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HIGHLIGHTS

o The effusion time was calculated for a spherical device.
e An analytical solution was derived for the fraction of drug released.
e The effusion time contained geometric characteristics of the device.
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1. Introduction

Several controlled-release products, such as liposomal vesicles, are spherical [ 1]. These liposomes are filled with a drug,
or a gene, designed to treat a disease. 5-Fluorouracil (5-FU) was delivered to androgen receptor-positive tumors using
testosterone coupled liposomes [2]. The carriers have also been employed to transport spironolactone, a specific aldosterone
antagonist, for the treatment of heart failure [3].

An important problem that arises when evaluating these systems is the effusion time (also called efflux time) of the
medication through an open pore of the vesicle [4]. To the best of our knowledge, no analytical expression has been derived
to calculate the time for unloading the drug completely from the device. The development of such a formula may be exploited
to design products with specific requirements. For example, because the size of the pore affects the drug release rate, it can
be used to achieve therapeutic action for either a short or extended period. Previous works show that reducing the orifice
diameter in a cylindrical device is an effective way of retarding the transport of the pharmaceutical ingredient [5].
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Although systems with releasing holes have widespread applications, the development of reliable computational tools
to determine the time required to release the drug from the vehicle () has received little attention in the literature. After
assuming that the process is governed by Fick’s second law, Levin et al. proposed an analytical approach to estimate t [6].
They modeled the system as two spheres, one serving as a sink, to circumvent a mixed boundary condition that is closer
to the real geometry. Contrary to devices where the osmotic pressure drives the active ingredient out of an opening in the
tablet [7], drug transport was mainly due to diffusion in their study.

There is growing interest in understanding how drug molecules are delivered through liposome pores [8]. While several
models have been developed to explain release due to either ruptured liposomes or membrane stretching [9,10], only a
few theoretical contributions have tried to explain the mounting evidence of release through transient or permanent pores
[8,11,12]. Modeling and simulation of the process would help manufacturers assess the specific role of each mechanism (e.g.,
permeation through the membrane and release from the pores). Whether the pore size or diffusion through the medium
has a discernible impact on the release kinetics is critical in designing efficient vesicular drug-delivery systems that meet
end-user requirements. The mathematical model and solution would make it possible to test several designs in a controlled
manner and at a relatively inexpensive cost, compared to laboratory tests. Numerical simulations may provide complemen-
tary information and valuable insight into the physical phenomena.

Following the work in Ref. [6], a spherical device is considered in this contribution. Transport of the medication through
the matrix is governed by Fick’s second law. One important departure from this approach is the application of a mixed
Neumann-Dirichlet boundary condition to represent material transfer at the surface. A mathematical representation of
the problem is first presented followed by an analysis of the dynamic characteristics of the system. Simulation results are
reported and discussed.

2. Theory

2.1. Mathematical modeling

Initially, a drug of concentration py is uniformly distributed within a spherical matrix. The surface of the device is imper-
meable except in a zone delimited by a spherical cone (cone and a spherical cap) with apex angle 6, (Fig. 1). The drug can
only exit through this region, which is in contact with a tissue or an organ where it is instantaneously removed, i.e., perfect
sink conditions. Consequently, the governing equation is
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where p is the drug concentration in the vesicle, r is the radial distance, 6 is the azimuthal angle, t represents the time and
D is the diffusion coefficient within the matrix. As noted above, the initial condition is given by

p(r,6,0) = po (2)
and the combined Neumann and Dirichlet boundary conditions are

001 o, <6< 3)

ar r—R

and

p(RO,)=0, 0<6 <06 (4)
with

sinfy = a (5)

R

where R is the radius of the sphere and a is the base radius of the cap. Azimuthal symmetry is satisfied because the initial
concentration is independent of 6.

The cumulative amount of drug released at time t is the difference between the mass initially dissolved and the amount
that remains in the matrix. In normalized form, we have

po3TR® — 27 [ fOR [sin (®) r?p (r,0, )] drdo

posTR3

M) = (6)

or

21 [y fy [sin®)r?p (r, 6, )] drde

M(t) =1
Po%ﬂR3

which represents the fractional amount of drug released.
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Fig. 1. Schematic representation of the spherical vesicle. R is the radius of the sphere and a is the base radius of the cap; angle 6, is the apex angle of the
spherical cone.

2.2. Dynamic characteristics

2.2.1. Development of an analytical solution
To solve the system formed by Eqgs. (1) and (4), Eq. (1) is first written as

P a2
9 Lo 6,1 9 cos (0) Zp (r.0.6) 250 (1,0,0)
— ,0,t)=D gl ,0,t 96 99 . 8
Bt'o(r ) ( r + 8r2p(r )+ r2sin (9) r ®
Application of the Laplace operator leads to
f) f) 92 2
ZPp(r,0 92 cos (0) =P (r,0 =P (r,0
.0)—po=p (230D L O p gy SOl 0O e -9 (9)
r or? r2sin (0) r
where
o0
P(r, 9):/ p(r,0,t)edt (10)
0
using the initial condition (2). We look for a solution to Eq. (8) of the form
Lo
P(r,0)=f(r)g(9)+? (11)
with
d? af () | =2D(gf ) +sf ()1
- — 12
dr2f ® Dr2 + Dr (12)
and
d? g ®) cos®) (Lg )
—gO) = = — .(‘” ) (13)
do D sin (0)

where c; is a separation-of-variables constant. Solving Egs. (12) and (13) yields

1 S S
FnE© = - (q 1 s (r\/;> ok, (r\/;)>

X <C3 P 5 ypae (cos (0)) +CQ | /5 pag (cOs (9))) . (14)
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To form a solution without singularities, we make C; = 0,4, = 0 and C3 = 1. Note that the Bessel function K has a
singularity at r = 0 and the Legendre function Q has singularities at & = 0 and & = m. Thus, Eq. (14) is reduced to

1 s
fg®) = NG (G I% b (T\/;) Pf% \/Ef:/FETq (cos (9))> . (15)

The Legendre function P becomes a polynomial by setting

14D —4c, — /D
—_—— =N
2 /D

where n is an integer. From Eq. (16), we derive

(16)

(2nvD+ D)

=~/ 4= 17
€1 2 +4 (17)

Therefore, Eq. (15) becomes

1
feg®) = 7 (Q L1 (r\/g) Py (cos (9))> : (18)

Applying the superposition principle to Eq. (18), Eq. (11) is rewritten as

P(r,0) = % (ZAn b (rﬁ) P, (cos (9))) + %. (19)
n=0

After combining Eq. (19) and the Laplace transform of boundary condition (3), the resulting expression is

iAnPn (cos @) (RSl (R/5) +1vDlyy (R)/3))

3 =0. (20)
n=0 R2 \/5
A similar operation performed on Eqs. (4) and (19) yields
o Anly,y (RY3) Pa (cos @)
Z n+5 D 4 @ _ (2 1 )

n=0 ‘/E s

which, after a first-order approximation, becomes

() AT )

3/2 s - 0. (22)
R/5VRT V7RD (R,/5)
The integral of Eq. (22) with respect to 6 from 0 to 6, gives
—Agv/2 sinh (R\/g) 6os>/*R — A1~/2 sin (6p) s*/ cosh (Rﬁ) R
3/2
s s
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0 (23)
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and the integral of the first-order approximation of Eq. (20) with respect to 6 from 6, to 7 yields

S S
Aos>?6,R*D? cosh (R / D) — AgSOoRD*/? sinh (R /D>

S S
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S S
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S

+ Rz AyD*/?s sinh (R / D)
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The coefficients Ay and A, are obtained by solving Eqs. (23) and (24):
S 2 S
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As aresult, P (r, 6) is given as

1
P(r ) = \iﬁ (ZAnIH; ( \/>> P, (cos(9))) Po
n=0

and the Laplace transform of M (t) is

427 RAg (—ﬁRs cosh (R\/g) + D./ssinh (R %))
(%R%{po) s3/2 R\/g

M(s) =

R\/EeR b,
D

(24)

(26)

(27)

(28)

In theory, additional terms can be included in the series solution. However, the procedure becomes computationally expen-
sive and the expression for s, too complex for practical implementation. The first-order approximation is exact when 6,
approaches 0. In this case, the entire amount of the drug remains in the device. From Eq. (25), we obtain Ay = 0 yielding

M (s) = 0 (Eq. (28)), as expected.
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Fig. 2. Cumulative amount of drug released M (t) through the pore of the vesicle when 6, = 7. The profile generated after inverting Eq. (28) (- - - -) was

compared to the numerical solution (e) of the function “NDSolveValue”. The intersection of the straight lines represents the effusion time.

2.2.2. Derivation of the effusion time
The concept of a time constant [13,14] is applied to evaluate the characteristic time for effusion. It is estimated in this

work by the method proposed by Collins [15]:

Teff = /oo t2 (t)dt (29)
0

where the probability density function £2 (t) is

(M (00) — M (1)) (30)
JoZ (M (c0) — M (t))dt

Eq. (29) is written in terms of Laplace variables as

2@ =

_(M(o0)  dM()\ [, (M(c0) - -
Teff = lim — + lim| —— —M(s) . (31)
s—0 s ds s—0 S
It can be shown that
1 R% (262 + 3571% — 3576,
Teff = = (2% ) (32)

21 DQ() (—490 + 57'[)

after using Eqgs. (28) and (31). The effusion is teff = % when 6y — 7.

3. Results and discussions

Case1.0p =
When 6y = 7, the system takes the form of a one-dimensional problem with a perfect sink boundary condition (4). The

following normalized parameters are chosen: R = R/R = 1and ts, = Dty /R? = 1, where tan represents the simulation
time. A numerical technique [16] was employed to invert Eq. (28). The result was compared to a solution produced by
the function “NDSolveValue”, from Mathematica (Wolfram Research, Inc.). This validation step is important to ensure the
reliability of Eq. (32). The profiles for the cumulative amount of drug released profiles are indistinguishable (Fig. 2) and the
characteristic time for effusion is 0.095. It is worth noting that M (4 x tef) = 98.6%, which agrees with the observation that
it takes approximately 4 time constants for the response of a first-order process to reach 98% of its final value after a unit

step input change [17,18].

Case2.6y = 0.2
Consider the case where the apex angle is small (e.g., 0.27). This scenario is equivalent to setting a equal to 0.31R (see

Eq. (5)). Fig. 3 shows a small discrepancy between the profiles from “NDSolveValue” and Eq. (28) at small times. But, as the
time increases, the prediction becomes more accurate. Note that M (4 x ter) = 98.4% and the effusion time is 1.59, which
is greater than the value reported when 6y = . As the size of the release hole decreases, it takes more time for the drug to
escape through the pore of the vesicle. In fact, Eq. (32) shows that ¢ approaches infinity as 6, approaches zero.

The proposed model and solution procedure have immediate implications in several areas. The framework can be
applied directly to (i) explain drug release from microspheres [19], (ii) study the mechanism by which a ligand escapes
from a protein [20] and (iii) estimate the time it takes for a diffusing receptor to be attached at its final location on a
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Fig. 3. Cumulative amount of drug released M (t) through the pore of the vesicle when 6y = 0.27. The profile generated after inverting Eq. (28) (- - - -)
was compared to the numerical solution (e) of the function “NDSolveValue”. The intersection of the straight lines represents the effusion time.

postsynaptic membrane after insertion into the membrane [21]. The last two examples are part of the narrow escape
problem, encountered in biophysics and biology. In this context, a brownian particle, such as a protein, is confined to a
bounded domain and can only escape through a small window [22]. Mixed Dirichlet-Neumann boundary conditions, similar
to Egs. (3) and (4), are enforced to help estimate the mean escape time.

4. Conclusions

The effusion time of a drug from a spherical device, such as a vesicle, was analyzed in this work. Fick’s second law was
applied to model permeation of the medication through the matrix. Mass transfer at the surface of the vehicle was captured
by a mixed Neumann-Dirichlet boundary condition. The governing equations were solved by a Laplace transform-based
method and the concentration was expressed as an infinite series in the frequency domain. After retaining the first term
of the series, the fractional amount of drug released was derived and inverted using a numerical method. The result was
compared to that reported by Mathematica. The effusion time was estimated and contained geometric characteristics of the
device and the diffusion coefficient. Two case studies show that a decrease in the size of the release hole results in a lower
time constant.

References

[1] M.A. Idiart, Y. Levin, Rupture of a liposomal vesicle, Phys. Rev. E 69 (2004) 061922.
[2] P.K. Mishra, A. Gulbake, A. Jain, S.P. Vyas, S.K. Jain, Targeted delivery of an anti-cancer agent via steroid coupled liposomes, Drug Delivery 16 (2009)
437-447.
[3] A. Laouini, C. Jaafar-Maalej, S. Sfar, C. Charcosset, H. Fessi, Liposome preparation using a hollow fiber membrane contactor-application to
spironolactone encapsulation, Int. J. Pharm. 415 (2011) 53-61.
[4] Y. Levin, M.A. Idiart, J.J. Arenzon, Random walk to freedom: The time of effusion, Physica A 354 (2005) 95-100.
[5] L.Simon, ]. Ospina, Two-dimensional solution and analysis of a cylindrical matrix device with a circular release area, Chem. Eng. Commun. 200 (2012)
115-138.
[6] Y. Levin, M.A. Idiart, ].J. Arenzon, Solute diffusion out of a vesicle, Physica A 344 (2004) 543-546.
[7] B.P. Gupta, N. Thakur, N.P. Jain, ]. Banweer, S. Jain, Osmotically controlled drug delivery system with associated drugs, J. Pharm. Pharm. Sci. 13 (2010)
571-588. A publication of the Canadian Society for Pharmaceutical Sciences, Societe canadienne des sciences pharmaceutiques.
[8] N. Dan, Drug release through liposome pores, Colloids Surf. B 126 (2015) 80-86.
[9] J. Siepmann, F. Siepmann, Mathematical modeling of drug delivery, Int. J. Pharm. 364 (2008) 328-343.
[10] G.Enden, A. Schroeder, A mathematical model of drug release from liposomes by low frequency ultrasound, Ann. Biomed. Eng. 37 (2009) 2640-2645.
[11] K.A. Riske, R. Dimova, Electro-deformation and poration of giant vesicles viewed with high temporal resolution, Biophys. ]. 88 (2005) 1143-1155.
[12] TJ. Evjen, S. Hupfeld, S. Barnert, S. Fossheim, R. Schubert, M. Brandl, Physicochemical characterization of liposomes after ultrasound exposure-
mechanisms of drug release, J. Pharm. Biomed. Anal. 78-79 (2013) 118-122.
[13] L. Simon, J. Ospina, Closed-form Solutions for Drug Transport Through Controlled-release Devices in Two and Three Dimensions, John Wiley & Sons
Inc., Hoboken, New Jersey, 2015.
[14] J.A. Ferreira, P. de Oliveira, P. da Silva, L. Simon, Flux tracking in drug delivery, Appl. Math. Model. 35 (2011) 4684-4696.
[15] R. Collins, The choice of an effective time constant for diffusive processes in finite systems (Thermal conduction and sputtering examples), J. Phys. D:
Appl. Phys. 13 (1980) 1935.
[16] ]. Abate, P.P. Valkd, Multi-precision Laplace transform inversion, Internat. J. Numer. Methods Engrg. 60 (2004) 979-993.
[17] L. Simon, Control of Biological and Drug-delivery Systems for Chemical, Biomedical, and Pharmaceutical Engineering, Wiley, Hoboken, NJ, 2013.
[18] C.A. Smith, A.B. Corripio, Principles and Practice of Automatic Process Control, third ed., Wiley, Hoboken, NJ, 2006.
[19] ]. Siepmann, A. Ainaoui, J.M. Vergnaud, R. Bodmeier, Calculation of the dimensions of drug-polymer devices based on diffusion parameters, J. Pharm.
Sci. 87 (1998) 827-832.
[20] S.-Y.Sheu, D.-Y. Yang, Gated escaping of ligand out of protein, J. Chem. Phys. 112 (2000) 408-415.
[21] D. Holcman, Z. Schuss, Escape through a small opening: Receptor trafficking in a synaptic membrane, J. Stat. Phys. 117 (2004) 975-1014.
[22] Z.Schuss, A. Singer, D. Holcman, The narrow escape problem for diffusion in cellular microdomains, Proc. Natl. Acad. Sci. USA 104 (2007) 16098-16103.


http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref1
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref2
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref3
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref4
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref5
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref6
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref7
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref8
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref9
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref10
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref11
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref12
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref13
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref14
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref15
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref16
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref17
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref18
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref19
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref20
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref21
http://refhub.elsevier.com/S0378-4371(16)00161-8/sbref22

	On the effusion time of drugs from the open pore of a spherical vesicle
	Introduction
	Theory
	Mathematical modeling
	Dynamic characteristics
	Development of an analytical solution
	Derivation of the effusion time


	Results and discussions
	Conclusions
	References


