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a b s t r a c t

Rhenium diboride (ReB2) in its P63=mmc crystalline structure, is widely known as a super-hard material,
and has been studied many times using the Density Functional Theory (DFT) approach. In this work the
same chemical composition was studied in three additional unreported hypothetical crystallographic
phases by means of DFT with the hybrid functional approach, and the elastic constants of each phase
were calculated. The elastic behavior of ReB2 was analyzed by means of elastic moduli calculations.
Additionally, the velocities of the elastic waves of each phase were calculated, along with the Debye’s
temperatures, also elastic anisotropy is studied. Semi-empirical and empirical models of hardness were
used to estimate qualitatively which phases are or are not hard. It has been determined that the elastic
moduli of two out of the three hypothetical phases are desirable and the elastic waves move very slow
(< 2 km/s) in one of them. These results and the analysis of the bond critical points (bcp) of each phase
allow us to conclude that one of them is soft while the other two are hard. The synthesized phase of
ReB2P63=mmc was studied in order to compare and confirm the results.

� 2016 Elsevier B.V. All rights reserved.
1. Introduction

Theoretical and computational design of new materials with
specific properties has covered importance in the search for new
applications [1,2], given that this design allows the absence of
experimental tests. The process of this design has been applied
to rhenium diboride (ReB2) by means of ab initio methods [3,4].
It has been determined that this material in its hexagonal phase
P63=mmc is super-hard [5], and additional computational and
experimental studies have corroborated that assertion [6,7]. This
material has been successfully synthesized by means of mixing
Re and B powders, and by arc melting [7]. Chung et al. have mea-
sured the hardness of hexagonal ReB2 to be 48.0 GPa at a load of
0.49 N [8], while Levine et al. have measured a hardness of
40.5 GPa at low loads (< 1 N) [9]. Latini et al. have reported a value
of 49.9 at a load of 0.49 N [10], confirming the super-hard nature of
ReB2.

In addition, computational studies have determined the elec-
tronic composition of this material. Based on this and semiempir-
ical models [11,12] such those of Gao [13,14] and Šimůnek [15],
they are able to obtain the intrinsic hardness of this solid.
Other mechanical properties such as the elastic moduli have been
calculated by DFT (Density Functional Theory) [16–19] and these
results allow better analysis of the hardness throughmany existent
correlations [5].

Other researches [20–22] have analyzed the mechanical and
electronic properties of different hypothetical phases of the same
material by means of ab initio methods. Hao et al. has made these
studies on the Pmmn symmetry of ReB2 [20]. This material has
been determined to be little compressible, and its electronic struc-
ture has lead to believe it could be a hard material on the same
level as ReB2 in the P63=mmc phase. The mechanical properties
are also similar to those of the P63=mmc rhenium diboride. Zhong
et al. studied other ReB2 phases such as the R3m giving rise to a
hypothetical material with properties similar to those of the syn-
thesized phase [22]. Also Mazdziarz et al. have studied thermody-
namical, optical and phonon properties of different hypothetical
phases of ReB2 [23].

Based on these studies and results one can suppose that there
could be other phases of ReB2 with similar mechanical properties.
These new phases could have a similar hard behavior, because the
electronic structure would be similar. New hypothetical phases of
ReB2 can be analyzed by means of DFT methods, avoiding a direct
experimental study of the material. We focus on three phases of
ReB2, orthorhombic, hexagonal and face centered cubic. The calcu-
lations on this crystals include elastic constants, elastic moduli,
elastic anisotropy factors, velocity of elastic wave and Debye’s
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temperature. Besides calculations of cohesive energy, energy of
formation. The calculations of bond critical points (bcp) along with
the quantities previously determined allow to compare the hard-
ness of these three phases with that of the P63=mmc structure.
These calculations are performed for the reported P63=mmc struc-
ture in order to validate the process.

This document is organized as follows. First, there is an intro-
duction that presents the research and its objectives. Second are
the methods, including a description of the computational pro-
cesses as well as the crystalline structures used in this study. Then
the results are presented along with a discussion of them, and
finally some conclusions extracted from those results are
presented.
2. Methods

2.1. Computational details

First-principle calculations were performed with DFT, as imple-
mented in the software CRYSTAL09 [24]. The exchange and corre-
lation interactions were described using the PBE0 [25] hybrid
functional which mixes the general gradient approximation
(GGA) [26,27] PBE [28,29] functional and Hartree–Fock exchange
interaction. A Pack–Monkhorst [30] mesh of 10� 10� 10 in the
first Brillouin zone was used for the discretization of the reciprocal
space.

The wave functions of boron and rhenium have been approxi-
mated by the basis sets of gaussian functions POB_TZVP [31] and
Re_cora_1991, respectively. Gaussian functions were used since
they have been successfully applied to all-electron calculation as
elastic constants calculations [24,32–34]. These particular sets of
functions were chosen given that they reproduce faithfully the
crystal structure of the experimental ReB2 in phase P63=mmc (see
Table 1).

For the geometry optimizations the tolerances were set to be
0:015 eV=Å for the rms value of the energy gradient, 6:350�
10�4 Å for the rms value of the displacement, and 2:721�
10�6 eV for the difference in total energy. The elastic constant cal-
culations were made using the CRYSTAL09 code [33,32]. For these
process three default deformations with a step of 0.01 were per-
formed in order to calculate the second derivative of the energy
with respect to strains. For this calculations the tolerances were
the same as for optimization.

The wave’s velocities were determined using two approaches:
anisotropic and isotropic. For the anisotropic calculations the
software GNU Octave [35] was used along with the package of
functions MSAT (MATLAB Seismic Anisotropy Toolbox) [36]. The
toolbox calculates these quantities based on Christoffel’s formula

AU ¼ UV2:
Table 1
Space group (SG), lattice parameters a; b and c (in Å), atomic packing factor (APF), density .
each crystalline phase of ReB2.

Crystal SG a b c

1 Immm 4.947 2.898 3.970
2 P�6m2 3.321 3.321 3.219
3 P63=mmc 2.837 2.837 7.392
3a P63=mmc 2.900 2.900 7.478
3b P63=mmc 2.897 2.897 7.472
3c P63=mmc 2.903 2.903 7.485
4 Fm3�m 4.917 4.917 4.917

a Synthesized structure by [8].
b Synthesized structure by [9].
c Synthesized structure by [10].
Where A is the matrix with entries Akl ¼ cijklqjqi=., where cijkl is the
fourth-rank tensor of elastic constants, . is the density of the solid,
and qi is the i-th component of the unitary vector in the propagation
direction. Diagonalizing this matrix one obtains the diagonal matrix
V2 which contains the squared velocities of each one of the three
modes.

The determination of the bond critical points was made by
means of the topological analysis program TOPOND [37]. This
search was made in the asymmetric unit of the crystal through
an eigenvector-following algorithm which runs during ten steps
with eight neighbors for each point in a radius of 10 Å. These pro-
cesses were performed within a box defined in the intervals
½0;1� � ½0;1� � ½0;1� with a discretization of 0.025 in each direction.
No further constraints were applied. To improve the calculations
these were focused on the bond critical point.
2.2. Studied phases

This study was performed on three hypothetical crystalline
phases of ReB2 and the widely known P63=mmc structure. The crys-
tallographic properties of each phase are shown in Table 1. In this
table the atomic package factor (APF) has been calculated with
regard to the covalent radii of the atoms for the crystals 1–3 and
the ionic radius for the crystal 4. In order to determine stability
the cohesive energy ðEcohÞ was calculated from the formula [38,23]

Ecoh ¼ EReB2
Tot � nERe

Tot �mEB
Tot

nþm
: ð1Þ

where EReB2
Tot ; ERe

Tot and EB
Tot are total energies of ReB2, Re single atom

and B single atom, respectively;m and n are the number of Re and B
atoms in unit cell, respectively. This quantity is the energy needed
to dissociate the unit cell of each phase.

Also the formation energy ðDHÞ was calculated based on the
chemical equation 1

2Re2 +
1
6B12 ? ReB2, and on the expression [39]

DH ¼ EReB2
coh � 1

2
ERe
coh �

1
6
EB
coh; ð2Þ

with ERe
coh and EB

coh being the cohesive energies of the most stable
crystalline phases of rhenium and boron, respectively. For the boron
the a-B structure in phase R�3m was used and for rhenium the
hexagonal P63=mmc structure. Formation enthalpy is the energy
needed so that the reaction takes place. In order to use Eq. (1),
the structures of boron and rhenium were optimized with the same
convergence criteria than the ReB2 phases and with the same basis
set for each atom. The results for Ecoh and DH are in Table 1 both
given in eV/atom.

The Wyckoff positions, symmetry and points of each atom in
every single structure are shown in Table 2. These data have been
obtained from the Bilbao Crystallographic Server [40].
(in kg=m3), cohesive energy Ecoh (in eV/atom) and formation enthalpy (in eV/atom) of

APF . Ecoh DH

0.680 12195.79 �10.43 �2.58
0.630 11260.79 �10.70 �2.85
0.752 13466.00 �11.65 �3.80
– – – –
– – – –
– – – –
0.652 11577.05 �10.25 �2.40



Table 2
Wyckoff position, symmetries and points of the Re and B atoms.

Crystal Re B

Wyckoff position Symmetry Point Wyckoff position Symmetry Point

1 2c mmm(D2h) 0;0; 12
� �

4e mm2(C2v ) � 7
40 ;0;0

� �
2 1a 6m2ðD3hÞ ð0;0;0Þ 2i 3m(C3v ) � 1

3 ;
1
3 ;

1
4

� �
3 2c 6m2ðD3hÞ 1

3 ;� 1
3 ;

1
4

� �
4f 3m(C3v ) 1

3 ;� 1
3 ;� 1

2

� �
4 4b m3mðOhÞ � 1

2 ;
1
2 ;

1
2

� �
8c 43mðTdÞ 1

4 ;� 1
4 ;� 1

4

� �
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In crystal 1 there are six atoms (two of Re and four of B) per con-
ventional cell. The atoms of rhenium are coordinated by four boron
atoms arranged in a rectangle to give a D2h symmetry. Atoms of
boron in this structure are surrounded by two rhenium atoms as
first-nearest neighbors forming a triangle with C2v symmetry.

The crystal 2 has nine atoms (three of Re and six of B) in the
conventional cell. In this structure rhenium is coordinated by six
boron atoms forming a triangular prism with the Re atom at its
center giving a D3h symmetry. The boron atoms are surrounded
by three rhenium atoms, forming a pyramid where the boron is
at the top. This shape gives arise to a C3v symmetry.

The crystal 3 possesses eighteen atoms in the conventional cell
(six of Re and twelve of B). Although the Wyckoff positions of
atoms in the crystal 3 are different from those of the crystal 2 they
share the coordination numbers and the symmetry point group.

In crystal 4 there are twelve atoms per conventional cell (four of
Re and eight of B). The rhenium atoms are in cubic sites coordi-
nated by eight boron to give an Oh symmetry, while the boron
atoms are in tetrahedral sites surrounded by four rhenium atoms,
forming a Td symmetry. The conventional cells of each crystalline
structure are shown in Fig. 1.
Fig. 1. Conventional cells of (a) crystal 1, (b) crystal 2, (c) crystal 3, and (d) crystal 4.
The big spheres represent Re atoms, the little ones B atoms. Images obtained with
XCrySDen [41].
3. Results and discussion

3.1. Elastic constants

The elastic stiffness tensor cijkl relates the stress ðrijÞ and the
strain ð�ijÞ tensors in a solid through the Hooke’s law

rij ¼ cijkl�kl;

conversely

�ij ¼ sijklrkl:

The sijkl tensor is called the elastic compliance tensor and is the
inverse of cijkl. The elastic stiffness tensor is a fourth-rank tensor so
it has 81 elements. For symmetry reasons this number of elements
is converted to a symmetric 6� 6 matrix. There are only 21 inde-
pendent terms and the elastic constants cijkl are written as cij. These
quantities are related by the Voigt notation [42]. Table 3 presents
the results for the elastic constants in GPa for each studied crystal.

Results in Table 3 for crystal 1 show that it has a low compress-
ibility along c and b axis due to the values of c33 and c22 respec-
tively. It also has an unusually high value for c55 which means
that there is a high resistance to distortion when applying an stress
on f001g planes in (100) direction. On the opposite there is an
extremely small value for c66 meaning there is almost no resistance
to stresses on f010g planes in (100) direction.

Crystal 2 is very resistant to compression along c axis unlike the
other two axes given the high value of c33 respect to c11. Remark-
ably this structure has a similar response to shear stresses than
crystal 1, it has large resistance to stresses on f001g planes in
ð1 �10Þ and (110) directions due to the high value of c44. But pre-
sents barely resistance on f1 �10g planes in (110) direction given
the low constant c66.

Crystal 3 has the highest constants for compressibility, the
unusually high constant c33 means a low compressibility along c
axis, added to the high value of c11 gives arise to an ultra-
incompressible material [43]. The values for the shear constants
c44 and c66 are consequence of an uniform behavior of crystal 3,
unlike crystals 1 and 2, to shear stresses with medium values for
elastic resistance.

Crystal 4 has the highest values for constant c12 which means
that this structure has a considerable resistance to the Poisson
effect which sums to the incompressibility. On the contrary c11
constant is low compared to those corresponding to other crystals
which does not contributes to a high resistance to compression.
The constant c44 is low meaning a minimum rigidity when crystal
4 is submitted to shear stresses.

Results for crystal 3 in Table 3 were compared with theoretical
results from references [3,17,18]. The differences are less than 8%
for c11; c13; c33 and c44 but are larger for the quantity c12. This
can be understood under the consideration that just one strain is
not enough to calculate this number and it depends on the calcu-
lations of other constants. Thus the large difference in the determi-
nation of c12 is due to the propagation of other errors [44].



Table 3
Elastic constants in GPa for all the structures.

Crystal c11 c12 c13 c22 c23 c33 c44 c55 c66

1 570.61 285.34 266.45 452.09 156.63 623.14 217.17 989.20 9.52
2 382.19 340.68 94.64 382.19 94.64 768.51 704.54 704.54 20.75
3 697.96 205.39 137.01 697.96 137.01 1122.20 287.98 287.98 246.29
4 320.45 304.40 304.40 320.45 304.40 320.45 62.92 62.92 62.92
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Also results for crystal 3 were compared with the experimental
ones from [45] giving errors less than 10% for c11; c12; c33 and c44,
and 25% for c13. This comparison allows to confirm that the elec-
tion of the basis sets referred in subSection 2.1 was good.

The values in Table 3 satisfy the generalized elastic stability crite-
ria given in [22]. For cubic crystals the conditions are c11 > 0;
c44 > 0; c11 � c12 > 0; c11 þ 2c12 > 0; for hexagonal phases
c44 > 0; c11 � c12 > 0; ½c33ðc11 þ c12Þ � 2c213� > 0; and for orthor-
hombic crystals are cii > 0, ½c11 þ c22 þ c33 þ 2ðc12þ c13 þ c23Þ� > 0,
c11 þ c22 � 2c12 > 0, c11 þ c33 � 2c13 > 0, c22 þ c33 � 2c23 > 0.
Regarding thermodynamic stability is easy to see from Table 1 that
all four structures are stable since formation enthalpy is negative.
Crystal 3 is themost stable followedby crystal 2, crystal 1 andfinally
the less stable is crystal 4.

3.2. Calculation of directional elastic moduli

Directional or anisotropic elastic moduli were calculated fol-
lowing the formulas given in [46]. These expressions are reached
by considering only stress in the directions m̂ and n̂ and the strain
that one wants to analyze, in addition to Hooke’s law.

For the Young’s modulus there is need of only one direction n̂,
given that this modulus measures the resistance to pure tension
stresses. This modulus is expressed as [46]

Eðn̂Þ ¼ 1
ninjsijklnknl

:

The ni’s are the direction cosines in the direction of n̂. For each
structure the last expression is expanded and a equation is
obtained. These equations can be visualized by plotting a quadric
surface in which the distance between the origin and the surface
is equal to the Young’s modulus in that direction, so the more
spheric the surface the more isotropic is the Young’s modulus.
These surfaces are shown in Fig. 2 for each crystal, the origin of
the coordinate system is in the center of each figure.

In order to give some hints about the anisotropy in planes the
shear anisotropy factors are calculated. The anisotropy factors
[47] on planes {100}, {010} and {001} are, respectively

A1 ¼ 4c44
c11 þ c33 � 2c12

; A2 ¼ 4c55
c22 þ c33 � 2c23

;

A3 ¼ 4c66
c11 þ c22 � 2c12

;

these factors are unity for an isotropic material on the referred
planes. The more it deviates from one the more anisotropy there
are on the plane. The factors for each structure are in Table 4.

Observing Table 4 one can infer that crystal 1 is the most aniso-
tropic since all its factors deviate from 1 and all of them are differ-
ent. The value of each factor and differences between factors are
reflected into Fig. 2 projecting plots on xy; yz and xz planes. It
can be seen from Fig. 2a that each projection is different in its form
which is in accordance to all anisotropy factor of crystal 1 being
different. Since all factors of crystal 1 differ from one therefore
none of those projections is a circumference. The anisotropy factor
equal to unity for crystals 2 and 3 reflect that they are hexagonal
phases, Fig. 2b and c support that fact. Table 4 shows that every
anisotropy factor for crystal 4 are different than unity which con-
firms the fact that projections of Fig. 2d are not circumferences.
Since crystal 4 is cubic all its anisotropy factors are equal.

Fig. 2a reveals that crystal 1 has its peak of resistance to tension
in direction (101) and equivalents since c33 and c55 dominate the
Young’s modulus in this direction and those constants are very
large for this structure. The small value of c66 makes this modulus
narrow in the xy plane. For crystal 2 the maximum Young’s modu-
lus is in all directions that have a polar angle of �p=4 rad given the
high values of c33; c44 and c55, as in crystal 1 the low value of c66
produces a narrow waist in the plot of Fig. 2b. Crystal 3 has its
maximum value of the modulus along the z axis the reason is that
enormous value of c33 in Table 3. Crystal 4 has the largest Young’s
modulus along (111) direction and equivalent since it is a cubic
lattice and c33 < c12 þ 1

2 c44.

3.3. Calculation of elastic moduli for polycrystalline aggregates

Non-directional or isotropic bulk and shear moduli of the four
crystals were calculated using the Voigt approximation [42], which
is an upper limit, and the Reuss approximation [48], which is a
lower limit. Additionally the Voigt–Reuss–Hill approximation
[49] was used to calculate the elastic moduli.

The Voigt approximation is given by the two equations

BV ¼ 1
9
ðc11 þ c22 þ c33Þ þ 2

9
ðc12 þ c13 þ c23Þ; ð3Þ

GV ¼ c11 þ c22 þ c33 � ðc12 þ c13 þ c23Þ þ 3ðc44 þ c55 þ c66Þ
15

: ð4Þ

The Reuss approximation is expressed as follows

BR ¼ 1
s11 þ s22 þ s33 þ 2ðs12 þ s13 þ s23Þ ; ð5Þ

GR ¼ 15
4ðs11 þ s22 þ s33Þ � 4ðs12 þ s13 þ s23Þ þ 3ðs44 þ s55 þ s66Þ : ð6Þ

As said before these two approximations constitute upper and
lower bounds for the real bulk and shear moduli of a crystalline
aggregate, so an obvious approximation would be an average
between these two quantities. This is the known Voigt–Reuss–Hill
approximation, which can be written as

B ¼ BV þ BR

2
; ð7Þ

G ¼ GV þ CR

2
: ð8Þ

Young’s modulus and Poisson’s ratio for crystalline aggregates
can be expressed as [49]

m ¼ 1
2

1� 3G
3Bþ G

� �
; ð9Þ

1
E
¼ 1

3G
þ 1
9B

: ð10Þ

A measure of the anisotropy in polycrystalline aggregates is the
‘‘universal” anisotropy factor AU ¼ 5GV=GR þ BV=BR � 6, which is



Fig. 2. Surface representation of directional Young modulus for (a) crystal 1, (b) crystal 2, (c) crystal 3 and (d) crystal 4.

Table 4
Anisotropy factors A1 ; A2 and A3 for each studied phase of ReB2.

Crystal 1 2 3 4

A1 1.31 2.93 0.74 7.84
A2 5.19 2.93 0.74 7.84
A3 0.08 1.00 1.00 7.84
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zero for an isotropic bulk. Using the Eqs. (3)–(10) the elastic moduli
of a crystalline aggregate composed of all four phases of ReB2 are
calculated. These data and AU are given in Table 5; Young’s, bulk
and shear moduli are given in GPa.

The results for crystal 3 have been compared to those in refer-
ences [3,17,18], and all the differences are under 15%, indicates
that the present study is going in the right direction. From Table 5
it is possible to determine that there are three little compressible
phases, but crystal 4 has a very low shear modulus, which could
mean that this material is not hard at all according to some corre-
lations [5]. Its low Poisson’s ratio supports this assertion. Crystals 1
and 2 have almost equal shear moduli, although the first is less
compressible than the last. It is possible that those two phases
have a very similar hardness. Furthermore their Young’s modulus
and Poisson’s ratio are very alike so these two solids are mechan-
ically similar in a macroscopic way, but no microscopically (see
Table 3). It is easy to conclude that the highest elastic properties
come from crystal 3 being highly incompressible and very rigid.
When combining those properties in diborides the result is often
a super-hard material [5] as expected. Regarding AU it can be seen
that for crystal 3 it is the closest to zero thus is the most isotropic
of all phases as expected for an hexagonal crystal [50]. Crystal 1 is
the most anisotropic since it is orthorhombic and all cij’s are differ-
ent, hence all anisotropy factors are different.
3.4. Calculation of velocities of the anisotropic elastic waves

The calculation of the velocities of the anisotropic waves was
performed with respect to the seven directions shown in the first
row of Table 6. In order to perform these calculations it was neces-
sary to determine the density of each phase. This quantity is
already known from Table 1.

The velocities of the longitudinal ðv lÞ and the two transverse
(v t1 and v t2) modes in each direction for each crystal are shown
in Table 6 in km/s.

The peak value of Young’s modulus in crystal 1 along (101) is
the reason for the high value of v l in the same direction (see
Table 6). Also the large value of v t1 in (001) is due to the high con-
stant c55 additionally the small v t2 along (100) and (010) is
explained by the small c66. Crystal 2 has a high value for longitudi-
nal velocities in (101) and (011) due to the Young’s modulus has
its largest values on those directions. The large value for v t1 along
(001) and the small one for v t2 in (100) are consequence of large
c44 and small c66 respectively. For crystal 3 it is consistent that v l

is maximum in (001) with the peak of Young’s modulus in this



Table 5
Elastic moduli of the crystalline aggregate composed of the three phases of ReB2. The Young’s, bulk and shear moduli are given in GPa.

Crystal BV BR GV GR B G E m AU

1 340.30 327.55 305.67 39.99 333.92 172.83 442.17 0.27 33.25
2 288.09 286.29 345.62 48.57 286.92 197.09 379.99 0.28 30.58
3 386.32 375.23 300.36 286.54 380.77 293.45 700.42 0.19 0.27
4 314.40 314.40 39.74 11.09 314.40 25.41 74.23 0.46 12.91

Table 7
Elastic wave’s velocities for polycrystalline aggregate in km/s, and Debye’s temper-
ature in K.

Crystal v l v t vm hD

1 7.305 3.764 4.215 593.87

M. Marín-Suárez et al. / Computational Materials Science 122 (2016) 240–248 245
direction as seen in Fig. 2c. Crystal 4 has a maximum for v l along
(111) as can be seen from Table 6 due to the peak value of Young’s
modulus in that direction (see Fig. 2d). Also the low values of all
shear wave’s velocities are explained by the small values of
c44; c55 and c66.
2 6.987 4.184 4.630 635.23
3 7.571 4.668 5.150 749.98
3a – – – 716.00
3b – – – 782.00
3c – – – 774.00
3d – – – 749.00
4 5.484 1.481 1.690 234.02

a Ref. [3].
b Ref. [17].
c Ref. [18].
d Ref. [51].
3.5. Calculation of velocities of elastic waves for polycrystalline
aggregate

In the same way that elastic moduli were calculated as a single
number, it is possible to determine the velocities of the elastic
waves as a number not as a function of direction. The calculations
are carried out for a polycrystalline aggregate composed of the
respective phase. Because of this the elastic moduli in these calcu-
lations are Voigt–Reuss–Hill approximations. The elastic longitudi-
nal wave’s velocities are given by

v l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Bþ 4G

3.

s
: ð11Þ

For the two polarizations of shear wave’s velocities the expres-
sion is

v t ¼
ffiffiffiffi
G
.

s
: ð12Þ

Also there is an average for those velocities that is helpful for
comparison

vm ¼ 1
3

2
v3

t
þ 1
v3

l

� �� ��1=3

: ð13Þ

After obtaining these averages, the Debye temperature of each
phase can be calculated according to the relation [44]

hD ¼ h
kB

3n
4p

.NA

M

� �� �1=3
vm: ð14Þ

Where n is the number of atoms per chemical formula, M is the
molar mass, h is Planck’s constant, kB is Boltzmann’s constant and
NA is Avogadro’s number.
Table 6
Phase velocities of elastic waves for all crystals in km/s.

Crystal Direction (100) (010) (00

1 v l 9.006 6.088 9.00
v t1 6.840 4.219 7.14
v t2 0.883 0.883 4.21

2 v l 7.910 7.910 8.26
v t1 5.825 5.852 7.91
v t2 1.357 1.357 7.91

3 v l 7.103 7.103 9.07
v t1 4.622 4.622 4.62
v t2 4.126 4.126 4.62

4 v l 5.261 5.261 5.26
v t1 2.331 2.331 2.33
v t2 2.331 2.331 2.33
Table 7 shows the calculations carried out using Eqs. (11)–(13)
in km/s. Also the Debye temperature in K is shown in this table cal-
culated using Eq. (14).

There is a big difference between the average velocity of crystal
4 and the others, which reveals the low rigidity of this phase with
respect to the other three. This result is consistent with the low
values of c11 and c44, that reflects directly in results from Tables
7 and 5. Crystal 3 is the most rigid of the four.

Notably the Debye’s temperature found for crystal 3 is in accord
with other works. It is remarkably close to the value provided in
reference [51]. There is a relation between Debye’s temperature
ðhDÞ of the material and the hardness H [52]
hD / H1=2V1=6M�1=2;
where V is the volume of a conventional cell and M is the molar
mass of the solid. Thus, one should expect a super-hard material
to have a high average wave velocity and hence a high Debye’s tem-
perature, as actually occurs with crystal 3. The other crystals 1 and
2 have good rigidity, but not as good as crystal 3, as expected
from Table 4, so we anticipate that these phases are not as hard
as crystal 3.
1) (110) (101) (011) (111)

6 7.032 10.790 6.831 9.140
8 5.803 3.679 6.398 4.015
9 3.004 3.048 3.901 3.431

1 7.910 9.661 9.661 9.435
0 5.825 5.675 5.675 4.699
0 1.357 4.508 4.508 4.348

5 7.103 7.845 7.845 7.489
2 4.622 5.121 5.121 5.134
2 4.126 4.381 4.381 4.298

1 5.693 5.693 5.693 5.831
1 2.331 2.331 2.331 1.507
1 0.832 0.832 0.832 1.507



Table 8
Properties of bond critical points. Density of electrons q given in 10�7 pm�3, Laplacian
of density r2q given in 10�10 pm�5, and eigenvalues of the Hessian of q given in
10�10 pm�5.

Crystal Bond q r2q k1 k2 k3

1 B–B 8.916 �4.658 �3.765 �2.269 1.376
Re–B 5.944 0.652 �1.593 �0.748 3.017
Re–B 6.012 �0.603 �1.714 �1.521 2.607

2 Re–B 7.430 �0.893 �2.582 �1.231 2.921
Re–Re 1.688 0.579 �0.193 �0.193 0.989
B–B 9.727 �6.155 �3.669 �3.669 1.182
B–B 9.332 �2.655 �1.810 �1.810 0.941

3 B–B 7.295 �2.824 �2.848 �1.231 �1.255
Re–B 6.079 �0.386 �1.882 �1.231 2.703
Re–B 5.606 1.810 �0.652 �0.652 3.114

4 Re–B 9.659 8.593 �1.641 �1.641 2.486
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3.6. Determination of bond critical points

The bond critical points of each one of the phases are deter-
mined and from this data it is possible to describe the types of
bonds that are present in each crystal. This information provides
a better mechanical description of each material. Table 8 shows
some properties of the bond critical points like the Laplacian and
eigenvalues of the Hessian matrix. All those properties are given
in SI units.

Table 8 gives arise to some interesting observations when ana-
lyzed with The Quantum Theory of Atoms in Molecules (QTAIM)
[53]. However this theory is not a unique recipe to classify chem-
ical bonds [54] but gives some interesting hints regarding bonding
structure.

Crystal 1 has B–B and Re–B bonds with a negative Laplacian,
indicating that those two bonds are covalent [53]. The large differ-
ence between k1 and k2 in the first bond means that this is a highly
localized bond, unlike the second one [53]. The other Re–B bond is
evidently ionic and localized as indicated by its positive Laplacian
and the large difference between k1 and k2. This bond has a high
projection along the c axis of the crystal its localization added to
its high concentration per volume give arise to a high elastic con-
stant c33. The high value of c55 is also explained by this Re–B ionic
bond given its high projection perpendicular to a–c plane. On the
opposite, the low value of c66 is due to that resistance to a xy stress
is exerted mostly by the covalent unlocalized Re–B bond.

Crystal 2 has three covalent bonds, one Re–B and two physically
different B–B. The first bond is highly localized but the two bonds
between borons are completely unlocalized given the equality
between k1 and k2. Besides, this phase has one ionic bond Re–Re
that is completely unlocalized which could possibly mean that in
this phase a metallic bond exists. Given that the majority of those
bonds are directed or have a high projection along c axis the con-
stant c33 is higher than c11 meaning a low resistance along other
axes. As a consequence of this low resistance along axes perpendic-
ular to c axis the constant c66 is very low.

In crystal 3 there is one covalent localized B–B bond and a Re–B
which is covalent and highly localized, as well as an ionic Re–B
bond that is completely unlocalized. Adding the covalency, high
localization and the direction along c axis of bond B–B one would
expect a high value of c33. If the projection along c axis of a covalent
and highly localized bond is added to the previous one then one
should expect not a high value of c33 but an outstandingly high
value as actually happens in crystal 3. Finally, crystal 4 only has
one type of bond which is a completely unlocalized ionic Re–B
bond. The high concentration of this type of bonds and given that
it has projections along all axes makes this structure little com-
pressible. But the ionic and unlocalized bonds give arise to low
shear resistance.
3.7. Qualitative hardness analysis

In this section the hardness of each phase is predicted in a qual-
itative and comparative way. Recall that there are some correla-
tions [5] between shear modulus and hardness or elastic wave’s
velocities and hardness. There are also some models such as Gao’s
[13] and Šimůnek’s [15] which assert that the covalent and highly
localized bonds allow the formation of hard phases. All the results
obtained previously help this analysis.

Crystal 4 has a very low rigidity (see Table 5) and the elastic
waves are very slow (see Tables 6 and 7). Additional, only com-
pletely unlocalized ionic bonds exist in this material. Taking this
into account one can conclude that this material is in fact a soft
material in spite of its incompressibility. The opposite conclusion
is reached when looking into the properties of the known super-
hard material ReB2 in its P63=mmc phase (crystal 3). This solid
has a very large shear modulus and is highly little compressible.
Also, the elastic waves move very fast in this material, suggesting
that this is a hard material. Additionally, having those highly local-
ized covalent Re–B and B–B bonds makes this material a hard one
in spite of the unlocalized ionic Re–B bond.

Crystal 2 shows a large shear modulus (see Table 5) and propa-
gates relatively fast elastic waves (see Table 7) but not as fast as
crystal 3. The presence of the metallic Re–Re bond reduces the
hardness of the solid [55]. Also, the covalent B–B bonds are com-
pletely unlocalized. Luckily there is a highly localized covalent
Re–B bond. Although these properties give arise to a hard material
the hardness of crystal 2 is not even close to that of crystal 3.

In crystal 1 it is easy to see that its elastic moduli are very sim-
ilar to those of crystal 2, but it propagates much slower elastic
waves than crystal 2, leading to the assumption that this material
is less hard than crystal 2. Crystal 1 has localized covalent B–B and
Re–B bonds, as well as an unlocalized ionic bond, leading to the
assumption that crystal 1 has a more favorable structure for hard-
ness than crystal 2. However, this structure has a higher density of
covalent B–B bonds than crystal 1 which is an important factor that
increases the hardness [14].

Thus, one could conclude that the order in the hardness of the
studied materials should be: first crystal 3, then crystal 2, followed
by crystal 1 and 4.
4. Conclusions

We have used first principle DFT methods with hybrid function-
als (GGA + Hartree–Fock) for study four crystalline phases of ReB2,
three of them are hypothetical, with space group Immm; P�6m2 and
Fm�3m, and the other has been found experimentally in phase
P63=mmc. The lattice parameters and elastic constants of the
reported structure are in good agreement with experimental
reports. The computational method that arose these results were
applied to the hypothetical phases and allowed an structural
description of them. Determination of the cohesive energy and for-
mation energy for each crystal allowed to conclude the thermody-
namical stability of all phases and the reported one was the most
stable.

Elastic constants for ReB2 were calculated using DFT and a good
agreement (near 10%) between these calculations for phase
P63=mmc and the experimental measures [45] as well as other the-
oretical studies [3,17,18] was found. Important is that calculated
elastic constants reproduce the ultra-incompressible behavior of
experimental ReB2. This behavior is also observed in the other
hypothetical phases from theoretical elastic constants. However
for crystals in phases Immm and P�6m2 there is a constant giving
a poor behavior to shear stresses, and for Fm�3m phase there is
barely resistance to those kind stresses. From those calculated
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constants it was possible to determine Young’s, shear and bulk
modulus as well as Poisson ratio in Voigt’s, Reuss’s and Hill’s
approximations. The analysis of the elastic behavior from these
moduli is in perfect accordance with the one made with elastic
constants. As a consequence of these behaviors the calculated aver-
age of elastic wave’s velocities is the largest for P63=mmc structure
and the lowest for Fm�3m, also the Debye’s temperatures were cal-
culated and obtained an excellent agreement for the one of the
P63=mmc phase compared with theoretical studies [3,17,18,51].
The largest Debye’s temperature is for P63=mmc polymorph and
the lowest for the Fm�3m one.

Elastic constants also allowed to study the elastic anisotropy of
all phases, surfaces for directional Young’s modulus were plotted
helping to determine the directions of maxim for this modulus in
each phase. The calculation of shear anisotropy factors allowed
to describe these plots and there was an accordance between these
descriptions and the actual figures. Through elastic constants and
the Christoffel’s equation the anisotropic behavior of elastic waves
in each solid was analyzed, this discussion was in perfect agree-
ment with shear anisotropy factors and directional elastic moduli.
In order to evaluate anisotropy in bulk the universal anisotropy
factor was calculated giving a high isotropy for phase P63=mmc
and a low one for Immm and P�6m2.

Knowing that chemical bonds are responsible for the resistance
to distortion, then we decided to perform a bond critical point
study with the QTAIM [53] approach for each structure. Deter-
mined that all solids have more than one type of localized and
unlocalized bonds except for the Fm�3m which has only ionic unlo-
calized ones. The type and orientations of bonds allow an analysis
of the elastic resistance which is in accordance to that of the elastic
constants. Adding the types of bonds present and its localization to
the results for elastic behavior we were able to describe qualita-
tively the hardness of each phase based on correlations [5] and
semi empirical microscopic models [13,15]. Concluding that the
phase P63=mmc is the hardest, the Immm and P�6m2 ones are hard
but not at the level of the previous phase, finally the structure
Fm�3m is a soft solid.
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