computational analysis conducted in this research is presented
step by step:

a) The open-source code (in MATLAB) provided by the
authors in [3] was accessed and executed, verifying that
the results of the code aligned with those reported in
the article. Also, databases provided in the same article
containing the matrix p were retreived.

b) For Tikhonov regularization, both the matrix Eq. (6)
and an optimization solver integrated into the
scipy.optimize library were employed to solve the
nonlinear problem Eq. (5), verifying that they yielded
nearly identical results for w.

c) For sparsity regularization, the matrix p was initially
expanded into the basis given by Eq. (12) (via direct inner
product), ensuring that the majority of coefficients (up to
n = 20) were zero. Subsequently, the expression Eq. (9)
was directly employed to compute the normal velocities
in the source plane instead of solving the associated
optimization problem.

d) For NN regularization, the nonlinear optimization prob-
lem Eq. (11) was solved to prioritize images with higher
contrast by selecting A. To achieve this, a neural network
was trained using pytorch based on the results obtained
in [3].

e) Finally, the magnitude images of the normal velocity
field were stored in .csv files and plotted using the
matplotlib library after calculating the statistical indi-
cators that will be presented in the next section.

5. Results

This section presents the statistical indicators used to discern
which regularization method produced an image most similar
to the ground truth, followed by the images with best
indicators.

A. Statistical Indicators. Four basic statistical indicators
were employed for image similarity analysis. Simbolcally: C,

€1, €2, and M.

The coefficient of correlation C' measures the degree of
linear relationship between two images’ pixel values. It
ranges from -1 to 1, where 1 indicates a perfect positive
correlation, and 0 suggests little to no correlation. The
correlation coefficient was calculated using the correlate2d
method from the scipy.signal library.

The first-order Root Mean Square Error (RMSE) e
quantifies the average difference between corresponding pixel
values of two images. It provides a measure of the overall
discrepancy or deviation between the images, with a value of
0 indicating equality. The second-order RMSE €2 measures
the same but compares the ground truth and the regularized
image after applying a first-order blurS.

The mean absolute error M is the only dimensional
indicator, representing error in units of m/s. While all
indicators are crucial and measure the performance of the
regularized images, a hierarchical preference is used to select
the better image, following the order presented. For the first
frequency, v = 78 Hz, the ground truth image is shown in
Fig. 1.

Ground truth, v = 78 Hz <102

C = 1.0000
&1 = 0.0000
£5 = 0.0000
M = 0.0000

Model Evaluation

Fig. 1. Ground truth image at v = 78 Hz.

Among the three regularized images, the one using NN
and sparsity regularization yielded the most favorable results.
Shown in Fig. 2, this method succeeded in identifying sound
sources, with a correlation of C' = 0.92 with the ground truth.

For the mid-range frequency v = 402 Hz, the closest
regularized image to the ground truth was obtained using
Tikhonov regularization, with a correlation of C' = 0.94, as
shown in Fig. 3.

The results for the frequency v = 1483 Hz are not
presented here. Readers are encouraged to refer to the
Appendices and Reproducible Research section, where they
can find the images for the methods that were not the
closest to the ground truth, along with the ground truth

S first-order blur with a 3 x 3 kernel averages the pixel values by applying a simple filter where
each pixel is replaced by the average of itself and its 8 surrounding neighbors. The 3 x 3 kernel

typically contains equal weights, and the convolution operation smooths the image, reducing sharp
edges and noise.
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Fig. 2. NN and sparsity regularized image at v = 78 Hz.
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Fig. 3. Tikhonov regularized image at v = 402 Hz.

images for each frequency. For this frequency, the closest
regularization method was sparsity without NN, suggesting
that the original image lacked extreme contrasts, and refining
A based on this criterion induced errors.

Similarly, at the high frequency v = 3297 Hz, both sparsity
without NN and NN regularization methods effectively
reproduced the ground truth image. Fig. 4 displays the
best regularized image, while Tikhonov regularization, as
depicted in Fig. 5, catastrophically failed due to acting as a
lowpass frequency filter in the wavenumber space at higher
frequencies [3], [27].

6. Conclusions

The primary objective of this paper was to evaluate and
compare different regularization methods in the context
of planar NAH. Also, the article presented satisfied the
goal of formally describing NAH and the regularization
methods used for creating the images shown, also exhibiting
their computational implementation. On the other hand,
comparisons between the methods were based on strong
statistical evidence, and even though no much comment was

0 3.5
3.0
10
2.5
20 9.0 Model Evaluation
202
- g C'=0.9423
8 = £ = 0.0212
S 5 £y = 0.0192
153 M =0.0740
30
10
40
0.5
15 25

Sparsity Regularization, m = 120 (ran), v = 3297 Hz x1075

Model Evaluation
C =0.8991

v [em]
s o o ~
5 E ] 5 ®
s M M ~ o s M >
ib(z,y) [m/s]

Fig. 4. NN and sparsity regularized image at v = 3297 Hz.

Tikhonov Regularization, m = 120 (reg), v = 3297 Hz 104

¥ [em]

0
10
10
08
20 % | Model Evaluation
o) C = 0.6025
€ 0223
3 =0.0193
E \[ =0.0534
30 04
40 02

Fig. 5. Tikhonov regularized image at v = 3297 Hz.

made on indicators other than C' is left to the readers choice
his/her preference on which indicator to consider.

The main advance this article represents is that it is one
of the first approaches to regularization methods in NAH at
a national level.

Finally, as a brief comment on the results section, the
order of magnitude of the normal velocity field does not
represent any specific physical property. Instead, the contrast
(i-e., the differences in normal velocities) is used to identify
the locations of the sources. As shown, this objective was
successfully achieved.

7. Appendices and reproducible research

All contents, codes, appendices and data used throught this
investigation are located at the repository https:/github.com/
thomas-martinod/proyecto-avanzado-1 under the MIT licence
(the contents are mainly in spanish), in alignment with the
reproducible research and open science principles [15], [14],
[12].


https://github.com/thomas-martinod/proyecto-avanzado-1
https://github.com/thomas-martinod/proyecto-avanzado-1
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