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A B S T R A C T

A binary mixture homogenization model is proposed for predicting the effects on liquefaction-induced settle-
ment after soil improvement based on the consideration of the added spatial variability between the natural and
the treated soil. A 2D finite element model of an inelastic structure founded on a shallow foundation was coupled
with a binary random field. Nonlinear soil behavior is used and the model is tested for different mesh size, model
parameters and input motions.

Historical evidence as well as physical and numerical modeling indicate that improved sites present less
liquefaction and ground deformation. In most cases this improvement is modeled as homogeneous; however, in-
situ measurements evidence the high level of heterogeneity in the deposit. Inherent spatial variability in the soil
and the application of some soil improvement techniques such as biogrouting and Bentonite permeations will
necessary introduce heterogeneity in the soil deposit shown as clusters of the treated material in the natural soil.
Hence, in this study, improvement zones are regarded as a two-phase mixture that will present a nonlinear
relation due to the level of complexity of seismic liquefaction and the consequent settlement in a structure. This
relation is greatly affected by the mechanical behavior of the soils used and the input motion. The effect on the
latter can be efficiently related to the equivalent wave period as the proposed homogenization model depends on
the stiffness demand of the input motion.

1. Introduction

Soil improvement techniques such as biogrouting and Bentonite
permeations are becoming widely used to strengthen soils and mitigate
liquefaction. Significant advances have been made in the equipment
and methods used although, the high degree of spatial variability in-
troduced in the design and its effect of the system's performance are less
known [1]. The success of these techniques is related to two factors: (1)
the effectiveness of the method related to how much of the soil is being
changed – and (2) the efficiency in improving the soil behavior related
to how much are the consequences optimized. The effectiveness can be
measured by the spatial fraction of the treated soil with respect to the
total treatment area, for example the amount of gravel, clay or bacteria
introduced in a sand deposit. However, the efficiency is related to the
different spatial configurations on the vertical as well as in the

horizontal direction which will present an important uncertainty in the
response. A success function relating effectiveness and the average ef-
ficiency could be defined in order to optimize the soil improvement
consequences.

For obtaining an average behavior of the improved ground, a
homogenization method has to be defined. In this paper, to analyze the
effects of added spatial variability due to soil improvement techniques,
binary random fields are coupled to a 2D finite element model (FEM)
with soil-structure interaction. The former is used to generate the
treated ground soil as a two-phase mixture composed of the reference
soil and the added improved material. The latter is a two-story inelastic
structure with a shallow foundation on loose-to-medium sand (LMS). In
the treatment zone, a medium-to-dense sand (MDS) is added. Montoya-
Noguera and Lopez-Caballero [2] analyzed the effect of the different
spatial distributions on the interactions between the two materials as it
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changes the pore-pressure migration and average liquefaction in the
model. The present study extends the work in three main directions:

1. The relation between the technique effectiveness and the average
efficiency, defined as the success function, is evaluated for different
input motions. To measure the efficiency, the relative surface set-
tlement of the structure with respect to free-field (u| |z ) at the end of
shaking is used.

2. Investigating the sensitivity of the analysis regarding the mesh size
discretization and the material's behavior.

3. The success function is related to different homogenization theories.
First traditional theories regarding only the geometry of the mixture
are tested and finally an advanced method is proposed.

1.1. Soil improvement and soil mixtures

There are not many real-size experimental observations for reduc-
tion of liquefaction potential with spatial measures showing the dis-
tribution of treated zones. Even if in reality, grouted columns are de-
signed to have specific diameters and spacings, the material is in most
cases an heterogeneous mixture of the added soil (or material) and the
original one. Generally, it is difficult to measure the mechanical prop-
erties of these columns in the field. Lambert et al. [3] performed la-
boratory tests in samples from soil-cement mixed columns and found
heterogeneities in the sides as well as in the core of the columns, that
consequently affected the mechanical properties. Different studies have
assessed the fraction of soil remaining in the columns, for example
Boulanger et al. [4] estimated it at about 20%.

DeJong et al. [5,6] presented results of large-scale and centrifuge
tests of bio-grouting. Resistivity in-situ measurements were evaluated
before and after bio-grouting. Before improvement, soil variability ap-
pears to be continuous and the horizontal correlation is considerately
higher than the vertical correlation. After treatment, some areas present
more bacteria-induced cementation and a clear distinction is shown
between clusters or pockets. Centrifuge tests presented by DeJong et al.
[5] also show the clusters of modified soil in a discrete distribution.
This distribution might be caused by clogging of the soil pore spaces
and more calcite near the injection point [7].

Evidence of the decrease of liquefaction resistance of the mixture
compared to that of uniform samples is found in undrained cyclic
triaxial tests on sand-gravel [8] and sand-silt [9] mixtures and cen-
trifuge tests on mixtures of sand with different densities [10,11] and
with different permeabilities [12]. In general, it was found that the
effect of the loose sand zone was to induce increased excess pore water
pressure ( pΔ w) in the surrounding dense sand or create drainage paths,
through which the pΔ w can be drained out causing differential settle-
ments. Most of these studies have dealt with the liquefaction triggering
and have not evaluated the response of structures underlying liquefi-
able soil deposits or the liquefaction-induced settlements.

1.2. Homogenization theories

The process of homogenization consists of deriving the effective
properties for an heterogeneous system so that it can be viewed as
homogeneous on a particular macroscopic scale depending on the
property of interest [13]. The effective medium depends on the geo-
metry (e.g. shape and size of particles) and the topology or connectivity
among particles. A brief description of the homogenization theories
used in this study is presented below:

1.2.1. Traditional theories
Traditional homogenization theories are often used to describe

geotechnical properties. For example, the work on spatial variability
effect on bearing capacity of Popescu et al. [14] often compares the
average results of the heterogeneous soil models with the “corre-
sponding homogeneous soil”. According to the authors, the

homogenization is the mean value of the Monte Carlo simulations; al-
though this is only true for vertically layered materials (i.e. parallel to
the bearing capacity) described by classical homogenization theories. If,
on the contrary, the layers are horizontal (i.e perpendicular or serial)
the effective properties of the homogeneous model would be a har-
monic average. It is clear that for random fields, these are only extreme
cases which are known as Wiener [15] bounds. For a mixture of
properties D1 and D2 where is the spatial fraction of D2, the Wiener [15]
bounds are defined as:

• Parallel:

= − +∥D γ D γ D(1 )· ·1 2

• Serial:

= −
+
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Another case that can be exactly modeled as homogeneous consists
of concentric-shell structures, i.e. one material coating the other in
spheres of different size. When >D D2 1, the properties can be described
by the HS equation expressed by Hashin and Shtrikman [16] as:
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where d is the dimensionality. This parameter binds the model to
fluctuate between the Wiener bounds; hence, when d is equal to unity,
they become the parallel bound and as it tends to infinity it approaches
the perpendicular one. Actually, HS bounds are narrower than the
Wiener bounds and are often used as they are simple and intuitive.
However, they still give wide predictions, specially if the ratio between
the material properties is big.

1.2.2. Generalized effective medium (GEM)
Traditional homogenization theories are based on the geometric

arrangements among the phases, e.g. parallel and series [15] or
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concentric [16]. Effective medium theories (EMT) are derived on the
exact solution for a single spherical inclusion in an infinite medium
therefore also neglect interactions among particles. However, percola-
tion theories as statistical tools have been developed to describe the
topology of heterogeneous materials. They are derived from probabil-
istic studies of connected clusters of one material in a heterogeneous
system [17].

The percolation theory is focused on the existence of a percolating
cluster that connects opposite sides of a system. Two types of percola-
tion processes can be identified in lattices as shown in Fig. 1 given by
Bunde and Kan–telhardt [18]: the bond, related to the junctions or
paths (marked with bold lines), and the site percolation, related to the
nearest-neighbors or elements (marked with dashed lines). The first
emergence of the percolation cluster corresponds to the critical fraction
(γc, often noted by pc but to keep consistency in the case study will be
used instead). The specific value of the threshold for elastic materials
depends on: the lattice type which includes dimensionality and sym-
metry, the percolation type, the system size (being finite or infinite),
and the correlations among the materials [19].

Exact solutions exist for some systems that correspond to elastic
properties of infinitely large non correlated occupations. For example,
for a square lattice the exact bond percolation is 0.5 and for site per-
colation it is slightly higher (about 0.59). When the system is not suf-
ficiently large, there is a range of fractions, spanning over a certain
width, in which the percolation transition can possibly occur. As the
system size increases, Δ decreases and γc approaches the infinite value.
When positive correlations exist, more clusters will be formed and γc
tends to decrease. When in a square lattice, the next-nearest-neighbor is
considered in site percolation, γc decreases to about 0.41 [20].

When a perfect phase contrast is present, that is the property of
interest of one of the two materials is either zero or infinite, the per-
colation theory describes the effective properties as:

∝ − >
∝ − < ∞−

D γ γ γ γ
D γ γ γ γ

( ) for , 0 otherwise
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c

As in most cases, no perfect phase contrast is present, an approx-
imation defined for all values is required. McLachlan et al. [21] derived
a semi-empirical correlation that includes the effective diffusivity in
EMT. They replaced the dimensionality by the inverse of the percola-
tion threshold (i.e. γ1/ c) and introduced the exponents s and t. The re-
sulting equation is known as the generalized effective medium (GEM)
equation:
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where s and t are the scaling exponents for <γ γc and >γ γc, respec-
tively. They are universal percolation quantities and are supposedly
independent on the discrete or percolation type, the size nor the cor-
relation of the system. Their values can be found via numerical simu-
lations and if certain physical processes can be described by the same
set of scaling exponents, then the physical laws governing these phe-
nomena must be fundamentally the same [22]. Although Eq. (4) is semi-
empirical, it has been shown both experimentally and numerically to
yield good predictions for many transport properties when dealing with
binary heterogeneous materials [23].

2. Numerical model

The numerical model used in this work corresponds to the re-
inforced concrete building with a shallow rigid foundation standing on
saturated cohesionless soil presented in Montoya-Noguera and Lopez-
Caballero [2]. A schema of the model is shown in Fig. 2. The reference
soil deposit is a 50 m wide model composed of 20 m of loose-to-medium
sand (LMS) overlaying an elastic bedrock. The shear modulus increases
with depth. The fundamental elastic period of the soil profile is equal to
0.38 s. An elastoplastic multi-mechanism model is used to represent the
soil behavior. Under the deposit, an engineering bedrock representing a
half-space medium is modeled with an isotropic linear elastic behavior
and a shear wave velocity V( )s equal to 1700 m/s. The ground water
table is located 1 m below the surface.

Concerning the treated ground soil the recommendations of Mitchell
et al. [24] were used. The soil heterogeneity is simulated with a binary
auto-regressive model composed of two materials: a treated medium-to-
dense sand (MDS) and the original loose-to-medium sand (LMS). A brief
description of this model is given in Section 2.5. For more information
on the model refer to Montoya-Noguera and Lopez-Caballero [2].

2.1. Finite element model

A 2D dynamic approach derived from the u–pw version of the Biot's
generalized consolidation theory [25] was adopted for the soil. The
general purpose finite element code GEFDyn [26] was used. The model
uses quadrilateral isoparametric elements with eight nodes for both
solid displacements and fluid pressures. The size of the elements in the
vertical direction is 0.5 m and in the horizontal direction is 1 m under
the heterogeneous zone and 1.5 m on the sides. This element size is in
agreement with the minimum number of points per wavelength re-
commended in the literature to prevent numerical dispersion even for
strong motion excitations [27,28]. For the minimum initial Vs in the
deposit of 135 m/s near the surface and a maximum frequency of 20 Hz
of engineering interest in this study, a minimum of 27 points per wa-
velength is allowed in the elastic domain. The number of points is high,
although it will decrease as the soil softens and the Vs decreases. An
implicit Newmark numerical integration scheme is used in the dynamic
analysis for the discretization in time. For this case, the induced nu-
merical damping is 0.1%, according to Montoya-Noguera and Lopez-
Caballero [29] and corresponding to the scheme parameters: γN =
0.611 and βN = 0.301. It is worth mentioning that this numerical
damping affects principally the elastic response of the model (i.e. for
shear strains less than −1·10 5), while for higher strains the damping is
provided by the material degradation as will be shown in Section 2.4.
To take into account the interaction effects between the structure and
the soil, a modified width plane-strain condition was assumed in the
finite element model [30]. In this case a width of 4 m is used for the soil
deposit.

Fig. 1. Example of the percolation types on a discrete random field: (a) <γ γc
bond, (b)

=γ γc
bond, (c) =γ γc

site and (d) >γ γc
site (after [18]).

4.2m

1m 4m

1m

4m

15m

20m

Loose sand Heterogeneous zone

Bedrock

Water table

Fig. 2. Schema of the numerical model.
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As the medium is considered as an infinite semi-space and the wave
propagation is only one-dimensional and purely vertical, only incident
shear waves propagating in the vertical direction are used as loading.
For the bedrock's boundary condition, paraxial elements simulating
“deformable unbounded elastic bedrock” have been used [31]. Hence,
the incident waves, defined at the outcropping bedrock, are introduced
into the base of the model after deconvolution; in other words, the
obtained movement at the bedrock interface is composed of both the
incident and the reflected waves. Because of the nonlinear model used
for the soil behavior, traditional absorbent elements cannot be used on
the lateral boundaries. Instead and because the lateral limits are con-
sidered to be far enough, the tied-approach proposed by Zienkiewicz
et al. [32] is used to reduce the boundary effects. This approach consists
of imposing equivalent – or periodic – conditions between the lateral
boundaries by tying the nodes at opposite sides and at the same depth
to equal normal stress and equal displacements in all directions. It
imposes a shear-beam like deformed shape for vertically incident waves
similar to a standard 1D seismic vertical propagation. This procedure
has been used in nonlinear soil-structure interaction models by Lopez-
Caballero and Modaressi-Farahmand-Razavi [33], Saez et al. [30], Sáez
and Ledezma [34], Ayoubi and Pak [35]. Similar dynamic behavior was
evidenced near the lateral boundaries with and without the structure
and the heterogeneous zone.

2.2. Input earthquake motion

The computational cost of many random field simulations is im-
portant, hence a careful selection was performed to have strong input
motions appropriate for the numerical model. As a deformable bedrock
is used and the hypothesis of outcropping rock recordings is made, the
earthquake signals should be near-to-source strong motions from dense
soil stations. These signals are supposed to have minimal noise at high
frequencies. The selected earthquake motions and some intensity
measures (IM) are shown in Table 1. The IM shown are the peak hor-
izontal acceleration (PHA), the Arias intensity (IA), the predominant
duration ( −D5 95) and the peak horizontal velocity (PHV). Fig. 3 shows
the normalized response spectra of the signals with a structural
damping (ξ ) of 5%. As the motions differ greatly in PHA, the results
have been normalized in order to emphasize the differences in the
frequency content. EQ2 and EQ4 present energy at periods above 1 s
and have the maximum duration. Two other motions with similar PHA
values but different energy content were tested: EQ3 and EQ6. The
latter has the same PHA value and predominant period as EQ4 but lacks
the high period energy content. The last motion, EQ 9, is only used in
Section 3.2 as an additional test case.

2.3. Structural model

For the sake of simplicity a two-story reinforced concrete (RC)
building proposed by Vechio and Emara [36] is used. It consists of a
large-scale one-span model with a shallow rigid foundation, standing on
saturated cohesionless soil. The total structure height is 4.2 m and the
width is 4.0 m. The mass of the building is equal to 45 T and is assumed
to be uniformly distributed along beam elements, while the columns are
supposed massless. The foundation is modeled as a rigid block of

× ×0.1 6 4 m. Between the structure's foundation and the soil, interface
elements are used to allow relative movement of the structure with
respect to the soil, in order to avoid the traction effect. These elements
follow a Coulomb-type plastic criterion.

A scaled motion with a very low amplitude (i.e. PHA ≈ −1·10 g5 ) was
used to evaluate the pseudo-elastic behavior of both soil and structure.
The transfer function is the ratio between two acceleration wave fields
and it gives information solely of the system between these two points.
Fig. 4 shows the transfer function (TF) of the free-field (surface/bed-
rock) and of the structure at fixed base and with soil-structure inter-
action (SSI) effects (top/FF). Regarding the structure, it can be seen that
even if the building has two stories it behaves like a single-degree-of-
freedom, as the second amplification peak is above 15 Hz and of sig-
nificantly less amplitude. The fundamental frequency ( fstr), corre-
sponding to the first peak, is equal to 4.16 Hz. The SSI effect results on a
shift of the main structure's frequency and a deamplification due to the
flexibility of the foundation soil and the material and radiation
damping added by the soil. In quasi-elastic conditions, shown in the
figure, the material damping is low and this effect is primarily due to
the flexibility of the structure with respect to that of the soil. In this

Table 1
Input motions’ identification and some intensity measures.
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Fig. 3. Normalized response spectra of acceleration.
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case, the SSI effects are significant with almost 50% deamplification as
the structure is more flexible than the soil (which presents a funda-
mental frequency of 3.7 Hz).

2.4. Soil constitutive model

The soil behavior is simulated with the ECP elasto-plastic multi-
mechanism model, which is an advanced step-by-step integration model
developed at CentraleSupélec in the early 80 s [37–39]. The model is
written in terms of effective stresses, uses a Coulomb type failure cri-
terion and follows the critical state concept. The evolution of hardening
is based on the plastic strain (deviatoric and volumetric strains for the
deviatoric mechanisms and only volumetric strains for the isotropic
one). To take into account the cyclic behavior it uses a kinematical
hardening which relies on the state variables, at the last load reversal.
The soil behavior is decomposed into pseudo-elastic, hysteretic and
mobilized domains hence it can take into account a large range of de-
formations. For a complete understanding of the ECP model refer to
Hujeux [40] and Modaressi [38], among others.

The ECP model has been validated for different kinds of loading and
the main results are shown in many publications; among others, Costa
D'Aguiar et al.[41], Saez et al. [30] for reproducing laboratory tests,
Foerster and Modaressi [42], Bernardie et al. [43] for seismic soil re-
sponse of vertical arrays, and Sica et al. [44] for seismic response of soil
structures.

For this application the treated zone is composed of two materials: a
treated medium-to-dense sand (MDS) and the original loose-to-medium
sand (LMS). Their model parameters were calibrated using the proce-
dures defined by Lopez-Caballero et al. [45] and Carrilho Gomes et al.
[46]. The validation of the LMS and MDS model parameters with dif-
ferent laboratory tests were performed independently by Lopez-Ca-
ballero and Modaressi-Farahmand-Razavi [47] and Saez [48], respec-
tively. The deeper layers are also taken from Lopez-Caballero and
Modaressi-Farahmand-Razavi [47]. The model parameters for both
soils are shown in Table 2. These parameters are divided into five
groups corresponding to the different mechanisms. The parameters that
are undirectly measured are geometric parameters that allow the cali-
bration of different laboratory tests. Some laboratory tests simulations
can be found in Montoya-Noguera and Lopez-Caballero [2]. It should be
noted that the ECP model regards the initial relative densities as con-
sequence of some intrinsic soil parameters, e.g. the soil density and the
porosity, the initial state given by the critical stress and the void ratio.
The hydraulic conductivity (κ) is initially different for the two soils:

−1·10 m/s4 for LMS and −1·10 m/s5 for MDS. These values were taken
from the literature of the soil model's calibration and their influence in
the response will be evaluated in Section 3.1.

The model considers an isotropic and nonlinear elasticity domain,
where the bulk (K) and the shear (G) moduli are functions of the mean
effective stress ( ′p ) and an exponent coefficient dictating the degree of
nonlinearity (ne). In this case, even if the reference moduli and ne of
LMS are larger than those of MDS, the maximum shear and bulk moduli
are larger for the MDS in the zone of treatment. Overall, the maximum
shear and bulk moduli profiles vary only slightly between the two soils;
however, their behavior changes with increasing nonlinear effects.
Hence in order to analyze the differences concerning the liquefaction
resistance, an undrained stress controlled cyclic shear test was simu-
lated. The cyclic stress ratio ( = ′SR τ σ/ v0) as a function of the number of
loading cycles to produce liquefaction (N) is shown in Fig. 5 for both
soils at varying effective initial consolidation pressures ( ′p 0): 50, 80 and
100 kPa. As a qualitative comparison, the modeled test results are
compared with the curves given by El Mohtar et al. [49] for a clean
sand and a sand with 3% of bentonite permeations. It is noted that the
obtained curves are closer to the reference for a clean sand corre-
sponding to the LMS; while, the MDS curves are closer to those of a
treated soil.

2.5. Binary random field model

The random field is generated with the homogeneous auto-logistic
model derived by Bartlett and Besag [50]. It is a nearest-neighbor
model defined as a conditional probability. That means it treats de-
pendence directly through the so-called autocovariate, i.e. a function of
the observations themselves. The binary mixture used to model the
heterogeneous zone is defined with the spatial fraction = +γ N N N/( )1 1 2
where Nm is the number of elements of material m. From an engineering
point of view, is related, for example, to the efficiency of a soil im-
provement technique, such as soil-mixing. Thus, could be calculated
from the injected material with respect to the total area of intervention.
Following the one-sided approximation, the expectation of xij, a value

5 10 15
0

10

20

30

40

50

f [Hz]

|T
F|

 [1
]

Structure Fixed base
Structure ISS (top/FF)
Soil FF/bd

Fig. 4. Transfer function of the structure with fixed base and with SSI effect (top/FF) and
of the soil deposit at free-field (surface/bedrock).

Table 2
ECP model parameters.

Parameter MDS LMS [5-10]m [10-15]m [15-20]m

Solid density (ρs) [kg/m
3] 2700

Initial porosity (n0) [1] 0.35 0.47
Coefficient of earth pressure (k0) [1] 0.6
Hydraulic conductivity (κ) [m/s] −1·10 5 −1·10 4

Elasticity
Bulk modulus (Kref ) [MPa] 444 628
Shear modulus (Gref ) [MPa] 222.4 290.0
Nonlinear exponent (ne) [1] 0.4 0.5
Reference mean stress (pref ) [MPa] 1.0

Critical State and Plasticity
Friction angle ( ′ϕ pp) [°] 31 30

Plastic compressibility modulus (β) [1] 43 33
Isotropic consolidation distance (d) [1] 3.5 2.0
Yield surface shape* (b) [1] 0.20
Initial critical stress (pco) [MPa] 1.800 0.019 0.040 0.061 0.082
Flow Rule and Isotropic Hardening
Characteristic angle (ψ) [°] 31 30

Volumetric parameter* (αψ) [1] 1.0
Primary plastic stiffness* (a1) [1] 0.0001
Secondary plastic stiffness* (a2) [1] 0.004 0.002
Monotonic isotropic hardening* (c1) [1] 0.03 0.001
Cyclic isotropic hardening* (c2) [1] 0.06 0.002
Cyclic loading exponential* (m) [1] 1.0 1.5
Threshold Domains

Elastic* (rela) [1] 0.005 0.03 0.02 0.01 0.005

Hysteretic* (rhys) [1] 0.03 0.04

Mobilized* (rmob) [1] 0.8

Isotropic elastic* (riso
ela) [1] 0.001

* Undirectly measured. Refer to Lopez-Caballero et al. [45] and Carrilho Gomes et al.
[46].
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of the binary random variable Xij, is given by:

= ⎡
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where β1 and β2 are the auto-regressive coefficients that control the
correlation length (λc) in the horizontal and vertical direction, and i and
j are the horizontal and vertical indices of the elements, respectively.
The autocorrelation function ρij is equal to β β·i j

1 2 as shown in Fig. 6a.
Note that when i and j are equal to 1, ρij is equal to the product of the
correlations (i.e. β2), thus, it is said that it presents one step correlation
in each direction. The correlation structure shows an exponential decay
which is expected as it follows the Markov definition of order 1. The
exponential function is defined as = −ρ τ λexp( 2 / )τ c , where τ is the lag
distance. The value of λc of the exponential function is related to β as
follows: = −λ β2/ln( )c

2 . Note that the indices and the auto-regressive
coefficients are normalized by the number and size of the elements
corresponding to the β value used, in Fig. 6b λc is dimensionalized for
the present case as a function of β in the horizontal and vertical di-
rections. For each element, the generated probability is not a binary
number, so it is compared to a random number that follows a uniform
distribution function between 0 and 1, where each element is in-
dependent. This process, known as binarization, makes use of Monte
Carlo simulations to converge to a given value. Further details on this
model are presented in Montoya-Noguera and Lopez-Caballero [2].

3. Results

The added spatial variability due to soil improvement is modeled
with the binary random field described in Section 2.5. Different

effectiveness levels of the improvement technique are tested by varying
the spatial fraction () between not treated to fully treated (i.e. from 1 to
0) and 50 independent spatial distributions per value were realized. In
this analysis, both auto-regressive coefficients (β1 and β2) are equal to
0.4 (i.e. a correlation length close to 8.7 m in the horizontal direction
and 1.7 m in the vertical direction, as shown in Fig. 6b). This value was
taken from in-situ measurements and recommendations for sandy soil
and gravelly sand [51,52]. It is worth noting that the case of injected
columns can be modeled by using a vertical autoregressive coefficient
(β2) of 1, i.e. complete correlation in the vertical direction. However,
laboratory tests in samples from soil-cement mixed columns have
shown that important heterogeneities are found in the sides as well as
in the core of the columns [3]. The effect of different spatial correla-
tions (e.g. magnitude of the correlation lengths and differences between
the horizontal and the vertical correlations) could be interesting but it is
out of the scope of this paper. Hence, it is worth highlighting that the
quantitative recommendations of this study could vary for different
correlation values.

The efficiency is measured in this analysis by the relative settlement
of the structure with respect to free-field (u| |z ). The success function
relating efficiency and effectiveness is presented in Fig. 7. It shows the
box-and-whiskers plots for u| |z as a function of for two motions: EQ1
and EQ4. The mean values are linked by the dashed lines, the boxes
correspond to the 3 quartiles of data and the whiskers are the lowest
and highest data within 1.5 times the inter-quartile range. Additionally,
the results for two different mesh discretizations are shown.

Firstly, it can be seen that for both motions the mean settlement is
reduced as more treated soil is added, i.e. as decreases. However, the
rate or slope is not constant and differs for the two motions. For EQ1 for
instance, it seems that even a small amount of treated soil (e.g. =γ 0.9)
can reduce, in average, the relative settlement. In contrast, it appears
that about = −γ 0.2 0.4, the average settlement will not be greatly af-
fected if a greater amount of treated soil is used. However, for EQ4 the
curvature is different and the plateau is mostly seen for lower values.
Regarding the variation for each value, i.e. with respect to the different
spatial distributions, it can be observed that higher variation is present
for equal to 0.5 and 0.4, respectively. This value could be the perco-
lation threshold dividing the two curves, from which the interactions
between the two soils change. This aspect is further analyzed in Section
3.2.

Concerning, the effect of the mesh discretization, it was analyzed by
reducing the element size in the horizontal direction by half for the
entire FEM. As expected, the average u| |z is slightly higher with the fine
mesh for almost all values tested. However, the difference in the mesh
discretization appears to affect all the spatial fractions similarly. In
comparison the variation for each value is only slightly reduced with
the fine mesh and is mostly noted for EQ4. Given that the results were
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Fig. 5. Simulated liquefaction curves compared with results from El Mohtar et al. [49] for
both soils used.

Fig. 6. Binary random field for β1 = β2: (a) autocorrelation
function with i = j and (b) relation of β with the correlation
length (λc) of an exponential function.
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not greatly changed, specially the shape of the success function, and
that the numerical cost of the fine mesh is significantly higher, the
coarse mesh will be used for the rest of the analyses.

3.1. Permeability and soil type effect

In order to understand the effect of the added spatial variability,
some changes in the soils were tested. Principally, the effect of the
permeability was analyzed. For the input motion, EQ1 was used. As was
noted, the two soils have different soil parameters, among them, dif-
ferent hydraulic conductivity (κ). Montoya-Noguera and Lopez-
Caballero [2], among others, showed that the pore pressure migration
plays an important role in the effect of the spatial variability on u| |z . The
excess pore pressure ( pΔ w) generation is related to the state of the soil
with respect to the critical state, i.e. the dilatant or contractant ten-
dency. Additionally, pΔ w dissipation and redistribution is related to κ.
Hence, different scenarios were tested and are summarized in Table 3 as
three types: (1) two soils with the same soil parameters except for κ, in
other words, spatial variability is only affecting κ; (2) all soil para-
meters are different except for κ; and (3) the same as the previous case
but with different sets of κ values. In general, all the soil parameters are
related, though when the permeability decreases, the other soil para-
meters decrease too. However, when a cementitious process is used the
permeability can be varied, while leaving the other soil parameters
practically unchanged.

In Fig. 8a, the mean values and the one standard deviation envelope
of the previously used soil mixture with different soil parameters (LMS
and MDS) are compared to the first scenario where only LMS soil
parameters are used and denotes the spatial fraction of κ equal to

−10 m/s4 (corresponding to that of the LMS). The initial mixture, shown
in purple, presents the highest reduction of about 40%. The first case
corresponds to a 5% Bentonite permeation on sand, shown in orange,
which as measured by Gueddouda et al. [53] produces a decrease in κ
of one order of magnitude (i.e. for this case, = −κ 10 m/s5 ). Results show
that if the whole treated area is changed, the settlement is increased by
less than 10%. Compared to the initial case, it can be seen that for the
soils tested, the permeability has a much lower effect than the dilatant
tendency. Additionally, a 10% Bentonite inclusion was modeled as a
decrease of two orders of magnitude and is shown in brown. The
average effect as well as the variation on the spatial variability was
almost the same for both cases.

If however, κ is increased in one order of magnitude due to inclu-
sions of a more coarser material, shown in red, the settlement decreases
20%. In this case, the effects are noticeable even for small fractions of
inclusions ( =γ 0.8), up to which the results are similar than those of the
initial mixture. If both the dilatant tendency and the permeability in-
crease, the settlement could be further decreased.

Thus, in Fig. 8b, two additional scenarios are shown: the opposite
case is shown in light blue, which is increasing the dilatant tendency
while κ is kept constant; and in olive green, the soil parameters change
and for this case κ2 is higher. For the former, the results are similar to
those of the original mixture until half the soil is changed (i.e. =γ 0.5).
For lower spatial fractions, the decrease in settlement is lower. Once
more, κ shows little effect on the settlement of spatial variable soil.
However, when κ2 equals to −10 m/s3 , pΔ w is easily dissipated and the
soil improvement is slightly more efficient, as the settlement reduction
is more than 45% for = 0. Concerning the different spatial fractions
tested, it can be noted that significant changes in the average value are
only seen for below 0.7 for a lower κ and below 0.5 for a higher one. In
other words, it seems that for high values the response is mainly con-
trolled by the original soil. However, as shown in Fig. 8a, if only κ is
changed the system response is affected even when a small amount of
treated soil is added (i.e. for about 0.8).

As the difference in κ is mainly observed in the pore pressure gen-
eration and dissipation, Fig. 9a shows the time evolution of the lique-
faction ratio (i.e. = ′r t p t σ( ) Δ ( )/u w v0 under the structure right column
and at 3 m depth for the MDS case, that is where all the treated area has
been replaced and =γ 0. The interaction between the soils is evidenced
as ru starts increasing after the predominant duration, i.e. >t t95 [54],
for almost all soils as consequence of the pore pressure migration from
LMS at the surroundings. Concerning the highest κ (light red and lime),
ru does not increase at this depth because of the high rate of pore
pressure dissipation. Hence the absolute relative settlement at the end
of shaking is smaller than for other permeability values tested as shown
in Fig. 9b. Once more, for κ equal to −10 m/s5 and −10 m/s6 , in orange
and dark red, the response is very similar. In this figure, the input
displacement time history is also shown in gray with a scaling factor of
50. It appears that the jumps on the settlement coincide in time with the

Fig. 7. Box-and-whiskers plot for the success function with
(a) EQ1 and (b) EQ4. The effect of the mesh size is also
shown.

Table 3
Cases tested for permeability and soil type.
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displacement peaks, shown as vertical dashed lines. Thus, even when
the soil behavior is different, the time evolution depends greatly on the
input displacement.

For all cases shown, it appears that the contractant or dilatant
tendency of the soil's used has a greater effect than the change in per-
meability. Nonetheless, two important aspects are worth mentioning. In
this analysis, focus was given to the co-seismic stage; whilst results for a
post-seismic stage when all pore-pressure has been dissipated were also
analyzed for some cases and the differences were less than 1%.
Additionally, for the sake of brevity, results were only shown for the
relative settlement of the structure with respect to free-field in order to
take into account the soil-structure system and a typical engineering
demand parameter. However, the effect of added spatial variability is
different for other parameters, such as the liquefaction index on the soil
deposit or surface Arias intensity as shown by Montoya-Noguera and
Lopez-Caballero [2].

3.2. Homogenization theories

The success function of the soil improvement, defined by the mean
u| |z values normalized by the value before treatment (i.e. the homo-
geneous LMS), for EQ1 is compared with the Wiener and HS bounds in

Fig. 10a. This function is above all bounds tested which could be pre-
judicial for engineering design. As seen with the effect of other soil
parameters, the relation of the settlement with appears to be related to
either the response of one material or the other; in other words, it is
mainly controlled by the interaction between the materials. The
emergence of a percolation-like behavior is caused by the properties
contrast and its effect in the response. For a highly heterogeneous
system in the vicinity of the percolation threshold (γc), there are several
local clusters that are mainly composed of the more stiffer material
(MDS) which are the principal components of what becomes the per-
colating cluster.

Similarly, Fig. 10b shows the GEM equation fitted to the success
function for EQ1. The percolation threshold and the scaling exponents
were found by an optimization of the average u| |z of all values. The
least-squares method was used and the variables were bounded be-
tween 0 and 1. The γc found is equal to 0.35, which is slightly below the
values found in the literature for transport properties. This result is
expected given the correlation in both directions and the important
interactions between the soils shown previously. The scaling exponents
s and t are equal to 0.24 and 0.21, respectively. As these are similar, the
effect of having very high or very low is relatively similar. In other
words, the system is affected for even a small amount of spatial

Fig. 8. Effect of the spatial variability of different soil para-
meters on u| |z with EQ1: a) when only the permeability varies
and b) when various soil parameters vary. Mean (dashed
lines) and the envelope of one standard deviation (dotted
lines).

Fig. 9. Time evolution for different soil parameters of (a) liquefaction ratio and (b) u| |z with the input displacement time history of EQ1 shown with a scaling factor of 50. Vertical dashed
lines show the displacement peaks. A description of soil parameters is shown in Table 3.
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variability. For this case the GEM equation gives a well suited fit for the
success function, which is related to the theory of the percolation
threshold, i.e. that after a certain value, there is a well-connected
cluster that connects opposite sides of the system.

The success functions for the eight motions tested are shown in
Fig. 11a. It is noted that the effect of the spatial variability varies
greatly. As for each input motion, the u| |z is different for the extreme
cases (i.e. =γ 1 and 0), the relative difference defined as

= − −u u u u uΔ| | (| | | |)/(| | | |)z z z MDS z LMS z MDS is shown in Fig. 11b. Note
that the shape of the function, i.e. positive or negative concavity or s
shape, appears to be related to other factors than only the initial u| |z
value. For instance, EQ2 and EQ7 have a similar u| |z for the non-treated
case however the former presents a positive concavity and the latter a
negative one. This shape is related to the interactions between the two
soils, though when the addition of a small fraction of treated soil affects
only slightly the response and then for low values it drops, the relation
has a positive concavity as for EQ2 and EQ5. In the other hand, when by
only adding a small fraction, the settlement is drastically reduced while
it is not greatly affected by low values, the relation has a negative
concavity as for EQ3 and EQ7. Concerning the other motions, a com-
bination of both interactions is identified.

Furthermore, Fig. 11c shows the normalized u| |z with respect to the
case before treatment (i.e. LMS). The average values are shown in da-
shed lines. Additionally, the GEM equation was calibrated for all mo-
tions following the same procedure as for EQ1. The resulting curves are
shown in Fig. 11c as solid lines and the values found are shown in

Table 4.
The GEM equation gives a well suited fit for the effective settlement

of the structure under the earthquake motions tested. Note that EQ1
and EQ4 have a similar normalized response and thus similar coeffi-
cients. Once more it appears that in this case the response is not only
depending on the values of the extreme cases. For instance, even if EQ3
and EQ5 have similar u| |z ratio between the extreme cases (i.e.
u u| |/| |z MDS z LMS ) as shown in Fig. 11c, the effect for varying values is
very different. Additionally, the percolation threshold does not seem to
depend on u u| |/| |z MDS z LMS , as seen for EQ2 and EQ6.

In an effort to understand the relation between the input motion and
the effect of the different spatial fractions, the value uΔ| |z for =γ 0.5
was compared to 15 intensity measures (IM) such as maxima, energy or
duration of acceleration, velocity or displacement. Fig. 12 shows the
relation with the two IM that presented the best relation: the peak
horizontal velocity (PHV) and the period of equivalent harmonic wave
(TV A/ ). As it can be seen, the results appear to be closely related to the
input PHV values except for three motions (EQ1, EQ4 and EQ8). The
black line corresponds to a logarithmic fit without the outliers motions
and the coefficient of determination is calculated without the latter.
Besides the fact that these motions present the highest PHA and highest
u| |z LMS , EQ1 and EQ8 were the only ones to be identified as pulse-like
according to the procedure defined by Baker [55]. Additionally, EQ4
was recorded in medium-stiff soil, with a Vs 30 below 400 m/s and
presents low frequency content. This motion was not identified as
pulse-like by Baker [55] procedure but it could be according to another

Fig. 10. Homogenization theories compared to the success
function for the original LMS – MDS soil mixture with EQ1:
(a) traditional theories and (b) generalized effective medium
(GEM) equation.

Fig. 11. u| |z relation with γ for earthquake motions (EQ) from 1 to 8: (a) mean values, (b) relative difference and (c) normalized mean values compared to GEM equation. Refer to Table 1
for EQ identification and some intensity measures.
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definition of pulse-like developed by Dickinson and Gavin [56]. Ac-
cording to Kramer [57], the PHV is more likely to characterize ground-
motion accurately at intermediate frequencies because it is less sensi-
tive to the lower frequency components.

Fig. 12b shows uΔ| |z for =γ 0.5 as a function ofTV A/ , which gave the
highest efficiency of all IM tested taking into account all motions.TV A/ is
the equivalent period corresponding to the intersection of the constant
spectral acceleration and spectral velocity and is computed by:
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=

=
=

=

T π
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α ξ
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/
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where αV and αA are the Newmark-Hall median spectrum amplification
factors for the constant velocity and the constant acceleration regions
with 5% damping. Green and Cameron [58] found a close relation
between this IM and the amplification of soft soil sites. In this case, TV A/
appears to better describe uΔ| |z for =γ 0.5 as it takes into account the
PHV as well as the inverse of the PHA. According to Kawase [59],TV A/ is
a simplified indicator of the dominant period of the motion which ap-
pears to be related to the potential damage of structures. The PHV is
commonly related to the shear strain demand of the motion and PHA, to
its shear stress; hence their ratio can be related to the inverse of the
stiffness modulus. The logarithmic fit was evaluated for all motions and
even though the coefficient of determination is closer to unity for PHV,
in the latter not all motions were taken into account. In Fig. 12b, the
predominant period of the soil (T0) and the structure (Tstr

FB) is shown in
solid and dashed lines, respectively. The differences of EQ3 and EQ5
with respect to the general trend can be due to the resonance with the
soil for these motions.

Lastly, an additional motion was used to test only the relation of
uΔ| |z for =γ 0.5 with the different IM. It corresponds to the Loma Prieta

earthquake of 1989 and identified as EQ9. This motion is also classified
as non-pulse like according to Baker [55]. Fifty simulations were per-
formed and the mean value is shown as a green triangle in Figs. 11 and
12. As it can be seen, this additional motion agrees well with the trend
found by logarithmic fit for PHV and TV A/ .

4. Conclusions

In order to evaluate the success of a soil improvement technique
considering the added spatial variability, a homogenization method is
proposed in this study. A numerical model of discrete spatial hetero-
geneity was used to analyze the effect of added spatial variability
caused by soil improvement. This effect was then quantified by asses-
sing the liquefaction induced settlement of a fully nonlinear soil-
structure system. Correlation in both directions was introduced by the
nearest-neighbor model. The success of the soil improvement was
evaluated as the relation between the spatial fraction of the treated-
untreated soil mixture, known as the effectiveness, and the reduction of
the liquefaction induced settlement, known as efficiency. An expanded
set of soil material combinations and various input earthquake motions
were tested. The following conclusions are obtained:

• The effect of added spatial variability was only slightly affected by
the change in spatial discretization but depends greatly on the
contractant or dilatant behavior of the soils used.

• For all motions tested, the fully-treated soil reduces the relative
settlement of the structure with respect to free-field but the effi-
ciency of the soil improvement, that is, the reduction on this relative
settlement, varies for each input motion.

• It was shown that the success of the soil improvement is dependent
on the input motion used and its resulting different interactions
within the deposit.

• In the success function there is a level of treatment for which the
settlement is drastically reduced, known as percolation threshold.
For some motions, the addition of a small fraction of treated soil
affects only slightly the response and for others this same fraction is
highly efficient.

• Traditional homogenization models will in general overestimate the
average efficiency related to the effectiveness of the soil improve-
ment; however the generalized-effective-medium (GEM) equation
including the percolation theory can describe this success function.

• This relation appears to depend on the period of equivalent har-
monic wave (TV A/ ) of the input motion which could be inversely
related to the shear stiffness demand of the motion because it is
directly proportional to PHV, commonly used as a shear strain

Table 4
Calibration of GEM parameters.

Fig. 12. Relation of the relative difference for =γ 0.5 and
different IM: (a) IA, (b) PHV and b) TV A/ . The earthquake
motion's number is shown beside each value, refer to Table 1
for more information.
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proxy, and inversely proportional to PHA, a shear stress proxy.

Soil improvement techniques have still to be further studied. This
study highlights the importance of the spatial variability introduced to
the soil. However, it could be enriched by the total coupling of FEM
with the inherent spatial variability of the deposit and a model of the
transport, permeation or injection process of the treated material in
order to define the actual spatial distribution of the mixture.
Doubtlessly, validation of the model with in-situ measurements or la-
boratory tests could contribute to this work but there is still a lack of
measurements specially related to heterogeneous deposits.
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