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Abstract

In this work the polarization and hysteresis response of Lead Zirconate Ti-
tanate (PZT) ferroelectric thin films was studied in relation to the variation
on temperature, stress, electric field and the content of non-ferroelectric
impurities by using a Monte Carlo simulation. The simulation was based
on a DIFFOUR Hamiltonian that takes into account the effect of uniaxial
stress, in addition to the nearest neighbor dipoles interaction and the effect
of an external electric field. The obtained results for hysteresis loops and
polarization curves correspond with reported experimental data for this
material.
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Monte Carlo Simulation of Ferroelectric Behavior in PZT films by using a stress

dependent DIFFOUR Hamiltonian

Simulación Monte Carlo del comportamiento ferro-
eléctrico de películas de PZT empleando un Hamil-
toniano DIFFOUR dependiente de la presión

Resumen
En este trabajo se estudió la respuesta de polarización y de histéresis en
películas delgadas de titanato zirconato de plomo (PZT) a la variación
de temperatura, presión, campo eléctrico y contenido de impurezas no fe-
rroeléctricas, mediante simulación Monte Carlo. La simulación se basó en
un Hamiltoniano DIFFOUR, que tiene en cuenta el efecto de un esfuerzo
uniaxial, además de la interacción entre dipolos vecinos y el efecto de un
campo eléctrico externo. Los resultados obtenidos para ciclos de histéresis
y curvas de polarización se ajustan a los datos experimentales reportados
para este material.

Palabras clave: Monte Carlo; simulación; ferroeléctricos, DIFFOUR,
PZT.

1 Introduction

Ferroelectrics and their characteristic of piezoelectricity have attracted the
interest from the scientific community. In recent years a considerable e-
ffort has been accomplished in the development of technological applica-
tion based on these phenomena. The piezoelectric devices, include, among
others: cantilever actuators, [1],[2], probes for atomic force microscopy [3],
ultrasonic micromotors [4],[5],[6], micropumps [7], ultrasonic transducers
[8],[9] and actuators for suppression of mechanical vibrations in building-
like structures [10].

The study of variables that directly affect domain formation and the
quality response of these materials under the influence of electric fields
have been of wide interest, because of their potential use in the design of
non-volatile memories [11] and the development of multiferroic complex
perovskites from the mixture of ferroelectric and ferromagnetic simple pe-
rovskites [12]. A big amount of experimental data reports the behavior of
several ferroelectric materials such as Lead Zirconate Titanate (PZT) and
Bismuth Titanate (BIT) [13], considering effects of temperature, stress and
dopants, among other variables in relation with polarization and hystere-
sis. Experimentally, Wondsamnern [14] characterized ferroelectric hystere-
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sis loops of PZT ceramics, observing the influence of external stress and
temperature in an inverse relation of these variables with the hysteresis
area. As important as those analysis that we mentioned before are research
proposals trying to contribute to a better understanding of these materials
through a theoretical modeling approach. Recently Laosiritaworn et al.
[15] studied by Monte Carlo technique, PZT thin films by proposing a uni-
axial stress dependent Hamiltonian. They simulated the dynamic response
of a ferroelectric thin film, identifying changes in the energy dissipation
from hysteresis loops with the stress variation.

In this research, the response of polarization, susceptibility and hystere-
sis of ferroelectric thin films to the variation of temperature, stress, electric
field and the content of non-ferroelectric impurities was addressed through
a Monte Carlo simulation. For this purpose, a DIFFOUR Hamiltonian was
proposed to model ferroelectric properties in PZT thin films, one of the
most studied ferroelectrics nowadays.

2 Simulation Methodology

PZT is a piezoelectric ceramic material in the form of a solid solution of
PbZrO3 and PbT iO3 with formula Pb(ZrxT i1−x)O3 0 ≤ x ≤ 1. This
material exhibits different stoichiometries according to Zr/T i composition
ratio, which directly affects its properties as it is evident from its phase dia-
gram [16]. When the Ti content is higher than 0.47, PZT transforms from
cubic structure to tetragonal structure at temperatures ranging from 370 to
490◦C. When the Ti content is lower than 0.47, there is a cubic to rhombo-
hedral transition with Curie-temperatures ranging from 230 to 370 ◦C [17].
The sample construction for simulation takes into account the transition
expected for a thin film with a Ti content, x = 0.5, in which the perovskite
geometry of the cell can be closely associated with a cubic structure (lattice
parameter a ≈ c ≈ 4.07A◦)[18]. This reduces to six the number of possi-
ble electric dipole orientations for each cell (−x,+x,−y,+y,−z, z), to be
consistent with 90◦ or 180◦ experimentally observed polarization domain
switching. In this manner for the model, an electric dipole associated to
a PZT cell is assigned to each point of the cubic lattice, with one of the
above orientations.
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A single-spin movement Monte Carlo algorithm was used for obtain-
ing equilibrium thermodynamic properties [19]. The lattice for simulation
was designed with a thin film geometry of LxLxd dimensions. Periodic
boundary conditions in the transverse directions (x-y plane or in-plane)
and free along the perpendicular direction z of the film (out-of-plane) were
employed. A linear dimension of L = 40 and a thickness of d = 5 (lattice
units) were considered. Simulations for larger sizes of L were computed,
giving no significant variation for the parameters and variables under con-
sideration.

The system began with a random electric dipole configuration, corres-
ponding to a high disordered or a high temperature system. We used
Monte carlo simulation and Metropolis Algorithm as well as a DIFFOUR
Hamiltonian [20],[21], Equation (1), to simulate the ferroelectric behavior
(looking for a Transition temperature or Curie’s temperature) of the sys-
tem, with a variation range temperature from a high temperature up to a
low temperature that correspond to a high ordered system.

H =
∑

<ij>∈inplane

Uxy
ij ûiûj +

∑

<ij>∈outplane

U z
ij ûiûj − E

∑

i

uiz (1)

In this hamiltonian ûi is the polarization unit vector at site i,uiz is
the z component of polarization vector at site i, Uij is the magnitud of
ferroelectric interaction between pairs of nearest pairs of dipoles and E is
the electric field applied in the z direction. The first summation for in-
plane interactions, the second for out-of-plane interactions and the last one
considers the electric field action over dipoles in z direction. For this model,
we proposed that the stress dependent interaction intensity took the form
of a Lennard-Jones potential:

Uxy
ij = U0

[

(1 + αP )−12 − 2 (1 + αP )−6
]

(2)

U z
ij = U0

[

(1− βP )−12 − 2 (1− βP )−6
]

(3)

here, U0 stands for the magnitud of ferroelectric interaction associated
to zero strain, P is the uniaxial compressive stress in the out of plane direc-
tion. The quantities 1+αP and 1−βP are proportional to the augmented
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and reduced length of distances in xy plane and z axis respectively un-
der the action of P , counting for strain-polarization intensity relationship.
That means, α and β values depend on the specific effect of mechanical
stresses on the ferroelectric material and parameters to be adjusted with
reported experimental data . A particular case, for α = 1/Y and β = ǫ/Y
(Young modulus Y , and Poisson ratio ǫ) gives the Hamiltonian previously
studied by Laosiritaworn et al. [15].

For simulations U0 was set as 1, re-defining the unit of temperature T
as (U0/KB) (being KB the Boltzmann constant), the electric field E was
considered in units of U0 and stress introduced through the dimensionless
ratio P/Y . The parameters used in the simulation are listed in Table 1.
The updating procedure for electrical displacement at any site is done as
follow: For a given temperature and starting from a random lattice site, a
new random orientation is assigned to ui among the six possible directions,
then the Hamiltonian is calculated and the Metropolis algorithm is used to
update the electric displacement in the site [22]. This procedure is repeated
for all sites in the lattice(One Monte Carlo step (MCS)), and repeated as
many times as necessary to reach the relaxation of the system. We used
10.000 Monte Carlo steps (MCS) for the relaxation of the system and 5.000
MCS more, to determine the average for polarization along the z direction
and susceptibility, Equations (4) and (5); N is the total number of dipoles
in the sample. The same algorithm was used to obtain the hysteresis loops,
but in this case the electric field was varied instead of the temperature.

Table 1: Parameters used in the simulation

U0 E/U0 KB T (U0/KB) P/Y α β

1 0-2.0 1 0.5-5.0 0-0.008 20/Y 20ǫ/Y

p =
1

N

∑

i

uiz (4)

χ =
1

NKBT 2

[

〈

p2
〉

− 〈p〉2
]

(5)
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3 Results and Discussion

The phase transition from paraelectric to ferroelectric and the hysteresis
phenomena were studied. First by varying the adimentional ratio (P/Y )
0 to 0.008, secondly considering an electrical field variation in the out-of-
plane direction from 0 to 2.0 U0 units, finally considering non-ferroelectric
impurities (sites in the lattice without dipole) from 0 to 100% concentra-
tion.

The susceptibility curves as a function of temperature are shown for
various stress values in Figure 1.

Figure 1: Susceptibility in z-axis as a function of temperature for various stress
ratios (P/Y )

The temperature was reported in Celsius units by fitting the transition
temperature obtained in the simulation (in arbitrary units) with the corres-
ponding experimental transition temperature for the material. By using the
adimentional ratio H/(KBT ) at this critical temperature (where H is the
energy given by the Hamiltonian), it was posible to compute U0 = 20.2
mev. This allowed to simulate the Hamiltonian in real units.

A decrease in intensity and critical temperature with increase of stress
can be observed.This could be explained considering that in the Hamilto-
nian, the stress in the out-of-plane direction favored the dipole flipping into
the in-plane, becoming z a hard axis of polarization and then reducing the
formation of domains in the out-of-plane direction. The LGD (Landau-
Ginzburg-Devonshire) theory estimates that for this kind of ferroelectric,
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a 100 MPa stress will shift the transition temperature by about 20 ◦C.
In this matter, a systematic study of the ferroelectric properties of PZT
nanowires was done by Hong and Fang [23] considering this thermodynamic
approach. Two competing mechanisms had been proposed to explain this
transition temperature shift. One, the uniaxial stress causes a distance
diminution between dipoles and consequently an increase in ferroelectric
coupling intensity leading to higher transition temperatures. On the other
hand, uniaxial stress causes a movement of the Zr/Ti cation to a more
symmetric position in the cell, reducing the dipole magnitude and the fe-
rroelectric coupling in the out of plane direction, favoring in this way, the
shift to lower transition temperatures. This is closely related to the vari-
ation of hysteresis loops with the applied stress, Figure 2. A reduction in
their area with the increase of stress, and thereby, a decrease in the coer-
cive field can be observed due to non easy alignment in z direction, Table
2. Experimental data on ferroelectrics and in particular on PZT systems
coincide reasonable well with this simulated behavior [24],[25],[26],[27].

Table 2: Variation of hysteresis area with P/Y and fraction of impurities.

P/Y Area(normalized) Impurities Area(normalized)

0 1.0 0 1.0
0.04 0.92 0.1 0.51
0.08 0.72 0.2 0.28
0.12 0.21 0.3 0.14
0.16 0.04 0.4 0.025
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Figure 2: Hysteresis loops for various stress ratios (P/Y )
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On the other hand, the observed effect of an increasing field in the
out-of-plane direction is the horizontal shift of the polarization curves, a-
ccompanied with higher values of polarization and minor deviating slopes,
meaning a less defined critical temperature peaks for the corresponding
susceptibility curves, Figure 3. The presence of the electrical field E term
in the Hamiltonian Equation (1) favors the flipping of dipoles in the out-
of-plane direction, converting z in an easy axis of polarization. The abovee
explains the formation of z-domains in a larger range of temperatures.
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Figure 3: Electric field effect in polarization curves

Figure 4 shows hysteresis loops at different non-ferroelectric impurity
percentages from 0 to 40%. The increased presence of these impurities in
the lattice, causes a transition temperature reduction and the decrease on
the hysteresis loop areas Table 2. This is due to the fact that less states
of polarization for the system are available with the impurities. Therefore,
less dipole-dipole interaction and domain formation results. The effect of
these defects in the sample is notorious, becoming an important parameter
to control these ferroelectric properties.

At higher percentages of non-ferroelectric impurities the simulated sam-
ple presented critical temperatures very close to absolute zero and insignifi-
cant hysteresis areas, meaning a paraelectric behavior. In an experimental
way, the hysteresis area can be changed with the influence of dopants on
the electrical performance of these materials, including imprint effects due
to pinned dipoles and material fatigue [28].
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Figure 4: Effect of non-ferroelectric impurities on hysteresis loops

4 Conclusions

Monte Carlo simulation of the ferroelectric phenomenon on PZT thin films
was carried out. The effect of outstanding variables on the ferroelectric
performance as the stress, electric field and content of non-ferroelectric
impurities were evaluated by proposing a DIFFOUR Hamiltonian with a
stress dependent ferroelectric coupling coefficient. The results showed a sig-
nificant influence of these variables in the hysteresis loops and polarization
curves. The stress effect in ferroelectric sample, leads to a change in the
probability of dipole switching along its axis of application. An increase
in stress in the out-of-plane direction diminishes the number of domains
in this axis, favoring dipole switching to the in-plane direction. All of the
above means, that rising the stress causes lower values in the susceptibility
peaks and a shift of them toward lower temperature values. Besides, this
out-of-plane domain diminution (also caused by non-ferroelectric impuri-
ties) yields to a reduction in the hysteresis area. These effects correspond
with the qualitative behavior in the experimental reports observed.
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