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ABSTRACT
The challenges that a shape or design stands are central in its
evolution. In the particular domain of stress/strain challenges,
existing approaches eliminate under-demanded neighbor-
hoods from the shape, thus producing the evolution. This
strategy alone incorrectly (a) conserves disconnected parts of
the shape and (b) eliminates neighborhoods which are essen-
tial to maintain the boundary conditions (supports, loads). The
existing analyses preventing (a) and (b) are conducted in an
ad-hoc manner, by using graph connectivity. This manuscript
presents the implementation of a meta-graph methodology,
which systematically lumps together finite element subsets of
the current shape. By considering this meta-graph connectiv-
ity, the method impedes situations (a) and (b), while maintain-
ing the pruning of under-demanded neighborhoods. Research
opportunities are open in the application of this methodology
with other types of demand on the shape (e.g., friction, tem-
perature, drag, and abrasion).

KEYWORDS
Evolutionary structural
optimization; finite element
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graph; topology
optimization

Introduction

As a result of the process of evolution, natural shapes lose the neighbor-
hoods that do not affect their basic functions. This evolutionary process is
influenced by the different stimuli (heat, friction, and stresses) to which the
shape is subjected to.
Based on the response of the shape to the different stimuli, one can clas-

sify the shape neighborhoods as (1) demanded, if they are highly used to
fulfill the functional requirements, or (2) under-demanded, when they are
not completely necessary.
This work presents a methodology for structural optimization in which

the exact nature of the stimulus may be generic. At the same time, the cri-
terion of material removal may be also generic. Examples of such a criter-
ion are low stress, high exposure to friction, maximization of wave
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reflection (e.g., sound), etc. In this article, the material removal obeys to low
stressed neighborhoods when subjected to stress/strain stimuli. Notice that,
once the stimuli are calculated (by specialized outsourced software), the par-
ticular criteria for material removal can be applied in a generic manner.
This article presents a meta-graph methodology, which systematically

removes material neighborhoods (represented by subsets of finite elements)
of the current shape. By considering this meta-graph connectivity, the
method prunes under-demanded neighborhoods while impeding the (a)
disconnections on the shape, and (b) elimination of the essential neighbor-
hoods that maintain the boundary conditions (supports, loads).
The present work generalizes the meta-graph strategy developed by

Montoya-Zapata et al. (2019), so that it is used at every iteration of the opti-
mization process. This generalization simplifies the process of material
removal by using only the connectivity and nodal information of the meta-
graph to decide which under-demanded neighborhoods should be elimi-
nated, without affecting the domain connectivity and the predefined struc-
tural constraints. In addition, this work (1) presents additional examples to
illustrate the behavior of the implemented meta-graph approach, (2) demon-
strates the suitability of the algorithm for 3D domains, and (3) compares
the solutions of the implemented algorithm with the solutions of the
Topology Optimization module of ANSYSVR Academic Student, Release 19.0.
This manuscript is organized as follows: Section “Literature Review” provides a

review of the related literature. Section “Methodology” describes the proposed
meta-graph-based algorithm and Section “Results” presents and evaluates the
results obtained following the meta-graph approach. Finally, Section “Conclusions”
contains the conclusions and some possible research lines to extend this work.

Literature Review

Section “Evolutionary Structural Optimization” presents the basis of
Evolutionary Structural Optimization (ESO), as well as its applications and
recent improvements. Section “Graphs Representations Used with ESO” dem-
onstrates the previous use of ESO in conjunction with graph techniques.
Section “Graphs Representations in Other Structural Optimization Algorithms”
shows how graph-based strategies have been applied with other optimization
algorithms. Finally, Section “Conclusions of the Literature Review” presents
the contribution of this work with respect to the previous research.

Evolutionary Structural Optimization

Xie and Steven (1993) introduce a structural optimization method called
ESO. ESO removes progressively the low stressed portions of a structure by
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carrying out iterative FEA simulations. Therefore, the weight of the struc-
ture is reduced without affecting its functionality. Bidirectional ESO
(BESO) (Querin et al. 1998) is an extension of ESO in which new material
can be added in high-stressed zones. One of the main drawbacks of ESO
and BESO is the formation of nonvalid configurations as a result of mater-
ial removal, which cause the end of the optimization process.
Recent publications on improvements of ESO/BESO techniques

(Ghabraie 2015; Munk et al. 2017; Da et al. 2018) and on review articles
focused on ESO/BESO (Deaton and Grandhi 2014; Munk et al. 2015; Xia
et al. 2018) prove that the development of these algorithms is a matter of
interest for the academic community.
One of the reasons of the popularity of ESO and BESO is the wide range

of engineering problems that can be addressed with these methods. Some
examples are: aeronautics (Das and Jones 2011), biomedicine (Chen et al.
2011), and materials design (Huang et al. 2012).
Likewise, much of the research efforts in topology optimization are

focusing on additive manufacturing (AM) (Chen et al. 2015; Tang et al.
2018; Seifi et al. 2018). The recent advances in AM allow the exploitation
of the full capacities of ESO/BESO techniques. Hence, it is necessary to
improve the current topology optimization algorithms so that they adapt to
the manufacturing capabilities that have been gained because of AM.

Graphs Representations Used with ESO

Stojanov et al. (2016) use graphs to represent of FEA meshes, so that each
graph vertex represents an FEA element. In this work, graphs are used to
check the connectivity of the generated structures. Structures that do not
meet the connectivity requirement are discarded. In a similar fashion,
Munk et al. (2017) use a graph-based connectivity checker to extend BESO.
In these two papers (Stojanov et al. 2016; Munk et al. 2017), graph repre-

sentations have been mainly used to find valid (or nonvalid) configurations
of FEA meshes while using ESO algorithms and when a nonvalid configur-
ation is found, this branch of the optimization process is not taken into
account. Additionally, graphs abstractions are not integrated to the material
removal process.
Montoya-Zapata et al. (2019) integrate ESO algorithm and graphs to per-

form 2D structural optimization. In their work, Montoya-Zapata et al.
(2019) develop a meta-graph (a graph generated from subsets of elements
of the FEA mesh) strategy to be used as part of the material removal rou-
tine. However, this strategy is only used in a particular case, when the con-
nectivity of the boundary conditions is compromised.
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Graph Representations in Other Structural Optimization Algorithms

Graph representations have been used in conjunction with other structural
optimization techniques, apart from ESO. For instance, Giger and Ermanni
(2006) focus on the topology optimization of trusses, using genetic algo-
rithms (GA) as the basis of the algorithm to remove the useless material of
the truss structure. Graph representations are mainly used to establish a
criterion to test if a solution is structurally valid.
Another example of the use of GA and graph representations in struc-

tural optimization is presented by Madeira et al. (2010), who apply GA in
conjunction with graph theory to the maximization of the structural stiff-
ness. The tree-based representation of individuals ease the generation of
feasible solutions, avoiding the use of repairing operators.

Conclusions of the Literature Review

Structural optimization and specifically ESO/BESO are topics of interest
because of the multiple application fields in which they can be used. In
particular, the use of topology optimization in AM is a necessity.
Therefore, it is necessary to improve current topology optimiza-
tion algorithms.
The use of graph abstractions is common in structural optimization algo-

rithms that employ both ESO (Stojanov et al. 2016; Munk et al. 2017) and
non-ESO techniques (Giger and Ermanni 2006; Madeira et al. 2010).
However, graphs are mainly used to check the connectivity of the generated
solutions and they are not integrated into the material removal algorithm.
As a response to this limitation, the present work implements a general-

ization of the meta-graph based strategy presented by Montoya-Zapata
et al. (2019), so that it is used at every stage of the optimization process.
This upgraded strategy administers the neighborhood and static connected-
ness of the finite elements to support evolutionary shape optimization. In
this way, the material removal algorithm is simplified and fully based on
the meta-graph information (meta-graph connectivity and meta-nodes
degree). In addition, this work: (1) presents additional examples to support
and illustrate the behavior of the implemented meta-graph approach, (2)
demonstrates the suitability of the algorithm for 3D domains, and (3) com-
pares the solutions of the implemented algorithm with the solutions of
commercial software (ANSYSVR ).
The present work does not try to evaluate or apply alternative genetic

strategies (e.g., mutation and crossover operators), but this could be
addressed in subsequent research. Future work can also be focused on
widen the variety of stimuli (kinematics, abrasion, temperature), in addition
to mechanical stress, that drive evolution in the nature domain.
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Methodology

In Section “Problem Statement” is given a formalization of the problem of
structural optimization that this work aims to tackle. Section “Structural
Optimization Algorithm” presents the implemented structural optimization
algorithm and Section “Element Deletion Algorithm” shows with detail the
meta-graph-based deletion algorithm. In addition, Section “Boundary
Synthesis” presents an alternative for postprocessing the boundary of the
resultant shape, so that it is suitable for manufacturing.

Problem Statement

In general, the goal of structural optimization is to produce a final shape
(optimal) that is (1) functional, and (2) that uses the least amount of mater-
ial. The requirement of functionality is determined by some permissible lev-
els of demand that the domain can stand when a stimulus is acting over it
(e.g., forces, heat, and abrasion). Sections “Given” and “Goal” formalize the
concept of structural optimization following a Given/Goal scheme.

Given
1. Let X0 � R

2 be a compact and bounded domain that represents an ini-
tial oversized domain.

2. A stimulus function S that acts over XS � X0.
3. FEA mesh M0 ¼ ðN0; E0Þ for X0, where N0 is the set of nodes and E0 is

the set of elements.

Goal
1. To obtain the design domain XF � X0 that solves the optimization

problem:

min
X

A Xð Þ
s:t: f xð Þ � g xð Þ; for all x 2 X;X � X0

XS � X

where AðXÞ is the area of X, f(x) is the response for x 2 X to the stimuli S,
and g(x) expresses the permissible level of demand f that the neighborhood
of a point x 2 Xi may stand (e.g., permissible stress allowable).

Structural Optimization Algorithm

The implemented optimization algorithm follows the procedure described
in Figure 1a. First, an FEA simulation is carried out, given the initial FEA
mesh M0 ¼ ðN0; E0Þ and the stimulus function S. The FEA simulation

CYBERNETICS AND SYSTEMS 7



allows to find the domain response f to the stimuli S. If f exceeds the per-
missible limit g, then the algorithm stops. Otherwise, the algorithm pro-
ceeds to delete the under-demanded FEA elements. The sub-algorithm that
performs the deletion of the FEA elements is presented in Figure 1b. It is
described in detail in Section “Element Deletion Algorithm”.
Finally, another FEA simulation is performed with the resultant domain

after the deletion of the under-demanded FEA elements deletion. The cycle
is repeated until no more elements can be deleted.
The reader may notice that the algorithm presented in this article

reduces X0 by removing under-demanded material (i.e., elements from E0)
given a deletion criterion. The stimulus function S and the deletion criter-
ion are user-defined properties, and f is calculated by using FEA software.
Therefore, the presented algorithm is independent to the kind of stimuli
(forces, friction, abrasion, humidity, etc.) to which the domain is subjected.

Element Deletion Algorithm

The main objective of the implemented element deletion algorithm is to
assure that the resultant configuration (after removing the unnecessary FEA
elements) is valid from a structural point of view. The algorithm is based on

Figure 1. Data flow of the implemented optimization procedure.
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a graph abstraction of the design domain, as presented in Figure 1b. The
main stages of the algorithm are discussed in the following sections.

Graph Generation
For every FEA mesh M ¼ ðN; EÞ, a graph G ¼ ðV;AÞ can be generated
with the following procedure:

1. Assume that E ¼ fe1; e2; . . . ; ekg. Then, for every ei 2 E create a graph
vertex vi 2 V.

2. A graph arc ðvi; vjÞ 2 A exists if and only if the corresponding FEA ele-
ments ei, ej are adjacent.

Different adjacency relations between elements can be defined for a 2D
FEA mesh. In particular, this article considers two elements as adjacent if
they have a common edge. Figure 2 depicts an example of the graph associ-
ated to an FEA mesh following this FEA-edges adjacency rule.

Graph Partition
In order to carry out the elimination of the under-demanded material, the
graph is partitioned into two sub-graphs GSD and GSND where: (i) GSD con-
tains the graph nodes that are candidates for elimination (ED � E) and
GSND contains the rest of nodes (END ¼ E�ED).
The set of nodes ED are those nodes associated to the under-demanded

FEA elements. These elements are selected based on the response function
f and a Deletion Criterion. In this work, the Deletion Criterion is defined by
an admissible limit for the Von Mises stress at each optimization stage. In
addition, the FEA elements in which the stimulus function S acts cannot be
eliminated, so they always belong to END.

Figure 2. FEA mesh to graph conversion using FEA edge adjacency criteria.
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Connected Components Calculation and Meta-graph Generation
The procedure to generate the meta-graph GM associated to 1) the graph G ¼
ðV;AÞ and 2) the set of candidate elements to be deleted ED � E is described
below. Figure 3 shows a graphical representation of the given procedure.

1. Find the connected components of GSD and denote them as
fc1; c2; . . . ; cpg (see Figure 3a).

2. Find the connected components of GSND and denote them as
fcpþ1; cpþ2; . . . ; cpþrg (see Figure 3a).

3. Each connected component of GSD and GSND becomes a vertex (meta-
node) of the meta-graph.

4. Two meta-nodes ci, cj are adjacent if and only if vertices vi; vj 2 V exist
and: (a) the arc ðvi; vjÞ 2 A exists, (b) vertex vi belongs to the connected
component ci, and (c) vertex vj belongs to the connected component cj
(see Figure 3b).

Meta-graph Pruning
The last step of the element deletion algorithm is the elimination of the
under-demanded material (meta-graph pruning). For this purpose, the pre-
sent work considers three different scenarios:
Case 1 - Noncandidate elements for deletion are fully connected: As

can be seen in Figure 4a, in this scenario all the noncandidate elements to

Figure 3. Meta-graph associated to an FEA mesh and the candidate elements to be deleted.
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be deleted lie in the same meta-node (C3). In this case, all the meta-nodes
that contain under-demanded elements are removed (C1 and C2).
Case 2 - Noncandidate elements for deletion are partially connected:

In this case, the noncandidate elements for deletion are not in the same
meta-node. However, all elements under the action of the stimulus S do lie
in the same component. An example of this scenario is shown in Figure
4b. Since the deletion of C1 would annul the action of C3, in this work
both C1 and C3 are removed. The only meta-node left after deletion would
be C2. In general, in this case all the meta-nodes but the one that contains
the elements with boundary conditions are deleted.
Case 3 - Noncandidate elements for deletion are not connected: In

this scenario, elements with boundary conditions are not in the same meta-
node. In order to preserve the connectivity of the stimulated subdomain
XS, a meta-node Ci is deleted if it meets these conditions: 1) Ci is a con-
nected component of GSD and 2) Ci is of degree 1.
The second condition assures that deleting Ci will not affect the connect-

ivity of the elements with boundary conditions.
For the example illustrated in Figure 4c, the only meta-node that is

deleted is C1, since the deletion of C2 would generate a disconnection
between the meta-nodes with boundary conditions (C3, C5).

Boundary Synthesis

Since the presented algorithm works with FEA meshes, the final shapes
obtained with the algorithm tend to be rough and difficult to manufacture.
For this reason, the boundary of the final designs must be smoothed.
Figure 5 shows the process to obtain the smoothed boundary of a given
FEA mesh.

Results

Section “Benchmarking Cases” reports the accomplished results with the
implemented meta-graph-based algorithm for different problems found in
the literature. Section “Other Experiments” reports the results for other

Figure 4. Material removal scenarios.
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simulations that are useful to illustrate the behavior of the presented algo-
rithm. In all the simulations is shown, at a particular iteration, how the
meta-graph approach is applied to keep the domain connected. Section
“Computational Demands of the Proposed Algorithm” describes the com-
putational demands of the algorithm, and Section “Boundary Synthesis”
presents the results of the smoothing of an FEA mesh. The extension to
3D domains is discussed in Section “Extension to 3D Domains”.

Benchmarking Cases

Michell Structure
The design problem and theoretical solution of a Michell structure are
depicted in Figures 6a and b. The solution obtained with the meta-graph
strategy is shown in Figure 6c. In Figures 8a–d, shape evolution can be
seen at different iterations. These figures show how the shape evolved until
reaching a design that resembles the theoretical solution.
Figures 7a–d show the action of the meta-graph strategy at an intermedi-

ate iteration of the optimization process. Figure 7a shows the candidate ele-
ments for deletion, and Figure 7b depicts the meta-nodes associated to the
configuration in Figure 7a. In Figure 7c, the meta-graph abstraction can be
seen for this particular iteration. Based on the algorithm presented in
Section “Element Deletion Algorithm”, the meta-nodes C2, C3, C4, and C5

would be removed, and the resultant shape after elimination is shown in
Figure 7d.

Figure 5. Post-processing for part boundary smoothing.
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Two Bar Frame
The initial domain and boundary conditions for the design of a two-bar
frame are shown in Figure 9a. The theoretical and experimental solutions
are illustrated in Figures 9b and c. The evolution of the shape throughout
the optimization is shown in Figures 11a–d. As in the Michell structure
example, it can be seen that the design obtained with the meta-graph
abstraction is similar to the theoretical solution.

Figure 7. Michell structure. Intermediate iteration of the problem in Figure 6a. Elimination of
under-stressed meta-nodes lead to disconnection-based elimination (Case 2).

Figure 8. Michell structure. Evolution dictated by the meta-graph strategy of the problem in
Figure 6a. Dotted line denotes the initial design domain.

Figure 6. Michell structure. Design domain and benchmarking solution.
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The role of the meta-graph modeling in the optimization process is
shown in Figure 10. Figure 10a shows the candidate elements for deletion.
This is an example of the Case 1 described in Section “Meta-graph
Pruning”, since all the noncandidate elements for deletion lie in the same
meta-node, as shown in Figure 10b. Thus, all the meta-nodes different to
C1 can be deleted, and the resultant shape is as seen in Figure 10c.

Michell Structure with Alternative Boundary Conditions
The initial domain and boundary conditions for a Michell structure are
shown in Figure 12a. In comparison with the first example, the node in the
lower-right corner does not have restriction of movement in X direction.
Figure 12b exhibits a solution obtained via simulation by Xie and Steven
(1993), and Figure 12c shows the solution given by the implemented algo-
rithm. Figures 14a–d show the shape of the domain at different iterations.

Figure 9. Two bar frame. Design domain and benchmarking solution.

Figure 10. Two bar frame. Intermediate iteration of the problem in Figure 9a. Elimination of
under-stressed meta-nodes lead to connected domain (Case 1).
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Notice that the final shape is similar to the one proposed by Xie and
Steven (1993).
Figure 13 shows the performance of the meta-graph-based algorithm at

an intermediate iteration. As in the previous examples, Figures 13a–c show
the tentative element for deletion and the meta-graph associated to the cur-
rent iteration. This is an instance of the Case 2 presented in Section “Meta-
graph Pruning”. Figure 13d shows the resultant domain after the applica-
tion of the corresponding meta-graph pruning strategy.

Other Experiments

To further illustrate the behavior of the algorithm, three additional simula-
tions were executed. Given the absence of analytic solutions for the add-
itional examples, the performance of the algorithm is tested using the
software ANSYSVR Academic Student, Release 19.0.

Bar Under Opposite Loads
Figure 15a shows the design domain and the load conditions for a bar sub-
jected to loads of the same magnitude but in opposite directions. This
simulation aims to exhibit a clear example of the behavior of the meta-

Figure 11. Two bar frame. Evolution dictated by the meta-graph strategy of the problem in
Figure 9a. Dotted line denotes the initial design domain.

Figure 12. Michell structure with alternative boundary conditions. Design domain and bench-
marking solution.
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graph approach in the Case 3 (see Section “Meta-graph Pruning”). Figure
15b shows the solution obtained using the topology optimization module
of ANSYSVR , and Figure 15c depicts the solution obtained using the meta-
graph strategy.
Figures 16a and b show the tentative elements to be deleted and the corre-

sponding meta-nodes. In Figure 16c, where the meta-graph is depicted, is
clear that the elements with boundary conditions are not in the same com-
ponent, and the deletion of meta-node C3 would lead a nonconnected
domain. Thus, following the approach presented in Section “Meta-graph
Pruning”, only the meta-nodes C4 and C5 can be removed. Figure 16d exhib-
its the resultant shape.
Figure 17 shows the evolution of the shape during the optimization pro-

cess. As opposed to the solution proposed by ANSYSVR (Figure 15b), the
solution obtained by the implemented algorithm remains connected during
all the optimization process.

Figure 14. Michell structure with alternative boundary conditions. Evolution dictated by the
meta-graph strategy of the problem in Figure 12a. Dotted line denotes the initial design domain.

Figure 13. Michell structure with alternative boundary conditions. Intermediate iteration of the
problem in Figure 12a. Elimination of under-stressed meta-nodes lead to disconnection-based
elimination (Case 2).
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Viaduct Simulations
In order to show the capacity of the implemented algorithm to replicate to
some extent some well-known engineering structures, two different simula-
tions were executed. They try to resemble the aspect of a viaduct. Figures
18a and d show the design domains and the load conditions for the two
simulations. In both cases, a distributed load along the length of the
domain is applied. Figures 18b and e show the solution retrieved by
ANSYSVR for each load case. Likewise, Figures 18c and f depict the solution
given by the implemented algorithm.
Figures 19 and 21 show how the meta-graph abstraction was used and the

resultant domain for a particular iteration in each simulation. Figures 20 and
22 show the evolution of the shape throughout the optimization. It can be
seen that the obtained designs are similar to the solutions given by ANSYSVR .

Figure 15. Bar under opposite loads. Design domain and ANSYSVR solution.

Figure 16. Bar under opposite loads. Intermediate iteration of the problem in Figure 15a.
Elimination of under-stressed meta-nodes lead to disconnection-based elimination (Case 3).

Figure 17. Bar under opposite loads. Evolution dictated by the meta-graph strategy of the
problem in Figure 15a. Dotted line denotes the initial design domain.
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The obtained designs resemble to some extent the shape of a viaduct of
the type of the Millau Viaduct, France (Figure 23). Notice that the links
under the actual bridge are missing (compared with the evolution shown in
Figures 20c and 22c), due to the fact that such links, in the engineering
reality, do not stand compression. They only stand tension. A future neces-
sary improvement for the method presented in this work would include
the consideration of such anisotropic effects.

Figure 18. Viaduct simulations. Design domains and ANSYSVR solutions.

Figure 19. Bridge 1. Intermediate iteration of the problem in Figure 18a. Elimination of under-
stressed meta-nodes lead to disconnection-based elimination (Case 2).
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Computational Demands of the Proposed Algorithm

Due to the material removal procedure associated to the presented algo-
rithm, given the mesh Mi ¼ ðNi; EiÞ at iteration i can be stated: jN0j � jNij
and jE0j � jEij, where M0 ¼ ðN0;E0Þ is the initial mesh. In addition,
jN0j>jE0j. Therefore, the computational demands of one iteration of the algo-
rithm can be expressed as a function of N0 and the bandwidth W of the stiff-
ness matrix calculated during the FEA simulation (Farmaga et al. 2011).
Table 1 presents the computational expenses of the implemented algo-

rithm. Notice that the time complexity and memory complexity of an iter-
ation of the algorithm is dictated by the term OðN2

0Þ. This term
corresponds to the dominant generation of the graph and the meta-graph
associated to the FEA mesh.
A comparison of the computational resources used vs. the efficiency of

evolution is beyond the capabilities of the present work. One reason for
this limitation is that the measure of the quality or efficiency of an evolu-
tion is itself an open research question at this time.

Boundary Synthesis

The simulations carried out with the meta-graph-based algorithm showed
that the resultant shape is very rough. Following the procedure described

Figure 20. Bridge 2. Intermediate iteration of the problem in Figure 18d. Elimination of under-
stressed meta-nodes lead to disconnection-based elimination (Case 2).

Figure 21. Bridge 1. Evolution dictated by the meta-graph strategy of the problem in Figure
18a. Dotted line denotes the initial design domain.
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in Section “Methodology”, one of the designs obtained with the algorithm was
smoothed. The results of the application of the smoothing algorithm using a
mean filter of order 4 are shown in Figure 24. Notice that the boundary of
the shape was corrected without losing sensitive information of the design.

Extension to 3D Domains

In this section, this article aims to show that the algorithm presented in
this work can be applied in 3D domains. Since the generation of the meta-
graph is not constrained to any special characteristic of the 2D domains,

Figure 22. Bridge 2. Evolution dictated by the meta-graph strategy of the problem in Figure
18d. Dotted line denotes the initial design domain.

Figure 23. Millau Viaduct, France. Image by MIEL 1971(2015). Licensed by CC0 (Creative
Commons Zero).

Table 1. Analysis of the computational costs of an iteration of the proposed algorithm.
Process Time expenses Memory expenses

FEA Simulation (Farmaga et al. 2011) OðN0W2Þ OðN0WÞ
Mesh Partition OðN0Þ OðN0Þ
Element Deletion OðN2

0Þ OðN2
0Þ

Graph Generation OðN2
0Þ OðN2

0Þ
Graph Components Calculation OðN0Þ OðN0Þ
Meta-graph Generation OðN2

0Þ OðN2
0Þ

Meta-graph Pruning OðN0Þ OðN0Þ
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the most sensitive change when working in 3D is the generation of the
graph associated to the 3D FEA mesh.
For 3D FEA meshes, multiple adjacency relations can be defined

between the elements. The following simulation is based on a face adja-
cency relation between the FEA elements. Figure 25a shows the initial 3D
domain and boundary conditions. Figure 25b depicts the solution proposed
by Abolbashari and Keshavarzmanesh (2006) and Figure 25c exhibit the
solution obtained using the meta-graph strategy. Figures 26a–c present the
evolution of the domain using the meta-graph strategy. It can be seen that
the shape of the domain evolves toward the optimal shape in Figure 25b.

Conclusions

This article presents the implementation of a novel methodology for top-
ology optimization. This methodology joints the concepts of ESO (a well-

Figure 24. Michell structure. Post-processing for border smoothing.

Figure 25. 3D benchmarking test (Abolbashari and Keshavarzmanesh 2006). Design domain
and solution.

Figure 26. 3D benchmarking test (Abolbashari and Keshavarzmanesh 2006). Evolution dictated
by the meta-graph strategy of the problem in Figure 25a. Dotted line denotes the initial
design domain.
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known optimization algorithm) with mathematical graph modeling of the
FEA mesh. The implemented methodology is based on a meta-graph con-
nectivity abstraction of the FEA mesh. This method progressively removes
the under-demanded material of the structure while maintaining a feasible
solution at every iteration.
The meta-graph approach allows a unified treatment of neighborhood

and static connectedness of the evolving shape. Seven different examples,
with both 2D and 3D domains, are presented to clearly illustrate the meta-
graph method.
The examples discussed in this manuscript are in the field of linear solid

mechanics. However, the implemented algorithm can be adapted to manage
other stimuli sources, other than forces, pressures or torques. The current
work requires that the effects of the stimuli be described as a scalar field
f ðÞ acting on the finite elements. Research opportunities are open for (e.g.)
friction or abrasive stimuli and for domains that could grow (not only
retract as in the present approach).

Limitations and Shortcomings

In the case in which elements with boundary conditions do not lie in the
same meta-node, some meta-nodes of degree 2 (or more) could be deleted
and the optimization process must be divided in multiple branches.
However, since only meta-nodes of degree 2 are deleted, all the other
branches are not considered.

Future Work

Future work should address the utilization of stimuli other than stress/
strain: friction, abrasion, heat, humidity, etc. Future research should also
address the integration of the algorithm with other evolutionary based tech-
niques (e.g., mutation) to allow the generation of multiple feasible solutions
that explore a wider region of the solution space.

Glossary

AM Additive manufacturing
BESO Bidirectional evolutionary structural optimization
ESO Evolutionary structural optimization
FEA Finite element analysis
GA Genetic algorithms

X0 Compact and bounded subset of R2, that represents an initial material stock
from which to carve the part

Xi The part after the i-th step of the evolution
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f Scalar function f : Xi ! R that expresses how much is the neighborhood of a
point x 2 Xi being demanded by the stimuli (e.g. stress) being considered

g Scalar function g : Xi ! R that expresses the permissible level of demand f that
the neighborhood of a point x 2 Xi may stand (e.g. permissible stress allowable).
In mechanical design, g is usually a constant for the whole domain XiG ¼ ðV;AÞ
the Finite Element- based graph in which a vertex vi 2 V is a finite element. An
arc ðvi; vjÞ 2 A means that finite elements vi and vj are neighbors
GM ¼ ðVM;AMÞA meta-graph built on G, in which a meta-vertex Vi 2 VM is a
connected set of finite elements of V. A meta - arc ðVi;VjÞ 2 AM means that
meta-vertices Vi and Vj are neighbors
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